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The  object  of  this  book  is  to  set  forth  in  a  compact  form  those 
parts  of  tlie  Sciences  of  Mechanics  Trhich  are  practicallj  applicable 
to  Stmetm'es  and  Atacbines.  Its  plan  is  sufficiently  explained  by 
the  Table  of  ContcntSj  by  the  Introduction,  and  by  tho  initial 
articles  of  the  six  parts  into  which  tike  body  of  the  treatlBe  is 

^Hded. 

Tin's  work,  like  othera  of  the  same  class,  contains  facts  and 
principles  that  haTo  been  long  and  "widely  known,  mingled  with 
othera,  of  which  some  are  the  restUta  of  the  labours  of  recent 
discoverers,  some  have  been  published  only  in  scientific  Transac- 
tions and  periodicals,  not  geuenilly  circidaU'd,  or  in  oral  lecturt-a, 
and  some  are  now  published  fur  the  first  time.  I  have  eudeo- 
Toured,  to  the  best  of  my  knowledge,  to  mention  in  their  proper 
places  the  authors  of  recent  discoveries  and  improvements,  and  to 
refer  to  scientific  papers  which  have  famished  sources  of  infoiv 
mation. 

A  bmnoh  of  Mechanics  not  usually  found  in  elementiuy  treatises 

explained  in  this  work,  ^iz.,  that  which  relates  to  the  equili- 
rium  of  stress,  or  internal  pressure,  at  a  point  in  a  solid  mass^  and 
to  the  general  theory  of  the  elasticity  of  solids.  It  is  the  basis  of 
a  sound  knowk-dgo  of  the  principlf^  of  the  stability  of  earth,  and 
of  the  strengtli  and  stifihess  of  materials  ;  but,  so  far  as  I  know, 
the  only  elementary  ti'catisc  on  it  that  has  hitherto  been  published 
is  that  of  M.  Lam6,  entitled  Le^ona  but  la  T/t&yrie  maOictnailque  dc 
tElasiicUe  de^  Corps  aolidea. 

In  ti'eating  of  Uie  stability  of  arches,  the  lateral  pressure  of  the     • 
load  is  taken  into  account  .  So  far  as  I  know,  the  only  authot  njVo 
has  hitherto  done  so  in  an  exact  manner,  is^l.  '^\ou-X*'^^axcsaxl^ 
Is  the  MSmo^iBS  ties  Savaiis  tirangera. 


rasFACK. 


I 


The  principle  of  the  Uuiufoiination  of  strnoturM  and  Ha  vpp^ 
cations  have  hitherto  appeared  in  the  PniCKding$  of  the  Rcyel 
Society  alone. 

The  correct  laws  of  the  flow  of  ehistic  floidfi  (first  mveBtilgAted 
by  Dr.  Joule  and  Dr.  Thomaon),  and  the  tme  eqnatioDA  of  tiM 
action  of  steam  and  other  yaponrs  against  pistonB,  as  deduced  from 
the  principles  of  thermodynamics,  by  Pi-ofessor  Clau.-nus  and  niyiw^lt 
eontemporaneonsly,  are  now  for  the  first  time  stated  and  applied  in 
an  elementary  manual. 

Other  portions  of  the  work,  which  are  wholly  or  partly  new^  an 
indicated  in  their  jtlacea. 

In  the  arrangement  of  this  treatise  an  effort  has  been  nia^le  to 
adhere  as  rigidly  as  possible  to  a  methodical  classification  of  iii 
snbjects;  and,  in  particiiUr,  care  has  been  token  to  ket5p  in  vicm 
the  distinction  between  the  comparison  of  motions  with  each  othov 
and  the  rvlntious  between  motions  and  forces,  which  was 
;>oiuted  ont  by  Mongo  and  Amj>erc,  and  whicli  Mr.  Willia 
bo  succesHfuUy  applied  to  the  subject  of  mechanism.  The  obsci 
af  that  distinction  is  highly  conducive  to  the  correct  underst 
and  ready  application  of  the  principles  of  Mcchauics. 


W.  J.  M.  R. 


Olasoaw  UiciviESrrv.  May,  1858. 


ADVERTISEMENT  TO  THE  SIXTH  EDITION, 


^Fol•  the  detection  of  most  of  the  errors  in  the  First  Edition, 
which  were  corrected  in  the  Second  (1800),  I  um  indebted  to 
JoRK  Haix,  Civil  Engineer,  formerly  a  distiu^ished  student 
Arts  and  Engineering  in  the  University  of  Glasgow;  and  tO 
several  other  students  in  the  same  department,  I  have  to  retu 
my  thanks  for  corrections  mode  in  subsequent  Editions.  To 
CuARLES  p.  HoGO,  Civil  Engineei',  in  particular  I  am  indebted 
most  of  the  corrections  in  this  Sixth  Edition. 
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ADDEimDV  (refemd  to  in  Article  634,  pi^'C  HTO). 


H'ura. — In  wave*  wbich  up*?  nofc 
ment  tmnElAtinu  of  tl:o  |>aniek'A  of  water,  it  iti  knuwii  by 
porticlei  nrvolve  in  orbits  &ituftU.-d  in  vertical  planes  wliicu 
nv  parpoMticaUr  to  ttw  ridm  aod  forrowi  of  the  waves,  and  parallei  to  their 
uf  MiTftuce :  »lio,  latat  cttcb  rarolriag^  purfcicle  mow  forward  wbU«  ua 
of  a  wave,  uownwaid  wh«n  on  thu  back  ilope,  bookward  when  in  tfa»  j 
and  npwanl  when  on  the  front  Blo|>e.  The  (en^  of  a  wave  ia  tb*  I 
,  m  tba  diractiim  of  aiivanoe,  from  crest  to  crest ;  the  kri^ht  ia  e(]Dal  ta 
diameter  of  the  urbit  nf  n  Rurfurv  parti^'le.  Each  nartiole  makes  iioe 
mroltttkm  while  the  w&ve  advances  thruu^h  a  \vaTt;-length  :  tiie  interval  itf  time 
ths  oooopM  it  called  the  peritd.    Let  L  denote  the  wave'length,  T  the  period, 

•  tbe  Tslooitjr  of  advance ;  then  a  =  »« ;  and  aUo,  mean  velocity  of  revolution  of 

n  pntide  =  cirenmfewnce  of  orbit  ^  T. 
T^  oriita  of  tbe  p&rticltti  ure  i^proximateljr  ^iitie,  with  the  lonffer  nxifl 
In  going  from  tbe 
toward*  tbe  bottom, 
itmni'ifi^  "f  ^e ortnta are 
.  the  vertical 
-tcrtlLahthe 
.-.  nhown  at  A, 
\.     At  iltf.  bijtloiu 
'    move   tou'k   atid 
iktr«.ud  in  a  straiebt  line,  aa 
alD. 

The  drvprr  ihf  water  ia,  as 
oampftrtid  vk-itb  the  Icnt^ih  of 
a  wave,  the  more  nearly  «<iaal 
Ke  tbe  twg  axes  of  the  orl^it  of 
n  Hir^aoe  particle ;  and  in  water 
«hiJ««  iltfitth  is  hiUf  n   vv:i\i.>-l!-n 


iBond 

ftDatfiT 


f^^^fi^^^,. 


F«.  A 


niitl 


partici' 


ipwarihi,  those  axea  are  Beiiaib!y  eq^^'^ 
'■.  cirouhir. 

i\d  rrfivj/M  ftf  Adt^iMx,—\a.  fig.  asi 

•eiun-,  niia  ^_  ii  tho  raiUu      ''    '      ''Uhu-  orbit  of  a 
vertacally  upwards,  of  a  1  lo  that  of  the 

t  ia,  tbependulam  whoeepvr     :       <i     via,, 

ffjr*  _      T*  ( ■^*oond!i)_  ... 

4  w*  ~  0*816  foot  newly ■" ^    ' 


CA 


■B  w«  have  ^n^vity  :  c^'utnfnfirtd  forct^ 

A  V*  ..<!•.  |-:tl      -  ;.7>l   tl...   r.^'.iili  r.nt     ..r 


br  #M^  •))'  'J  AxnaonCo^  «(ru  > 


:  :  A  C  :  C  B ;  and  A  B  rcprcaenla  (« 
,.T-t.v;«-.-  in,)  ci-ntrifugal  force  ;  bm  Uint 
•  )  A  B.    The  upper  surf  ace 
^t  condition  ita  profile  ma*it 
■  tiiin*  C  A  rotf#  on  the 
'  >  n«7rA  of  such  a  wave, 

iitLiuns; — 


2wOA 


^=  (in  feet) 


■12  T*; 


(2.) 


o  =  ^  =  ^  ==  (in  fort  per  second)  5-12  T. 

X        ^  w 


(3.) 


VImb  the  orliit»  of  the  snrfncr  pnrtjclcs  are  elliptio,  lot  m  be  the  ratio  in  wWob 
IbiTtftioalaziaislau  til  i  i/outolaxii.    Tlien  itine^ident  thatinorder 

tW  tiie  tforfaoe  of  the  v  i  ill  be  everywbei?  normal  to  the  redultnut  <.if 

and  re-action,  w  v ..-  ^ 


XVi 


ADDENDUM. 


L  »  -j^-—  =  (in  feet)  512  m  Tt;. 


a  «  ?^-^  =  (In  feet  per  vxowk)  5*12  n  T. (8L)J 


m.  Rdation  hdwttH  VdocHy  nfAdrann  and  Depth  of  Uniform  DitlvtrhnnoL' 
I/Ot  A  be  the  height  of  &  WAve ;  that  is,  the  Terucftl  aiameter  of  the  orbit  of  ] 
snrfwe  particle.    Then,  in  an  iodt- finitely  abort  interval  of  time,  Uie  front  i ' 
of  the  wave  advanoea  tbniugh  the  (Uatance  n  d  t,  and  the  vulume  uf  water 
iaiopd  between  the  original  and  new  pututtDnK  of  tlie  front  slopr,  per  unit 
breadth,  Mhadt.    In  the  same  interval  of  time  there  pMBBW  into  the    ~ 
\ertically  beluw  the  front  ilope,  per  unit  of  breadtb,  the  vcJome  of 
2%i  c  dt,  whi-ro  u  in  the  forward  velocity  of  a  loiface  particle  at  the  creii.  ~  « ' 
eqcal  backward  Teludty  of  a  surface  particle  in  the  trough,  and  c  a  de])th  wl 
may  be  caUf!d  the  depth  of  uniform,  aij^urfraner,  because  it  is  eqaal  to  the 
d^pth  of  a  canal  in  which  tlie  vnhimc  of  water  dieplacod  pur  etcond  would 
CKitukl  to  that  displaced  per  iwcoud  in  the  actual  wave^  thi.-  horlzL'Utal  velc 
(•t  disturbance  were  the  ume  front  f>\)rf  ace  to  bottom.    Squatmg  the  two  voli 
ju»t  given,  we  have  ha=^  2  u  c;  but  ucaa  be  ibownto  oe  —  pA  -^  2a;  thi^ 
fore  e  =■  a^  -^  j7.     Hence  the  velocity  of  advance  of  a  wave  of  any  6eure  in  w1ii< 
the  volume  displaced  horizi>ntaIly  per  itooond  is  equivalent  to  Uiat  due  to  a  bet 
x«inUU  veliicity  uf  iltMtiirbanoo  etiuol  to  the  eurfaoe  velocity  duwu  to  the  depth  J 
is  givuu  by  the  ciiuatlun 


=  VF 


Wj 


For  Wftvw  rolling  in  deep  water,  without  interference  by  external  forces.  It 
be  shown  that  the  diameters  of  tlie  orbits  of  fiarticles  at  different  depths 

r 

proportionally  to  c     * ;  where  r  is  the  depth  of  tho  centre  of  the  orbit  of 
particle  in  question  below  Uie  centre  uf  the  Drbit  of  a  surface  particle. 
In  wator  of  the  depth  A,  let  L  H-  2  w  =  b ;  then  it  can  bo  abuwn  that  a£ 


-(*"•-«  "0-G*  +  e'Oi 


surface,  ta~  \,e'~e     "J  -r-  \,e'  +  e     'J;  that  e  =  mbi  and  that  the 

*-■»        «-s 

lonto)  and  vertical  diameters  of  an  orlnt  vary  respectively  as  e    *    -t-  e    *  , 

*---*       '-A 

as  e    *  —  t    *""    In  very  deep  water,  m  sensiUy  =  1,  and  r  =  6. 

In  very  shallow  water  the  buricontal  disturbance  is  »eusibly  uniform  from  < 
surface  to  the  bottom,  so  that  c  represents  the  actual  depth ;  and  the  vi 
disturbance  is  sensibly  proportional  to  the  height  above  tho  bottom. 

IV.  Wavci  of  TraiMtUwn  are  those  which  are  aooompanied  by  a  pa 
travelling  of  the  particles  of  water,  and  are  wud  to  be  positive  or  negative 
iiig  as  that  tmvelling  ia  forward  or  liockward.    Their  motions  may  be  uxprai 
by  taking  two  <liffen*ttt  quantities,  u'  and —  if'',  ti^  denote  retnteouvt'ly  the  Ivr- 
wonl  veliMnty  of  a  particle  at  tht*  crest  of  a  wave,  And  tlie  backward  velocity  < 
a  particle  in  the  trough;  when  tho  velocity  of  advance  will  be  given  by  *' 
formula 

«  +  A  («•  -  "") (T.)! 

V.  Avthmtitt  on  Warat— Wplier's  Wdlenlehre;  Scott  RummsU,  in  Rtporit^ 
the  Britith  AtaoeiaUon,  1844;  Airy,  Chi  Tides  and  iVara;  St<ikes,  Can 
Tntauaetiuia,  1M2,  ISSO;  Eonudtaw,  76..  184.'^;  Fmude,  Trans,  of  the  In 
of  JTavai  ArehittiCtM,  lSti2;  Rankino,  PhiiM.  TVoiul,  1863;  Po.,  i*Ai/oi.  Maff^ 
5^ovt'mb«r.  l^Oi;  l>o.,  Pmcfrdinas  of  the  Jloval  Socittp^  1868;  WatU,  RaokiiM, 
Kapiur,  and  Barnes,  On  HhipbuUdintt ;  Thomas  Stevenson,  On  Marbour9^ 
Cikligny,  LUmvillc's  Journalf  June  and  July,  18G6;  Cialdi,  Svl  Noto  Ondota 
Mare. 


PRELIMINARY    DISSERTATION 


.RMONY  OF  THEORY  AND  PRACTICE  IN  MECHANICS* 


The  words,  f/jaon/  and  }rracti<x,  are  of  Greet  origin  :  they  carry 
our  thonglit«  b(u.'k  to  t)ie  time  of  those  ancient  philosophcni  by 
whom  they  were  contrived  j  and  by  whom  also  they  wero  con- 
traHted  and  placed  in  oji{X)Mitiou,  vm  denoting  two  coullictiug  and 
mutually  iucon&iiitcnt  idens. 

In  geometiy,  in  philoHophy,  in  poetry,  in  rhetoric,  and  in  the 
Wtoe  arts,  tlie  Greeks  are  our  ninMei-s ;  and  gre-at  are  our  obligations 
Vo  the  ideas  and  the  models  which  they  hare  transmitted  to  our 
tunes.  But  in  physics  and  in  mechanics  their  notions  were  very 
generally  pervaded  by  a  great  fallacy,  which  attained  its  complete* 
and  moet  nuscMcvous  dovelapmout  amongst  the  mediwval  school- 
men, and  the  remains  of  who^  inlluence  can  be  traced  even  at  the 
present  day — the  fuUaey  of  a  tlovhle  aysttjn  of  natural  Uxwa;  one 
theoretical,  geometrical,  rational,  discoverable  by  contemplation, 
applicable  to  celestial,  tetherial,  indestructible  bodies,  and  being  an 
object  of  the  noble  and  liberal  ana ;  the  other  practical,  mechanical, 
empirical,  discoverable  by  experience,  applicable  to  terrestrial,  gross, 
destructible  bodies,  and  being  an  object  of  what  were  once  called 
the  vulgar  and  sordid  arts. 

The  so-called  physical  theories  of  most  of  those  whose  under- 
Btandinga  were  under  the  influence  of  that  fallacy,  being  empty 
dreams,  with  but  a  trace  of  truth  here  and  there,  and  at  variance 
•with  the  results  of  every-day  obsenntion  on  the  surface  of  the 
planet  wo  inliabit,  were  calculated  to  jierj^tuate  the  fallacy.  The 
stars  were  celestial,  incorruptible  bodies  ;  their  orbitA  were  circular 
ABd  their  motions  perpetual ;  such  orbits  and  motions  being  charac- 
teristic of  perfection.    Objects  on  tJie  earth's  surface  were  terrestrial 

*  Thu  DiflM-rlAtion  oonUira  the  mlittince  of  ■  diMxranw,  **  De  ConeordiA  ioter 
Sdentiaram   Macbtnalinm  CootanplAtiornn  ct  Umm,"  remd  befnre  the  Senate  of 
jHw  Unlverdty  of  GUirow  on  th«  10th  of  Dpcf  mber,  1 855.  and  of  an  inan^ral  tec- 
I  lure,  deU\-ered  to  the  Class  of  CivU  Koguieerinj^  aud  Mechuucs  in  \\uX.  X^mxttiAVi  ou 
ilbe  3d  of  Jaooary,  1856. 

B 


k 


r&ELUftNAItT  BISSKItTATIOy. 


-4 


.Mdwrntptible ;  tboir  motions  being  chaiiictcristio  of  impcrfectto: 
irira  in  mixed  Htraight  and  ctirvod  linea,  and  of  limited  duratio: 
BAtional    and   pracricoJ   mechanics    (as    Newton  observcfl   in    hi*^ 
preface  to  tlie  l^rincipia)  were  considered  as  in  a  measure  op] 
to    each   other,   the   latter  beiug  au  inferior  branch   of   study, 
to  be  cultivated  only  for  the  sake  of  gain  or  some  other  materia' 
advantage.     Archjtas  of  Tareiitum  mi^ht  illustrate  the  truths  of 
geometry  by  meckanic&l  contrivanoe« ;  liin  methods  were  n-garded 
by  his  pupil  Plato  as  a  lowering  of  the  <lignity  of  science.     A.rchi 
medes,  to  tlie  cliaracter  of  the  iirst  geometer  and  arithmetician 
his  day,  might  add  that  of  the  lirst  mechanician  and  physicist^— 
might,  by  his  untUded  strength  acting  through  suitable  machinf^ 
move  a  loaded  ship  oa  dry  land, — ho  might  contrive  and  exec 
deadly  engines  of  war,  of  wliich  evrn  the  linmaii  soldiers  stootl  in 
dread, — he  might,   with  an  art  afterwards  regarded  as  fmbtUous 
tall  it  waa  revived  by  Buffon,  bum  fleets  with  the  coneentratwl 
snnbejuns ;  but  that  mechanical  knowledge,  and  that  practiad  skilly 
which,  in  our  eyes,  render  that  grcAt  man  so  illustrious,  wero,  b; 
men  of  learning,  his  contemporarii^s  and  successors,  pegar>led 
acoomplishraentH  of  an  inferior  onler,  to  which  the  plulostnihcr, 
frmn  the  height  of  geometrical  abstraction,  condescended,  with 
■view  to  the  service  of  the  State.     In  those  days  the  notion 
that  scientific  men  were  unfit  for  the  bu<iines3  of  life,  and  vari 
faortJons  anecdotes  were  contrived  illustrative  of  this  notion,  whif; 
have  been  handed  down  from  age  to  ago,  and  in  each  ag«?  appli 
■with  little  variation,  to  the  eminent  philcjsophers  of  the  time. 

That  the  Romans  were  eminently  skilful  in  many  departsm 
of  prtictioLl  mechanics,  especially  in  masonry,   road-making,  and 
hydrjiulica,  is  clearly  established  by  the  existing  remains  of  their 
magnificent  works  of  engineering  and  architecture,  ipom  many 
vhich  wo  should  do  well  to  take  a  lessoiL     But  the  fallacy  of 
supposed  discordance  between  rational  and  practical,  cdestial 
ten-esitriaJ  mechanics,  still  continued  in  force,  and  seems  to  hv 
gathered  strength,  and  to  have  attained  its  full  vigour  daring 
middle  ages.       In  those  agea,  indeed,  wore  erected  thoee  im 
parable  ecdeaiastical  buildiugs,  whase  beauty,  depending,  as  it  d 
maiidy  on  the  nice  adjustment  of  thn  form,  strength,  and  pod 
oC  each  part,  to  the  forces  which  it  has  to  sustain,  evinces  a 
fonnd  study  of  the  principles  of  equilibrium  on  the  \yMi  of 
arehitocta.     But  the  very  names  of  tliose  architects,  with  few 
doubtful  exceptions,  were  suffered  to  be  forgotten  ;  and  the 
ciples  which  guided  their  work  remain  uni'erorde<l,  and  were  taft 
be  rfr-disoovered  in  our  own  day  ;  for  the  scholars  of  those  tim 
de^iinng  practice  and  observation,  were  occupied  in  develoja: 
and  msgniiying  the  numerous  errora,  and  in  perverting  and  d 
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■mg  tKe  TDMch  more  numerous  truths,  which  are  to  ho  found  in  the 
writings  of  Aristotle  ;  ftiid  those  few  men  who,  like  Rogur  Bacon, 
contained  scientiHo  with  practic&I  knowledge,  were  objects  of  fear 
and  i>ersecution,  as  suppiWd  allies  of  the  powers  of  dnrkncss. 

At  length,  during  the  great  rc\-jval  of  learning  an(J  rt-formntion 
of  science  in  the  Iifteenth,  siitecuth,  and  bovfutw^nth  centuri«a, 
the  83rstora  falsely  styltxl  AiT«tot<*lian  was  overthrown  :  so  alfto  was 
the  fallacy  of  a  douMe  system  of  natural  laws ;  and  the  truth  began 
be  duly  appreriited,  that  nnnnd  theory  in  physical  science  cun- 
ists  simply  »f  £acts,  and  the  deductions  of  common  sense  from 
them,  reduced  to  a  systematic  tbrm.     The  science  of  motion  waa 
founded  by  Galileo,  and  perfected  by  Kewton.     Then  it  was  estab- 
lished that  celestial  and  tcrreetrial  meclmnics  are  branches  of  one 
science ;  that  they  depend  on  one  and  the  same  fnrHtem  of  clear  and 
simple  first  principhjs ;  that  those  very  laws  whicli  rcgulat*  the 
motion  and  the  stability  of  bodies  on  earth,  govern  also  the  revolutions 
of  the  stars,  and  extend  their  domiuion  throughout  the  immensity 
of  space.     Then  it  came  to  \ye  acknowledged,  that  no  material 
ibject,  however  small, — no  force,  however  feiible, — no  phenomenon, 
owevei"  familiar,  is  insignificant,  or  beneath  the  attentitm  of  the 
philosopher ;  that  the  processes  of  the  workshop,  the  labours  of  tho 
artisan,  arc  full  of  instruction  to  tho  man  of  science  ;  that  the 
flcientitic  study  of  practical  meclmnics  is  well  worthy  of  the  atten- 
on  of  the  most  accomplished  mathematician.     Then  the  notion, 
lat  soientiftc  men  are  unfit  for  buainesB,  began  to  disappear.     It 
not  court  favour,  not  high  connection,  not  Parliamentary  in- 
uence,  which  cftusod  Newton  to  be  appointed  Warden,  and  aft^-r- 
rds  Master,  of  the  Mint ;  it  was  none  of  these  ;  but  it  was  tho 
owlodge  |K>8Scssed  by  a  wise  minister  of  the  fact,  that  Newton's 
cill,  botli  theoretical  and  practical,  in  those  branches  of  knowledge 
hich  that  office  required,  rendered  him  the  fittest  niitn   in  all 
ritain  to  direct  the  execution  of  a  great  reform  of  the  coinag'*. 
f  the  manner  in  which  Newton  performed  the  business  eutnisttd 
him,  we   have  the    following   account  in  tho    words    of  Lord 
acaulay,  an  author  who  cannot  be  accused  of  undue  partiality  to 
ipeculative  science  or  its  cultivators  : — 

"  'n>e  abilitv,  llie  indnstry,  and  the  strict  uprightness  of  the  great  philo- 

>phnr,  sttpctiily  produced  a  complete  revolution  throughout  the  dt^purt- 

lent  which  was  under  his  direction.     He  devoted  himself  to  the  ta.><k 

ith  an  activity  which  left  him  no  time  to  spare  for  those  pursuits  in  which 

le  had  siirpasscil  Archimedes  and  tralileo-     Till  the  great  work  was  com- 

jjletely  liono,  he  rcsipicd  timdy,  and  almmt  nngrily,  even-  attentpt  (hat 

u  made  by  men  of  science,  here  or  on  the  Continent,  to  draw  him  away 

tm  his  official  duties."* 

•  Tfli  bf.,  p.  yoa. 
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Then  tLo  historian  procociis  to  detail  the  results  of  JfewtouVi 
cxei-tionA,  and  shows,  that  within  n  short  time  after  his  appoint 
meat,  tho  weekly  amount  of  the  coinage  of  silvtT  was  lacreaaed  to 
eufh/fold  of  that  which  liad  been  looked  upon  as  tlie  utmost  practi- 
cable amount  by  his  predecessors. 

The  extension  of  experimeDtal  luetliods  of  investigfttionf  ha* 
caused  even  manual  skill  in  practical  mechanics,  when  scientitically 
exprciAed,  to  be  duly  honnured,  and  not  (as  in  ancient  times)  to  bi* 
i-egarded  as  beneatli  the  dignity  of  science. 

As  a  systenuitically  a\'owed  iloctrine,  there  can  be  no  doubt  that 
the  £iUacy  of  a  discrepancy  between  rational  and   piiiotical  me- 

Iohanios  came  long  ago  to  an  end ;  and  tliat  ©very  woU-infoTtned 
and  sane  man,  exprening  a  delibenite  opinion  upon  the  raut11.1l 
reluLiuns  of  those  two  brauches  of  scieucc,  would  at  o»ce  admit  that 
ttiey  agree  in  tlieir  principles,  and  assist  each  other's  progress,  and 
tluit  bueli  distinction  an  exists  between  them  arises  from  tlic  ditTcr- 
euce  of  the  purpoMM  to  which  the  same  body  of  principles  is  rtjipli 
If  this  doctrine  had  as  strong  an  influence  over  the  actions 
men  as  it  now  luui  over  their  reasoniii^n,  it  would  hare  been  unne 
ccsaaiy  for  me  to  describe,  so  fully  as  I  have  done,  the  great  scienti 
iic  fallacy  of  the  ancients.  I  might,  in  fact^  have  pna<u>d  it  over  in 
luleuce,  BR  dead  and  forgotten  :  but,  unfortunately,  that  discrepaiic)- 
^between  theory  and  practice,  which  in  sound  physical  and  mechani- 
ca]  science  is  a  delusion,  has  a  real  existence  in  the  minds  of  men ; 
nud  that  fallacy,  though  rejected  by  their  judgmentH,  continues  to 

I  exert  an  influence  over  their  acti  Therefore  it  is  that  I  haw 
endeavoured  to  trace  tho  prejudice  as  to  the  discrepancy  of  theory 
and  practice,  especially  in  Mechanici:!,  to  its  origin  ;  and  to  show 
that  it  is  tho  ghost  of  a  defunct  fallacy  of  the  ancient  Greeks  aud 
of  the  mediaeval  schoolmen. 
This  prejudicL',  as  I  have  stated,  is  not  to  be  found,  at  the  presfoit 
day,  in  the  form  of  a  definite  and  avowed  principle  :  it  is  to  br 
traced  only  in  it«  pernicious  effecUi  on  the  progress  both  of  specula- 
tive science  and  of  practice,  and  sometimes  in  a  sort  of  tacit  inBih 
once  which  it  exerts  on  the  forma  of  expression  of  wiitera,  who 
have  assuredly  no  intention  of  perpetuating  a  delusion.  To  exeni- 
]iUfy  the  kind  of  influence  last  referred  to,  I  slmll  cite  a  paasase 
from  the  same  hiiitorioal  woik  which  I  recently  quoted  for  a  differ* 
ent  purpose.  Lord  Macaulay,  in  treating  of  the  Act  of  Toleratioa 
<<f  William  III.,  compares,  metaphorically,  the  science  of  politics  W 
^^       that  of  mechanics,  and  then  proceeds  as  follows : — 

^H  *'Thc  malfaenuitician  can  easily  demonstrate  that  a  certain  power,  mh 

^H  ]^ed  by  means  of  a  certain  lever,  or  of  a  certain  system  of  puUcyv,  nj 

^H  suffice  to  raise  a  certain  weight.     But  his  denionstratian  proceeds  on  M 

^H  opposition  that  the  machitKni'  is  such  35  no  load  will  hcnd  ur  break.     1 
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lie  cD^iueer  who  has  to  lift  a  irreat  mass  of  real  sr^ute  by  the  uutra- 

lentolity  of  real  timtwr  luid  rciu  bi'iup,  shouM  iib¥4>luu.'lv  rely  on  ttio  pro- 

^ilioDA  which  he  limls  in  treatibos  ou  Djuamic?,  and  should  make  no 

[Allowance  for  the  iuijiorfuction  of  his  matcriaU,  bis  whole  apparatus  of 

[beama,  wheeLi,  and  ropes,  would  soon  come  down  iu  ruin,  and  with  all  his 

[comutrical  skill,  he  would  be  found  ti  fur  inferior  bulMer  to  those  painle<l 

■barinns  who,  though  they  never  hc-aiil  of  tho  pnmllelngram  of  forces, 

^managed  to  pile  op  t?tonehenge.''  • 

I  It  18  impossible  to  reiul  this  passage  without  feeling  admiration 

^B^r  the  force  uiid  cleomosa  (oiul  I  may  add,  for  the  brilliuucy  aiid 
^■>*it)  of  the  langtiage  ia  which  it  is  expressed ;  aud  thoso  very 
^■^ualltica  of  force  oiul  cleui'ueus,  U8  well  us  tho  author  s  eminence, 
^Bi%Dder  it  one  of  the  bo^it  exAiuidea  that  ean  be  found  lo  illiutratc 
the  lui'kin^  inllueaee  uf  tho  fallacy  of  a  double  act  of  nieehauieitl 
lawii,  rational  and  pmctical. 

In  fact,  the  nmthcuiutical  theory  of  a  miu'liiiie, — that  is,  tlic  boily 

of  pnnciples  which  enables  tho  engineer  to  compute  the  arrange- 

[Xiient  aud  dimensions  of  tlie  parta  of  a  machine  intended  to  perform 

[given  operations, — is  divid&l  liy  uiatheniatieiaus,  for  tho  sake  of 

)nvenience  of  investigation,  into  two  })ai'ta.     The  port  tirst  treated 

of,  as  being  tho  moi'e  simple,  I'eiates  to  the  motiona  and  mutual 

Actions  of  the  solid  pieces  of  a  machine,  and  tho  forces  exerted  by 

rftiid  u|)ou  them,  each  eoutinuoiiB  tiolid  piece  IJeiiig  treated  as  a 

ivhole,  and  of  sensibly  invariable  tigtire.     The  second  and  more 

intricate  part  reUiteB  to  tlie  actioim  of  the  foi'ces  tending  to  bi'cak 

[or  to  alter  the  iigiire  of  ea^'h  such  Kolid  piece^  and  the  dimensiona 

iind  fonii  to  be  given  to  it  in  order  to  enable  it  to  resist  tliosu 

Ibi-ces:  this  part  of  the  theoiy  depends,  as  much  as  the  tii-at  j»art, 

'       ou  the  general  laws  of  mechanics;  and  it  is,  as  truly  aa  the  first 

(ifuit  a  aobjoct  for  tho  reasonings  of  the  mathematician,  and  equally 

I'cquiaite  for  the  completeness  of  the  mathematical  treatise  which 

I  the  engineer  iu  sujiposed  to  eoiu^ult.  It  is  true,  that  should  the 
engineer  implicitly  trust  to  a  pretended  mathematician,  or  au 
incomplete  treatists  lus  appamltis  would  come  down  in  iniin,  a* 
the  historian  lias  stated :  it  is  tnie  also  that  the  same  result  woiUd 
follow,  if  the  engineer  was  one  ^ho  had  not  qualified  himself,  by 
exiKrience  and  observation,  to  distinguish  between  good  and  bad 
materials  and  workiuausliip;  but  the  jiastiago  I  have  quoted  eouvejii 
an  i<le!\  different  from  tliese;  for  it  proceeds  on  tlie  erroneous  8»t»- 
}K>sition,  tiiat  the  £i'st  i&rt  of  the  theon,'  of  a  machine  is  the  whole 
theory,  and  is  at  variance  with  something  else  which  is  independent 
of  mathematics,  and  which  constitutes,  or  is  the  foundation  of, 
practical  mechanics. 

Tlie  evil  iufliieucc  of  tho  supposed  inconsistcue^-  o^  aXv^ot^  ^\\\ 


I 


I 


I 


C  FaCUllI>ABY  DmEBTATlOir. 

practice  npon  speculative  aciencCf  although  much  len 
thftn  it  wM  in  the  aucient  and  middle  ages,  if  itiU  occuamMf 
be  traced.  Thia  it  in  which  oppotsce  the  mutual  commonicaiicm 
ideas  bet v ecu  mcu  of  Acieucu  imd  men  uf  practico,  and  which  Itsuk 
ffn^n^fip  men  sometimefl  to  employ,  on  pvoblaxiu  that  can  only  be 
ragiwdcd  an  ingeniooa  mathematical  ex«rciae%  much  tisoe  and 
mental  exertion  that  would  be  better  bestowed  on  qiustioos  hartDg 
some  coDuection  with  the  arts,  and  sometimes  to  &tate  the  resului 
of  really  important  investigations  on  practical  subjects  in  a  farm 
too  abstruae  for  ordinary  use;  so  that  the  benciit  which  might  b« 
derived  from  their  appLicution  is  for  years  lost  to  the  public ;  and 
valuable  practical  priijci{>l(si,  whidi  might  have  been  anticipated  by 
TOBSoniug*  arc  left  to  be  lUscovoi'ed  by  ftlow  aud  ooetly  exj>orienoc. 

But  it  i£  on  the  practice  of  mechanics  aud  engineering  that  tba 
in£ueuce  of  the  };^rcat  fiUIacy  is  most  cooajncuous  aud  must  taHal. 
There  is  a£suredly,  in  Britain,  no  deficiency  of  men  distiuguiiibed 
by  skill  in  judging  of  the  quality  of  materials  aud  work,  and 
directing  the  operations  of  workmen, — by  that  sort  of  skill,  ia 
fact,  which  is  purely  practical,  and  acquired  by  obacrration 
experience  in  busiuesa.  But  of  that  scientifically  practical 
which  produces  the  greatest  effect  with  the  least  |>ossibIe  ex 
tnre  of  material  and  work,  the  iustaucea  are  oomparutively 
In  too  many  cases  we  sec  tlie  strength  and  tlie  stability,  whick; 
ought  to  be  given  by  the  skilful  arrangement  of  the  part«  of 
stixctuie,  supplied  by  means  of  clumsy  massiveness,  and  of  lftv~ 
expenditure  of  material,  labour,  and  money  ;  and  the  evil  is 
increased  by  a  pervereion  of  the  public  taste,  wluuh  oaubcs  works 
to  be  admired,  not  in  proportiiin  to  thctr  fitness  for  their  purposes, 
or  to  the  skill  vviucod  iu  attaining  that  ^toeas,  but  iu  projtortioa 
to  their  size  and  coat 

"With  respect  to  those  works  which,  &om  unscientific  design, 
give  way  during  or  immediately  after  thcii*  erection,  I  shall  wiy 
little ;  for,  with  all  their  cviLi,  they  add  to  our  experimental  know- 
ledge, and  convey  a  lesson,  though  a  costly  one.  But  a  aVasa  of 
structures  fraught  with  much  greater  evils  cxista  in  great  abuudnnca 
throughout  the  country ; — namely,  tho«e  iu  which  the  finolta  of  an 
unscientific  design  have  been  ao  i&r  coimtoractcd  by  massive  strengti^ 
good  materials,  and  cancfid  workmausUip,  that  a  tempuraiy  atabi 
hsa  been  prodaced,  but  which  contain  witlun  themselves  sources 
weakness,  obvious  to  a  scientific  exiiminatiuu  ouly,  that  mu£it  inei 
tably  cause  their  destruction  within  a  limited  numbor  of  years. 

Another  evil,  and  one  of  the  worst  which  ariiics  from  the 
tjon  of  theoretical  and  practical  knowledge,  Ls  tite  fact  that  a 
number  of  penjons,  poajcssed  of  an  inveutlvo  turn  of  mind  and 
considerable  skill  in  the  manual  opcrAt\o\«v  0*1  YvijcXA-vA  \i\»itVvk\a 
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dcatituto  of  that  knowledge  of  sciditiilc  principles  which  U 
itc  to  prevent  their  heiug  misled  hy  tlieir  own   ingenuity, 
mm  too  often  spend  their  money,  waste  their  liven,  and  it 
a.y  be  loae  iLeir  reutfou,  in  the  vuiji  pursuit  of  visionary  iuvenliooA, 
whicli  a  moderate  umount  of  tlieoretical  knowledge  would  be 
cieat  to  demonntrate  the  faUscy ;  aud  for  wont  of  such  know- 
many  a  man   who  miglit  have  been  a  nwful   and  hiippy 
ember  of  society,  becomea  a  being  than  whom  it  would  be  hard 
find  aoTthing  more  miscralile. 

The  number  of  those  unhappy  persons — to  judge  fi-om  the  patent- 

uud  from  some  uf  the  me^?huuical  jouruub — must  be  ruueli 

rter  than  is  gtmeralty  lielievel.     The  most  absurd  of  all  their 

eluaiona, — that  commonly  called  the  peri>otual  motion,  or  to  S}>oak 

more  accurately,  the  inexhaustible  rtoiirco  of  powiu-, — is,  in  various 

forms,  the  subject  of  several  j)atent3  in  c-ach  year. 

The  ill  sucocat  of  the  projects  of  misdirected  ingenuity  ha^  very 
aturaliy  tho  effect  of  driving  those  men  of  practical  skill  who, 
liougli  without  w-'icntific  luiowloJge,  jxjuscss  prudence  aud  common 
jBenHe,  to  the  opposite  extreme  of  caution,  and  of  inducing  them  to 
void  all  experiments,  and  to  contine  themselves  to  the  careful 
pyiug  of  successful  existing  structures  and  machines:  a  course 
hi<^,  although  it  avoids  risk,  would,  if  generally  followed,  stop 
progress  of  all  impi'ovcment     A  similar  cour!>u  has  sometimes, 
idc«d,  been  adopted  by  men  posaeased  of  scicntiHc  aa   well  as 
uctical  skill :  such  men  luving,  in  certain  cases,  from  deference 
popular  prejudice,  or  from  a  divad  of  being  reputed  as  theorists, 
nsidered  it  adviftable  to  adopt  tLe  worse  and  custoniaiy  design 
r  a  work  in  preference  to  a  better  but  umtsual  design. 
Some  of  the  evils  which  are  caused  by  the  falUusy  of  an  incom- 
patibility between  theory  and  practice  having  been  described,  it 
must  now  be  admitted,  that  at  tlie  prt  sent  time  those  evils  sliow  a 
decided  teudoucj*  to  decline.     Tho  t-xtt-nt  of  intercourse,  and  ol 
mutual  assistance,  between  men  of  science  and  men  of  practice,  tlie 
practical  knowledge  of  scientific  men,  aud  the  scientific  knowledge  of 
pninf  iral  men,  have  been  for  some  time  steadily  increasing ;  and  that 
3mbination  and  harmony  of  theoretical  and  practical  knowledge — 
that  fikill  in  the  af<plicalion  of  scientific  principles  to  practical 
puqKMcs,  which  in  former  times  was  confined  to  a  few  remarkable 
imlividuals,  now  tends  to  become  more  generally  dilTuscil     "With 
a  view  to  promote  the  dif!\i3ion  of  that  kind  of  skill,  Chairs  wore 
stituted  at  periods  uf  from  fift^-en  to  ten  years  a^o,  in  the  two 
bllege«  of  the  University  of  L<»ndon,  in  the  University  of  Dublin, 
in  tlic  three  Queen's  Colleges  of  Belfast,  Cork,  and  Galway,  aud  in 
tiiis  Univei-sity  of  Glasgow. 

For  the  sake  of  a  pimllei,  it  may  here  be  vfovtV  "wloXft  to  T^Srw 
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to  oaothei-  branch  of  practical  science — that  of  Medicixie.  From  the 
time  of  the  tirst  establishment  of  Medical  Schools  iu  UntvcrsitiM, 
there  have  existed,  not  only  Chiurs  for  the  teaching  of  the  puroly 
ucieotific  dcpoHments  of  Medioul  Science,  such  iw  Anatomy  ana 
Physiology,  but  al&o  Chairs  for  itutruction  in  the  art  of  applying 
scientific  principles  to  |iracticc,  such  as  those  of  Surgery,  the 
Practice  of  Physic,  and  othci-&.  The  institution  of  a  Cimir  of 
Mcchamcs  and  Engiaeerin^  in  a  University  where  there  Iiave 
long  existed  Chairs  of  Mathematics  and  Natural  Pliiloi>ophy,  'ia  an 
endeavour  to  place  Hcchaiucal  Scicucu  on  the  same  footing  with  tliut 
of  Medicine, 

Another  parallel  may  bo  found  in  an  Institution,  which,  tl 
not  a  Univt^i'Rity,  ami  tliough  established  as  much  for  the  ad^ 
ment  as  for  the  diffuiiion  of  knovledge,  haa  had  a  most  bcucl 
c^oct  in  promoting  the  appreciation  of  science  by  the  [rublir,- 
me&n  the  Britii^h  Association.    When  that  body  was  fir^t  iastituted, 
both  tho  theoi-ctical  odvanoemeut  and  the  practical  uiipUL-ation  of 
Mechanics,  and  the  several  branches  of  Physics,  were  iiUotted  to  a 
single  section,  called  Section  A.     The  business  bofon:^  thnt 
tioon  became  so  excessive  in  amount,  and  so  muUifariuus  in  i1 
oharacler,  tluit  it  was  found  uecessaiy  to  institute  Section  G,  for 
purpose  of  considering  the  practical  application  of  those  bram 
of  science  to  whose  theoretical  advancement  Section  A  was  d( 
devoted;  and  notwithstanding  tliis  separation,  tliose  two  SeoUoi 
work  harmoniou&Iy  together  for  the  promotion  of  kindred  objeotsj 
and  the  same  men  arc,  in  many  iuHtauces,  leadiuK  membci'S  of 
What  Section  U  is  to  Section  A  in  tho  British  Aiwooiation, 
class  of  Engineering  and  i^Iechauics  is  to  those  of  Physics 
Mathematics  in  the  University. 

It  being  atlmittetl,  that  Theoretical  and  Practical  Mechanics 
in  harmony  vrith  each  other,  and  de}>end  on  tlie  stmie  timt  prin* 
ciplea,  and  that  they  differ  only  in  the  puqKkscs  to  wlkich  th< 
principles  are  applied,  it  now  remains  to  be  considered,  in  wj 
manner  that  difference  affects  the  nuMle  of  instruction  to  be  follow 
in  eommunicjiting  tliose  branches  of  science. 

Mechanical  knowledge  may  obviously  l*o  distinguished  into  thrwT 
kinds:  purely  scientific  knowledge, — purely  pmctical  knowledge — 
.[And  that  intermediate  knowledge  which  relates  to  the  applicati 
**%{  scientllic   principles   to   practical   purposes,   and   which 
from  undei-standing  the  harmony  of  theoiy  and  practice- 

The  objects  of  im»t.ruction  in  puroly  scientitic  mechanics 
physics  are,  first,  to  piwluce  iu  the  student  tlmt  improvement 
the  understanding  which  n'sults  from  tlio  culti^-ation  of  ni 
knowledge,  and  that  elevation  of  mijid  which  flows  from  ihi 
templation  of  the  order  of  the  universe;  and  secondly,  if 
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to  qualify  liim  to  become  a  scientific  discoverer.  In  tlii.s  Inauch  of 
jstudy  exactness  is  an  essential  feature ;  and  mathematical  difficulties 
must  not  be  ahrunk  &om  when  the  nattire  of  the  subject  leads  to 
them.  The  ascertainment  and  illustration  of  truth  are  the  objects ; 
and  structures  and  machines  are  looked  upon  merely  as  natural 
bodifiB  are : — namely,  as  fiimishing  experimental  data  for  the  ascer- 
taining of  principles,  and  examples  for  their  illustration. 

In8b:iiction  in  purely  practical  knowledge  is  that  which  tlio 
student  acquires  by  his  own  experience  and  observation  of  the 
transaction  of  business.  It  enables  him  to  judge  of  the  quality  of 
materials  and  workmanship,  and  of  questions  of  convenience  and 
commercial  profit^  to  direct  the  operations  of  workmen,  to  imitate 
existing  structures  and  machines,  to  follow  establish^  practical 
rules,  and  to  transact  the  commercial  business  which  is  connected 
with  mechanical  pnrsuit& 

The  third  and  intermediate  kind  of  instruction,  which  connects 
the  first  two,  and  for  the  promotion  of  which  this  Chaii-  was  estab- 
lished, relates  to  the  application  of  scientific  principles  to  practical 
purposes.  It  qualifies  the  student  to  plan  a  structure  or  a  machine 
for  a  given  purpose,  without  the  necessity  of  copying  some  existing 
example,  and  to  adapt  his  designs  to  situations  to  which  no  existing 
example  affords  a  ptu^leL  It  enables  him  to  compute  the  theo- 
retical limit  of  the  strength  or  stability  of  a  structure,  or  tlie 
efficiency  of  a  machine  of  a  particular  kind, — to  ascertain  how  I'ur 
an  actual  structure  or  machine  fails  to  attain  that  limit, — to  dis- 
cover the  causes  of  such  shortcomings, — and  to  devise  improvements 
for  obviating  such  causes;  and  it  enables  him  to  judge  how  far  an 
established  practical  rule  is  founded  on  reason,  how  far  on  mere 
custom,  and  how  far  on  error. 

There  are  cei'tain  characteristics  in  the  mode  of  treating  the 
subjects,  by  which  this  practical-scientific  instruction  ought  to  bo 
distinguished  from  instruction  for  purely  scientific  purposes. 

In  the  first  place  it  will  be  universally  admitted,  that  as  far  as  is 
possible,  mathematical  intricacy  ought  to  be  avoided. 

In  the  original  discovery  of  a  proposition  of  practical  utility,  by 
deduction  &om  general  principles  and  from  experimental  data,  a 
complex  algebraical  investigation  is  often  not  merely  useful,  but 
indispensable;  but  in  expounding  such  a  proposition  as  a  part  of 
practical  science,  and  applying  it  to  practical  purposes,  simplicity  is 
of  the  first  importance : — and,  in  fact,  the  more  thoroughly  a  scien- 
tific man  has  studied  the  higher  mathematics,  the  more  fully  does 
he  become  aware  of  this  truth, — and,  I  may  add,  the  better  qualified 
does  he  become  to  free  the  exposition  and  application  of  scientific 
principles  from  mathematical  intricacy.  I  cannot  better  support 
this   \iew  than  by  referring  to  Sir  John  Herschel's  Outlines  v/ 
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At^ffnmaimy — a  work  in  which  one  of  the  moat  profound 
ticiaiu  in  the  worid  lias  aucceedud  admii-ably  in  diveatiiig  <tf 
nmthcniatical  intricacy  the  explanation  of  the  principlea  of 
natural  scieuce  which  employs  the  higher  mathematics  most 

In  fact,  the  symbols  of  ulgebru,  when  employed  in  ubstmso 
complex  theoretical   inrestigationa,   constitute  a  sort  of  thougl 
saving  machine,  by  whose  aid  a  person  sldilcd  in  iU  use  cau  soh 
problems  respecting  quantities,  and  dispenae  with  the  mental  lal 
of  thinking  of  the  quantities  denoted  by  the  symbols,  except  at 
bcgimiing  and  end  of  the  operation.     In  treating  of  the  practit 
application  of  scientific  principles,   an  algebraical  formula  sb< 
only  bo  employed  when  its  shortness  and  umplioity  ai*e  such  as 
rend^  it  a  clearer  expression  of  a  proposition  or  rule  than  commc 
Iftnguuge  would  be,  and  when  there  ^  no  difEcuIty  in  keeping 
thing  represented  by  e:ich  (*ymbol  constantly  before  the  min<L 

Another  chai-acteristic  by  which  iuittruction  in  |ira(lical 
should   be  distingiiinhed  fi-om  purely  scientific  instruction, 
which  ap[X!ai's  to  mo  to  possess  the  advantage  uf  calling  into  opei 
tion  a  mental  faculty  distinct  fi-oni  those  which  ai'o  exercii>ed. 
theoretical  science.     It  is  of  the  following  kind  : — 

In  theoretical  science,  the  question  is — U'W  arie  too  to  CAmb] 
and  when  a  doubtful  ]M>iiit  arises,  fur  the  solution  of  which  eitht 
cx|>eriuiental  data  aie  wauling,  or  mathematical  methods  are 
suflicieritly  ndvanccfl,  it  is  the  duty  of  philo.'iophic  minds  not  to  < 
pute  about  the  probability  of  conilicting  suppositions,  but  to  laboi 
for  the  advancement  of  exjwriinental  inquiry  and  of  mathemat 
and  await  patiently  the  time  when  these  sluill  be  adequate  to  aoh 
the  question. 

But  in  practical  science  the  question  is — Whai  art  ux  to  dof- 
a  question  which  involves  the  necessity  for  the  immediate  udoptioi 
of  some  rule  of  working.     In  doubtful  cases,  we  cannot  allow 
machines  and  our  works  of  improvement  to  wait  for  the  odvai 
zuent  of  scieneo ;  and  if  existing  data  are  insufficient  to  give  an  exftcfc^ 
solution  of  the  question,  that  approximate  solution  must  be  acted 
upon  which  the  best  data  attainable  show  to  be  the  most  probable»i 
A  prompt  uud  floaod  judgment  in  coses  of  this  kind  is  ono  of 
charaetei  ibtics  of  a  PRACTIC  al  max,  iu  the  right  sense  of  tliat  icrtsL^ 

In  conclusion,  I  will  now  observe,  that  the  cultivation  of  tho' 
Harmony   between   ITicory  and   Practice  in   Mechanics — of  the! 
application  of  Science  to  the  Mechanical  Arts — besides  all  thai 
beneiits  which   it   confers  on  us,  by  promoting  the  comfort  and 
prospenty  of  individuals,  and  augmenting  the  wealth  and  power  of 
the  nation — confers  ou  us  also  the  more  important  benefit  of ; 
tie  chtuTieter  of  ih^  mechsnical  art*i,  and  of  those  who  pi 
them.     A.  great  mechanical  philosopher,  Oae  \aA«  \)t.  "RtitrtaiQiU 
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Siinlrarchf  after  stating  thiit  the  principl«i  of  Carpentry  depend 

yo  two  bmndiKS  of  the  scicuct?  of  Statics,   remurLi — "It  is  this 

viikh  makes  Carpentry  a  liherai  art" 

S»  abo  is  Maflonry  a  libt^nil  art, — bo  is  the  art  of  vorking  ia 

is  erery  art,  when  giiided  by  scientific  piinciplcs.      Every 

or  machine,  whose  design  e^'inces  the  guidance  of  science, 

l»  regarded  not  merely  as  an  iiLstrumont  lor  promoting  coq- 

teoieace  and  pro&t,  but  as  a  monument  and  testimony  that  those 

vho  pkanod  and  made  it  had  gludicd  the  Uws  of  nature;  and  tliis 

it  an  object  of  interest  and  A'alue,  how  small  soever  its 

how  commtiu  soever  its  muterio]. 

Far  a  rentiiry  tliei*  luw  stood,  in  a  room  in  this  College,  a  small, 

nule,  and  plain  tnodol,  of  lippeaiuucc  bo  uncouth,   that  when  an 

I      ttitist  lately  introduced  its  likenefs  into  a  hi&toiical  painting,  those 

wbonw  the  likeuess,  and  knew  nothin;^  of  the  original,  wondered 

I     That  the  artist  meant  by  painting  an  oliject  so  unattractive. 

But  the  artist  was  right;  lor  nineiy-oue  yeara  ago  a  man  took  that 
^■iDtMlcl,  applied  to  it  his  knowlu<Ic^e  of  natural  laws,  and  made  it 
^Bbtn  the  hrst  of  those  steam  engines  that  now  cover  the  land  and 
^hkcsea;  and  ever  since,  bi  KetiMJu's  eye,  that  small  and  uncouth 
^RtsaM  of  wood  &nd  metal  shines  yriiU  imperishable  beauty^  as  the 
"  Ctrliest  embodiment  of  the  genius  of  James  Watt 

Tlius  it  is  that  the  commonest  objects  are  by  science  rendered 
prraoQS;  and  in  like  maimer  the  engineer  or  the  mechanic,  who 
|ibaa  and  works  with  nnderstiinfling  of  the  natural  lawi;  that  regulate 
tbe  reeoltB  of  his  opexutions,  rises  to  the  dignity  of  a  Sage. 
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DEFIKITtOS  OF  GENEBAL  TERMS  AND  DIVISION  OF  THE  SUBJECT. 

AsT.  1.  ncffbaaira  IB  the  science  of  rest,  motion,  and  force. 

The  Unog,  or  Jiret  principles  of  mechanics,  are  the  eame  for  all 
boUies,  celestial  and  terrestrial,  natural  and  aiti^dal. 

Thtf  method*  of  nj/plyiTiff  the  principles  of  mechanics  to  [larticular 
caaea  are  more  or  less  diflferent,  according  to  the  circumKtances  of 
tiia  ease.     Heuce  arise  hmuclies  lu  tlie  st.'iencv  of  mechunicHL 


Ilea — The  branch  to  which  the  term  "  Appuki> 
MscOAncs*^  has  been  restricted  by  custom,  consists  of  those 
conaequences  of  ttie  laws  oi*  mechanics  which  relate  to  works  of 
kaman  art 

A  treatiM  on  applied  mechanics  most  commence  by  sotting  forili 
those  first  principles  which  are  common  to  all  braiicheH  uf  mccluinics  ; 
iHit  it  must  contain  only  such  consequences  of  those  principles  ua 
applicable  to  imq>ose&  of  art 

3.  niBtm  (cousidered  mechanically)  is  that  which  tills  sfiacc, 

4.  ■•diM  an.'  limited  portions  of  matter.  Bodies  exist  in  thrc* 
coaditiona — the  solid,  the  liquid,  and  the  gaseoua  t5olid  bodifu 
tntd  to  preserve  a  definite  size  and  shape,     liquid  bodies  tend  to 

ivMTve  a  defiujto  size  only.  Gaseous  bodies  tend  to  exjtand  indo- 
Iv.  Bodies  also  exist  in  conditions  intermediate  between  tlio 
;iud  liquid. 


I       fi.  A  ifiaicrtai  or  Ph|*fr«i  surTncc  is  the  boundary  of  a  body,  or 
f    between  two  parts  of  a  body. 


5.  A  Mtttertni  or  Phraicai  voiaMc  is  the  space  occupiod  by  a  body 
by  a  part  of  a  body. 


f 


7.    Ctoe.  PalM.  Pkyalcnl  Point,  ITlcaMiM  of  I#eM«lk. — In  mechanics. 
in  geometr)*,  a  LiXE  is  the  bouudiuy  of  a  surface,  or  between  two 
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parts  of  n  surface ;  and  a  Point  is  the  boundary  of  a  line,  or 
tween  two  jnuts  of  a  Hue ;  b\it  the  term  "  Physimd  Paint^^  U  floi 
times  used  by  mechanical  writers  to  dcuote  an  imnieagurcUtfy 
body — a  sense  inconsistent  with   the  strict  meimiug  of  the  w{ 
"  point ;"  but  still  not  leading  to  error,  so  long  as  it  is  rightly  uni 
stood. 

In  mea-fturinfj  the  dimensions  of  bodies,  t-hc  standard  British  ni 
of  leu'^h  in  thn  yard,  being  the  leu^h  at  the  temperature  of 
Falu-enhcitj  and  at  the  mean  atmoKphfric  prpssiire,  W^tween   tl 
two  ends  ofacertiiiu  bar  which  is  kept  iu  the  olKce  of  the  Exchcqm 
at  Westminster. 

Tn  computations  res]>ecting  motion  and  force,  and  in  expi 
the  dimeiisiona  of  large  structnres,  the  imit  of  Umgth  rommoi 
employed  in  Britain  is  theyW,  being  one-third  of  the  yard. 

In  expressing  the  dimensions  of  machinery,  the  \mit  of  lenj 
comnwniy  employed  in  Britain  is  the  tncA,  being  one-thirty- 
mrt  of  the  yard.  FractioiL«>  of  an  inch  are  very  oommonly  stati 
l»v  mpehanirs  and  other  artitioers  in  halves,  quArt4}r8,  eighths,  si 
teenths,  and  tliii-ty 'Second  parts ;  but  aocording  to  a  reiK>1ution 
the  Inatitution  of  Mechanical  Engineers,  passed  at  the  meerting 
at  Manchester  in  June,  18D7,  the  practice  has  been  introduced 
expressing  fractions  of  an  inch  in  decimals. 

The  French  unit  of  length  is  tlie  m?tre.  being  about  ^nnn^ooo 
the  earth's  circum  fere  ace,  measured  round  the  polea  (See  tal 
at  the  end  of  the  volume.) 


8.  Bart  is  the  i*elation  Ijetween  two  points,  when  the  strugl 
line  joining  them  d»x?a  not  change  in  length  nor  in  direction. 

A  body  is  at  rest  n^latively  to  a  point,  when  every  point  in 
body  is  at  rest  relatively  to  the  first  mentioned  point 

9.  Iir«UMi  is  the  relation  between  two  points  when  the  irfcmij 
line  joining  them  chajiges  in  length,  or  iu  direction,  or  in  both. 

A  body  moves  reJativcly  to  a  point  when  any  point  in  the  bod^ 
moves  relatively  to  the  Cret  mentioned  point. 

10.  Vixed  Point. — ^When  a  single  point  is  spotcn  of  as  hflvinj| 
motion  or  rest,  some  other  point,  either  actnal  or  ideal,  is  alwavs 
eitlier  expressed  or  understood,  relatively  \a>  which  the  motion  or 

of  the  first  point  takes  place.     8uch  a  point  is  called  a  fcad 
>int. 

So  far  as  the  plienomena  of  motion  alone  indicate,  the  choice 
a  fixed  point  with  which  to  compare  the  positions  of  other  poini 
ap/H-ars  to  be  arbitrary,  and  a  mutter  of  convenience  alone ; 
when  the  i»ws  ofibrce,  as  afiecting  moUoiVj  come  to  V«  ccnuid 
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it  will  Us  NGca  that  there  are  reasons  for  calling  cerUin  ftoints 
fixed,  in  pruference  to  others. 

In  the  m«:hani(>8  of  tb«  solar  system,  the  fixed  point  is  what  is 
called  thedfmnum  centre  of  tjravittj  of  tl»o  botlics  corajHwing  that 
system.  In  appUerl  niechanica,  the  fixed  point  is  either  a  point 
which  is  at  rest  ivJatively  to  tho  eai-th,  or  (if  the  structure  or 
machine  under  oonsi deration  bo  moveable  fi'om  place  to  placo  on, 
tike  earth),  a  point  which  is  at  n.%t  reUttvoly  to  the  structure,  or  to- 
the  frame  of  tb<»  machine,  ae  tho  caw  may  be. 

Points,  lin<->?.  snrfiKVs,  and  volimies;  which  are  at  rest  relatively 
to  a  fixed  pkint,  are  fixed. 

11.  c*iiM!mniir>. — The  comparison  of  motions  with  each  other, 
without  reference  to  their  caosea,  is  tho  aubject  of  a  bmnch  of 
geometry  called  **  CimiiMiica.^* 

12.  Fvwc  is  an  action  between  two  bodies,  eitlier  causing  or 
tending  to  cause  change  in  their  relative  rest  or  motion. 

The  notion  of  force  is  first  obtained  directly  by  sensation;  for 
the  force,**  t-xcrted  by  the  voluntary  muscles  can  be  felt.  Tho  ex- 
istctnoe  of  forces  other  tlum  muscular  tension  is  inferred  from  tlieir 
c&etL 

13.  E^aliibrUm  or  Bolnarc  is  the  condition  of  two  or  more 
Ibrees  which  are  so  nppoftod  that  their  combined  action  on  a  body 
produces  no  <diange  in  its  rest  or  motion. 

The  notion  of  balance  is  fijigt  obtained  by  sensation;  for  tho 
ibrccA  exerted  by  voluntary  muscles  can  be  felt  to  balance  som^ 
times  each  other,  and  acnnetimcs  external  prcstnirea. 

14.  flMuirs  nad  Whm»m\r». — Forces  may  take  effect,  either  by 
lala&cing  other  forces,  or  by  producinR  eliange  of  motion.  The 
former  of  tho*>e  effects  is  the  unliject  of  Sfatie$;  the  latter  that  of 
thfiUMfnici;  these,  togetlier  with  CinemaliM,  already  de£ned,  form 
the  three  great  divisions  of  pure,  alistract,  or  general  mechanics. 


15.  BtiMUMut  and  fffnchiniw- — The  wovks  of  human  art  to  wMf 
the  •aeuce  of  applied  metljanics  i-elates,  are  divided  into  two' 
cUasea,  acconling  as  the  parts  of  whinh  tlicy  consist  are  intended  to 
rest  or  to  move  relatively  to  each  other.  In  tho  former  case  they 
are  callcil  iiVrJ/Wnrw;  in  the  latter,  MarhineJi.  Structure«  are  sub- 
JTirtA  of  Statics  alone;  Machines,  when  the  motions  of  their  parts 
are  conijidercd  alone,  are  subjects  of  Cinematics;  when  the  forces 
urting  on  and  t>etween  their  parts  are  aUo  considered,  machines  are 
•ubjtx-ts  of  Stiitics  and  Dynamics. 


t«; 


UTBODUCTION. 


16.  CiMMWvl  Amm{t«me«l  of  the  Sabiect. — Tho  :iul>J0Ct  of  tllO 

Btfiit  treutiHO  will  be  airangcd  as  follows: — 
I.  First  Pri>ciple3  ok  Statu's. 
II.  Theory  op  Strccix'KES. 
JtL  First  Principles  of  Cinematics. 
J  V^  TiiEORY  OF  Mechanism. 

V.  First  Principles  op  D^-NAMiiS^ 
VI. Theory  of  Machines. 


PART  I. 
PREs'CIPLES  OF  STATICS. 


CHAPTER  L 

OALAXCE  ASI>  WF^RCREMEiT  OF  FORCES  ACTING  IN'  OSTB 
STBAIOirr  LIKE. 


17.  F«rw^  iMiw  DrtrrtBinrd. — Although  cvoiy  foroo  (as  Ims  been 
■(at«d  in  Art.  12)  ls  on  action  between  two  bodies,  atill  it  is  con- 
ducive to  simplicity  to  con.sidtr  in  the  first  ]ilace  the  condition  of 
DDf  of  those  two  bodiea  alone. 

The  nature  of  n  force,  us  rL'spects  one  of  the  two  bodies  between 
irbich  it  acta,  i«  detennine«J,  or  made  known,  when  tho'  following 
Uim  tilings  are  known  respecting  it : — first,  the  place,  or  jMirt  of 
the  body  to  which  it  is  applied;  secondly,  the  dircctiun  of  its 
oction;  ihii-dly,  \tA  ihaifuitinJe. 

ItJ.  Placv  «r  Appllrailoa— Polat  tf  A.|»pllcnil»N. — The  plflCC  of  tho 
ai*[ilication  of  a  force  to  a  bo<]y  may  be  the  Avhole  or  jwrt  of  its  in- 
ternal mass ;  in  which  c:ise  the  force  is  an  attraction  or  a  repulsion, 
ikccording  as  it  tends  to  move  the  liodies  between  wliich  it  acta 
towards  or  from  each  other;  or  the  place  of  ajtplication  may  be  tho 
|»iu-face  at  wiiicli  two  bodies  touch  each  other,  or  the  Ijouudiuf; 
?e  between  two  ]"iart8  of  tlie  fijime  Uxly,  in  which  ttise  tho  force 
tension  or  piiU,  atlinist  or  piidli,  or  a  luteral  stro«*,  according 
circumstances. 

Thus  every  force  has  its  action  distributed  over  a  ceitain  space, 
li'ithcr  B  volume  or  a  surface;  and  a  force  concentrated  at  ii  single 
point  has  no  real  existence.  NeverthcleJiS  it  is  necessary,  in  treating 
'of  tlic  principles  of  statics,  to  begin  by  deinoiiatratiiig  the  pixipertics 
)nf  such  ideal  fon.e,s  conceived  t-o  be  concentrate<l  at  single  points. 
It  will  afterwards  bo  shown  how  tho  conclusions  so  aniveil  at  re- 
ipect'-n*^  ir^nqh  forces  (as  they  may  be  called),  are  made  applicable  to 
llhe  li  forces  which  really  act  in  nature. 

Xl  Ling  the  ]>rinciple3  of  statics  cxiMirimcntally,  a  force 

mcontmt^l  at  a  smgle  point  may  be  represented  with  any  required 
legi-ee  of  accuracv  bv  a  force  ilistr'ibnU'A  over  a  very  bmuU  space,  if 
^nt  gpacc  bv  tmttie  smaU  eaoiigh 
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19.  aapp**IUaB  af  PcrTrrc  Rlgldlir. — lu  reasoning  rcspcci 
forcos  cono«nt,nited  at  single  points,  they  are  ii&snmeil  to  be  applu 
to  solid  Ixxliea  which  are  perfectiy  rujid,  or  incapable  of  alteratii 
of  figure  uwler  any  forces  wliich  c«u  be  applied  to  them, 
alfv)  ia  a  supposition  not  rcalizefl  in  nahire.  It  will  afterwards 
shown  how  its  consequences  arc  applied  to  actual  botUea. 

20.  Dlrcclion— Lino  mf  Actioa. — The  DlRKCTIOX  of  A  forco  is  t\ 

of  the  motion  wliich  it  tends  to  pro<Iuce.     A  straight  line  drai 
through  the  point  of  application  of  a  single  force,  and  along 
direction,  ia  the  line  op  AtrnoN  of  tlrnt  force. 

21.  nagnliQde—FDit  or  Force. — The  ma^^itudea  of  two  fo 
are  equal,  when  t«eing  applied  to  the  Rume  body  in  op|K»site  dii 
tious  along  ^o  same  line  of  action,  they  balance  each  other. 

The  magnitude  of  a  force  ia  expressed  arithmotically  Xiy  statii 
in  numbers  its  ratio  to  a  certain  unit  or  standard  of  i'orce,  which 
usually  the  iveight  (or  attraction  t^warda  the  eai-tli),  at  a  certati 
latitude,   and   at  a  oertain  level,  of  a  known  moss  of  a  certain 
matenal.     Thus  the  British  unit  of  foroo  is  the  standard  p(mi 
avoinlujxjU ;  wliich  is  the  weight  in  the  hititude  of  London  of 
certain  piece  of  platinum  kept  in  the  Exchequer  office  (See  the 
18  and  ID  Vlot.,  cap.  72;  also  a  paper  by  Professor  W.  H. 
in  tho  PhiljjAOf^iical  Ttarutactions  for  1856). 

For  the  sake  of  convenience  or  of  complianrc  with  custom,  oUm 
units  of  force  are  occasionally  employed  in  Britain,  beating 
ratios  to  the  stondanl  pound ;  such  as — 

The  grain  =  rVini  of  a  pound  avoirdupois. 
Tho  troy  pound  =  5,700  grains  =  0-822857 11  jiound  avoirduj 
The  hnndrodweight  =  1 1 2  pounds  avoii-dupoia, 
The  ton  =  2,240  pounds  avoirdupois. 

The  Fn^nch  standnnl  unit  of  forco  is  the  gramine,  which  is  th< 
weight,  in  the  latitude  *)i  I'aris,  of  a  cubic  ocntimetre  of  pure  wat 
memmred  at  the  temp^^rature  at  which  tho  density  of  water 
greaiest,  viz.,  \°\  centigrade,  or  SD^A  Fahrenheit,  and  under  tJ 
preavore  which  supports  a  barometric  column  of  7G0  millimetres 
mercury. 

A  cumparison  uf  French  and  British  measures  of  force  and  cf 
sijw  is  given  in  a  t^iblc  at  tho  end  of  this  volume. 

22.    ll<wMteaiM  or  Fmrrca  Aci1h|[  la  Omd  Stralclil  IJne. — The    Re- 
J8ULTAXT  of  any  number  of  given  forces  applied  to  one  botly,  is 
"     le  forre  capable  of  baUncing  that  sin^do  force  which  balam 
^thfi  given  forces  ;  tlnat  is  to  say,  the  resultant  of  the  given  forces  ii 
egtaU  and  directiv  opposed  to  the  forcti  which  balances  the  givt 
iorcea;  and  is  e^niftUtnit  to  tho  given  force*  ao  iai  \*a  tV^AasOrawat' 
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PRINCIPLES  or  STltirs. 


24.   PrMMMtw. — Most  writi'i-s  on  niochiiiiics,  in  treutuis  of  th( 
6rst  principles  of  statics,  ufte  the  wonl  "■prumnt'e"  to  denote* 
balanced  force. 

In  the  |io|iuUir  *5U3t%  wliich  is  also  tbc  wnsc  ftoDcrally  employe 
in  applied  niix-lijuiia-t,  tho  vrord  pressure  is  nsoit  to  denote  a  foi 
of  the  nature  of  a  tbnist,  Jiistributwl  over  a  surface ;  iu  uthei-  words 
the  kind  of  force  with  whicli  a  bodr  tencb  to  expand,  or  resiste  ai 
effort  to  corapn.'sa  it. 

In  this  tit^itise  can?  vnW  hi*  tiken  ao  to  employ  th«  word  "pi 
'""■e"  that  the  context  shall  iliow  in  wlwt  seiise  it  U  iwwl. 
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TneOBT  OP  COITLES  AXD  OP  THE  BALAKCE  OP  PARALLEL   F0RCK3. 
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Sbctiox  I. — On  Coftj)ie$  icith  the  Same  AxU. 

25.  CMipicis. — Two  forcTs  of  vr\\m\  ma^jnitude  aj)plii^l  to  the  mm^ 
body  in  pAraUel  aiid  opposiU'  dh-ections,  but  not  iu  tin-  fiame  line  of 
«<:tion,  constitute  wIjAt  h  cidlod  ii  "cyH/j/r." 

2C.  Force  of  R  C««f1c — Arm«rr,eTcimi|F. — Th<3  JoTCe  o(  a  COUple  IS 
Uic  ooiriinon  uiaguitude  of  tlie  two  equal  forcai;  the  ann  or /fferf/fje 
of  a  coupio  i«  the  pt-rpcmiiculnr  distance  between  tlic  liius  of  m-tion 
t«f  the  two  equal  f'lvea. 

-7.  Tcwrfca^  mCa  C«oplc — Plane  of  b  C^vplc — ni«bufanniled  and 
f^n-liandrti  r««ple>. — Tlio  tfudencj  of  a  ci^uple  is  to  turn  the  body 
tti  which  it  ix  rijinlicd  in  the  plane  of  the  couple — that  is,  the  pluue 
which  contains  the  linw  of  action  of  the  two  forced.  (The  plane  in 
nliich  a  IxkIv  tnmfl,  ia  any  plane  parallel  U*  those  planes  in  the 
IhnIt  whosH?  position  is  not  alterwl  by  the  turning).  Tlio  axU  of  a 
couple  is  any  liue  perpendicular  to  its  plane.  The  tnming  of  a 
body  iff  said  to  be  right-handed  when  it  appears  to  a  spectator  to 
Ukkc  place  in  the  Bauie  direction 
with  that  of  the  hands  of  a  wstchj 
and  lefl-fuxndcd  when  in  the  oppoedte 
direction;  and  couples  are  dcsig* 
HAtcdasrighVhiinded  orlefl-hnndcd 
According  to  the  direction  of  the 
turning  whidi  they  tend  to  pro- 

Thni  in  iig.  3,  the  equal  and 
opjjohilo  forces  O,  F„  U^F^  ^Hose 
hnrcrtge   is   L,  I^  fonn    a   rights 


Fig.  8. 


handod  couple;  and  the  equal  and 

o|)posito  forces  OiTj,  0,  F4,  form  a  loft-liandcd  coui<lc 

2ii.    E^nlmlem  C««f1<*  ^  Eqanl  Farvis  aad  l^errnHp;. — lu    Order 

that  two  couples  wmilar  in  diieclion,  an<l  of  equal  force  and  lever- 
riiav  be  t'xactly  alike  or  cmtirnUent  in  their  tendency  to  turn  the 
.  it  in  necHtsaxy  and  sufficient  that  their  planes  should  be  either 

iUcntical  or  jmraUol 
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Two  couples  ftpplio<l  to  the  some  body  in  the  samo  plane,  or  it 
pvitillel  pianos,  of  e<^unl  force  nnd  levomgo,  but  opposite  in  directioi 
balance  each  other;    and  if  for  either  of  tl»e  two  on  equivalent 
couple  be  substituted,  the  oquJlibrium  will  not  be  disturbed. 

29.  iTi«»pii*  of  n.  c*ai»ic. — Tho  woment  of  a  couple  ueans  th< 
product  of  the  magnitude  of  it«  force  by  the  length  of  its  arm. 
the  force  be  a  certain  number  of  pounds,  and  the  arm  a  cci 
nnmber  of  feet,  the  product  of  those  two  numbers  i&  called 
moment  m  foot-pounds,  and  simihu-Iy  for  other  zucaaures. 

30.  AddlU*««rC*MplM«rE«valVttrcflL — LeMUA.       TiCO  COUpU$  oj 

equal  force  acting  in  the  sam^.  direction,  withthe  sonic  axiSj  arc  fqun 
ient  to  a  couple  wltose  moment  is  tlw  sum  of  tluir  inommts.     Ia-I  th< 


two  couples  be  denoted  by  A  and  B 


of  tluir  I 
let  F^  = 


Fn  be  their  equnli 


Fig.  4. 


forces  ]  let  L^^  and  Lb  be  thct 
respective  amis;  then  F^L^  ant 
Fq  Lb  are  their  moments,  which, 
as  their  forces  are  equal,  ore  pro- 
portional to  the  arms.     In  fig.  4, 
let  the  fi:>rce8  F^  constituting  A 
be  applied  in  lines  passing  through 
a  and  c,  ac  or  L^  being  perpen- 
dicular to  the  lines  of  action  ofi 
fte  foroes;  and  if  the  forces  cou-J 


gtituting  B  bo  not  aln^ady  applied  lui  ahowu  in  the  figure,  sub-] 
Btitutc  for  B  an  equivalent  couple  of  equal  force  and  arm,  having^ 
its  forces  F^  applied  in  lines  jKirallel  to  the  lines  of  action  of  th( 
forces  Fa,  and  pasaing  one  thnnixh  tlie  point  c  and  the  otlicr  thronghl 
6,  BO  that  the  arm  c  6  or  Lq  shall  be  in  the  same  straight  line  with] 
a  c  or  Lji.     Then  the  equal  and  opposite  forces  Fj^,  Fg,  applied  at  c, 
balance  ench  other,  and  there  remain  only  the  equal  and  opposite 
forces  Fi,  Fq,  applied  at  a  and  6,  which  form  a  couple  whose  forco 
is  F^  =  Fb,  and  its  arm  a  6  =  L^  +  Ln,  being  the  simi  of  the  arms  of 
the  couples  A  and  B :  so  that  its  moment  la  the  simi  of  their 
momenta;  and  this  couple  is  equivalent  to  the  two  coujilea  A  tmd  B. 

31.  E^nlralrns  f*ouplra  BfRqunl  SfoaMBl. — TuKoRKU.  Jf  the  mo- 
ments of  two  couples  actinfj  in  Vie  same  direction  and  uHth  the  same  axit 
are  equal,  those  coupler  arc  equivalent.  Let  one  of  the  couples  ViC  called 
A,  and  let  its  force,  arm,  and  moment  bo  respectively  F^,  L.,  and 
Fji  L*;  let  the  other  couple  l^  calletl  B,  and  let.  its  foi-ce,  ai-m,  and 
moment  be  respectively  Fn,  Lg,  and  F„  Ln-  The  equality  of  the 
moments  of  those  couples  is  expressed  by  the  eqoaUon  ^ 

FbLh- 


F.L, 


that 


If  the  foroee  aud  arms  of  the  two  couplea  be  cotKmeazunJble)  eo 


RnpRGHElffTATtOX  OP  COUPLES. 

Fjj  :  F|,  :  :  Lb  :  L^  :  :  m  :  n 
(m  and  n  tjeiug  two  wbule  uumben)^ 


m  n 

(he^conple  A  la  equivalent  to  a n  couples  of  Uie  moment/ 1; 

U  tte  coojJe  H;  thorcfbrc  the  oou|>lei{  A  and  B  are 

it  to  each  oUiw. 

^ko  fontm  ftiul  aitnB  are  incomincDsurEiUe,  it  is  alna^-s  postdhlo 

d  forces  and  arms  which  shaJl  be  commensurable,  and  shaU 

firooB  the  given  forces  and  anoa  by  differences  le^  than  any 

quantity;  so  that  if  the  theorem  were  in  errcir  for  incoimuou- 

ftmeft  aikd  arme,  it  woidd  also  be  in  error  for  certain  com- 

le  forco>  and  arms ;  bat  this  is  impossible ;  thcrcfoixi  tho 

I  truo  for  inoozmnensurable  an  well  as  for  oommeosunibld 

arma. 

■■mm  «r  riBpiiii  wfib  ifc«  flKMU!  Axu. — Corollary.    A 

tian  i^any  mtmher  ofeoufiet  having  t/te  same  axU  is  cquiva- 

eom^  uio&a  momaU  u  the  olgAraiodt  sum  qftJie  morttents 

|omi&tnatf  oou/Wttt 

r^^mtiiM  «r  ciMirie*  &«▼*■«  ihc  mtmv  Axu. — T^vo  opposite 

v€  equal  moment,  hariug  the  same  axis,  balance  each  other. 

kumber  of  conpluri,  having  the  aame  axis,  balaace  eac^  other 

moments  of  tho  right -handod  couples  arc  togother  eqiuU 

iBomeDtB  of  thi^  lcft-han<led  coujiles ;  in  other  words,  when 

loltant  moment  is  nothing. 

■lynwiMlnw  mc  c««|rfca  hy  Lten. — The  nature  and  amount 
tendency  of  a  couple  to  turn  a  body  are  completely  known 
moment  and  dirt-ctiou  of  the  coujiJe,  and  the  position  of 
are  known.     Tb*«c  circum- 
aro  expressed   by  means  of  a 
a  the  following  nuiiiner. 
fig.  5.  from  any  point  O  draw  a 
it  line  OM,  paruUel  to  the  axis 
is,  perpendicular  ^^  the  plane)  of 
raple  to  be  reiiresentod.  and  in  such 
dirvction,  that  to  an  observer  looking 

O  towards  M  the  couple  shall  seem  right-handed ;  and  make 
1i!x^^  of  the  hue  OM  represent  the  moment  of  the  cou\»le. 


Rff.6. 


4 


M 
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Sbctiox  2, — On  Cottpfeg  teU/t  Different  Ascfs. 

35.    novMlmmt   •(  Twa    C»nptc«    wilk    DtOcrrnt    Axcm. — ^TtlEOR] 

IfOiC  two  aides  of  a  ptxraJkUH/rara  represent  tiie  jnmttons  of  the 
and  tft6  direcliona  and  momvuU,  of  tuHf  nmplfjn  ncfiiuj  on  tlu: 
fiodj/,  the  diagonal  oftJis  iHirafJd'.itp'nm  wUl  in  Ida  nuinner  r*/ 
the  position  oftJie  axig,  (fie  direction  and  t/te  moment  of  thB 
couple^  which  ia  equivalenl  tit  tho9e  two. 

In  fig.  0,  let  tlio  plAne  of  the  paper  represent  a  plane  which  coi 
tains  the  axes  of  the  two  couples,  and  is  therefore  peqteudicular 
hoth  their  planes.  I^t  ac,  cb  be  parts  of  the  lines  in  which  th< 
pinnea  of  the  couples  A  B  respectively  intei 
tlie  plftue  of  the  paper.  If  tho  couples  are 
already  of  equal  force,  rediicc  tliem  to  equi^ 
lent  couples  of  equal  force ;  let  F  deiioto 
common  magnitude  of  their  forces,  and  let 
Ti,i  denote  the  respective  arms  of  the  coup]< 
From  c,  tlie  intersection  of  the  tlu^e  planea^ 
already  mentioned,  take  c  a  =  L^,  c  6  =  Ln, 
nud  join  ah.  Conceive  the  couple  A  (or  an 
t'qiiivalent  couple)  to  consist  of  the  foroe  -f  F 
mrting  forwards  at  a,  and  the  equal  and  opposite 
force  -  F  acting  backwards  at  c ;  also  conceive 
the  couple  B  (or  an  equivalent  couple)  to  con- 
Fig.  G.  !^ist  of  tho  force  +  F  actiug  forwards  at  c,  and 
the  equal  and  opposite  force  —  F  acting  back- 
wards at  h.  Tho  forces  +  F,  -  F,  at  c  balance  each  other ;  and 
there  are  left  tho  equal  and  opposite  forces  +  F  at  a,  and  —  F  at  A, 
forming  the  re»ultarU  cou}ile,  which  is  equivalent  to  the  two  couples 
A  and  B,  and  has  for  its  arm  the  third  side  a  6  =  L^  of  the  triangle 
ahc 

Now  from  any  point  O  draw  OMj^  perpendicular  to  ac,  and 
O  Mb  perpendicular  to  6  c,  and  representing  the  axes,  directioi^, 
and  moments  of  the  couples  A  and  B  :  complete  the  parallelogi'Hm 
of  wliich  those  linea  are  the  sides,  and  draw  it«  diagoujil  U''hl^, 
This  diag;onal  will  Iw  porpeudiculor  to  ab,  and  will  tlici-efore  re- 
present the  axis  and  direction  of  the  resultant  couple  ;  and  because 
of  the  Bimilarity  of  the  triangles  abc,  0 Mp Mb,  the  following  pro- 
portions will  exist : — 

U3I^  :  OM.  :OMo, 

and  conseqaontly  OMq  xdll  alao  represent  the  moment  of  the  te- 
sjiltniit  couples, — Q.  K  D. 


fARlLLEL  rOBCU'^ 


3(1    B^Mllthrtau  ttf  Tbrce  C«a|»le«  «Hih  Dlffeivai  Axra  In  ib«  Nanir 

COBOLLAHV.      A  ct/%ipli  equal  and  opjKittilf  to  that  r^prcsritieil 
Ute  HingoTud  ()AI(-  hnlancfs  the  amples  Tepn-Anitrd  h>j  the  au/fjt 
^,  d^»      /i  othrr  irorJs,  three  couples  represented  hy  Oie  three 
of  a  tnfin(jfe  lahtnca  mch  othrr, 

3T.    B^piUbrint*  mf  umy  NMMlkcr  •fCoopln. —  COBOLLAKY.        //a 

mUr  ofcoupfes  actin/f  on  t)ie  sovie  iodi/  U  represented  by  a  teriea 
Um$  joined  end  to  end,  io  fijt 


ti, 


gidat  of  a  pciygi.m,  iutd  if 
gon  is  c/otitd,  thrm  Cfntplcs 

meK  tidier.     To  fix  the 

be  five  oonjiles, 

IHatnents  am  respectively 

[ft  Ml,  Ar*,  Mj;    and  let 

Iwr  rcprpsentwl  \yy  the  sides 

e  polrgoit  in  fig.  7  in  such  n 

i\  m  npfcmted  by  O  A,  aud  aeenu  right-lundod  looking  rrom  A  towanli  O. 
Mj  —  AM,  —  — '  from  D  towanls  A. 

M,  —  BJC.  —  —  from  C  towtrdB  B. 

X-  —  CD, 


I>0. 


—  from  D  towordii  C. 

—  from  0  towartb  D. 


Thpn  by  the  theorem  of  Article  35,  tlio  Temiltiint  of  M,  and  M,  it 

Tnj;  the  resultant  of  this  and  Mj  is  OO  ;  the  resultant  of  tliia  aud 

is  OD,  right-handed  in  looking  from  D  towai-ds  O,  and  eon- 

ktly  equal  and  op]N.>sito  to  Mj,  which  last  couple  Laluuccs  it^ 

reduces  tJie  final  resultant  to  nothing. — Q.  K.  D. 

This  propogition  endtrntly  holds  for  auy  number  of  couples,  and 

^rhether  the  closed  polygon  be  plane  or  gaiiclte  (that  is  to  say,  not 

f4ane). 

The  re^snltant  of  the  couples  represented  Tiy  all  the  sides  of  Iho 
polygoOt  except  one,  is  equal  and  opposite  to  the  couple  represented 
by  the  excepted  side. 

Sbction  3. — 0?i  Poralkl  Forces. 

38.    B«laac«4l  Parallel  Fvrrc*  In  Grn«rnl. — A  holanccd  systcm  of 
pftnllel  forces  consists  either  of  jiairs  of  direetly  opposed  equal 
foroee,  or  of  couples  of  equal  forces,  or  of  combLnations  of  such 
and  coupK-s. 
Hf*^  the  following  propositions  as  to  the  relations  amongst  tho 
uystema  of  [mrallel  forces  are  obvious  : — 
iced  RTstPTn  of /laralJe]  forces,  the  sums  of  the  forct-ft 
?j!icy  /n  (tppnsjte  directions  are  equal ;  in  other  WOrds,  t\iC  lAgd- 


2G 


puiKaptea  or  stattcs. 


braicol  sum  of  the  magnitudes  of  all  the  foices  talcon  with  tl 
proper  cdgns  is  nothing. 

II.  The  inagnitudo  of  the  rosultaut  of  any  combination  of 
allel  forces  is  the  algebraical  sum  of  the  magnitudes  of  the  force& 

The  rclatioDft  amongst  the  ponliona  of  the  lines  of  action 
balanced  parallel  forces  remain  to  he  investigated ;  and  iu 
inquiry,  all  pairs  of  direcUy  opposed  equal  forces  may  be  left  out 
con^demtion ;  for  each  such  pair  is  ixidepejideutly  balanced  w 
finevcr  it8  position  may  be ;  so  that  the  question  in  each 
be  solved  by  means  of  the  theory  of  couples. 

39.  EquUlbriMm  of  Thrve    Parallel    Force*  In  Oh«  FImm. 

ciplci  •I'ihe  Lcrcr. — Tli£OKEll.     1/ three  paralid  for <x»  applied  to 

body  balance  eadi  other f 
mtui  be  in  &tte  plane;  the 
eadrenie /oroe$  mutt  act  in 
aamedinotion;  Utemiddltfi 
must  ctd  in  the  oppotUe 
turn;  andthcTjiOfpiiludeo/* 
Joree  fmut  hs  proportitmal 
tfte  diatwice  between  Uu:  lima 
action  of  iJie  other  ttco, 
a  body  (&g.  8)  be  maintained 
'*S'  8.  j,j  eqnilibrio  by  two  oppoai 

couples  having  the  same  axis,  and  of  equal  moments, 

F*  liA  ^  Fb  Lb, 
according  to  the  notation  already  used ;  nnd  let  those  couples  be 
apjilied  to  the  body  that  the  lines  of  action  of  two  of  these  foroea^ 
-  Fju  -  F|j,   which   act  in   the   same   direction,   shall   coinddek 
Then  those  two  forces  are  equivalent  to  the  single  middle  foro^H 
Fc  =  —  (Fa  +  Fb),  equal  and  oppo&ite  to  the  sum  of  the  extremal 
forces  +  Fji,  +  Fr,  and  in  the  same  plane  with  them ;  and  if  the 
straight  line  A  C  B  be  drawn  perpendicuhu*  to  the  lines  of  action 
of  the  forces,  then 

XC  =  La ;  OB  =  La ;  AB  =  L^  +  Lg ; 
and  oou&e<iuentIy 

F»  :  F„  :  Fo  :  iC^;  AC  :  AB; 
so  that  each  of  the  three  forces  is  proportional  to  tho  distani 
between  the  lines  of  action  of  the  oiher  two ;  and  if  any 
parallel  forces  balance  each  other,  they  must  be  equivalent  to  two 
couples,  08  shown  in  the  figure. 

40.  JSoutliiuki  or  Tw*  Parallrl  Forces. — Tho  resultant  of  any  two 


3 


of  the  three  forces  F^  Fb,  F^  is  eqiial  and  o^^^fiitft  to  the  third. 
Heoce  die  resultant  of  two  pataWel  iorwa  ^  ^ToSXfcX  \ft  "titf 


L<j ;  if  tliey  act  in  the  samo  direction,  then  their 
■— Unit  is  ili<^  sam,  iurt«  in  the  same  dircctioix,  and  lies  between 
tkcm ;  if  they  act  in  opposite  directions,  thoir  resultant  is  their 
Adenane,  acta  in  the  dirt>rtion  of,  and  lies  U^'ond,  the  prcpon- 
■**~***»g  furoQ ;  and  the  disUnce  between  the  lines  of  action  of  any 
t«o  of  those  thive  forces — the  rctmltant  aud  its  two  components 
— tt  prfi|)ortioiml  to  the  tliinl  foi-cc 

In  ordrr  that  two  op^tosite  parallel  forces  may  have  a  single 
iwilitant,  it  is  necewary  ttmt  they  should  be  unequal,  the  resultant 
Inqg  their  difference.     Should  they  be  equal,  they  constitute  a 

HMHK  vhich  has  no  ±dugie  re^ultjUiC 

^^^^t  Wi   ■■■■in  «ra  C'««iplc  nnd  n  Magic  Farce  Im  PanUH  IMmncw.— 

^^CnC  denote  the  luomc-ut  of  a  couple  applied  to  a  body  (fig.  d) ; 

^bnd  at  *  point  0  lei  a  single 

r  timt*  V        


F  be  applied,  in  a  phuie 
tyimllfi]  to  that  of  the  couple. 
for  tbfl  given  couple  substitute 
an  oqoiviUcnt  couple,  con»idting 
of  a  force  —  F  equal  and  dii-ectly 
opposed  to  F  at  O,  and  a  foi-co 
F  ap|4i(xl  at  A,  the  arm  AD 

bsiag  ^  — =,  and  of  coarse  par- 


Fig.  9. 


and  to  the  plane  of  the  couplo 

M.     Then  the  forces  ot  O  K-^lanoe  each  other,  and  F  applied  at 

is  thi^  resultant  of  the  single  force  F  applied  at  0,  and  the  couple 

tliat  is  to  5Biy,  tliat  if  to  a  single  force  F  tliere  be  addt^l  a  couple 

lose  pbtne  is  parallel  to  the  force,  the  effect  of  that  ai.Ulition  is 

the  line  of  action  of  the  force  parallel  to  itsulf  through  a 

M 

di»taDOc  O  A  =:  -^; — to  the  left  if  M  is  right* 
r 

■  luindod — to  the  right  if  M  is  left-handed. 

4S.   MbwibI  •€  m  Farce  wMi  rvav^ci  w  «■  Asia. 

•hei  the  stmight  line  F  represent  a  force  ap- 

Fylii^d  trt  n  body.     I-ct  O  X  be  any  straight  lino 

ij»'^rpcnflicular  in  direction  to  the  line  of  action 

i'Of  the  force,  and  not  intersecting  it,  and  let  AB 

^hc  tho  common  jx^rpendicular  of  those  two  lines. 

kt  B  conocdve  a  pair  of  eqn.al  and  directly  oj>- 

forces  to  be  applied  in  a  liuc  uf  action 

Fjar»lleltoF,viz.:  F=F,  and-F  =  -F.    The 

itppoaed  appb'cfttion  of  such  a  psiir  of  balanced 

arcea  dors  not  alter  the  utatu^J  oondJtiou  of  the 


Fig.  10. 


7£ea   tbe  original  single  force  F,  applied  in  a  line  ^r 


s-s 
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versing  A,  is eq«ii*)iU'nt  to  the  force  F'ftpplied  inaliiietnivcreing 
the  point  in  U  X  which  is  nearcut  to  A,  corohintKl  with  tliti  cou] 
oompost'd  of  F  arid  —  F',  whose  niomcut  is  F   •  AR       Thia 
t-alled   the  moment  of  the  force  F  rdatiteit/  to  t/ie  axin  O  X, 
MiiuetiuicB  also,  tlio  inovient  of  the  force  F  rdativeit/  to  tJte  pla} 
which  contains  O  X,  aiici  is  p)\mHel  to  tlio  line  of  action  of 
force. 

If  &oin  the  point  B  there  bo  drairn  t\ro  straight  Hacs  B  D 

E,  to  the  extremities  of  the  line  F  representing  the  force, 
^reft  of  the  triangle  BDE  being  =  |  F  •  AB,  represents  one-half 
iln?  moment  of  F  relatively  to  0  X. 

-13.   Eqniin»rlvm  of  aiir  l»r«i«n*  •f  Parallel  Forrv*  In  Od«-  Plni 
— In  onltT  that  any  sj'stem  of  parallel  forces  whose  lines  of  aoti< 
are  in  one  plime  may  balance  eacli  other,  it  is  necessary  and 
oituit  that  the  following  conditions  sho\ild  be  fuliilltHl  : — 

I.  (As  already  stated  in  Art  '6S)  tliat  the  algebraical  sum 
the  forces  shall  bo  nothing : — 

U.  Timt  the  algobi-aic&l  sum  of  the  momenta  of  the  forces  rel 
tively  to  any  axis  perpendictilur  to  the  plane  in  which  they 
shall  be  nothing: — 

two  conditions  which  are  expressed  symbolically  as  foUoAvs : — 
1ft  F  denote  any  one  of  the  forces,  considered  as  ix>sitive  or  d( 
tive,  according  to  the  direction  in  which  it  acts  ;  let  i/  be  the 
]K'ndicular  disUuice  of  the  line  of  action  of  this  foi-ce  from   an 
urhitrariiy  a^^nmed  axis  0  X,  i/  also  being  considered  as  positive 
negative,  according  to  its  direction ;  then, 


Sum  of  forces, 
Sum  of  moments, 


•   F 
yF 


For,  by  the  last  Article,  each  force  F  is  equivalent  to  an  equal  an< 
panUlel  force  F'  applie^l  directly  to  0  X,  combined  with  a  couple 
//  F  ;  and  the  sj-ntcm  of  forces  F,  and  the  system  of  couples  ;/  F, 
nmst  each  be  in  nqiiilibrio,  because  wlien  combined  they  are  equivar 
lent  to  the  balanced  system  of  foixM^a  F, 

In  stimming  moments,  right-handed  couples  are  usually  considered 
as  jwsitive,  and  left-hande<l  couples  a^  negati\'e. 

44,    Branllant  of  oaf  IVumbcr  orPnmllpi  VmrcvM  In  Onr  PInnr. — The 

iTSultant  of  any  number  of  panillel  forces  in  one  plane  is  a  force  in 
tlie  same  plane,  whoso  magnitude  is  the  algebraical  sum  of  the 
imignitudea  of  the  comTmnent  forces,  and  whose  position  is  snch, 
that  its  moment  relatively  to  any  axis  per|K'udicular  to  the  plane  in 
which  it  acts  is  the  algebraical  smn  of  the  moments  of  the  oom- 
pmcut  forces.  Hejiee  let  F,  denote  the  ii'sultaut  of  any  uuml 
i'f  /mnUel  forces  in  one  plane,  and  y^tW  (VisUavcfe  oi  \Xit  Vcsit 
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Hi  tbat  rcsnltAUt  firoiu  the  aeaumed  axis  O  X  tu  wlucb  the 
of  fioroca  are  referred  :  th^n 


In  acmw  owes,  the  forces  inAv  Iiavo  no  single  resultant,  =  ■  K 
banc  =  0;  autl  then,  unless  tlio  fon'cs  Uilauco  each  otliei*  euiii- 
fbtuy,  tlt^  resultant  is  a  couple  of  the  nionitjtnt  2  .  t/  F. 

45.  XMHiniAorM  V*rc«  Willi  rr»f»eci  ■«  o  Pait  olBcciauanlar  A«rs 
— ^In  fig.  H,  let  F  bo  any  single 
fc«t» ;  O  an  arbitrarily -ttssumed 
poitttycalletl  the  "originof  co-onlin- 
U»;--XO  -r  X,  -  YO  +  Y. 
ft  |42r  of  axea  traversing  0,  aC 
ri^t  aaglett  to  each  other  and  to 
the  line  of  action  of  Y.  Let 
A  B  =  y,  be  the  common  j»erpi-n- 
aicuW  of  F  and  OX  ;  let  AC  =  a 
\k  the  oommon  perpendicular  of  F 
and  OY,  j;aud^  are  the  "rcctan- 
iralar  co-ordinates"  of  the  Hne  nf 
action  of  F  relativelv  to  tlie  axes 
-  XO  +  X.  -  YO  +  Y,  ni- 
ipeetireiy.  According  to  the  ai*- 
laagement  of  the  axe«i  in  tlia 
fignre,  j?  is  to  be  con-sidcred  as 
iMsitive  to  the  right,   and  ncga* 

me  to  the  left,  of  -  Y  O  +  Y  ; 
|MMitivo  to  the  left,  and  negative  ty  the  right,  of-XO  +  X  ;  right 
And  left  referring  to  the  spectator  s  right  and  loft  linud.  In  the 
particnlar  case  reprenented,  x  and  y  arc  both  positivi*.  Forces,  in  the 
figurv,  are  considered  as  fwnitive  upwards,  and  nejj[ativc  downwartls ; 

d  in  the  particular  case  i-eprcsented,  F  is  poaitirr. 

At  B  conceive  a  jxiir  of  eqmd  and  itp|Kisito  forces,  F  and  —  F, 
io  be  Mj'pliwl ;  F  V^eing  o»]uaI  and  itaniUel  to  F,  and  in  the  same 
direction.  Then,  as  in  Article  42,  F  ia  equivalent  to  the  single  forct* 
F'=  F  applied  at  B,  cond>ined  with  the  couple  constituted  by  F  and 
;—  F  with  the  arm  t/,  whf>fle  moment  is  ?/  F  ;  being  positive  in  tht? 
represented,  because  the  cuuplo  is  right-hnndetl  Next,  at  the 
O,  conceive  a  pair  of  equal  and  op|>oaito  forces,  F"  and  —  F", 
ied,  F"  being  equal  and  jKindlel  to  F  and  F',  and  in  the 
on.  Then  the  single  fm-co  F  is  equivalent  to  the 
ngie  force  F"  =  F  =  F  applied  at  O,  combined  vaih.  the  couplo 

Dstiiat&l hy  f*' iuuj  -  F" with  the  ntiv  01^  ~  x^  ^vhose  moment  is 
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pniNcrpLB  or  statics. 


—  «  P ;  being  negative  in  the  case  representeil,  hocansc  the 
is  left-handed. 

Henco  it  appcara  finally,  tliat  a  force  F  noting  in  a  line  wl 
co-ordinates  with  resppct  to  a  pair  of  rectangular  axes  perpendicu 
tu  that  line  are  a:  aad  y,  ia  equivalent  to  iia  equal  and  poralli 
force  acting  through  the  origin,  combined  with  two  couples  w, 
momenta  are, 

y  F  relatively  to  the  axis  0  X,  nnd  —  x  F  relatively  to  tho 
O  Y ;  right-handed  couplos   being  considered  positive  ;  and  + 
lying  to  the  left  of  +   X,  as  viewed  by  a  spectator  looking 
+  X  towards  O,  Tunth  his  head  in  tho  direction  of  positive  foroes. 

4G.    E^HlllbriHfU  o€  nur    ttjrMrai    of  Pomtlel   Fareca. — In    ordi 
that  anyftystem  nf  parallel  forces,  whether  in  one  plane  or  not, 
lialanee  each  other,  it  is  ueccs^iry  and  suiUcient  that  the 
following  conditions  should  Ik;  fidfilled: — 

T.  (As  already  stated  iu  Art  38),  that  the  algebraical  snxn  of 
foi-«*s  nliall  1h'  uolliing: — 

IT.  and  III.     That  the  algebraical  sums  of  the  moments  of  t 
forces,  relatively  to  a  \mr  of  axes  at  rii^ht  angles  to  each  other, 
to  the  lines  of  action  of  the  forces,  shall  each  be  nothing  : — 

conditions  which  are  expressed  symbolically  as  foUttws : — 
•  F  =  0;  2  »/  F  =  0;  2-x  F  =  0; 
for  by  the  last  ArticlL-,  each  force  F  ia  c<iuivalen6  t<>  an  equal  an 
parallel  foiro  F"  ap|)lied  directly  to  O,  combint^d  with  two  ooiiph-a, 
y  F  with  tho  axis  0 X,  and  ~x  F  with  the  axis  0  Y ;  antl  the 
system  of  forces  F",  and  the  two  systems  of  couples  y  F  and  —  a;  F, 
must  each  lx>  in  equilibrio,  because  when  combined  they  are  equi> 
valont  to  the  lialaucetl  ^litem  of  forces  F. 

47.    BcMillnitt  m€ mar  VImuthrr  of  FamlU'\  Forrc*.^ — ^The  resultant  of 

any  niimljcr  of  pirallel  forces,  whether  iu  one  plane  or  not,  is  a 
force  whose  magnitmlo  is  the  algobraiciLl  sum  of  the  magnitudes  O^H 
the  component  forces,  and  whose  moraf-nts  relatively  to  a  pair  oiH 
axes  pei-pcndicular  t4>  each  other  and  to  the  lines  of  action  of  the 
forci's,  are  respectively  cqtuil  to  tho  algebraical  sums  of  the  moments 
of  the  eomponeut  foi-ces  relatively  to  the  same  axes.  Ilcnrf  let 
F,  dejiote  tho  resultant,  and  x,  and  y,  the  co-ordinates  of  its  line 
of  action,  then 


aV  = 


2-a?P 


Vr     = 


Tn  some  caws,  the  forces  may  Wrc  xxa  sin^c  T«5<c^^axk*^  i. 
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bar?  —  /"i  -  and  then,  anlcsa  the  forces  balanro  each  other  com- 
pir*.  rt>sialtAnt    is  a  couple,  whose    iixis,   dltwtioi),  and 

.  .iiv  ibutul  as  follows : — 


Let 


M.  =  s 


—  X 


xF; 


be  tbe  moments  of  the  pair  of  portinl  resultant  couples  relatively  to 
ihe  %xjfa  O  X  fiml  O  Y  respectively.  From  0,  itlong  those  axes, 
jBl  offtvo  lines  represemting  respectively  M,  and  if  aooording  to 
iht  rule  of  ArL  3-4  ;  tlutt  is  to  say^  profKirtiuual  to  those  moments 
in  length,  anil  pointing  in  the  <Iiivotiou  from  which  those  couplus 
BBBt  re^pectiTely  be  viewed  in  order  that  they  nmy  appear  right- 
htttded.  Complete  the  rectangle  whose  sides  are  those  lines  ;  its 
fiuona)  (as  shown  in  Art  33)  will  represent  the  axis,  direction, 
of  CMnunt  of  the  flmil  resultant  couple.  Let  M^  be  the  moment 
cfthis  cxjnple ,  then 

31.=  >y/   {    m;    +    M^    }; 

Btiiiti  i  itc  thti  angle  which  its  axis  makes  with  O  X, 


Sectiox  4. — On  Centres  of  Parallel  Forces. 

i^.   C««U«  •f  n  PmI*  of  Parnllrl  F«rr<>«. — In    fig.     1  iJ,  Ict   A   Oiul 

B  ivptv^pnt  a  pair  of  points,  t  j  which  a  pair  of  parallel  forces,  i^ 

and  F^t  uf  any  given  miignitudesT  are  applied.     In  the  straight  lino 

joimng  A  and  B  take  the  point  0  such,  „ 

that  its  distances  frf»m  A  and  B  respec- 

tirely  shall  be  inversely  proportional  to  the 

finea  applied  at  thofw^  points.     Then  from 

the  ptineiple  of  .*\j*t.  40  it  is  obvious  that 

tJ»  remltant  of  F^  ajid  Fb  traverses  C.    It 

is  abo  obvious  tlint  the  position  of  the  point 

C  depends  solely  ou  the  proportionate  mng- 

nituije  of  till*  parallel  fortTs  V^  and  Fn^  and 

iiot  on  their  absolute  magnitiide,  nor  on  the  anguhu*  position  of 
lines  of  action ;  so  that  if  for  those  forces  there  be  subfititnted 
er  pair  of  parallel  forces,  _/^_/^  in  any  other  angular  position, 

aaS  if  tJtose  new  forces  Ixnr  to  each  other  the  same  proportion  with 

tfkB  ori^nal  forces,  "m. : — 

[the  point  C  where  the  wwilMnt  cut'i  A  B  will  still  be  the  same. 
Thw  poiut  iti  tvUJtsi  t/jc  Chi/re  of  Parafld  Forc^i^  for  a  pair  ol 


/« 


Fig.  12. 


-4 


ns 


rmxcirLEs  of  6txti<.-». 


Fiff.  13. 


Icivcft  nppliotl  at  A  aiiU  IS   rfspectively,  and  haviug   tlic 
ratio  BC  :  AC. 

4n.    CrMlre    of    Biiy    nT»*rm    of   ■ 

Fvrrca. — Let    purulli'l   furtes,    Fp.    Fi, 
aiipliwl   at  tbe   points   A^   Aj  (rig.    li 
Draw  the  stnught  line  A^  A,,  iu  vl 
take  C,,  so  that 

F(,  :  F,  :  :  C,  A|  :  C|  A^; 

tlioii  will  C,  ho  thei  cpiitn*  of  a  [teat 
*    {Kthiltul  fiuces  applied  iit  Ag  and  A,,  » 
Imving  tlic  pi-oiwi-tioii  F^ :  F,.    At  a  tbi 
)H}iut,  Aj,  let  a  tliiixl  imrullrl  ioiee,  F„.  be  applied.     Then,  bee 
thefcu-Mw  F„,  F,.  ftrt*  tojjetlu^r  uquivulcnt  to  a  purullel  force,  Fg  + 
upplied  at  ( 'j,  ilii4ft-  llie  straight  Uiio  Cj  Aj,  in  winch  take  Cj,  so  tl 

Fo+F,  :F2::C7A5:CsC\; 

tben  will  C.  be  tlie  ci'utru  uf  thn'e  (mndlel  foives  applied  at  A^. 
A^,  ftnd  having  tin?  proportioiiN  \\  .  Vi  :  F*.     At  a  foui-th  i<oil 
A^,  let  a  fourth  jmndlel  ftirce,  F^,  be  npi>Ii«*d.     Then,  because  tl 
Icirces  F^^  F„  V^,  utn  together  eipuvalcnt  to  u  juirallel  fovco.  Fq -»- 
Fi  -}•  F«.  applied  at  C^,  draw  the  straight  line  C«,  A,,  in  which  taf 
<\,  so  lliat 

Fo+  Pi  +  F,  :  F,  :  :  CVA,  :^^ 

then  will  C,  l»o  the  centre  of  four  ]iandlel  forces  applied  at  Ao,  AJ 
A„  A  J,  and  having  the  pmjwrtion  Fu :  }f\  :  Fj :  F,  By  continuing 
this  process  the  centiT  of  any  Hystt'ui  of  ]>aratlel  forces,  how  uumu- 
rotis  soever,  may  be  Ibund;  and  lienre  results  the  following 

Theorem.  If  ihinx  he  (fiven  a  et/stem  oj' poinis,  and  the  mutual 
ratios  of  a  st/i^em  of  jxtmUd  f»rcfis  tipplml  to  those  pointu,  tJtfn  tJier^ 
M  one  p'/int,  and  one  wh///,  whick  is  traversed  l>f  the  fine  of  adioH  if 
the  re^idfjiiit  ofeieri/ st/gtt'in  of  purtdid  fvrces  ftavitu^  /Ac  f/ireu  vixUwd 
ratios  and  (ipi>Iiei/  to  the  tjieen  ift/sfe/n  of  points,  whatsoever  nuti/  hr 
tlte  obmlutfi  moijnitiuUji  of  those  forces,  and  tlie  an^utar  jtositton  ft 
iheir  lines  if  action. 

50.    C»>«rdtitnlc«  of  Centre*  ol    Parallel  Force*.  —  The    method 

tiudijig  centres  of  pHndh:!  foives  ilcscribed  in  the  j)i*eceding  Article, 
tliough  Rtiitiiblc  for  the  dinnons-tration  of  the  theorem  just  stated. 
is  tedious  and  inconvenient  when  the  number  of  forces  is  givat,  in 
which  case  the  best  method  is  t^  tiud  the  i-ectnngular  co-oi'dinatea  of 
that  point  relatively  to  three  fixed  axes,  us  follows : — 

Let  O  he  any  convenient  point,  taken  as  the  origin  of  co-ordi- 

nateji,  and  OX,  0  Y,  OZ,  three  axes  of  co-ordinntes  at  right  angles 

f(*  each  other. 


1 


or 

I 
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Fig.  14. 


Jjet  A  be  any  one  of  the  points  to  wliich  the  system  of  paraUel 
forcM  in  queatiou  are  applied.  From  A  draw  x  parallel  to  OX, 
»nd  perpendicular  to  the  pLuie  Y2, 
y  parmUel  to  0  Y,  and  perpendicular 
lo  the  plane  Z  X,  and  e  parallol  to 
O  Z,  and  perpendicular  to  the  piano 
X  Y.  a%  y,  and  z  are  the  rectaugu- 
Ur  co-ordinates  of  A,  which,  being 
known,  the  poaition  of  A  ia  deter- 
uincH.  Let  F  denote  either  the 
magnitude  of  the  force  applied  at  A, 
or  any  magnitude  proportional  to 
that  magnitade.  a:,  y,  z,  and  F  are 
supposed  to  be  known  for  every  point  of  the  given  system  of 
points. 

Then  first,  conceive  all  the  pamllel  forces  to  act  in  lines  parallel 
to  the  plane  Y  Z.  Then  the  sum  of  their  momenta  relatively  to 
«a  axis  in  that  plane  is 

_«&d  consequently  the  distance  of  their  resultant,  and  also  of  the 
itre  of  parallel  forces  from  that  plane  is  given  (as  in  Articles  44 
'  47),  by  the  equation 

3-a:F 

Secondly,  conceive  all  the  parallel  forces  to  act  in  lines  paralleT 
tbe  plane  Z  X.     Then  the  sum  of  their  moments  relatively  to  an 
in  that  plane  becomes 

2'yP; 

ooneequontly  the  distance  of  their  resultant,  and  also  of  tlio 
itre  of  parallel  forces  from  that  plane  is  given  by  the  equation 

3-«F 

Thirdly,  conceive  all  tlio  jwmillol  forces  to  act  in  lines  parallel  to 
10  plane  X  Y.     Then  tlie  sum  of  their  momenta  relatively  to  au 
ill  that  plane  becnmes 

s-.F; 

OOSAequently  the  dLstnnce  of  their  resultant,  and  aliio  of  the 
of  parallel  forces  from  that  plane  is  given  by  the  equation 

z-z¥ 
Thus  are  found  x^  y^  ^  tl»e  three  rectangular  co-ordinates  of 
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tti©  centre  of  pftmllel  forces,  for  (i  PTstom  of  forces  applied  to 
given  system  of  points,  anJ  ha\-ing  any  given  mutual  nitioa 

li*  tlie  parallel  forces  applied  to  ft  srstem  of  points  are  all  eqi 
then  it  is  obvious  that  tlie  distance  of  the  centre  of  panllel  foi 
from  any  given  plane  is  simply  the  mean  of  the  distances  of 
pointB  of  the  system  from  that  plane. 
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Section  1. — Tndined  Farces  applied  at  One  Point, 

51.  PanOlelocnini  af  Farcn- — THEOREM.  If  tWO  forCCS  whviC  Une$ 
^  'action  trarerse  one  point,  he  rrprcscnted  in  direction  andvxaguUmk  bu 
ike  ndet  of  a  pamlklogramj  their  resuttant  is  represented  by  the  diagonal, 

Vta«  DeMoBMRiUffik — Through  the  point  O  (£g.  15),  kt  two 
Ibroes  act,  represented  in  direction 
ftnd  magnitude  \yj  OA  and  0  B. 
The  rcKnltant  or  equivalent  single 
ibtve  of  thcNR  two  forces  must  be  a 
force  such,  that  ita  moment  relatively 
to  anj  axis  whatsoever  perpeudicu* 
btf  to  the  pjonc  of  O  A  oud  O  B,  I3 
the  mm  of  the  momenta  of  0  A  and 

B  rehrtively  to  the  same  axi& 

Naw,  yirif .  the  force  represented  in 

ion  and  magnitude  by  the  diar 

O  C  of  the  poFallelogram  A  B 

this  condition.  For  ht  P  he  any  point  in  the  piano  of  O  A 
and  O  B,  and  let  an  axia  perpendicular  to  that  plnnc  ti-averse  P. 
Jfiin  PA,  PB,  PC.  Then,  a^  already  shown  in  Art  42,  tho 
HMFiMwit*  of  the  forceft  0  A,  OB,  OC,  relatively  to  the  axia  P,  are 
TCpraented  respectiToly  hv  the  doubles  of  the  triangles  POA, 
POB,  POO.  Draw  AD  ||  BE  ||  OP,  and  join  PD,  PE. 
Then  A  POD  ^  ^PQA,  and  A  POE  =  A  POB;  but  be- 
eBnaeOD  +  iJE  =  OC, .-.  A  POO  =  ^  PO  I>  +  a  POE  = 
A  POA+  APOB;  and  the  moment  of  0  0  rektively  to  P  is 
equal  to  tho  «nm  of  the  momenta  of  0  A  and  O  B ;  and  that 

viifttBoerer  the  position  of  P  may  be,     

SeexmdJy,  Tho  force  represented  by  0  0  is  tlio  only  force  which 
ftilfils  this  condition.  For  let  OQ  represent  a  foroo  whose  moment 
i^Iativcly  to  P  is  equal  to  the  sum  of  the  moments  of  O  A  and  O  B. 


Fig.  1& 


,JomPQ.     ThenAOPQ=  AP0C,aud.-.CQ||P0i80 


UiaAf 
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O  Q  fnlfila  the  requiivd  condition  for  those  axes  only  wliich 
situated  in  a  line  0  P  ||  C  Q,  and  not  for  any  other  axis. 

Therefore  the  diagonal  O  C  of  the  parallelogram  A  B  reproseni 
the  resultant,  and  the  only  resiiltant,  of  the  forces  represented  ' 
OA  and  0  B.— Q.  R  D. 

Sceoad  i>cm*ii«trmiu». — Suppose  a  porpendiciilar  to  be  erected 
the  piano  O  A  B  at  the  point  O,  of  any  loiiio^th  whatsoever;  call 
other  extremity  of  that  j)erpendicular  R  ;  and  at  R  conceire 
forces  to  be  applied,  respectively  equal,  jwindlcl,  and  opposite 
O  A  and  O  B.     Then  O  U  U  the  arm  common  to  two  couplca  whoae^ 
axes  and  momenta  are  represented  (in  the  manner  dewribed  in  Art 
34)  by  lines  perpendicular  and  proportional  respectively  to  0  A  anc 
OB.     On  the  Uuea  so  representing  the  couples,  construct  a  paialo 
lelogmm  ;  then,  as  shown  in  Art.  35,  the  diagonal  of  that  paxHllelf 
giam  represents  the  resultant  couple  constituted  by  the  resultant! 
of  0  A  and  O  B  acting  at  O,  and  an  equal  and  opposite  force  at  R;l 
and  as  the  parallelogram  of  couples  has  its  sides  perpendicular  and 
proportional  to  O  A  and  O  B,  its  diagoiml  must  be  perpendieular 
and  proi>*»rtional  to  O  C,  which  consequently  represents  the  restUt- 
ant  of  OA  and  OB.— Q.  E.  D. 

[Tliere  are  various  other  modes  of  demonstrating  the  theorem  of 
Uie  poi-allelogram  of  forces,  all  of  which  may  be  sttidie<l  with  ad- 
vantage :  especially  those  given  by  Dr.  Wliewell  in  his  EUmentaTy 
Treatise  on  MechanicSj  and  by  Mr.  Moseley  in  his  Mechania  of  En- 
gincen'ing  and  Arc}iitect\xTe,'\ 

52.  EqaUlbrtam  of  Tbrr«  Forces  ncllns  through  Oar  Palai  la  On« 

nmme. — To  bilance  tlie  forces  O  A  and  OB,  a  force  is  requii-ed 
©qual  and  directly  opjiosed  to  their  resultant  OC.  This  may  bo 
otherwise  expressed  by  saying,  that  if  the  directions  and  mag- 
nitudes of  three  forces  be  repreaent^^d  by  the  three  nid^js  of  a  triangle^ 

(such  as  O  A,  A  0,  C  O),  then  those  three  forces,  acting  thruugh 
one  point,  balance  each  other. 

53.  E^HlllbriMm  ofnnj  »f  Mrm  orForrn  nrdiiKiliraniEh  Oar  PolaL — 

CoHOLLARY.  If  a  nxmhcT  of  foicff  octinn  throvgh  the  tame  point  h« 
represented  hy  lines  equal  and  parallel  to  the  sidfs  of  a  closed  polygon, 

those  forces  balance  each  other.  To  fix 
tlie  ideas,  let  there  be  five  forces  acting 
through  the  point  O  (fig.  16),  and  rp- 
preseuted  in  direction  and  mngnitiido 
by  the  lines  F„  F,.  F„  F,,  K„  which 
are  equal  and  pamttel  to  tlie  sides 
of  tJwi  c\ofte4  v^iV^^wv  O  k^C  \^  O  \ 
vit; — 
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F,  =  and  II  0  A ; 
F,  =  and  II  A  B ; 

Fj  =  and  II  B  C ; 
F,  =  iuid||CD; 
Fs  =  and  II  D  0. 

wn  by  the  tlicorcm  of  Art  52,  tlie  resultant  of  F,  and  F,  i«  O  B ; 
re«ultaiit  of  F„  F ,  and  F,  is  0  C;  the  result;mt  of  F„  Fj,  Fj, 
and  F«  is  0  D,  equal  and  oppohite  to  F^,  eo  that  the  final  resultant 
is  nothing. 

The  closed  polygon  may  be  either  plane  or  gauche. 

54.  ParaiicUpipc^  mf  Farcn. — The  simpletit  gauche  polygon  ia 
one  of  four  iddea.  Let  0  A  B  C  E  F  G  H  (fig.  17),  be  aporallelopipcd 
whose  diagonal  is  OH.  Tlipn  any  tlu-ee 
saoooisiTe  edges  so  placed  as  to  begin  at  O 
«nd  end  at  H,  form,  together  w-ith  the  dia- 
gonal H  0,  a  closed  quadrilateral ;  conse- 
quently if  three  forces  Fj,  Fj,  Fs,  acting 
through  0,  _be  represented  by  the  three 
edges  OA,  OB,  OC",  of  a  pai-allclopii>ed, 
the  dixkgonal  0~5  represents  their  resultant, 
and  a  fourth  force  F,  equal  and  opposite  to 
OB  bohinces  them.  ^fe-  ^7. 

55.  WUmolutimm  vf  a  F«r«c  Inio  Two  Componenia. — From  the  theo- 
rem of  Ar*^  ol,  it  is  e\i<U'nt  tliat  in  oitler  thiit  a  given  single  force 
may  bo  resolvable  into  two  components  m-ting  in  given  lines  inclined 
to  each  other,  it  is  UL'C<rA?ury,  fret,  that  the  lines  of  action  of  those 
components  should  intersect  tlie  line  of  action  of  the  given  force  in 
one  point;  and  tecondly,  tliat  those  three  lines  of  action  sliould  be 
in  one  plane. 

B<eturziing,  then,  to  fig.  15,  let  WC  represent  the  given  force, 
which  it  is  required  to  resolve  into  two  component  forces,  acting  in 
tlie  lines  0  X,  O  Y,  which  Uo  in  one  plane  ivith  O  C,  ajid  intersect 
it  in  one  point  O. 

Through  C  draw  C  A  ||  0  Y,  cutting  0  X  in  A,  and  C  B  ||  O  X, 
cntting  0  Y  in  B.  Then  will  0  A  and  O  B  represent  the  com- 
ponent forces  required. 

Two  forces  respectively  eqxial  to  and  directly  opposed  to  OA 
and  OB  will  U-aanccTTC, 

56.  Bc*«lnlioB  of  n  Force  Into  Tfarcr  Components. — In  Order  that  a 

given  single  force  may  be  resolvable  into  three  components  acting 
in  given  lines  inclined  to  eacli  other,  it  is  only  necessary  that  Uie 
lines  of  action  of  the  components  shoiild  intersect  the  line  of  action 
of  the  given  force  in  one  jxiint. 
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Kctuming  to  fig.  17,  let  O  H  repreflent  ihi>  givon  forcp  wliioli  i1 
iR  required  to  reaolvo  into  three  comjtoneut  forces,  at'ting  in  tLoj 
liii08  OX,  0  Y,  O  Z,  wJiich  intersect  O  H  in  one  point  O. 

Tbrougli  H  dniw  tliree  planes  paiuUcl  reaiicctivcly  to  the  plane 
T  OZ,  Z  0  X,  X  O  y,  and  cuttlug  r^pectively  0  X  in  A,  O  Y  ia] 

IB,  O  Z  in  C.     Then  vriU.  O  A,  OB,  O  C,  represent  the  componeni 
forces  reqnired 
Three  fnrcea  respectively  equal  to,  and  directly  opposed  to  0^,] 
OB,  and  OC;  wiU  balimco  OH 
^7.  KectaaguUr  Coni|Mknrnu. — The  rectongnhu*  components  of  ftj 
force  ure  those  intx>  wliich  it  ia  resolved  whoa  the  directions 
thfir  lines  of  action  are  at  right  angles  to  each  other. 

for  exiimple,  in  fig.  17,  Rupi^ose  O  X,  O  Y,  0  Z,  to  be  three 
of  co-ordinates  at  right  angles  to  each  othor.     Then  O  H  is  resob 
into  three  rectangular  componenta  simply  by  lotting  fall  from 
perpendiculars  on  OX,   0 Y,  O  Z,   cutting   them  at  A,  B,  C^^ 
respectively. 

To  expwfis  this  case  aJgcbmically,  let  F=  OH  denote  the  fbrcej 
to  be  resolved.     Let 

-  =  ^XOH,  /5=-«^Y0H,  y  =  ^ZOH; 

be  the  angles  which  its  line  of  action  makes  with  the  three  teot- 
Angular  axes.    Then,  as  is  well  known,  those  throe  auglee  are  ooi 
nected  by  the  eqtiation 

|008'«  +  C03*j9  +  C0S*'/=1, (L) 
I«fe                           '  
p,=oA,  f,=ob;  r,=oc; 

be  the  three  rectangnlar  components  of  F ;  then 

H  Fi  =  F-co«ie ) 

■  F,  =  F-co8i8 }{%) 

m  F9  =  F'coe  y ) 

^f  In  order  to  distinffulsh  properly  the  direction  of  the  resultant  F 
H  as  oompared  with  the  diniTCtions  of  the  axes.  It  is  to  bo  bomo  in 
^1      Tti'nd  that 

I  the  cosine  of  an  {   -^  }  angle  is   {  V^^} 

H  From  a  well  laiown  pit ipt^rty  of  light-angled  triangles  (also  em- 

H       bodied  in  equaLiun  1),  it  follows  tliat 

I  F"  =  F?  +  F!  +  FJ (3.) 

H       To  express  aJgebraically  Uie  case  in  which.  &  iotcfc  ia  t«»^^eA.va\ 
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it  oompoueois  ill  one  plane  with  it,  let  tlic  plaae  in 
of  O  X  and  O  Y.     XUon  tlie  angles  are  subject  to 
I  Umnng  eqvuUiozis  : — 

y  =  a  right  angle ;  »  -f  /9  :=  a  HgLt  angle; 

oosr  =-0  }  cos  0  =  8in«;  coa«  =  ain  /SL (4.) 

^uently  tiie  equations  Sand  3  are  reduced  to  the  following  :-^* 

F,  =  F-  cos  «  =  F*  sin  4; ) 

F,  =  F'sin  «  =  F-  008  fl; >(5.) 

F,  =  0;       F»=F!  +  FS- j 

equations,  the  rule  respecting  the  positivD  and 

'Cosluefl  istobe  obeerred;  and  it  isolao  tobebome 

rt  tbe  angle  «  Ls  mckonod  from  O  X  in  the  direction 

'tenvmrds  IT,  and  thu  angle  ^  Ixom  0  Y  in  the  revei'ise  dlrectiuu,  that 

\kt  towmrds  X,  and  that 

t^ai«»  of  angles  i^^  {  ,30":  !:  "S^  }  -   {  n^^'v^  } 

If  a  wp^aa  of  forces  actiag  through  one  point  balance  each  oth^, 
their  resultant  is  nothing ;  and  therefore  the  rectangular  components 
«f  tbeir  resultant,  vhich  are  the  resultauts  uf  their  juiiullel  systems 
of  rectangular  oamponents,  ai'o  each  equal  to  nothing;  a  casern 
]Woeatctl  as  follows  : — 

2  •  F,  =  0  ;  2  •  F,  =  0 ;  2  •  Fb  =  0. (6.) 

Secnoy  2. — IncUntd  Forcea  Appli43U  to  a  Syaten^  o/Pointa. 

5&     r«re««  actliMI   la  Oao  PImiw. — CivpUc   Swlalios.  —  Let     OUy 

^ritem  of  forces  whose  lines  of  action  are  in  one  [)laiie,  act  together 
on  a  rigid  body,  and  let  it  be  re()tured  to  find  their  resultant. 

Ajsumo  an  axis  pcrpeiuUcnIiir  to  the  plane  of  action  of  the  fore«s 
at  any  ]x>int,  and  let  it  be  called  O  Z.  According  to  the  priuciplo 
<*f  Art.  42,  let  each  force  be  resolved  into  an  equal  and  parallel 
force  acting  through  0,  and  a  couple  tending  to  produce  rotation 
about  O  Z;  so  that  if  a  force  F  be  applied  along  a  line  whose  per- 
pondicular  distance  from  O  is  L,  that  force  shall  be  resolved  into 

F  =  and  II  F 

acting  through  O,  and  a  couple  whoso  moment  is 

M-LF, 

and  vliich  U  right  or  left-handed  according  as  0  lies  to  the  rigliL  or 
left  of  the  duvctjaa  o£F, 
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The  magnitude  and  direction  of  the  resaltant  an  to  be  foond 
forming  a  polygon  with  lines  equal  and  parallel  to  those  rcpreseni 

the  forces,  as  in  Art  53,  -when,  if  the  polygon  is  cloBpd,  the  foi 
Imvo  no  single  resultant;  but  if  not,  tlieu  the  resultant  is  eqi 
parallel,  and  opposite  to  thnt  represented  by  the  line  which 
required  in  order  to  close  the  polygon.    I^et  K  be  its  magnitu( 
if  any. 

The  poeiUon  of  the  line  of  action  of  the  resultant  is  found 
follows : — 

Let  2  •  M  be  the  resultant  of  the  moments  of  all  the  couples  M^ ! 
distinguishing  right-handed  from  left-handed,  as  in  Art&  27  and 
32.  If  3-M  =  0,  and  also  R  =0,  then  the  couples  and  forces! 
balance  completely,  and  there  is  no  resultant.  If  i-M  =  0,  whilo] 
K  has  magnitude,  then  the  resultant  acts  throiigh  0.  If  x  *  M 
and  R  both  liave  magnitude,  then  the  line  of  actiun  of  the  resultant 
R  is  at  the  perpendicular  distance  irom  O  given  by  the  equation     m 

r^  .  .        .  I 

and  the  direction  of  tliat  [)crpcudieular  is  indicated  by  the  sign  of     i 
s-M.      If  R  =  0,  while  2-M  has  magnitude,  the  only  resultiint  of 
the  given  system  of  forces  is  the  couple  2-M.  ^ 

59.   V«rc«a  acting  ia  One  Plane.— Sol ailcB  by  Bvrinaguliir  CeH>r«H 
-Through  the  point  0  as  origin  of  co-ordinates,  let  any  two  V 
be  assumed,  O  X  and  O  Y,  perpendicular  to  each  other  and  ^ 
to  O  Z,  and  in  the  plane  of  action  of  the  foives ;  and  in  looking  firom 
Z  towards  O,  let  Y  lie  to  the  right  of  X,  so  that  rotation  from  X 
towards  Y  shall  be  riglit-handctL     Let  F,  as  before,  denote  any  one 
of  the  forces;  let  «  be  the  angle  which  its  line  of  action  makes  to 
the  right  of  0  X ;  and  let  x  and  y  be  the  co-ordinates  of  its  point 
of  application,  or  of  any  point  in  its  line  of  action,  relatively  to  the 
assumed  origin  and  axes.     Resolve  each  force  F  into  its  rectangular 
components  as  in  Art  57,  ^^ 

F|  =3  F  *  cos  «;  Fj  s  F  •  sin  «;  ■ 

then  the  rectangular  components  of  the  resultant  are  respectively^^ 
parallel  to  OX,  2(F  cos  «)  =  Ri,  1  /,  v 

pandleltoOY,  2(Fein«)  =  R,,  / ^   -^ 

its  magnitude  ia  given  by  the  equation 

R'=.R;  +  R^; (2.) 

and  the  angle  m^  which  it  makes  to  the  right  of  0  X  is  found  by  tho 
equationa 


R 


iL 


■(?-) 
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in  which  tfao  cUrectioa  of  R  lies  is  indicated  \ty  the 
of  Ri  and  R,,  &8  already  stated  in  Art.  57. 
perpendicular  distance  from  O  of  the  line  vi  action  of  any 
Pis 

L  =  OB '  dn  '  — y  •  coa  « 
is  pofiitive  or  negative  oecording  as  O  lies  to  the  right  or  to 
kft  of  that  line  of  actiun ;  and  hence  the  resultant  uiumvnt  of 
the  sipsteni  of  forces  relatively  ia  the  axis  OZis  «| 

a-FL  — i-F  (a;ein  «  —  y  coa  »)  1 

=  2(arF,  — yF.) (4.) 

it  foUowv,  that  the  pcrpendicuhir  diiitonce  of  the  resultiint 
from  O  is 

^^^jEli^ylA (,.) 

Let  zv  ^^^  !/*  ^  ^^^  co-ordinatea  of  any  point  in  the  line  of  action 
cf  the  resultant;  then  the  equation  of  that  Hue  is 
avR,  — y,R.  =  RL,     ) 

which  is  equivalent  to  V  (6.) 

X,.  sin  m,  —  y,  cos  «,  =  L,  j 
Am  in  Art  58,  if  sF  L  —  0,   the  resultant  acts  through  the 
^«ig^l  O;  if  i*FL  has  magnitude,  and  R  =  0  (in  which  cuso 
=0,  IVi  =  0)  the  resultant  is  a  couple.    The  conditions  of  equili- 
tttxn  of  the  system  of  ibrces  are 

R,  =  0;  R,  =  0;  a-FL  =  0;  ] 

or  in  other  symbols  /'•••■(7-) 

3-F,  =  0;  i'F,  =  Oj  3(a:F.  — yFO  =  0.j 
The  moment  of  the  resultint  relatively  to  the  axis  O  Z  can  also 
be  amvcd  at  by  considering  the  moment  F  L  of  each  force  as  the 
rentltont  of  x  F,,  wliich  is  right-handed  when  x  and  F,  are  both 
itive,  and  of  —  y  F,^  which  is  left-handed  when  y  and  Fj  aro 
ith  positive. 

60.  Amj  9TMum  of  Fcrroi. — To  hnd  the  resultant  and  tlic  con- 
itions  of  equilibrium  of  any  system  of  forces  actiug  thixmgh 
ly  system  of  points,  the  forces  and  points  are  to  be  referred  to 

rectangular  axes  of  co-ordinates. 
As  in  Art.  57,  let  O  denote  the  origin  of  co-ordinates,   and 
OX,   OY,  OZ,  tlie   three   rectangular  axes;  and   let  them   be 
tged  (as  in  fig.  17),  so  that  in  looking  &om 

X  )  (Y  towards  Z  \ 

T  >  towards  O,  rotation  from  •'  Z  towards  X  V  ■ 

Z  )  (X  towards  Yj  ■ 

[jUH9£ar  right-hanJtfd.  ■ 
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Lot  F  denote  any  one  of  the  forces ;  x,  y,  z,  the  co-ordin&tes  ot  a 
point  in  its  line  of  action;  and  »,  )9,  y,  the  angles  which  its  direction. 
Tnfikes  with  tlie  axis  respectively.  Then  the  three  rectangular 
coiQpuuciits  of  F  being  as  in  Art.  57, 

F,  =  F  -  cos  «  along  OX,) 

F,  =  F  •  cos  (3  along  O  Y,  V (1. 

F,  =  F  •  COB  y  along  O  Z,  j 

it  can  be  shown  by  reasoning  similar  to  that  of  Art  50,  that 
total  moments  of  these  components  relatively  to  the  three  axes 
rci^wctively 

yF,  —  5F,=F'(yco8y — z  cos  /SWelatively  to 0  X,  \ 
eVy  —  or  K,  =  F  (z  cos»  —  x  cos  y)  relati  vely  to  O  Y,  >  (3.) 
x^i  —  y  Fi^F(zco8  jfl  —  y  cos  «)relativoly  toO  Z;  ) 

BO  that  the  force  F  is  equiviJent  to  the  three  forces  of  the  formula 
1  acting  through  O  lUong  the  tliree  axes,  and  the  three  couples  of 
the  formula;  2  acting  round  the  three  axes. 

Taking  tlic  algebraical  sums  of  all  tlio  forces  which  act  along  the 
same  axes,  and  of  all  the  couples  which  act  round  the  same  axei^ 
the  six  following  quantities  are  found,  whioh  compose  the  resultant 
of  the  given  sj'stein  of  forces ; — 

F«rrc». 

along  OX;  E^  =  2  ■  F  cos  «,  ) 

„     OY;  K,=  3'Fcos/3,  [ (3. 

„    OZ;  «,=  i-Fcosy,  J 

Couples* 

round  O  X ;  M,  =  i  [F  (y  cos  y  —  jb  cos  /3)1 1 

„      OY;  ir.=  2[F(«  COS*  -  xcosy)],  1- (1) 

„      OZ  ;M,=  2[F(a:cos^  -yctH«)ji 

The  three  forces  R^,  R,,  E3,  arc  equivalent  to  a  single  force 

E=,y(n?+Rj+R5, (5,) 

acting  through  0  in  a  line  which  makes  with  the  axes  the  angles 
given  by  the  equations 

«>3«r=g-;    008/5,  =  ^;    COS   ^r  =  ^ (6.) 

The  thi-ee  couples  M„  M„  M„  according  to  Article  37,  are  equi- 
valent to  one  couple,  whose  magnitude  is  given  by  the  equation. 

U=  J  (MUM.i+MS)...» (7.) 
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ui<l  vboee  axis  makes  with  the  axes  of  co-ordiziatcs  theangles  given 
the  eqnatioDb 

^i.                ^t               IT. 
003^  =  5^;  <^^  =  ar;  *^'=M W 

in^hich  III   denote  respectively  the  anglj«    (g|) 
j  '^  I    mjuk  by  the  axis  of  M  with    |  /\  v  ( 

iifimia  »f  EqwiiibiiKin  of  llic  syutcm  of  fuFCGS  may  be  er« 
either  of  tlio  tw  o  folIo\v-iijg  fot-Dis  : — 

K,  =  Oj  R,  =  0;  E,=0:  1A,=0;  M,  =  0;  M3  =  0...(9.) 

R  =  0;  AI  =  0 (10.) 

len  the  sTirtein  i&  not  bahuioed,  its  resaltaat  may  &U  tinder 
For  other  of  the  following  caaes  : — 

t, — Wf4en  M  ^=  0,  the  resultant  la  the  single  force  II  acting 
irtjugh  O. 

C«M  II- — W7ien  the  axit  ofJiH  is  at  riglit  angl^t  fo  Oie  dirfclLm  of 
H, — a  case  uxjav^HeJ  by  eitlier  of  the  two  following  C([iiiitions : — 

COT  tt,  COS  A  -»■  COS  ;!^  COS  ^  +  COS  yv  COS  »  =  0; )         /,  ,  » 

K,  M,  +  li,  M,  +  R,  M,  =  0;  /  -^^^'^ 

itf  resultant  of  31  oad  K  is  a  single  force  cqnal  and  parallel  to  R, 
ing  in  a  plane  perfKudiouhir  to  the  axis  of  ^I,  and  at  a  perpen- 
distaucQ  iziiia  O  given  by  the  equation 

M 

^-i (1-)- 

*u. — When  R  =  0,  there  is  no  single  resultant;  and  the 
\y  resultant  is  the  couple  M. 

BV. — When  ihacuiaofM.  ieparaUd  to  tJta  lino  of  action  of 'R, 
\t  is,  when  cither 

A=:«,;  iC*  =  ^o  »  =  y« (13)- 

i  =  — -r;  A*  =  — a;  »  =  — yri (I*)- 

lere  is  no  single  rKsultant ;  and  the  systc'ra  of  forces  is  cquiva- 
tnt  to  the  force  R  ami  the  couple  M,  being  incapable  of  being 
thrr  simplified.  • 

T. — When  the  tKcU  ofM.  is  oblique  to  tlie  direction  of  R, 
with  it  the  angle  given  by  the  e<piation 

cos  i  =  cos  3V  cos  »r  +  cos  >l  cos  /9^  +  cos  »  cos  Vrt'  —  O-^)' 

oouplo  M  13  to  be  resolved  into  two  rtrlangular  componeiite, 
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M  sin  9  round  an  axis  perpendicular  to  R,  and  in 

the  plane  containing  the  direction  of  K  and  of     (IG.) 
the  axis  of  M; 

jVI  cos  9  round  an  axis  parallel  to  K. 

Tho  force  R  and  the  couple  31  sin  9  are  equivalent,  as  in  Ci 
II.,  to  a  single  force  (ii\utiX  and  parallel  to  R,  whose  line  of  actic 
is  in  a  plane  perpendicular  to  that  containing  R  and  the  axis 
M,  and  whose  perpendicular  distance  from  O  ia 


I.  = 


Rf  sin  9 
~"R 


(17,) 


Tho  couple  M  cos  9^  whose  a^  is  parallel  to  the  line  of  action 
R,  is  iucapultle  of  further  combination. 

Hence  it  api)e:irs  finally,  that  every  system  offerees  ■which  is  nc 
self-lxilanced,  is  equivalent  tither,  (A);  to  a  single  force,  as  in  "^ 
I.  and  II.  (B) ;  to  a  couple,  as  in  Caso  III.  (C);  to  a  force,  com- 
bined with  a  couple  whose  axis  is  parallel  to  the  line  of  action  of 
the  force,  as  in  Cases  XV.  and  V.  This  can  occur  with  inclined 
forces  only,  it  ha\'ing  Iwen  shoiATi  in  Article  47,  that  the  resultant 
of  any  number  of  jMirullcl  forces  is  either  a  single  force  or  a  couple.. 
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CHAPTER  IT. 


OS   PARALLEL   PROJECTIONS   IJf   STATICS. 


-Vc 


rr^ecU«a  •fa  Pignrr  drflned. — If  tWO  6gtires   be  BO 

for  wtcli  point  in  one  tliere  is  a  convsponding  point 
it  other,  and  that  tu  each  jtair  of  eqiml  iind  ^tarallel  lines  in  the 
coe  there  corresponds  a  pair  of  equal  and  parallel  lines  in  the  other, 
those  6gares  are  said  to  be  parallkl  phojections  of  each  other. 

The  rehiUon  between  soch  a  pair  of  figures  rofly  be  otiienvisc 
expreased  as  follows  : — Let  any  figure  be  referred  to  axes  of  co- 
ordinates, whether  rectangular  or  oblique ;  let  ic,  y^  z,  denote  the 
co-ordinates  of  any  point  in  it,  which  may  be  denoted  by  A  :  let  a 
d  6giire  be  constructed  frum  a  second  set  of  &xe&  of  co-ordinates, 
agreeing  with,  or  diflering  from,  the  tirst  set  as  to  rectan- 
ty  or  obUquitY ;  Itt  x',  y,  s',  bo  the  co-ordinates  in  the  second 
,  of  the  point  A'  which  corresponds  to  any  point  A  in  tlie 
raivt  figure,  and  let  those  cOHjnUoates  be  so  related  to  the  co-ordi- 
ntttes  of  A.  that  for  each  pair  of  corresponding  points,  A,  A',  in  the 
two  figures,  the  three  pairs  of  corresponding  co-ordinates  shall  bear 
lo  eacn  other  three  constant  ratios,  such  as 


N 


—  =  a;— =  6;— =  c; 


,       then  are  these  two  figures  parallel  projections  of  eadi  other. 

[  62.  «*«oi»tHc«l  Pr»p«tle«  •f  Parallel  PrwjecrtoMB. — The  following' 

aw  the  jreometrical  proiM-rties  of  jMirallol  pniK-ctions  which  are  of 
mort  impoHnnce  in  statica.  Being  purely  geometrical  propositions, 
tbcy  are  not  here  demonstrated. 

I. \  [larallel  projection  of  a  ^tera  of  three  points,  lying  lu 

one  irtraight  line  and  dividing  it  in  a  given  proportion,  is  also  a 
lystem  of  three  points,  lying  in  one  straight  line  and  dividing  it  in 
tJw*  same  proportion. 

n. A  iMirallol  projection  of  a  system  of  parallel  linea  whose 

I  lengths  bear  given  ratios  to  each  other,  is  also  a  system  of  parallel 
lines  whose  lengths  bear  the  some  ratios  to  each  other. 
ni— A  parallel   projection   of  a  closed  polygon   is  a   closed 
:: 
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IV. — A.  parallel  projoction  of  a  panUIelngram  ia  a  parallel- 
ogram. 

V. — A  parallel  projection  of  a  parallelopiped  is  a  parallelopiped. 

VL — A  paral]c4  projection  of  a  pair  of  parallel  plane  surfaces, 
wliofle  areas  are  in  a  given  ratio,  is  also  a  pair  of  parallel  plane 
sur&oos,  whose  arena  are  in  the  same  ratio. 

VH. — A  parallel  projection  of  &  pair  of  volumea  having  a  gi 
ratio,  is  u  pur  of  volumes  having  the  same  ratio. 

63.  Appiirniimi  fo  Parallel  Vawvem. — It  hos  been  shown  in  Cha 
H.,  Sect.  3,  that  the  equilihrixim  of  auv  system  of  jtarallol  fore 
depends  on  the  mutual  proportions  of  the  forces  and  on  tliose  of 
distances  of  their  lines  of  action  from  given  planes.  By  conjudc. 
this  in  connection  Mith  the  principles  I.  and  II.  of  Article  62,  it  is 
evident,  that  if  a  balanced  syHtera  of  parallel  forces  be  represented 
by  a  system  of  lines,  then  any  prrstem  of  lines  ■which  is  a 
projection  of  tho  first  system,  •will  also  represent  a  balanced  syste 
of  parallel  forces  ;  and  also,  that  if  there  be  two  systems  of  parall< 
forces  re]>resented  hy  systems  of  lines  which  are  parallel  projectio 
of  each  other,  then  are  the  respective  resultants  of  those  systema 
forces,  whether  single  forces  or  couples,  represented  by  lines  whi 
are  parallel  projections  of  each  other  related  in  the  same  maim 
with  the  other  pairs  of  corresponding  lines  in  the  two  systems, 
applying  this  principle  to  couples,  it  is  to  be  observed,  that  they 
are  not  to  be  represented  by  single  lines,  as  in  Art  34,  but  by  pairs 
of  equal  and  opposite  lines,  as  in  the  previous  articles,  or  by  areao, 
as  in  Articles  4:2  and  51. 

64.  AppltcnU»n  to  Ccaores  af  Parallel  F«rr««. — If  two  systems  of 
points  be  p«imllel  projections  of  each  other  ;  and  if  to  each  of  those 
systems  thei-e  bo  ajipUed  a  system  of  jMindlol  forces  bcaxing  to  each 
other  the  same  system  of  ratios,  then,  by  considering  tho  principles 
I.  and  11.  of  Article  62  in  conjunction  with  those  of  Chap.  XL,  Sect 
4,  it  is  evident  that  tho  centres  of  parallel  forces  for  those  two 
systems  of  points  will  be  parallel  projections  of  each  other,  mutually 
related  in  the  same  manner  with  the  other  pairs  of  oorrespon  " 
points  in  the  two  systems, 

65.  Application  ca  Incliacd  Farce*  acltac  ihraatfi  Ona  Pat 
From  principles  IIL,  rV.,and  V.,  of  ^Vrticle  62,  taken  in  conjimc 
tion  with  the  principles  of  Chap.  IIL,  Sect  1,  it  follows,  that  if  a  given 
system  of  lines  represents  ft  btdanced  system  of  forces  acting  through 
one  point,  then  will  any  parallel  projection  of  that  system  of  lines 
also  represent  a  balanced  system  of  forces  acting  through  ono  point ; 
and  also,  that  if  two  systems  of  forces,  each  acting  through  one 
point,  be  represented  by  two  sj-atems  of  lines  which  are  pomllel 
projections  of  each  other,  then  will  the  respective  resultants  of  those 
two  systems  of  forces  hv  ruprtscnted  by  a  pair  of  linos  which  aro 
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pftmllel  projections  of  eacK  otter,  mutually  related  in  the  same 
manner  ^th  other  pairs  of  correspontling  linca 

66.  Appilcmilva  c*  aar  VrMcm  of  Forces, — Aa  every  syHtem  of 
iones  appUt-*!  to  any  system  of  points  can  be  reduced,  as  in  Art.  CO, 
to  a  Byst«m  of  forces  acting  through  one  point,  and  certain  systems 
of  parallel  forces,  it  follows  that  if  a  l)ftIaneod  system  of  forces  acting 
throngh  any  system  of  {foints  be  represented  by  a  system  of  lines, 
thtn  will  any  pttrallrl  pnijoction  of  thnt  system  of  lines  represent  » 
baJaneerl  systoDi  of  forcia ;  and  that  if  any  two  systems  of  forces 
be  rcpre-wnted  by  lines  which  are  parallel  projections  of  each  other, 
the  linen,  or  seta  of  lines,  representing  their  resultants,  will  l>o  cor- 
responding paxvllel  projections  of  each  other  : — it  being  still  ob- 
Bervrd,  as  in  Article  G.'J.  that  couples  are  to  he  represented  by  pairs 
of  lines,  as  pairs  of  opposite  forces^  or  by  areas,  and  not  by  single 
lines  ^ng  their  axe& 
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67.  Bntriccion  •€  Uir  «Nbjvci. — In  Article  18  it  has  already 
cxplttiued,  that  the  action  of  every  real  force  is  distributed  throi 
oiit  some  volume,  or  over  Bome  surface.     It  is  always  possibi 
however,  to  find  cither  a  single  resultant,  or  u  remtltaiU  cmtpU,  oar  i 
combination  o/  a  single  force  with  a  conpis  (like  that  described  ii 
Ai-t.  GO),  to  which  a  given  distributed  force  is  equivalent,  so  far  as  H 
ftll'ecta  the  equilibrium  of  the  body,  or  part  of  a  body,  to  which  it 
applied. 

In  the  application  of  Mechanics  to  Afltronomy,  Electricity,  aa< 
Mrtgnetiam,  it  is  often  necessary  to  find  the  resultant  of  a  distri- 
buted atti-ftction  or  repulsion,  whose  direction  is  sensibly  differcnf 
At  different  points  of  the  body  to  which  it  is  applied ;  and  problems 
ihuH  arise  of  great  difficulty  and  complexity.  But  in  the  appli( 
tion  of  Mechanics  to  Structures  and  Machineo,  the  only  force 
tribwted  throughout  the  volume  of  a  body  which  it  in  necessary  to* 
consider,  is  its  freight,  or  attraction  towards  the  earth ;  and  the 
bodies  considered  are  in  every  instance  ao  small  as  compared  witii 
the  earth,  that  this  attraction  may,  without  appreciable  error,  be 
held  to  act  in  parallel  directions  at  each  ix)int  in  euch  body.  More- 
over, the  forces  distributed  over  surfaces,  which  have  to  be  consi- 
dered iu  applied  mechanics,  are  either  parallel  at  each  point  of 
tlieir  stirfaoes  of  application,  or  capable  of  being  resolved  into  sets 
of  parallel  forces.  Hence,  in  applied  mechanici,  parotid  distributed 
f&rees  have  olono  to  be  considered  ;  every  such  force  is  staticaUy 
equivTilent  either  to  a  single  resultant,  or  to  a  i-esultant  couple; 
and  the  problem  of  finding  such  resultant  is  comparatively  siraple. 

08.    Tbc  Inlcvmlly  at  a  DiMribnlnl  Forcr  is  tho  ratio  wMch  thQ{fl 

magnitude  of  tlmt  force,  expressed  in  units  of  force,  bears  to  thc^l 
spaoe  over  which  it  is  distributed,  expressed  in  units  of  volume,  or 
in  uniU  of  sui'fHce,  as  the  case  may  be.     An  unit  of  Int^nsiti/  is  an 
unit  of  force  distributed  over  an  unit  of  volume  or  of  surface,  as  th^fl 
case  may  be ;  so  that  there  are  two  kinds  of  imits  of  intensity.^H 
l^or  ex/uuplo,  one  patind  per  cubic  foot  is  an  unit  of  intensity  for  a 
force  distributed  throughout  a  volume,  such  aa  weight ;  and  ot 
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j^taid  per  square  Jbot  is  ah  unit  of  inteTudty  for  &  force  distributed 
over  a  suHace,  such  as  pressure  or  friclion. 

Tbe  iut«DAlty  of  a  force  acting  at  a  single  point  would  be  infinite, 
if  such  a  force  were  possible. 

Section  1. — 0/  WeiglUj  and  Centres  of  Gravity, 

6d.  The  Sip«cUc  v^rmwUr  of  a  body  is  a  Dumber  proportional  to 
the  weight  of  an  unit  of  its  volume;  for  example,  the  weight  iu 
poundit,  of  A  cubic  foot  of  the  volume  of  the  body.  The  pound  per 
cuific  foot  is  the  most  convenient  unit  of  specific  gravity  for  practi- 
'  purpose* ;  but  in  t«blfs  of  sjiecitic  gravity,  a  special  unit  is  usu- 
y  employed,  vii,  the  weight,  at  a  fix(»d  temperature,  of  unity  of 
luine  of  water.  In  Britain,  that  fixed  temperature  is  usually 
62^  Falirenheit;  in  Franco,  and  on  the  continent  of  Kurupo 
generally,  it  is  the  temperature  at  wliich  water  Ja  moat  dense^  ^-it, 
3'-95centitTade,  orSO'^-l  Fahrenheit. 

In  a  t^lo  at  the  end  of  this  volume  are  given  the  specific 
gnvities  of  such  materials  as  most  commonly  occur  in  structiuvs 
and  machines.  8o  far  as  this  and  similar  tables  relate  to  solid 
materials,  tiipy  must  be  regarded  aa  approximate  only;  for  tlit* 
ineafio  gravity  of  the  same  solid  substance  varies  not  only  in 
mWerent  specimens,  but  frequently  even  in  different  partA  of  the 
same  i<i>ecimeu  ;  still  the  approximate  values  are  suBiciently  near 
Iht!  truth  for  pmctical  purposes  in  the  ort  of  construction, 

70.  The  Onire  of  Gruvttj  of  a  body,  or  of  a  system  of  bodies,  is 
the  point  always  traversed  by  the  reaultAnt  of  the  weight  of  the 
body  or  system  of  bodies, — in  other  words,  the  c^iUre  of 

/orcts  for  the  weight  of  the  body  or  system  of  bodies. 

To  Mtpport  a  body,  that  is,  to  balance  its  weight,  the  rcsidtaut  of 
Ae  supporting  force  must  act  through  the  centre  of  gravity. 

71.  CcBtrv  of  firarlcr  of  m  llana»scBe«na  Ilody^  harUi|  a  C«Ntr«  •€ 

Wt^mr^. — Let  a  body  be  KomogeneotiSy  or  of  equal  specific  gravity 
throughout ;  let  it  also  be  so  for  aymnieiricalj  as  to  have  a  ceiUre  of 
Jiffurt;  that  is,  a  point  within  the  body,  which  bisects  every 
diameter  of  the  body  drawn  through  it;  then  it  is  self-evident, 
that  the  centre  of  figure  of  the  body  must  also  be  its  centre 
gravity. 

Auioni^st  the  bodies  which  answer  tliia  description  are,  the 
sphere,  the  ellipsoid,  the  circular  cylinder,  the  elliptic  cylindtT, 
prisms  whose  bases  have  centres  of  figure,  and  parallelopipedfl^; 
whether  right  or  oblique, 

72.  BMlIca  harlns   Plaaca  or  Axes  of  Brnmelrr. — If  ahomogene* 

OUB  body  be  of  a  figure  which  is  symmetrical  on  cither  side  of  a 
giT«D  plaDi\  tlie  centre  of  gravity  must  be  in  that  i)lftne.  If  two 
vr  more  such  plartet  o/symmdry  intersect  in  one  line,  or  CLfiis  u/ 
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$ymmetryi  the  centre  of  gravity  mnat  be  in  that  axis.  If  three  or 
more  plaues  of  fiyimuctiy  intcrseot  each  other  in  a  point,  that  point 
mnst  be  the  centre  of  gravity. 

The  foIloTii'ing  are  exiimples  : — 

I.  In  fig.  18,  let  ABC  be  an  equilateral  triangle,  the  base  of  a 
ri/jH  (fftdlateral  triangttiar  prism*  This  prism  has  one  plane  of 
symmetry  parallel  to  its  bases  at  the  middle  of  its  length.  It  has 
also  three  planes  of  symmetry,  A  a,  B  6,  C  c,  each  traversing  ono 
edge  of  the  prism  nnd  bisecting  the  opposite  side,  and  those  threo 
planes  intersect  in  an  axis  G,  whose  perpendicular  distance  from 
any  edge  is  two-thirds  of  the  distance  £rom  that  edge  to  the  oppoaita 
fliae,  that  is, 

G^i       GB       GC        2 


Aa 


"EB        C^ 


The  centre  of  gravity  of  the  prism  is  at  the  middle  of  this  axis. 


Fig.  18. 


Fig.  19. 


II.  In  fig.  19,  let  A  B  C  D  bo  a  regular  tetraedrojij  or  trian 
pyramid,  boundefl  by  four  equilatenil  ti-iangles.  Bisect  anv  ©dga' 
D  C  in  E ;  then  the  plane  ABE  drawn  through  the  point  of  biseo- 
tion  and  the  opposite  edge  is  a  plane  of  syrametiy.  There  are  sir 
such  phinoA,  and  they  intersect  each  other  in  one  point  G,  which  is 
therefore  the  «!Dtro  of  gravity  of  the  tetiucdron. 

It  may  be  shown  by  geometry,  that  the  point  G  can  be  foimd  i 

the  following  manner.     From  any  summit,  such  as  B,  draw 

bisecting  one  of  the  opposite  edges,  sucli  as  DO.      In  BE 
2   3  

5F  =  — BE.     Join  AF,  in  which  take  AG— — -AF; 

o  4 

is  G  the  centre  of  gravity  sought. 

73.  Braicm  of  Srwmririroi  B*dic«. — Let  a  conncctcd  Bystem  of 
bodies  whose  absolute  or  proportional  weights  are  known,  and 
whoso  centres  of  gravity  are  also  known  by  reasou  of  the  symmetry 
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Wxnogeneity  of  caicU  lx>dr,  bo  armngcd  in  any  manner ;  then 

tmnman  centre  of  gravity  of  the  -whole  system  of  Ixxiies  is  the 

[bzoc  iritli  tho  centre  of  pannfM  forces  for  a  «ystem  of  forces  c<iuftl  or 

iooal  to  tbe  weiglit«  of  the  bodies^  and  acting  tlirough  their 

r<ctiTi>  centres  of  jo^Wty, 

>nscquently,  ajiplyiug  to  this  wise  the  principles  of  Chap.  IL, 

inn  *,  Article  -50,  the  centre  of  gravity  is  found  in  the  following 

ler.      Let  yz  denote  any  fixed   plane,  a  the  perj^ndicular 

luc^  of  the  centre  of  gntvity  of  any  one  of  tlie  bodies  from  that 

'pfcw,  ;ind  NV  the  weight  of  that  body,  so  that  Wac  is  tho  moment 

the  vciglit  of  tlie  body  in  question  vith  respect  to  any  axis  in 

Ii«t  d%  denote  the  perpeDdicalar  distance  of  the  common  centre 
«f  gnritr  from  the  plane  yz.  Then  wo  have,  total  moment  of  the 
•f8t«m  relAlively  to  any  axis  in  the  plauo  yz. 


a;c,-3W  =  2- Wa; 


nd  consequently. 


ab  = 


1    Wa 
xW 


I 


Bf  proceeding  in  a  Btmilar  manner,  the  distanoes  of  the  common 
eestn  of  gni>'ity  of  tho  system  of  bodies  &om  two  other  fixed 
planes,  either  perpendiailar  or  oblique  to  yz  and  to  each  otlicr,  are 
finmd  eo  as  to  determine  its  poaiciou  completely. 

The  «axne  process  is  applicable  to  any  body  whose  figure  is  capable 
of  being  divided  into  symmetrical  figxirca. 

71.  ■mb«s^"<'«""  Ko^r  •<'  anr  Fftgvn<. — ^Let  w  be  the  specifio 
gravity  of  a  homogeneous  body  of  any  figure,  Y  its  vohime,  and 
w  =  «tfV  its  weight.  Conceive  thrte  fixed  co-ordinate  planes, 
»/*,  zx,  and  xy^  perpendicular  to  each  other,  and  let  a;^  i/o,  3^,  be 
the  co-ortUnates  of  the  centre  of  gravity,  which  it  is  required  to 
find ;  8o  that  w  V  av,  w  V  y(.,  w  V  £i^  are  the  moments  of  the  body 
relatively  to  the  three  co-ordinate  planes  respectively.  Conceive  tho 
gpaee  in  and  near  the  body  to  bo  divided  by  three  series  of  equi- 
distant planes  parallel  to  the  co-ordinate  planes  respectively,  into 
equal  and  similar  small  rectangular  molecules^  whose  dimenfiioDS^ 
panUel  to  a;,  y^  and  £,  re8}>ectivelyj  are 

LX,  ay,  A% 
Let  2^  y^  £,  be  the  co-ordiuatca  of  the  centre  of  one  of  these  mole- 
calc9L     Then  its  volume  i^^ 

Hm  trrJ^ht  iff  A  a:  Ay  4  t. 
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and  its  momentR  rolativeljr  to  tlie  three  co-ordinate  planes 

spec  lively, 

xw  &x  sy  Az;  y  to  ax  ^y  as;  ztOAX^yAz, 

"WTiataoever  may  be  the  figure  of  the  body  whose  centre  of  gravii 
is  sought,  a  figure  approxiviating  to  it  may  be  bfuilt  by  puttii 
together  a  proper  number  of  suitably  arranged  rect&ngular  mol 
cules  J  so  that 

V  =  J'AxAyAs  lieariy; 

'W  =  ttV=.w'  x'AXAyAJS  nearly; 

wVa^^ws'XiX4»/AC  nearly; 

thereforo  omitting  the  common  aud  constant  factor  ta, 

3*0  = '^ 7iearly; 

aud  similar  approximate  formuhe  for  y^  and  c^ 


.(1.) 


Ifow,  it  is  evident,  that  the  smaller  the  dimensions  ax,  a^,  di 
of  each  rectangular  molecule, — or  in  other  woi-ds,  the  moro  minute" 
the  subdivision  of  the   space  in  and  near  the  body  into   siuuU 
rectangles,  the  raon;  nearly  will  the  approximate  figure,  built  tip 
rectangular  molecules,  agree  with  the  exact  figure  of  the  body,  an( 
consequently,  the  more  nearly  will  the  results  of  the  approximal 
formula)  (1.)  agree  with  the  true  i-esults;  which,  thoreforo,  are  th< 
limits  towards  which   the   results  of  these  formultD   continnall 
approach  nearer  and  nearer,  as  the  dimensions  *i  i,  A  y,  A ; 
diniiuishcd.    Such  limits  arc  found  by  the  process  called  iiUegrotio^}^^ 
and  are  expressed  in  the  following  manner : — 


volume 


weight 


moments 


W  =  W7V 


^jffdxdydz-,        / 

Vi>'x9  =  w  j  j  j  xdxdydz 
W»/„  =  vj  I  I  \  ydxdydz 
fjjzdxdydz 


W; 


*  For  fortber  ducidation  of  the  meaning  of  symbolfi  of  Integration,  ud  for  expwu- 
thns  ofproceaaes  of  afiprojiiinitirly  computing  tbo  values  of  lotegrak,  tee  Art.  81  iu 
tilt  ^etjat^l 
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a^j  = 


yp  = 


«b  = 


/  /  /  xdxdydz 
J  J  I  dxdt/ciz 

III ydxdydz 
ill  dxdydz 

J  I  I zdxdydz 
I  j  j  dxdydz 


(*■> 


I 

t 


Sndi  »ro  the  general  formulie  for  finding  tlic  centre  of  gravity 
homogeneoofl  body,  of  any  form  whatsoever. 

•r  Onricr  »■■*  fcr  Ad4iii»«. — Wlien  the  figure  of  a 
sasts  of  parts,  whose  respective  centres  of  gravity  are  known, 
centre  of  gravity  of  the  whole  is  to  be  foiuul  as  in  Article  73. 

oT  Grmritr  famnd  br  fisiHnuiios. — When  the  figure  of 
bomogeneouB  body,  whose  centre  of  gravity  ia  sought,  can  bo 
}ay  taking  away  a  figure  whose 
eeiAre  of  gnivity  is  known  from  a  lox^ger 
figom  vfaoee  centre  of  gravity  is  known 
alao,  the  following  method  may  be  used. 
Let  A  C  D  bo  the  larger  figure,  Gi  ita 
ksown  centre  of  gravity,  W]  ite  weight. 
J>t  A  B  K  be  the  smaller  fignre,  whoee 
centre  of  gru^-ity  G,  ia  known,  W,  ita 
veight  Let  £  B  C  D  be  the  figure  whose 
Rntre  of  gravity  G,  ia  aought.  made  by 
taking  away  ABE  &om  A  C  D,  so  that 
its  weight  is 

W,  =  W,  —  W^ 

Join  O,  G, ;  G,  will  be  in  the  prolongation  of  that  straight  line  b»* 
[yond  G).  In  the  same  straight  line  produced,  take  any  point  0  as 
origin  of  oo-ordlnatee,  and  an  axis  at  0  perpendicular  to  O  Gg  G,  as 
axis  of  momenta.  Make  O  G,  =  Xj ;  O  (S^  =  Xi,  O  G.  (the  uaknuwu 
quantity)  =  2^ 

^nien  the  moment  of  W,  relatively  to  the  axis  at  0  ia 


m 


aaatkerefore 
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77.  Ctotn  i>t  OnrUf  Altered  br  TrmiMr«4tii«»* — In  fig.    21,   1< 
A  BCD   be  a  hody  of  the  weight   W. 
■whose  centre  of  gravity  G^  is  known. 
the  figure  of  thia  body  bo  altered,  by  trani 
posing  a  part  whoso  weight  is  W„  from  th< 
position  E  C  F  to  the  position  F  B  H, 
that  the  new  figure  of  tlie  body  ia  A  B  H.  R| 
Let  G,  bo  the  original,  and  G^  the  uci 
position  of  the  centre  of  gravity  of  th< 
transposed  part     Then  the  moment  of   ' 
body  relatively  to  any  axia  in  a  phino 
pendicular  to  G,G,  will  be  altered  by 
amount  W,  -GTGb;  and  the  centre  of  gravit 
of  the  whole  body  will  be  Bhifted  to  G5,  in  1 

direction  Go  G,  parallel  to  Gi  G„  and  through  a  diatauce  giv( 

by  the  formula 


Fig.  21. 


OoG,  =  GiG, 


78.  Cvatr«B«f  GrarltT  oTPrlnna  and  Flat  Plates. — THlO  gCUCrol  fo 

muhe  of  Article  71  nrc  intended  not  80  much  for  direct  uu 
finding  centres  of  gifivity,  aa  for  the  deduction  of  fonniJte  of  amoi 
fiimplo  form  adapted  to  particular  classes  of  cases.     Of  such  the  fol- 
lowing is  an  example. 

Tho  centre  of  gra\ity  of  a  right  prism  with  parallel  ends  lies 
a  plane  midway  between  its  ends  ;  tliat  of  a  flat  plate  of  unifoi 
thickness,  which  in  fact  is  a  short  prism,  in  a  plane  midway  between 
its  faces.     Let  such  middle  plane  be  taken  for  that  o£  xt/ ;  anj 

]x)int  in  it  0  (Og.  32),  for  the  origin, 
and  two  rectangular  axes  in  it,  O  X 
and  O  Y,  for  axes  of  co-ordinates,  to 
which  A  B,  tho  transverse  section  of 
the  plate,  is  refeiTcd.  Conceive  the 
figure  A  B  to  be  di^ded  into  narrow 
bands,  by  cqui-distant  lines  parallel  to 
one  of  the  axes  of  co-ordinatca  O  Y, 
and  at  the  distance  a  a:  apart.  X^  m 
be  the  distance  of  the  middle  line  of 
one  of  these  bands  irom  O  Y,  and 
.Vi»  ?/ii  the  distances  of  the  two  extremities  of  that  middle  line  from 
O  X.  Tlien  the  band  is  approximately  equal  to  a  rectangular  band 
of  the  length  y,  -  y„  and  breadth  ^  a:,  the  co-ordinates  of  whose 

oeBtre  aro  x,  and  ^^5-^     Consequeutly,  if  a  be  the  uniform  thick- 


Fig.  22. 


raigiia  msd  fiat  pxates.  SS 

of  tlbe  plate,  and  to  its  tped&e  g^ritj^  we  have  for  a  llDgk 

area      =         (y,  -y,^  a  » iMoHly  ; 

weight  ^w  3  (yj-y,)  Aflcwor^; 
reUtJTcly  to  O  Y, 

rdaiirely  to  O  X, 


=  W3 


AJCIIM^; 


ibr  tike  wliole  plate 

Tularae  V^=^-  i   (y.-  yj  ^  «  yuar/y  ; 


.-(L) 


monieiits 


W^J^M 
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a;,  W  =  to zj  X  (y,-y,) rfa; ; 

A 

co-ordinat<*a 

of  the 

centre  of  gravity 


«;,= 


J  (yt-yO'^a: 
2/(yi-yi)«^» 


.(*.) 


The  foregoing  process  is  wliat  is  usually  colled  by  writers 
mechamcs,  "jindintj  (lie  centre  of  gravity  of  a  playut  surf  oca  ;^  bi 
this  phrase  ought  always  to  be  understood  to  signify  "fnding 
centre  of  gravity  of  a  Jwnwgeneoua  plaU  of  uniform  thtck/tessj  t/iefa 
ofiehich  are  plane  surfaoisofa  given  figure,''' 

79.  ]i«tir  with  Mmiiar  c««M-Hctioa». — Let  all  the  croes-soctionst 
a  body  made  by  planes  parallel  to  a  given  plane  (say  that  of  zy) 
be  similar  figures,  but  of  different  sizes.  The  areas  of  the  different 
cross-sections  are  to  each  other  as  the  squares  of  their  correspondinj 
linear  dimuuidous.  lict  s  denote  some  deiluito  linear  dimension 
a  cross-section  whose  distance  from  the  plane  a;  y  is  2,  so  that  its 
areasliall  be 


flf'. 


.(1.) 


a  being  a  constant.     Let  aJi,  y„  «,  be  the  co-ordinates  of  the  centre 
gravity  of  a  flat  plate  having  ita  middle  plane  coincident  with  tlic 
given  GTOfis-section.     Then,  by  reasoning  uiniilar  to  that  of  Artie 
74  and  78,  we  find  the  following  results  for  the  whole  body  :^ 


volume 
weight 

moments 


W=.ioa(i\  dz 


.(S.) 


ar,  W  =:to<ijziS*.dz 
y^yr  ■=  wajyif'^.dz 
z^W  z=iwa  ( z  (^ dz 


.(3.) 
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oo-ordinatcs  c^f 
centre  of  gravity 


a;» 


dz 


dz 


y-  = 


«•  = 


js'-dz 

Ue  dz 


1- 


dz 


(4.) 


len  the  centres  of  all  the  cross-sectionfl  He  in  one  straight  line, 

in  pyramids,  cones,  conoidn,  and  solids  of  revolution  generally, 

le  centre  of  gi-avity  lies  in  that  line,  which  may  be  taken  as  the 

axis  of  s,  making  s*^  ^^  0,  y„  =  0  j  so  that  z^  is  the  only  co-ordinate 

which  requires  to  be  determined. 

80.  Cnrni  B«4i. — In  tig.  23,  let  R  R  represent  a  curved  rod  so 

slender,  that  ita  <liamet€r  may,  without  sensible  error,  be  neglected 

in  comparison  with  its  radius  of  curva-  „ 

tiire  at  any  point ;    let  a  denote   its 

sectional  area,  nnifoi-m  throughout,  and 

w,  as  usual,  its  specific  gravity  ;  so  tliat 

the  weight  of  an  unit  of  length  of  the 

rod  is  wo.     Let  OX,  OY,  OZberect- 

angular  axes  of  co-ordinates.  Suppose 
I  the  rod  to  be  divided  into  arcs,  so  short 
^Ji  to  be  nearly  straight ;  let  the  length  of 
^Bfty  one  of  these  area  be  df^noted  by  ^  p ; 
^^^  S  S  represent  it  in  the  figure,  and 
^Bt  M  be  the  middle  of  its  length.  Then 
^^tf  is  nearly  the  centre  of  gravity  of  a  f 

perpendicular  distance  from  51  to  the  plane  of  y  s. 
!      vhort  arc  S  S  we  have. 


Lot 


Fig.  23. 

M  P  =  X  be  the 
Then  for  the 


weight  ^wa  A  (; 

moment  with  respect  to  an  axis  in  tlie  plane  y  e, 

:=  to  a  V  A  '  nearly; 
td  for  the  entire  rod, 

W  ^  wo  2  *  A  *; 

moment       x,W  =  wa2  '  x  ^  «  nearly; 


co-ordinate  of 
centre  of  gravi tj 


}*•  =  ^-^^n^rly; 


A  r 


0) 
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tiad  similar  equations  fur  y,  aud  s^     Froccedixit;  by  the  method 
limita  as  before,  we  obtain  as  the  exact  formubi^ — 


"W  =w  a  \  dt; 
J  X  d  s 


x^  =. 


.(2.) 


and  aimiUr  equations  for  y»  and  z.  The  foregoing  process  is  wl 
is  often  called  hy  "writera  on  Mecliauics,  "Jindin^  the  eerUre 
gnsoiiy  of  a  curved  line;**  but  wliat  ought  moru  properly  to 
called,  ^'findinfj  the  centre  of  gravity  of  a  etender  cu,rved  rod 
uniform  thicknessJ'* 

81.  Appr«Kinnie  Compniniien  wf  laicgTHiB. — Frequcnt  reference] 
having  been  made  to  the  process  of  inteffraiion,  as  being  essenti 
to  the  solution  of  most  problems  connected  ■with  distributed  forc< 
the  pi*esent  article  is  intended  to  afford  to  those  who  have 
made  that  branch  of  mathematics  a  special  stndy,  some  element 
inibrmntion  respecting  it 

The  meamog  of  the  symbol  of  an  integral,  via. : — 

/  u  dx, 

h  of  the  following  kind: — 

In  fig.  24,  let  AC  D  B  be  a  plane  area,  of  which  one  boundary,  I 


Y 


Fig. 


O  A 


is  a  portion  of  an  axis  of  al 
OX,  —  the   opposite   boundary, 
C  D,  a  curve  of  any  figure, — and 
the  remaining  boundanes  A  O^J 
B  D,  ordinatea  perpendicular  to^ 
^  O  X,  whose  respective  absciass, 
or  distances  &om  the  origin  O,  ore 


Let  E  F  =  t*  be  any  ordinate  whatsoever  of  the  curve  C  D,  and 
O  £  s  a;  the  corresponding  abemsa.  Then  the  integral  denoted 
by  the  symbol, 


/.««< 


meuas,  iJts  area  of  Ute  Jig^rt  ACBB.     The  abecisss  o  and  h 
which  are  t/ie  le&st  and  greatest  -voiuftaoi  ac,wi3L-wVn^YaSiiE»kfc 
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fha  loDgitodiual  .extent  of  the  area,  are  called  tHe  HmiU  of  t'n* 
lwiu>ii?»  /  bttt  whc^  tlie  axtcut  of  the  area  is  otheirwiae  indicated, 
wt  ignabols  of  UiutKj  Limita  are  sometiincs  omitted,  as  in  the  pixv 
«Jbg  Articleg> 
When  tKa  relation  between  u  and  x  is  expresBed  by  anj  ordinary- 
leal  equation,  Uio  valao  of  the  integral  for  a  given  pair  of 
of  its  limits  can  generally  be  found  by  moaiis  of  formula) 
are  contained  in  workd  ou  the  Integral  Calculus,  or  by  means 
?matical  tables. 

may  ariac,  however,  in  vlucli  u  cannot  be  so  e-xpreAtied  in 
tmn  of  x;  and  then  appi-oximate  methods  mtist  be  employed. 
nwae  approximate  methods,  of  which  two  are  here  described,  are 
laonded  upon  the  division  of  the  area  to  be  measured  into  biuida  by 
rmJM  and  equi-distont  ordinates,  the  approximate  eomputation  of 
of  those  bands,  and  the  adding  of  tliem  together ;  and 
minute  that  division  is,  the  more  near  i«  ihe  result  to 

F^fnk  ApproxkruUiork 

Divide  the  area  A  C  D  B,  as  in  fig.  2.),  into  any  oonvcnicnt 
ibor  of  bonds  by  parallel  or> 
vhoGo  uniform  <listaiicc 
apart  is  ^  x;  so  that  if  n  be  the 
uumbcr  of  hands,  n  -f-  1  will  be  the 
aaaber  of  ordinateflj  and 


Hff.  afi. 


h  —  a^n  ^  Xj  "* 

kngth  oftliefignre. 

Lei  u',  u",  denote  the  two  ordinates  which  bound  one  of  the 
;  tben  the  area  of  that  band  is 


tt'  +  tt" 


A  x,  JKoriy; 


and  consequently,  adding  together  the  approximate  areas  of  all  the 
band^ — denoting  the  extreme  ordinatea  as  follows, — 


AC  =  M^;  BD  =  u  ; 


and  the  intermediate  ordinatea  by  u^,  we  find  for  the  approximate 
valae  of  the  integral — 


j\dx=^^+^  +  Su^^-Z,. 


■^^ 


GO 
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Second  Approsdmatioru 

Divide  the  area  A  C  D  B,  as  in  fig.  26,  into  an  even  number 

bands,  by  parallel  ordlnatcs,  wb 
uniform  dikUuace  apart  is  A  2::     Th< 
ordinatesare  marked  alternately  b; 
plain  lines  and  by  dotted  lines,  so 
to  arrange  tlie  bands  in  pairs.    Con*! 
sidering  any  one  puir  of  bonds,  such 

o     jk,  s       a  B    ac  fts  E  F  ]{  G^  and  assuming  that  the 

Fig.  2G.  cun'o  F  H  is  nearly  a  parabola, 

appeai-R,  from  the  propcrtiea  of  tliat  curve,  that  the  area  of  th 

pour  of  bands  is 

in  which  w'  and  u"  denote  the  plain  ordinates  E  F  and  GH, 
n"  the  intermediate  dotted  onUnate  ;  and  consequeutly,  addii^ 
together  the  approximate  areas  of  all  the  pairs  of  bands,  we  fin 
fur  the  approximate  value  of  the  integral — 


/> 


=  (  M*  +  «»  +  3  2  •  te,  (plain) 

+  4  :■«, (dotted))^, (2.) 


It  is  obvious,  that  if  the  values  of  the  ordin&tea  u  required  in  these 
computations  can  be  calculated,  it  is  unnecessary  to  draw  the  figure 
to  a  scale,  although  a  sketch  of  it  maybe  useful  to  assist  the  memory. 

When  the  aynibol  of  integration  is  repeated,  so  as  to  make 
douhlt  inUffralf  such  as 

/  (  u'dxdy, 
or  a  triple  integralf  such  as 

J  J  ju'dxdydz, 

it  is  to  be  understood  as  follows  : — 

Let  f        , 

t)  ^   (   wax 

lic  tlie  value  of  this  single  integi-al  for  a  given  value  of  y.  Con- 
struct a  curve  whose  abedasfe  are  the  \-arious  values  of  y  within  the 
prescribed  limits,  and  its  ordinates  the  corresponding  values  of  v,\ 
Then  the  area  of  tliat  ciure  is  denoted  by 


j  vdy  =  \  \  w  dxdy. 


raoJBCTioy  or  cektre  op  oravitv. 


at 


5ext,let 


=  j  v'di/ 


be  U»  value  of  thia  double  iotcgral  for  a  given  value  of  *.  Con- 
ilraci  a  curvip  whose  abscissffi  are  the  variouA  values  of  £  within  the 
rwacribed  UniitA,  and  itB  ordinatcs  the  corresponding  values  of  t 
Tiua  the  ar«a  of  that  curve  is  denoted  hy 

II  i.d3^=l  Ivdydz  =^1  j  J  n  'dxdydz; 
and  ao  on  for  any  number  of  miccesBivo  integrations. 
^'  83.  Ocalrc  •!  Grmriir  ItmuA  hj  Projeclton. — AcCOrHing  to  thc  gOO- 
tnetrical  properties  of  parallel  projections,  as  stated  in  Chap.  IV., 
Article  '>2,  a  parallel  projection  of  a  jiair  of  volumes  having  a  given 
ntio  is  u  {lair  of  volumes  having  the  same  ratio ;  and  hence,  if  a 
bod/  of  «ny  figure  be  divided  by  a  system  of  plane  or  other  sur- 
faces int<i  (tarts  or  molecules,  either  equal,  or  bearing  any  given 
fljxt^m  of  pTOportions  to  each  other,  and  if  a  second  body,  whose 
figure  13  a  luirallcl  pmjection  of  that  of  the  first  body,  be  divided 
in  the  same  manner  by  a  system  of  plane  or  other  surfacew  wliicU 
are  the  corresjtonding  projections  of  the  first  system  of  ]>Iaue  or 
other  surfaces,  the  ports  or  molecules  of  the  second  body  will  l*ear 
tA  each  other  the  same  system  of  ratios,  of  equality  or  otherwise, 
which  the  parta  of  the  fii-st  body  do. 

Also,  the  centres  of  prsvity  of  thc  pnrts  of  the  second  ImxIv  will 
be  the  parallel  projections  of  the  centres  of  gravity  of  the  i>arts  of 
the  first  Ixidy. 

And  hence  it  follows  (according  to  Article  G4),  that  Ifthefitfut^ 
tif  two  bodiat  are  paralld  jyrojedions  of  each  (kher^  the  centre$  of 
graeiiy  o/tfteK  two  bodies  are  corresponding  points  in  Uicae  paralfel 
frrojeduma. 

To  express  this  symbolically, — as  in  Article  61,  let  x,  y,  c,  Iw  the 
co-ordinates,  rectangxdar  or  oblique,  of  any  point  in  the  figure  of 
the  first  body  ;  x*,  y\  z\  those  of  tho  corresponding  point  in  the 
seoond  body ;  a:„  y,,  «„  the  oo-ordinatea  of  the  centre  of  gravity  of 
the  fiorst  body ;  3f„  %f„  :i„  those  of  the  centre  of  gravity  (jf  the 
second  body ;  tliou 


This  theorem  facilitates  much  the  finding  of  the  centres  of  gravity 
nffgures  whicb  are  parallel  projections  of  more  simple  ;>r  more  sym- 
metrical figures. 

For  example: — it  appears,  from  symmetty,  as  in  Art.  72,  that 
the  centre  t^ gruvit^  of  an  oqnij&tei'&l  triangular  priSQi  i*  at  the 
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point  of  intorsecttoD,  of  the  lined  joining  the  three  angles  of 
middle  section  of  the  pri.«m  with  the  niirJdlo  ]wint«  of  the  opposl< 
sides  of  that  section.     Bub  all  truiiigiilar  prianis  are  parallel 
jections  of  each  other ;  hence  the  above  described  point  of  in 
section  is  the  centre  of  gravity  of  any  triangular  prism. 

Also,  as  in  Ait.  72,  the  centre  of  gnivity  of  a  regular  tctra 
is  at  the  point  of  intersection  of  the  planes  joining  each  of 
edges  with  the  middle  ptiint  of  the  opposite  edge.     But  all  tetra 
drons  arc  parftllfl  projections  of  each  other ;  hence  that  point 
intersection  is  the  centre  of  gravity  in  any  tctraedron. 

Afi  a  third  example,  let  it  bo  fmipponed  that  a  firnnula  is  knowa' 
(which  will  be  given  in  the  sequel)  for  finding  the  centi-e  of  gravit 
^  of  A  sector  of  a  cireuhir  disc,  an 

let  it  be  required  to  find  the 
of  gravity  of  a  sector  of  au  olU: 
disc.  In  fig.  27,  lot  A  B'  A 
the  ellipse,  A  O  A  =  2  a, 
B'  O  B'  =  2  6,  itaaxM,  and  C  0  ly 
the  sector  whose  centre  of  gravity 
is  required.  One  of  the  parallel  pro- 
jections of  the  ellipse  is  a  circle, 
ABAB, whose  radius  is  the  semi-axuij 
major  a.  The  ellipse  and  the  d 
being  both  referred  to  rectangula: 
co-ordinates,  with  their  centre  dS' 
^^K  27.  origin,  X  and   y  denoting  the   co- 

ordinates parallel  to  O  A  and  0  B  respectively  of  a  point  in  the 
eircle,  and  x'  and  ij  those  of  the  corresponding  ]X)2nt  in  the  ellipse, 
those  co-ordinates  are  thus  ruIuUxl : — 


Thi-ough  C  and  D'  respectively  diuw  E  C  C  and  F IV  D,  parallel 
to  O  B,  and  cutting  the  circle  in  C  and  D  rcsfK-ctively  ;  the  cir- 
cular sector  COD  is  the  paroUel  projection  oi"  the  ellintic  sector 
0'  0  X>'.  Let  G  be  the  centre  of  gravity  of  the  sector  of  tlie  circular 
disc,  its  co-ordinates  being  , 

Then  tlie  co-ordinates  of  the  centr©  of  gravity  O'  of  the  sector  of 
the  elliptic  disc  are 


I 


TrXAVPLBS  OP  CENTRES   OP  ORATTTY. 
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«xiUDplee  of  the  reaulte  of  this  prooeas  will  be  found  in  the 
Artickt. 

I  Exmmpw*  m€  Ceatm  of  c*m*itr. — The  following  examples 

(»f  fonnula!  for  the  weight,  the  moment  with  respect  to  some 

axis,  and  the  position  of  the  centre  of  gravity,  of  bomo- 

bcxlies  of  those  forma  which  most   commonly  occur  ia 

joe.      In  each  case,  as  in  the  formulae  of  tho  preceding  Articles, 

»te3  the  Bpecific  gravity  of  tlie  body,  W,  its  weight,  and  as;,  Ac. , 

>rdifiAt<'S  of  it«  centre  of  graWty,  which  in  the  diagrams 

■d  G,  the  origin  of  co-ordinates  being  marked  0. 

A. — Frisus  aa'd  Cvlin-dcbs  witu  Pajeallel  Bases. 

The  word  cylinder  is  here  to  be  taken  in  its  most  general  meaning, 
u  comprehczi<UnLr  all  solids  traced  by  the  motion  of  a  piano  oun'i- 
iioear  tigure  parallel  to  itself 

The  examples  here  given  apply,  of  course,  to  flat  plates  of  uni* 
{otm  thickneas. 

In  the  formuls  for  weights  and  mnments,  the  length  or  thickness 
it  suppoeed  to  be  ttnUy. 

llw  oeatre  of  gravity,  in  each  case,  is  at  the  middle  of  the  length 
[(or  Uiickness) ;  and  the  formuhe  give  its  situation  in  the  plune 
iigare  which  represents  the  cross-section  of  the  pinsm  or  cylinder, 
•ad  which  is  specified  at  the  commencement  of  each  example. 

L  TrianifU    (Fig.  28)  O,  any  angle.     Bisiect 
opposite  side  fi  C  in  I).     Join  O  I'- 


IT.  Poff/tjon,  Divide  it  into  triangles ;  find 
the  centre  of  gravity  of  each ;  then  find  their 
common  centre  of  gravity  as  in  Art  75. 

IIL  Tmpczmd,     (Fig.   29.) 
Afi||C£. 

Greatest  breadth,  A  B  =  B. 
Least  .,         C  £  —  6. 

Bisect  AB  in  O,  CE  in  D; 
join  O  D. 


Fig-  28. 


Z^OG=r 


UD 


(i-s-H^-j) 


TV 


w  'OD- 


B-fft 


Fig  29. 
ain^ODK 
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IV.  Trapezoid.  (Secoud  dolution.)  (Fig.  30.) 
0,  pointy -where  inclined  sides  meet  Let  UF 
=  Xj,  O  D  ^  a:„  O  G  ^  r^ 


I 


^V  =  ^/;•*^^^'•sin' 


OFB. 

(coUn-^OAB  +  cotou-^  OBA). 
OFB. 


4— xj      , 
jc„  W  =  to o —  *  »m« 


(cotan  .^  O  A  B  +  coUn  .^  O  B  A). 


Pig.  31. 


T.   Parahodc  Half-  Segment. 
(DAB,  tig.  31.)_0,    vertex_of, 
diameter  O  X ;  0  A  =  «, ;  A 
=  y„  ordinate  ||  tangent  O  C  YJ{ 

3 
3 
o  ^ 


"VX  Parahclic  Spandril.    (O  B  C,  fig.  31.)    G',  centre  of  gtuvityj 


3 


Jq  *, ;  y^  ^  —  y, 


"W  s=  -s-  w  *  iCi  yi  '  ftin 


XOY, 


1.  Circular  Sector.    (OAO,  fig.  32.)     I^-t  0  X  tisect  the 
angle  AOC:OY-LOX. 


Badius  O  A  =  r 
Half-arC|  to  radiiw  unity, 
sin  I 


AC 
2A0 


=  fl. 


=  -^  r  -^;  y.  =  a 


Fig.  32. 


w 


\o 


r'i 


01*  (3BATITT. 


65 


Vll  r.  Ckradar  Hatf-SegrnerU.     (A  B  X,  fig.  33.) 


2 


a%  =  ^r 


Rin' 


*6 


1 


3     ^  —  sm  'cos' 
4  wn'-s  -  sin*  #  cos  * 


3  ('  -  cos  ^  nn  ^ 


IX.  Omw^or^jpaiuATt:    (ADX,  fig.32.) 

_1_ sia»# 

^      3'"2sin#-am#oo8#-/ 

.     3  am'  #  -  2  sin*  #co8  4  -  4  fdn'  ^ 


Ssin  '  —  sin  loos  I 


—  3 


=  «f*(. 


8i&#-  nsm'oosi 


-;)■ 


X,8edorrfMkig.    (AOPE,  fig.  32.)  OA  =  r;  OE  =  r. 
2    f^-f^    sinl 

XL  £U^glie89eior,ffal/-8^ffmaa,or8p€mdnl  Centre  of  gravitj 
to  be  foaiid  by  poiectikm  from  that  of  corresponding  circular 
%iura^  as  in  Aiiide  82. 

R — Wedoesl 

A  Wei^  is  ft  solid  bounded  by  two  planes  which  meet  in  an 
«d«^  and  by  a  cylindrical  or  prismatic  suiface  {q/lindricalj  as 
befis^  being  used  m  the  most  general  sense). 

Xn.  Cfmmral  Fonmdajar  Wedgea.  (¥ig.  33.)  All  wedges  may 
be  dcvidedinto  parts  such  asthe  figure  nere  represented.  O  A  Y. 
OXTypfames  meeting  intibe  edge  0 Y;  AXY,  cylindrical  (or  pris- 
Biatie)  mabiot  peraemdicnlaT  to  the 
phDO  OXY;  OXA,  plaoe  triangle 
psfpflDdicalar  to  the  e^  OY;  OZ, 
axispetpeiidiodburtoXOY.  LetOX 


sEsa^j  XAas  #1.    Then  iv  =: 


ZiX 


Fig.  33. 


6G 


ITinrOIPtKS  OF  fiPPXTTCR. 


Vo 


I xy ' dx 
j  xtf-d» 


£b  =  W   '•     (Thi)  Lufc  equation  denot 


lAt  O  is  in  the  plane  which  tmversos  0  Y  and  bisects  A  X.) 
In  a  symmetrical  wedge,  if  O  be  taken  at  the  middle  of  the  edge^j 
^0  ^^  O.     Such  is  the  case  in  the  following  examples,  in.  each 
which,  length  of  edge  ^  3  y,. 

Xin.   Rectanguiar   Wedg^     (=  Triangular  Prism.)     (Fig.  34.) 

W<=  to  TiyiSi- 


Fig.  34.  3 

XIV.  Triangular  Wedge.     (=  Triopgiilar  Pyramid.) 


W=  ^  w  ■  T,  y,  i»^ 


FE£.  85. 

XV.  Scmicirad^r  Wedffc    (Fig.  36.) 

Badina  OX  =  OY  =  r. 


«%  =     3"  *!• 


f /5.  *«, 


y 

= 

J^- 

-x'. 

w 

= 

2 
3"'' 

r»a. 

'«•. 

3x 
—  IG 

r. 

(«  =  3  •  141G  ticarl^V 


cEimtra  OP  oiuTzrr. 


€7 


IVX 


Anmdarf  or  SoQoto  Hem-tcircular  Wetige, 
Kxtenml  radius,  r;  interoal,  /, 


W  = 


(--'•)  7 


^3^       T*—  /* 

0. — CONTS   AXD   PYRA3IEDS. 

Let  O  denote  the  apex  of  tlie  cone  or  pyramitl,  taken  as  the 
nrigin,  and  X  the  centre  of  gravity  of  a  sitpposed  prism  whoso 
mitldle  section  coincides  vith  the  base  of  the  cone,  or  pyiumid. 
The  centre  of  graTity  will  lie  in  tho  axis  OX 

Denote  the  area  of  tho  base  by  A,  and  the  angle  which  it  makes 
Tith  the  axis  by  #. 

XVIL  Complete  Cone  or  P^/ramid,     Let  tho  height  OX  ^=  h; 
^        4 


W 


1 


w  '  A  /t  sin  tf. 


XVI  ll.   TruncaUd  Cong  or  Fyramid.    Height  of  portion 
oted  =  h\ 

3      Ai  -  A'* 
4 


'bun- 


(H,  =    -7 


•w  = 


1 


,  --  (>  -  V} 

D. FORTIOMS  OF   A  SPHERE. 


wKh 


Binjk 


XIX.  Zone  or  Ring  of  a  Spherical  SMI,  bounded  by  two  conical 
nniaccs  baTing  their  common  apex 
at  the  centre  O  of  the  sphere  (fig.  38). 


OX,  axis  of  cones  and  zone. 

r,  external  radius  If 

/,  internal  radios ) 
^-rXOA^a.half-angleofleas  \ 


X0B=/3, 


greater  J 


cone. 


riuircrpLEs  or  statics. 
3      f*  -  f^    oasK-f-ooeA 


r*  - 


XX.  Sactor  of  a  ffemUphenoal  S/idl,     (C  X  D,  fig.  39.)    OY 
bttocta  angle  DOC;  ^  DOC  =  ^. 


«b  = 


3x 


s 

t*- 

r* 

8 

r*- 

t^ 

r* 

-r^ 

si 

2jw 


(-")■ 


Fig.  39. 

84.  tinrresrnroa*  Body. — If  a  body  oonsists  of  ports  of  definite 
figare  and  extent,  whoso  speciBc  gravities  are  different,  although 
each  iudividtuU  part  is  homogeneouA,  the  centres  of  gravity  of  the 
parts  are  to  be  found  as  in  Article  74  and  the  aubsequent  Artiolea^ 
and  the  common  centre  of  gravity  of  tlic  wliole  as  in  Article  73. 

S^.  Crnirc  ef  Orarfir  fow"*  ExiM-HmraiBllr.  —  The  Centre  of 
gravity  of  a  body  of  moilerate  size  may  "be  found  approximately  by 
ex|)orinicnt,  by  hanging  it  up  successively  by  a  single  cord  in  two 
Uifforent  positions,  and  finding  the  single  point  in  the  body  whicli 
in  both  |K)sitiona  is  intersected  by  the  axis  of  the  cord.  Fur  the 
msistAnce  of  the  oord  is  equivalent  sensibly  to  a  single  force  acting 
along  it«>  axi«  ;  and  as  that  force  balances  the  weight  of  the  body 
when  himg  by  the  cord,  its  line  of  action  rniist,  in  all  positions  of 
the  body,  traverse  the  centre  of  gravity  of  the  body. 


I 


Sbction  2. — 0/SirfASt  and  its  Jiesultanis  and  Centres, 

8ii.    Siren,  lu  Nnlvro  nnri   lnlrnaifr> — Tlie  word  8trK83  lias  been 

adopted  as  a  gt-norul  tunu  to  comprehend  vanouH  forces  wliich  are 
exerted  botwoon  contignoun  bo*lies,  or  partB  of  bodies,  and  which 
arc  distributed  over  tlie  sur&ce  of  contkct  of  the  masses  between  h 
which  thoy  act,  H 

The  Iktensitt  of  a  stress  is  its  amount  In  units  of  force,  divided 
by  the  extent  of  the  suifucc  over  which  it  acts,  in  imits  of  area. 
The  French  and  JUritish  units  of  inlenHit'y  ot  slvwa  Ti-t^  co\&\tt.-cQd 


or 


tlib  TQlBai&     Tlir  fol  I 
dUfarent  Briliah  uuiu  ci 


Otte  pooad  on  tfae  •qnan  inab» 


l\iuMi)i  on  iho       INiutuli  iiH  tl>« 


U4 


Oneiaehotf' 


T  (Uuit  w,  wcighl  of  A 


111 


of  BDcrcurv  at  S3*  Fnhr..  ono 


One  loot  o~ 

OlMIBCil  c 

One    atmc 


of  water 

(»t39^4FnlirO, 

a*ph«f. 

of  29*0i2   uicboa  of 

70-73 


niQi 


t4'7 


b 


^■■iiM  •#  atruM. — Stress  inny  bo  <rliiMM>il  hh  folluwn  : — 
^^vsi,  or  PreamtrCy  is  the  forco  whirh  nrts  iH'twocn  two  cft|i» 
8  bodies,  or  parte  of  a  Ixxly^  n'hun  vticU  [minIh**  tlm  nt Lit  rroiti 
itaeif,  and  whicli  teutls  to  coniprega  or  nlmrtrn  I'urli  Imily  <iu  wliirli 
it  acta,  in  the  directiou  of  its  uctiuii.  It  U  tlie  kiml  wf  iitroo  wliicli 
is  exerted  by  a  dnid  tcuduig  to  exjkauilj  ngaiunt  lUo  UhVwh  wliioli 
fQiroimd  it. 

Thnisrt  may  be  either  normal  or  obliqtti^  tvltttivo  to  tlio  unrfiieu 
at  vhich  it  acts. 

IL  PuU,  or  jTenw'wt,  is  llio  force  which  acta  betwwn  two  nui* 
tiguous  bodifta,  or  parta  of  a  hotly,  wht-n  each  flmwa  tJj»  nllirr 
towards  it^'lf,  and  which  tcnda  to  icngthcu  nicU  body  on  which  it 
acoi,  in  the  direction  of  its  action. 

Pull,  like  thrust,  may  ho  oither  iwrtfud  or  oUiqwif  mhiUvely  U) 
the  surface  at  wiiich  it  octn. 

TIT.  <yAertr,  or  TaufjetUUd  Strra^,  in  Ui«  forro  wlikh  arU  iKjtww>n 
two  contiguous  bodic,*t  or  f»artfl  of  a  btHly,  wh<.iu  vm.'h  drawn  tbo  other 
udeway.s,  in  a  dii-f^<iioQ  [mmllcl  to  tfirir  Murfiuxt  of  contact^  nnd 
which  tends  to  distort  each  hoiiy  on  which  it  nrtH. 

In  expreasiug  a  Thnut  and  n  Pull  in  linnilld  din*<'iioiiN  alj^ftlTa!- 
cally,  if  one  ia  treated  an  potutivf,  the*  other  niUMt  Ui  tri'Jil"d  m 
negative.  The  choice  of  the  jionilivu  or  ue^tivu  nii^n  for  viUior  In 
a  matter  of  convenience.  In  trcatinj^  of  the  i^vw-rnl  tUi^urv  f*f 
sferen,  the  more  usual  system  is  to  (^11  a  jfidl  |xmitivc,  and  n  ihrtitit 
nig^tive :  thus,  let  p  denote  the  intrnnity  of  a  utTftw,  uud  n  a 
certain  number  of  pounds  par  aqoar*  iooi ;  d  b  n  will  ihrri'd-n  u 
pvB,  and  p=^  —  n  a  lAmsC  of  tbo  Mme  intensity.  Kut  in  tr*-atiii 
of  flertain  special  applicatirmn  of  th«  theory,  to  asM  in  which  thi 
is  the  only  or  the  predominant  atren,  it  beconiea  more  convcni 
to  reverse  this  mtem,  calling  thnist  positive,  and  pull  ncj^ativr. 

The  wosd  "iVosiMns,"  aJthooghy  strictly  Pptskinff,  «iuiv»l**tit  to 
*  is  MOMtiBies  a^ipUcd  to  sfretf  in  gencnl ;  and  wlirn  Uits 
Ir  the  ^mm^  it  a  to  be  smderwtnod  thiit  thmst  i*  treaifsd  M  p(m\A^«. 


PMNCrPLES  OP  BTATICS. 


88.  Brmlmvt  of  tttrcw  i  Um  iriagnitodc — If  to  a  plune  snrfaco 
OJay  figure,  whoso  area  ia  S,  tLcro  be  applied  a  stress,  eitlier  iiorma]j] 
oblique,  or  tangential,  aiid  parallel  in  direction  at  all  points  of  tin 
sur^ice  (tUKxirdlug  to  the  restriction  stated  iu  Art.  67),  then  if  thai 
intensity  of  the  stress  be  uniform  over  all  the  surface,  and  denoted] 
yjj  pf  the  amount  or  uaj^nitude  of  ita  rc^niltant  will  be 


p8. 


.(1.) 


If  the  intensity  of  ihe  stress  is  not  uniform,  that  amount  is  to  be ' 

found  by  integration.      For   example,  ia' 

fig.  40,  let  A  A  A  be  the  plane  surface,  and, 

let  it  bo  referred  to  roctauguJar  axes  of  i 

co-ordinates  in  its  own  plane,  OX,  O Y, 

Conceive  that  plane   to  bo   divided  into 

small   rectangles   by  a   network   of  lines 

parallel  to  0  X  and  O  Y  respectively,  and 

let  Ax,  -^ y,  bo  the  dimensions  of  any  onje 

of  these  rectangles,  such  as  that  marked  a 


Rff.  40. 


in  the  figure.  Couceiro  a  figure  approximating  to  that  of  the  given 
plane  surface  to  be  composed  of  several  of  these  smallrectangleSySothat 

S  =;  I'Aa;  Ay  nearly; (2.) 

let  ^  be  the  intensity  of  the  stivsa  at  the  centre  of  any  partiouUr 
rectangle,  bo  that  the  stress  on  that  rectangle  is 

pAx^i/  7iearli/. 

Then  the  amount  of  the  resultant  stress  is  given  approximately  hy\ 
the  equation 

P  =  a  'pAx^y  rvsarly. (3.) 

Then  imssing,  as  in  prc\'ious  examples,  to  the  integrals,  or  limits 
towards  which  the  sums  in  the  equations  2  and  3  approa<^  as  the 
minuteness  uf  the  uubdivision  into  rectangles  is  iudcfiuitoly  in- 
creased, wo  find,  for  the  exact  equations, 


=  J  j  dxdij; 
=z  j  j  p'dxdif. 


1 


.(4) 


The  mean  inUndti/  of  the  stress  ia  given  by  the  following  equation  :— 


lixd 


p9==ir  — 


LI 


.(5.) 
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A.  ooaTeoient  mode  of  reiprfewmtlnt;  to  the  mind  the  foregoing 
is   aa   follows  ; — In  tig.  41,  lofc  A  A  be  tUo  givsu  plaoe 


;  O  X,  O  Yf  the  tvo  axes  of  coordinatea 
in  its  plane ;  O  Z,  a  third  axis  i»erpeudicular  to 
thai  plane.  Conceive  a  solid  to  exist,  boiuided 
Bt  one  end  by  the  given  pUuje  vur^c  A  A, 
hliTiialljr  bj  a  oylindrioal  ur  pmmAtic  suriiice 
ynfltafced  by  the  motion  of  n  straight  line  pui> 

aOfll  to  O  Z  round  the  oatline  of  A  A^  and  at 

Ibe  otker  end  by  a  suriace  B  B,  of  such  a  figore, 

HsKk  its  ordinate  s  at  any  j>oiut  shall  be  proportional  to  tbt'*  int^msity 

of  the  streiM  at  the  point  of  the  siiH'ace  A  A  firom  vhicll  that 

crdinmfce  procc^fd^,  as  anowu  by  the  equation 


Tig.  41. 


Toltune  of  this  ideal  solid  will  be 


:jj  z-dxd^, (7.) 


^ 


So  that  if  it  bo  conceived  to  comiLst  of  a  material  whose  speciHo 
gravity  is  to,  the  amount  of  tho  stress  will  be  equal  to  the  weight 
a  the  solid}  that  is  to  say, 

P  =  w  V (8.) 

If  the  stress  be  of  opposite  signs  at  different  points  of  the  plane 
mr&cc  A  A,  the  surface  B  B  and  the  solid  wliich  it  temiinatea 
will  be  partly  at  one  side  of  A  A  and 
partly  at  the  opposite  aide,  as  in  fig.  42; 
and  in  tlus  case,  the  two  parts  into 
which  tho  flolid  A  B  A  B  is  di\ided  by 
the  plane  X  O  Y,  are  to  hv  regarded  as 
having  opposite  signs,  and  V  is  to  be 
held  to  represent  the  difference  of  their 
rolnmea 

The  meaai  stress  of  equation  5  is  evidently 

P9=W2^ (9.) 

in  which  z^  is  the  height  of  a  jMuulIel- ended  prism  or  cylinder 
standing  on  the  base  AAA,  and  of  volume  equal  to  the  solid 
ABAB. 

89.  Tlw  Gortre  sf  Sirvu,  or  of  prcwmrc,  in  any  surface,  is  the 
pcnnt  travecsed  by  the  resultant  of  the  whole  stress,  or  in  other 
words,  the  Centre  of  Paraltel  Forces  for  the  whole  stress.  From  the 
jirinciplcs  alreadjF'  provod  in  Chap.  11.,  Section  4,  it  follows,  tliat 


Fig.  42. 
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the  position  of  this  point  does  not  depend  upon  the  direction  of  tlio, 
stress,  nor  upon  it^  absolute  msgnitude  ;  but  solely  on  the  fonn  of  j 
the  Rnrfaoe  at  which  the  stress  acts,  and  on  the  proportdons  between ' 
the  intensities  of  the  stress  at  dllTorent  points. 

As  in  Article  88,  conceive  a  tigure  approximating  to  that  of  the 
given  phmc  surface  AAA  (fig.  40),  to  be  composed  of  several  small 
rectangles;  let  wiS  denote  the  angles  which  the  direction  of  the  stress 
makes  with  0  X,  O  Y  respectivelj*.  Then  the  moments,  rvlative  to 
the  co-ordinate  planes,  Z  0  X,  Z  O  Y,  of  the  components  parallel 
to  those  planes  of  the  stress  on  a  a  ay,  are  given  by  the  approad- 
mate  equations. 

Moment  relatively  toZOX,     ypAXiy    sin  /^  \-«-j„ 
„  „  ZO  Y, -a;j9  Aas  A  y  •  sin  «/         ^' 

Somming  all  such  moments,  and  passing  to  the  integral  or  limit  of 
the  sum,  ns  in  fonner  examples,  we  find  the  following  expressions, 
in  which  2^  and  j/^  denote  the  co^)i-dinates  of  the  centre  of  stress  ; 

2/0  P'siu  /3  =  .sin  (^  I  j  yp'dxdi^^ 
an,P'sin«^sin«  /   /  xp'dxdi/\ 
Consequently  the  co-ordinates  of  the  centre  of  stress  are 


/  I  xp-dxdy 

^^ic 

J  j  p'dxdfj 
I  j  yp-dxdy 

// 


2^0  = 


p  •  dxdy 


which  are  evidently  the  same  witli  the  co-ofdinutcs,  |wmlleT 
OX  and  0  Y,  of  the  ceiUrc  0/ yrai*iti/ of  the  ideal  solid  of  fig.  -II, 
whose  ordinates  z  are  pi-opoi-tional  to  the  intensity  of  the  pressure 
at  the  points  on  which  they  stand. 

Wl^en  the  intensity  of  the  stress  is  positive  and  negative  at 
different  points  of  the  surfjice  AAA,  cases  occxir  in  which  the 
positive  and  negative  parts  of  the  stress  bahmce  each  other,  so  that 
(he  total  stress  is  noUiing,  that  is  to  say, 


I 


f  j  pdxdy^O. 


In  such  cases,  the  resultant  of  the  stress  (if  any)  is  a  coupUy  and- 

tJbcre  is  no  centre  of  stress.     This  case  will  be  further  considered 

ia  the  sequel 


PKlPORaiLT  VARYISO  STILESS. 


•r  VmiCnwa  ScreM. — If  the  intensity  of  the  stress  be 

the  factor/)  in  equation  2  of  Article  89  becomes  constant, 

IT  be  removed  from  both  numerator  and  denominator  of  the 

for   Xf,  and   y^,   which   then   become   simiJy   the   co- 

of  the  centre  of  gravity  of  a  flat  jifate  of  the  figure  AAA. 

TUa  also  i^iKsans  from  tlie  c>on8idcrution,  that  the  surface  B  B 

k  fiff.  41  beoomes  a  plane  parallel  to  A  A^  and  the  solid  A  B  A  B, 

a  patallel-«iided  priain  or  cylintier. 

f  SJL  af»— c«t  or  mifarmir  VnvTivK  »<"••■. — By  an  uni/vrndj/ 
mfying  stress  is  understood  a  stress  whoso  inteofflty^  at  a  given 
point  of  the  surface  to  wliich  it  is  applied,  is  propoitioual  to  the 
ffifllaooe  of  that  point  fkx>m  a  given  straight  line.  For  example,  let 
Ibe  g^ven  straight  line  be  taken  as  the  axis  O  Y ;  tlien  tlic  following 
equation 

p  —  ax,  (1.) 

a  b^ing  a  constant,  represents  the  law  of  vai'iation  of  the  intensdty 

Ka  uniformly  varying  stress, 
he  antounl  of  an  uniformly  varying  strees  is  given  by  the  eqiiar 
I 


P=   [  f  p'dxd^^a  j j  x-dxdy (2.) 


Iiidi,  if  the  axis  O  Y  traverat-s  the  centre  ofijravUy  of  a  plate  of 
^ffure  of  the  gurface  ofadiorh  AAA,  becomes  equal  to  jtothiwf^ 
positive  and  negative  values  of  p  balancing  each  other.     In 
^lis  cajse,  OY  iii  called  a  xeutbal  axis  of  the  suriace  AAA. 

In  fig.  43,  let  AAA  represent  the  plane  stirlacc  of  action  of  a 
Btreas;  let  O  be  its  centre  of  gravity  (that  is,  the  centre  of  gravity 
of  &  flat  plate  of  which  AAA 
is  the  figure);  -YOY  the 
neutral    axis    of    the    stress 
applied ;  —  X  0  X  perpendi- 
cular to  —YOY,  and  in  the 
plane  of  AAA;  —  ZOZ 
idicular  to  tliat  plane. 
Conceive  a  plane  BB  inclined 
■"to    AAA    to   traverse    the 
netitral   axis,    and   to  form, 
with  the  phmc  AAA,  a  pair 
of   wedges    bounded    by    a 

cylindrical  or  prismatic  suriace  parallel  to  —  ZOZ.     The  ordinate 

»,  druwn  from  any  poiut  of  AAA  to  BB,  will  be  proportional  to 

intensity  of  the  stress  at  that  point  of  AAA,  and  will  indicate 

it»  upward  or  downward  direction  whether  tliut  stress  is  positive 

or  n^gatavay  aad  tia  nallity  of  the  total  stl'esa  will  be  iu^caicd  \s^ 


Fig.  43. 
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the  equality  of  tlie  positive  wedge  above  AAA,  and  tlio  negatl 
wedge  "below  AAA     TUo  rcsnltant  of  the  whole  stress  ia  a  coi 
whose  moment,  and  the  position  of  ita  axis,  are  found  in 
following  manner,  by  the  application  of  the  process  of  Chap. 
Sect  2,  Article  60. 

Let  K,  fiy  V,  be  the  angles  which  the  direction  of  the  stceas 
ith  OX,  OY,  OZ,  respectively.     Let  Ax  Ay  denote,  as 
'the  area  of  a  small  rectajigular  portion  of  the  sur&oe,  Zj  y,  the 
ordinates  of  ita  centre  (fur  which  s-O),  and  p^ax,  the  in' 
of  the  stress  on  it,  so  that 

A  P  =i?  A  «  d  y  =  a  X  A  a:  A  y 

is  the  force  acting  on  this  rectangle. 

The  moments  of  this  force  relatively  to  the  three  axes  of  co- 
ites,  arc  found  to  be  as  follows,  by  making  the  proper  substitutio 

fn  equation  2  of  Article  60 : — 

round  OX;  Ap'ycosyj 
„     0  y ;  —  A  P  * «  cos  y ; 

I,       OZ;  aP(icob/3  —  ycos«). 

Summing  and  integrating  those  momentS|  the  following  are  found 
to  be  the  total  moments : —  ' 


:  a  •  ooa  y 


f  J  xydxdff 


(3.) 


round  OX;  M| 

„      OY;  M,  =  —  a  cosy  j  f  x^'dxdy 

„       OZ;  M,  =  a  jcos/3  f  ja^-dxdy^cosa  j  fxydadyl 

For  the  sake  of  brevity,  let 

j  ja!^'dxdtj  =  l;j  j  xj/-dxdy  =  K; (3a.) 

then,  aa  in  equation  7  of  Article  CO,  we  find,  for  the  moment 
the  resultant  couple, 

M=^(M!  +  M«+MJ) 
=  a-  J  |(I"  +  K*)cos»y  +  Peos'^  +  K»-oo3*- 
—  2  I  K  ■  cos  «  •  cos  A  j 
=  a  J(P-8Jn»«+ K^ -sin* /5—2IK -cos* COS /3) ;...(*.) 
And  for  the  angles  K  f*,  *,  made  by  the  ajda  of  tliat  couple  with  tE? 
:eB  of  co-ordiuuUiS,  we  fijid  the  angles  whose  coaince  are  as  follows: 


^     M,  M,  ir. 

C08>  =  -j^;cos^  =  ^-;co«»  =  ^. 


m 


xouzrr  op  n&n>c;a  snsEss. 


^Tkb  foQowixig  equation  is  easily  veriiiod : — 

ooe«co6^  +  coaflctKfi.  +  cos  y  coe»  =  0 (.5  a). 

tkis  indicates  ivbat  is  of  itself  oViou^i ;  thut  the  axis  of  the  resul- 
tant couple  3VI  is  perpenHiciilar  to  the  dii-ectiun  of  the  stresi. 

Ibe  follo-wing  form  ia  oftcu  the  most  convenient  for  tho  constant 
*  Let  p^  be  the  intensity  of  the  stress  at  some  CLxcd  distance,  2^ 
fam  the  neutral  axis;  then 

"^ (0.) 

9i.  Ji^BMaK  •€  BcadiiLB  snvM. — If  the  unifurmly  varying  stress 

ie  Dormol  to  the  surface  at  vhicb  it  acts ;  that  ia  to  say  in  83anbols, 
J- 

coa»  =  0;  cos/3  =  0;  cosy  =  l; (1.) 

ifta  it  is  evident  thnt 

M,  =  0;  cos  »  =  0; (2.) 

ia  wordtf,  thut  the  axis  of  the  resultant  couple  ia  in  the  jdaae  of 

mt&ou  A  A  A.     Such  a  stress  as  this  is  cilled  u  bendi7ig  ttrwa^ 

rOMOna  which  will  be  explained  in  tn-ating  of  tlie  stiength  of 

Tlie  equ.itions  of  Article  91,  when  applied  to  tliis  case, 

tl«come  aB  follows : — 

M  =  a-  V(l'-rK*); 

COB^=;sin^=:  K 


(3.) 


I 


If  the  figure  AAA  is  syuuneti-ical  oa  either  side  of  the  axis 
OX,  then  for  every  point  at  which  y  has  a  given  positive  value, 
there  is  a  corresponding  point  for  wliich  y  has  a  negative  value  of 
eooal  anunukt ;  so  that  for  sach  a  figure 


K=  j  f  a!y'dxdy  =  Oj 


and  thfl  same  equation  may  be  fulGlled  idso  for  certain  unf^mme'- 
trical  figurQ&     Ia  this  caae  we  have 


Mt=0;  M  =  M5  =  — alj  ^  =  0; 


.(1) 


m  ihrnt  the  axjs  of  the  couple  coincides  with  the  ucutral  a)U». 


PIOKCIPLES  OP  STATTCS, 


(1.) 


93.  HfooicMt  of  TwUUm^  HtrcM. — If  the  stress  be  tangential,  i1 
tentlcncy  is  pb^-ioufily- to  twi^  the  surface  AAA  about  tho  axil 
O  Z,     In  this  case  we  have 

cos  y  =;  0  ;  coa  »  ^  sin  f9 ;  cos  /3  =  sin  « 
M'  =  0;  M,  =  0; 
M  =  Mj  =:  a  (I  sin  «  -  K  cos  «) ; 
cus  A  =  0 ;  C08  >t  =  0 ;  cos  »  ^  1. 

lii  tho  coses  referred  to  in  Article  02,  for  which  K  =  0,  we  fii 

M  =  alMn«; (2.) 

so  tliat  In  those  cases  it  is  only  the  component  of  the  stress  parall< 
to  the  neutral  axis  which  prorlaces  tlie  twisting  couple, 

94.  CvMirc  of  uniramir  Vantns  BimB. — When  the  amount 
uniibrnily  vanring  stress  has  maj^uitude,  that  stress  may  be  coi 

Icrcd  as  made  up  of  two  parts,  viz. : — 

Firety  an  uniform  sti-css,  whose  intensity  is  the  m^n  intensity 
the  entire -stress,  and  whoso  centre,  is  the  centre  of  gra^Hty,  0, 
tlie  surface  of  action.  As  in  Article  88,  ef^imtion  5,  this 
intensity  may  be  represented  by 


Po 


total  stress 
area 


(1-) 


iceonfffi/,  an  uniformly-varj-ing  stress,  whose  neutrul  axis  tt 
xerses  0,  whose  amount  is  =  0,  and  whose  intensity,  /i',  at  a  giv< 
|K>int,  is  till?  deviation  of  the  intensity  at  that  point  from  tho  mcan| 
so  that  the  intensity  of  the  entire  stress  is  given  by  the  equation 


p  ^Po  +  i^  =^jPo  +  oa' 


(2.) 


Let  M  be  the  moment  of  this  second  part  of  the  stress ;  its  effi 
as  has  been  alrcidy  shown  in  Article  GO,  case  2,  is  to  shift  the 
resultant  T  parallel  to  itseit' thi*ougii  a  distance 


(3.) 


to  the  opposite  side  to  tliat  whose  name  designates  the  tendency 
the  couple  JVI;  and  the  direction  of  tho  line  L  is  perpendicular  at 
once  to  tliat  of  the  stress,  and  to  that  of  the  axis  of  the  couple  M. 

The  co-ordinates  relatively  to  the  point  O  of  the  centre  of  stress 

us  thus  shifted,  being  tho  point  where  the  line  of  action  of  the 

shifted  resultant  cuts  the  plnno  of  AAA,  arc  Tfto«t.  easily  found  by 

adapting  the  eqimtiou  2  of  Art  SO  to  tbo  -pTeafcTxt  caafe,«a  ItiftsyKV.- 
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perpendiculiir )  f  (xp'-dxdy      a(  (x'-dxdy       nl 

to  the        Vxo  =  -'-^t —    •'-J- —  — 

neotcal  axis  I  P  P 

along  the     )  j  jyi^'-dtdt/      aj  jxydxdy      oK 


neatraJ  axis   (V^ 


(L) 


The  angle  i  vhich  the  line  joining  O  and  the  centre  of  streaBJ 
with  the  neutral  axis  0Y»  is  that  whose  cotnugeut  ia 

K 


cotau  rf  =  — 


(5.) 


' 


This  line  will  be  called  the  axis  conjt/{/ai€  to  the  neutj*al  axis 
—  Y  U  Y.     When  K  =  0,  it  is  perpendicular  to  the  neutral  axis. 

95.   n*nrau  «r  i««riia  of  m  9arfii«r.— The  integral  I  =  /  /  A^ 

'dxdy  is  snmetimes  called  the  moinent  of  infiHia  of  tlie  surface 
AAA  relatively  to  the  neutral  axis  —  YOY.  Thia  ia  a  term 
adopted  from  the  science  of  Dynamics  for  reasons  which  will  after- 
"vrards  appear.  The  present  Article  is  intended  to  point  out  certaia 
Kehitions  which  exist  amongst  the  momenta  of  inertia  of  a  plaxioj 
•ttriaoe  of  a  given  tigure  relatively  to  different  neutral  axes ;  a 
knowledge  of  which  relations  is  useful  in  the  determination  of  the 
moment  of  a  bending  or  twisting  strejw. 

Let  A  A  in  fig.  44  represent  a  plane  surface  of  any  figure,  0  its 
centre  of  gravity,  YOY,  XOX,  a  pair  of  rectangular  axes  croesing- 
eaofa  other  at  O,  in  any  position. 

Taking  YOY  as  a  neutral  axis,  let 
the  moment  of  inertia  relatively  to  It  I  w 

I  ^jj^-dxdy; 

let  the  moment  of  inertia  re- 
htiTely  to  X  O  X  as  a  neutral 
ttxis  be 

and  let 


K  =  J j  xydmdy. 


(!') 


Fig.  44. 

Now  let  Y'OY"',  X'OX',  be  a  new  pair  of  rectangular  axes,  ij) 
xny  position  making  the  angle 

YOY'  =  XOX'  =  {i 


rs 
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vith  the  original  pair  of  axes ;  aad  Ick 

r  =z  j  ja^'dafdfj', 
J'r^jj^-dafHy';       \  -.(2.) 

The  following  relations  exist  between  tho  original  co-ordinat 
a-,  y,  of  a  given  point,  and  the  new  co-ordinates  of,  y',  of  Uio 
point; 

af  ^xcoB^  —  ysin)3;1 

y'  =  a;sin^  +  y  coa  ^;  V (3.) 


tlAnn/^rp.  13, 


(This  last  quantity,  wldch  is  the  square  of  the  distanoe  of 
given  (joint  from  O,  is  what  is  called  an  Isotropic  Function  of  tl 
oo-ordinatea ;  being  of  equal  magnitude  in  whatBoever  position 
rectangular  co-orduiates  are  placed.) 

From  the  equations  (3),  the  following  relationB  are  easily  deduc 
between  tho  oiigiiwl  wtograls  I,  J,  K,  and   the   new   iut 

r  =  Toos»^  +  J-8in"/3— 2Kco8/3Bin/8; 

J'  =  I  ■  sin*  ^  +  J  •  cos"  fi  +    2K-co&fitimfi;y  ...(1) 

K'  =  (I  —  J)  cos  /3  •  sin^  +  K  (cos  /3  —  sin' 


in/8;) 
in;S;^...| 


Also,  the  following  functions  of  those  integrals  are  found  to 
isotropic; 

I  +  J  =  r  +  J'  =  Jl  (*■  +  tr)-dafdy (5.) 

(called  the  polar  moment  of  inertia) ; 

I J  —  K*  =  r  J'  —  K* (6.) 

Equation  5  may  bo  thus  exprosaed  in  words  ; — 

Theorem  I.   ?'/«  sum  of  (he  fnomcrUe  of  inertia  of  a  tur/a 
relatively  to  a  pair  of  rectavgxUar  neutral  axe^  is  i^ropic 

Equations  5  and  G  in  conjunction  lead  to  tho  following  conse- 

qucncea      Because  the  sum  I'   +   J'  is   constant,   V  must  be  a 

ijmaximnm  and  J'  a  miuinmm  for  that  position  of  the  rectangular 

^ipces  which  makes  the  diflfereuce  I'  —  J'  a  maximunL     And  be^kuse 

(I'  — J')'  =  (I'  +  J-)-— 4I'J',  4 

I* —  J' must  be  a  maximum  for  that  position  of  the  axis  which 
makes  I*  J'  a.  minimum.     Butby  equation  6.1'  3'  — "S?\E.co\iiAiwiS» 


for  aU  positions  of  the  rx«»;  therefore  when  K'  =  0,  PJ*  ia  a 
r  —  J'  ft  maximuniT  I'  a  Tnazunum,  and  J'  a  mlnisiunL 
fellows,  in  tbv  lint  place, 

n.  In  eoay  ftlane  g^irfaes  t/ifir«  is  a  pair  of  rtci- 
tmpiiar  neutral  cures  for  (me  of  whicli,  the  moment  of  inertia  %8 
,  and  for  M«  ^Aher  la$8,  than  f&r  oany  oUier  nculrol  axie. 
Theae  axes  are  called  Principal  Axes.  Let  I„  J„  he  the  maximum 
nd  mixumum  moments  of  inertia  rolatively  to  them,  and  let  /3,  be 
ikm  angle  which  their  position  makes  with  the  original ly-aasumtKl 
azs;  thetn  because  K|  c  0,  we  have,  &om  the  third  of  the  eqoa- 

nd  becanso  I,  +  Ji  =  I  +  J,  and  Ij  J,  ^  I J  —  K",  we  have,  by 
the  aohitiou  of  a  quadratic  equation. 


I,= 


v{ 


(i-jy 


+  K» 


} 


,,.L4J-V'{<I^'*K.} 


(8.) 


le  position  of  the  principal  axes,  and  the  values  of  I,,  J„  being 
lEnown^  the  int<?gml8  I',  J',  K',  for  any  pair  of  axes  which  mako 
lagle  ff  wiUi  the  principal  axes,  arc  given  by  the  equations 

r  =  I,  cosM  +  J,  sin* /a*;      ) 

J'  =  I,  Bin*/9r   +  J,  coa'fl';       \ (9.) 

K' =  (I,  —  J,)  OM  jfl*  mn  ^.     j 

J„  then  r  =  »r  =  I„  and  K'  =  0,  for  all  axes  whatflo- 
and  the  given  figuro  may  be  said  to  have  its  moment  of 
i«rtia  compfftUhj  isotropic 

^ext,  as  to  CrmjugaU  Axes.     By  equation  5,  Article  04,  we  haTC 
ihe  angle  whidi  the  axis  coojogatc  to  O  Y  makes  with  0  Y 

cotan  0  ^  -_-. 

For  the  principal  axes,  K  =  0,  ootan  P  =  0,  and  I  ia  a  right 
angle ;  from  which  follows — 

Theor£M  III.  Tiic principal  axe^  ar^  conjugate  U>  each  other: — 
that  is,  if  either  of  them  bo  taken  for  neutral  axis,  the  other  will 
be  the  conjugate  axis. 

Betuming  to  equation  4  of  the  present  Article,  let  us  suppose, 
&at  the  axis  conjugate  to  the  originally  usyiuneil  ncxitral  axis  YOY, 
be«D  detemunedy  and  that  its  position  is  V'U  Y',  so  that 
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Let  tliis  conjiigjite  axis. be  assumed  as  a  new  neutral  axis.     Tlien  th< 
iutt^gmlt)  r,  J',  K',  Iwlouging  to  it  are  determined  by  aubstituti 
i  for/3  in  the  equation  4;  that  is,  by  substituting  for  cos  0  anc 
aiu  j9^  the  ralues  of  coa  ^  aud  sin  '  la  tenus  of  K  and  I,  viz. :— > 


cos  6  = 


K 


sin  &  = 


I 


Vr  +  K*  Ji'  +  K" 

wliich  substitution  having  been  mad^j  we  find 


K'= 


—  K(IJ  — K") 


I'  +  K' 


.(10.) 


Now  let  it  be  required  to  find  the  angle  f,  which  the  new  wry- 
jugate  ajci^  makes  with  tlie  neio  netUreU  arts  Y'O  Y'.  This  angle 
is  given  by  the  equation 


cotan^  = 


r 


^  —   ^    =  —  cotan  *, 


whence 

*'  =  -* (11.) 

or  in  words, 

TllEOBEU  IT.  If  the  oris  conjugate  to  a  fficen  neutral  otw  be 
taken  as  a  Jiew  neutral  €txis,  tJte  <yrifjinal  neutral  axis  vnll  be  the  novo 
conjugate  €txu. 

The  following  mode  of  graphicftlly  representing  the  preceding 
theorems  and  relations  depends  on  well 
known  projjerties  of  the  ellipse. 

In  fig.  45,  let  O  Xi  O  Y,  perpendicular  i 
to  each  other,  represent  the  principal  axoa' 
of  a  surface.     With  the  semi-axes, 


6  =  0Y,  =   JJ,  j 


Fig.  45. 


descnbe  an  ellipse,  so  that  the  square 
each  semi-axis  shall  represent  the  moment] 
of  inertia  round  tlie  other. 


Xefr  tbo  semidi&meter  OY'  be  dr&wu  in  the  direction  of  any 
attuned  DcuUtd  axia,  and  let  ,^  Y^OY*  =  (V.    YJttcti  O^ 


^A"^ 
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keter  conjugate  to  OT',  so  that  the  tangent  GT  shall  be 
-pciIMto  O  v.  Ut  Cf  =  f,and  let  the  normal  OT  =  n.  TUeii 
it  is  xrell  known  that 

n  /  ^  (a*  —  6')  •  COS  j3'  •  sin  fS" ;  j 
itly,  com|)armgthi^  cqufttiou  with  the  equation  9,  we  lind, 

r 


«h3  tliat 


(13.) 


(14.) 


p      inertia 


K'  =nt', 

K        t 
cotan  <=:-—  =  -  =  ootan  Y' 0  C; 
In 

m  that  the  sqimrc  oi*  the  nonual  0  T  represents  the  moment  of 
inertia  for  the  nuutral  axis  0  V,  and  the  semidiunieter  OO  con- 
to  OY'  ia  alao  the  conjngate  axis  of  the  neutral  axis  0V« 
nd  vice  vend. 

In  finding  the  moment  of  inertia  of  a  surface  of  complex  figure, 
it  may  aometimes  be  desirable  to  divide  it  into  parta,  each  of  more 
simple  figure,  find  the  moment  of  inertia  of  each,  and  add  the 
Tcsultfi  together. 

In  a  case  of  this  kind,  the  ueuii-al  axis  of  the  whole  surface  will 
ot  neoetisarily  ti-aveme  the  centre  of  gravity  of  each  of  its  parts, 
id  it  becomesi  necessary  to  use  formula;  fur  fiudiu}^  the  moment  of 
ertia  of  a  figure  relatively  to  an  axis  not  traveriting  ita  centre  of 
tvity, 

L*?t  O  Y  denote  such  an  niis,  x  the  distance  of  any  point  of  the 
Ten  figure  from  it,  and  Xq  the  distance  of  the  centre  of  gravity  of 
|the  given  figure  from  tlie  axis  O  Y.    TluDughthat  centre  of  granty 
nc<'i  ve  an  axis  O'  Y'  to  be  di-awn  parallel  to  O  Y ;  the  point  which 
is  at  the  ditftaucc  x  from  0  T,  is  at  the  distance 

of  =  x  —  a^  _ 

fromaY'.  ■ 

The  required  moment  of  inertia  is  H 

l  =  jjx'dxdyi  I 

[Vit  a:!  =  a^  +  2joa:'  +  x";  ■ 

[(hflcvfore^  ■ 

I  l==3iS  +  2xo  j  j  af-dxdy+  j  j  x'*'dxfiy;  I 

Lmd  becaoM  O' Y'  traverses  the  centre  of  gravity  of  9,  I 

^H  J  J  x'  •dxd^^^  \  I 
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60  that  Uie  middle  term  of  the  exprcsaiuu  for  I  vauiaheaj  leaving 

I  =  4S  +  y"|a^'-rfx</yi„,.- (15.) 

or  in  words, — 

Thkouem  V.  The  moment  o/i-nertia  of  a  ntr/ace  rdativvlif  to  > 
cuds  not  traversing  its  centre  of  gravity  is  greater  tiuin  the  monuaU 
ineriia  towjuI  a  parallel  ojcts  trax^ersing  its  centre  ofgravit^j  by 
product  of  the  area  of  Hit  surface  iiUo  tlie  square  of  the  distance  beit 
(hose  (too  axes. 

The  foUowiDg  is  a  tabic  of  the  principal  (or  maxima  and  mii 
vnynients  of  inertia  of  sxirfttces-of-action  of  streas  of  those  ti^ 
which  mo«t  commonly  occur  in  practice  : — 

Maximum  I|  Minimnni  Ji 

(iieiitnilnxJiiUV).  (noutnluiiOr 


nguro. 


I.  HECTTJCiroLE. — lieu«th  along  OX, ) 
hi  breadth  along  O  Y,  6 f 

H.  Square. — Side  ^  h , 


XTL  Ellipse. — Longer  axis,  h. 

Shoi*ter  Axts,  &. 

r  1 


(KR- 


64     2U-4 


ncarli/). 


IV.  CiBCLE. — Biamctei*,  h 

V,  Hollow  symmolrlcal  figures;  sub- 
tract I  or  J  for  inner  figure,  fi*om 
I  or  J  for  outer  figure. 

VL  Symmetrical  aiwpmblage  of  rec- 
tangles J  dimensions  of  any  one 
A  II  a;,  6  II  ^;  distance  of  its  centre 
&om  0  Y,  a;,;  from  OX^^o...... 


12 
h* 
12 


■^r 


h*b 
'•  IT 

+27*60; 


IT 


htf 


Section  3. — Of  Internal  StresSj  its  Composition  and  ResoltUion. 

9G.  ImcrBKl  Str«fl>  !■  CcucmL — If  a  body  be  conceived  to 
divided  into  two  parts  by  an  ideal  plane  trftvei-sing  it  in  an: 
direction,  the  force  exerted  l>ctwecn  those  two  parts  at  the  plane 
division  is  an  intertml  stress.  The  finding  of  the  rcsidtant,  a 
of  the  centre  of  stress,  for  an  internal  stress,  depend  upon  the" 
principles  relating  to  stress  in  genei-al,  which  have  been  explained 
in  the  lost  section.  The  prt^sent  section  refers  to  a  different  class 
of  pzxfblcms,  viz.f  the  rclutions  between  the  diifercnt  stresses 
which  COD  cxiat  togetlier  in  one  h*Ay  at  ont  \K)\ttt. 


tU^I 


sntrpLE  arssBL 


^ 


nil 


A  hofiy  may  be  clividecl  into  two  parts  by  a  plane  traveling  a 
^~i  puiut,  in  an  iudeiuiite  number  of  ways,  by  varying  the  nngiilai 
ion  of  the  jihine ;  and  tho  stress  which  acts  between  the  two 
^■rts  may  vaiy  in  direction,  or  intensity,  or  in  lioth,  as  tho  {Kwitian 
ef  the  phinc  varies.  The  object  «f  tlie  present  section  is  to  show 
the  lawH  of  sMch  variAtion  ;  and  also  the  effect  of  applying  difl'erent 
ctnsflfies  aimultaneouiily  in  one  boUy. 

W»e    investigations  in   this  section   relate  strictly  to  stress  of 

uniform  intensity  ;  bnt  their  results  are  made  applicable  to  stress  of 

nnable  intensity  to  any  required  degree  of  accuracy,  by  sufficiently 

tttttnic-ting  the  space  under  cousideration,  bo  that  the  variations  of 

within  its  luuita  shall  not  exceed  the  assigned  limits  of 

ion  from  unifoi-mity. 

i.    fUmpIc  MtrcMi  and  il«  ttormnl  InfcnaltT. — A  simple  Sb-ess  is  a 

or  a  thmst     In  the  following  investigations  a  pull  will  bo 
itcd  as  positive,  and  a  thrust  oa  nt^^ative, 

fig.  46,  let  a  pri^rniitic  solid  IxmIv,  or  part  of  a 

body,  whose  sides  are  p«i*allel  tfj  the  axis  O  X, 

kept  in  equilibrio  Viy  a  pull  applied  in  opposite 

dilutions  to  its  two  ends,  of  uniform  intt^naity,  and 

of  the  amount  P. 

Let  an  idea.1  piano  A  A,  perpendicular  to  O  X, 

conceived  to  divide  the  body  into  two  parts,  and 

'the  area  of  that  plane  of  section  be  S.     Tliat 

ih   of  these    partvS    may  be   in    equilibrio,    it   is 

neoeaoiry  Uiat  tliuy  whunld  act  upon  each  other,  at 

^Ktiir  plane  of  section  AA^witii  a  pull  in  tho  direction 

^■OX,  of  the  amount  P,  and  of  tlic  intensity 

^m  This,  which  is  the  intensity  of  the  stre&s  as  distributed  over  a  plane 
^B  iLormal  to  its  directioD,  may  be  called  its  nomial  intcnetlt/. 

^m       98.    B«4acllo«  af  SlHpbt   Mmn  tm  ■■   Obli^ae  Planr. — Next,  let 

^Hthe  plane  of  section  be  conceived  to  have  the  position  BB,  oblique 
■  to  0  X  ;  let  O  N  be  a  line  normal  to  B  B,  and  O  T  a  line  at  the 
Hiutcnir-ction  of  the  planfis  B6  and  XON.  Let  the  obliquity  of 
^B  the  |)Une  of  acctiun  be  denoted  by 

I  ^=^XON-^TOA. 

H  The  two  parts  into  which  B  B  divides  the  body  must  exert  on 
^Kcwh  otbrr,  as  in  the  fonner  case,  a  pull  of  the  fimouTit  P,  and  in 
Htbc  direction  O  X  ^  but  the  area  over  which  that  pull  ia  distributed 


OltU 

rig.  46. 
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nraiBB 


^S  fin  & 


Pcoarf; 


.(I.) 


cosrf' 

ooDJBeqnently,  the  intensity  of  tbe  stress,  as  reduced  (o  the  ohlxqus 
plane  o/aectiofij  is 

Poos* 

00.    Rraalallaa    af   Obltqnv     ^rrw    Inla    IVomial    and     TancrMlnl  ^ 

€««ipon«ni4. — Tlie  oblique  stress  P  on  the  plane  of  section  B  B  maj 
lie  n'solvetl  by  the  principles  of  Articles  55,  57,  into  two  com]H>*j 
nents,  viz. : — 
Nnrmal  component  a- ) 
long  ON, i 

iind  the  intensities  of  these  com]H)ncnti)  are, 

Normal  ;       }\  =prCo&  6  ^^^ p/ cot? $  ;       ) 
Tangential ;  p^  :=  Pr  sin  S^^p^'  cos  tf  sin  ^  J 

Supposfi  another  obliq\ie  piano  of  section  to  cut  the  body  at  right 
iinglL's  to  B  B,  so  that  its  obUquity  is  ^_ 

ami  let  tlm  intensity  of  the  sti^ess  on  the  new  plane  bo  denoted  by 
accented  ktttra ;  then  ;^^  r  ^y  j, .  V .  ^  *.,  ^^'^r:.*^  '«  x>,  u'b'-  p^ 
^*'=K--»W.\p'.=/>,-co8V=;».'ain''rf;i          "^    ^31   ■ 
,^*i<?  4.-^   ■'.*      v\—pr,p^-^p\—v,->        i ^''  ■ 

80  that  we  obtain  tbe  following  aj ^  v  -i j V  -  V*  * '- *^  * "^tF^B 

Theorem.  On  a  pair  of  planes  of  section  irAojw  ohUqniti^  am 
togeUter  equal  to  a  rigid  aityi%  (Ju*  tmigential  cwnponeiUs  of  a  simple 
streas  are  of  equal  inteinsity,  and  tlie  infeiisities  qftlie  normal  eort^ 
pOTienU  are  together  eqttal  to  tlt«  normal  iiUensily  oftlte  elress. 

lUO.  f-'ompaand  Htrt-n  is  that  internal  condition  of  a  lnjdy  whirh 
is  made  by  the  combined  action  of  two  or  more  simple  stresses  in 
different  directions.  A  ctjmpound  stress  is  known  when  the  direc- 
tions and  the  intensities,  relatively  to  given  planes,  of  the  simple 
stresses  composing  it  are  known.  The  :ttimv  uontpomid  stn^.s8  may 
be  analyzed  (as  the  enauing  Articles  will  show)  into  gi-oups  of  simple 
stresses,  in  different  wa3rs  ;  such  givups  of  sinijile  stresses  are  said 
to  bo  equivalent  to  each  other.  The  jiroblems  of  finding  of  a  group 
of  strvssoa  cqui^-alent  to  another,  and  of  determining  the  relations 
irhicii  must  exist  between  co-existing  stresses,  are  solved  by  oon- 
Bidermg  the  conditioxw  of  equilibiium  of  some  internal  part  of  tha 
9fi}id,  ofprismntic  or  j>yi'amida\  figure,  \x>vu:v»XttA.\)>f  \Afi».\  YV&uca. 


TQftEC  OOSJUOATE  STR£S8£3. 


iTg.47. 


pUfne  »i  a  6oc(y  he  in  a  tfiven  direction,  tha  tttms  on  any 
foralM  to  that  dlrcUimi  mu»t  be  in  a  direction  paraUd  to 
t&«  Jirwt-rnejdioiied  plaiic 

li  fig.   47,  let  YOY  represent,  in  section,  a  given  plane  tra- 

a  body,  and  let  the  stress  on 

le  be  in  the  tUrection  X  0  X. 

the  condition  of  a  priinniitio 

ion  of  the  body  represented  in  aec- 

by  A  B  C  D,  bounded  by  a  pair 

planes  AB,  D  C,  parallel  to  tlie  given 

,p]aiic,  and  a  puir  of  planes  A  D,  B  C\ 

.parallel  to  each  other  and  to  the  given 

direction    XOX,  and    having  for  its 

axM  a  line  in  the  plane  YOY,  cutting 

XOX  in  O. 

The  eqnal  resultant  forces  exerted  by  the  other  parts  of  the 

l«a  the  faces  AB  and  D  C  of  this  priBui  are  directly  opposed,  tlieir 

'■Qocainon  line  of  action  traversdng  the  axis  O  ;  and  they  are  there- 

fefe  independently  balanced.     Therefore  the  forces  exerted  by  the 

othrr  jjurts  of  the  bcniy  ou  the  faces  A  D  and  B  C  of  the  prism 

muiit  be  independently  balanced,  and  have  their  resultants  directly 

which  cannot  be  unless  their  direction  is  parallel  to  the 

y  0  Y.     Therefore,  Ac— Q.  E.  D. 

A.nir  of  stresses,  each  acting  on  a  plane  parallel  to  the  direction  of 

ktOwfll^  are  said  to  be  conjugate.    In  a  rigid  body,  it  is  evident  that 

[their  intensities  are  independent  of  each  other,  and  that  they  may 

'he  of  the  same,  or  of  opposite  kinds: — a  {uiir  of  pulls,  a  |)air  of 

thrust^  or  a  puil  and  a  ^rust 

In  those  cas(»  ^of  frequent  occurrence  in  practice)  in  which  the 

pUnes  of  action  of  a  pair  of  conjugate  stresses  are  both  |>erpendi- 

j^  enlar  to  the  plane  which  contains  their  two  directions,  their  obli- 

H  «|uity  is  the  same,  being  the  complement  of  the  angle  which  they 

^»  moke  with  each  other. 

102.  Tkree  r«ajMsai«  sircMT*  may  act  together  in  one  body,  the 
direction  of  each  being  parallel  to  the  line  of  intersection  uf  the 
planes  of  action  of  the  other  two;  and  in  a  rigid  body,  the  kinds 
and  intensities  of  those  stresses  are  independent  of  each  other. 
Thutt,  in  fig.  47,  if  X  O  X  and  YOY  represent  the  directions  of 
'two  str«i5ses,  each  acting  on  a  plane  which  traverses  the  direction 
of  the  other,  the  intersection  of  those  planes  (which  may  make  any 
angle  with  XOX  and  Y  O  Y),  will  give  a  third  direction,  being 
that  of  a  third  streaa  of  either  kind  and  of  any  intensity,  which 
tnay  act  on  the  plane  X  0  Y,  and  will  be  conjugate  to  each  of  the 
other  two. 
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Three  is  Uic  greatest  number  of  a  group  of  oonjagitbe  stnflses;  fori 
it  is  evidently  imposaibte  to  inboduce  a  fonrtli  streas  vliich  shall  bcj 
coajugato  at  ozice  to  eucb  of  tbo  otber  tlirce. 

ITie  relations  between  the  thivc  angles  vrbich  tbe  directions  o| 
three  conjugate  stre&sea  make  with  cacOi  otber,  the  three  ohliqu{ti^\ 
of  those  ftti-es-ses  (being  the  angles  which  they  make  with  tlie  ]»er- 
pendiculara  to  their  respective  pianos  of  action),  and  the  three  angles 
■which  thoae  pei-peii<liciUiir«  imikc  witli  each  other,  as  found  by  tbo 
ordinary  roles  of  spherical  trigonometiy,  are  given  by  the  following  i 
formula. 

Gexkral  Cask     I*t  a?,  y,  z^  denote  the  directions  of  the  three 
cunjugutc*  stresses; 

AAA......  ,        , 

ySiZXj  my,  their  iiiclinjitions  to  each  otber  j 

u,  V,  ipj  tbo  directions  of  the  perpendiculars  to  their  planes  ol 
action,  so  that  u  -1-  pbuic  y  ^  v  J-  plane  zx,w-^  plane  ory ; 

AAA 

V  w,  to  u,  u  V,  the  mdm&tions  of  those  p^rpendicukcs  to  eadi 
other; 

AAA 
«x,  »y,  «jff,  tbo  respective  obliqmties  of  the 
Tbea  those  nine  angles  are  related  as  follows  :- 

A  A  A  A  A  A 

IjOt  i  —  coa'  y  s  —  cosV:  i  —  cos'  icy  •(-  2  cos  y  £  cos  £  a:  cos  ay 

^  =C; (1.) 

Then 


.A  /o 

sm  vw  = 1^^ — 


.      A  K* 

smzx  'Sin  xy 


Bin  WU: 


^0 


■   .      A         .      A  ■ 
«mj:y  -amya 


A 
C0SV10  = 


A 
C08M7U 


A  A 

cose i  'cosajy 


A 

oosys 


.        A  .        A  ' 

sm  z  X  '  am  x  y 

AAA 

cosa:y 'cosys;  —  caszx 

: — A 


JO  A 
-^  f  COS  U  V  = 

mtzx 


A  J 

sin  a;  y  -  sin  y  £ 

A  A  A 

cos  y  £  •  cos  ZK  —  ooaa;y 


(2.) 


amy 


.      A 

am  zx 


A 

cosry 


^/0 


A    ■ 


A 

cos  W  5  = 


Bin  xy 


.(3.), 


Rebtricted  Case  I.  Bupiwse  two  of  the  stresses,  for  example, 
those  ]2aralb>l  to  ir  and  y,  to  be  peri>endicalar  to  each  other,  and 
oblique  to  the  third.     Then 


A  rt        .      A 

COS  X  y  :=  0 ;  sin  a:y  ^  1 ; 


C=  I 


cos'  y  3 


'''\ 

»:.\ 


m 
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vw 


—  cosy  a^ 


smcos 


A      ' 
sin  sx 

A 

—  ocmzx 


A 


.     ^  JO  A 

stntou  =•    ^   ^  ;  cMUfU  = 

an.  V  C  AUk  V  £ 

,_  A  A 

^C  _    ^^^     A     OOSyjS  •  C0823S^ 

~     ~        7;        '      A" ' 


t:    .    A  » 


con  It  r  = 


smj^s'sinsx 


(6.) 


A  ^C  A  /O  A 

coe  ttx  =    ^    ^  ;  COB  vy  =    ^    ^    ;  cosurs  ^^/0...{6.) 

Bkvtricted  Case  IL  Suppose  ono  of  tho  stresses  (such  us  js) 
be  perpendicular  to  the  other  twOj  which  are  oblique  tu  eaoh 
Then 


A  A 

COS  y 3  =  0 ;  cos  zx^Q; 
wax  yz^  1;  &m  zx^  I; 
0  =  an*  X  y. 


am  «  w  =  1;  cos  jj  to  =  0;  (or  ©  w  =  90°); 
ain  wu  =!  1;  cos  wtt  =  Oj  (orwu  ^  90*^; 


.(7.) 


A  A 

sin  u  V  ^  fiiu  xy 


COS  «i 
(or,  « i;  +  fic  y  =:  180"). 


—  cfw  a:y; 


.(8.) 


AAA 

ooB  ux  =  sin  jry;  ooe  vi/ 

A  A  ^^  A  A  ^ 

KjTux  =  vy  =  9(r  —  a:y;  tw*  =  0; 


A  A 

amxy;  cos W2  = 


^=  I.. ..(9.) 


tesuHe  identical  with  those  given  at  the  end  of  Article  101. 

KcffTRicTED  Case  III.  All  throe  atrcsst's  pei7)endicular  to  each 
•Uker.  In  this  case  the  nommlB  to  thp  three  planes  of  action  ore 
^perpendicular  to  each  other,  and  coincide  with  the  directions  of 
the  fftresscH, 

103.  r^MM  m€  m^mmi  fibear.  or  TaB«<«ilnl  Stnw*. — TheoEEM.  T/ 
the  atrmaa  on  a  ifiven  pair  0/ plana  be  la¥u/crUial  to  those  piuneg,  and 
foraUei  to  a  third  plane  xoltlch  u  perpendicitJar  to  the  pair  ofplcmes, 
tkote  Hmaee  must  be  of  equal  irUcnitity. 

I^et  the  third  plane  be  represented  by  the  plane  of  the  paper  in 
ftg.  4^  juui  let  tbejmr  of  planes  on  which  the  stresses  are  iaugou- 
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tial,  and  iiamllfl  to  tlie  piano  of  the  pajier,  be  parallel  respectively 
to  AB  and  AD.  Consider  the  raiiditioa  of  a  right  pri.sm  of  any 
length,  represented  in  section  by  ABCD,  and 
bounded  by  a  pair  of  iiarallol  planes,  AB,  CD, 
and  a  pair  of  pai-allel  planes,  AD,  C B.  Let  pg; 
denote  the  intensity  of  the  shear  or  tangeutiid 
streifii  ou  AB,  CD,  and  planes  pandlel  to  them, 
and  p',  the  intensity  of  the  shear,  or  tangential 
stress  on  AD,  CB,  and  planes  parallel  to  them. 
Tlie  forces  exerted  by  the  other  parts  of  the  body 
on  the  pair  of  faceji  AB,  CD,  form  a  couple  (right-handed  in  the 
Jigure),  of  which  the  arm  is  tlie  peiiiendicukr  distance  EF,  between 
AB  and  CD,  and  the  moment, — 

p, 'area  AB  *  EF. 

The  forces  exerted  by  the  other  parte  of  the  body  on  the  pair  o 
faces  AD,  CB,  form  a  oou|ile  (loft- Jul n Jed  in  the  di*awiug),  of  wliicU 
the  arm  is  the  iH-rpcndiciilar  distance  GH  bctwocn  AD  and  CB^ 
and  the  moment 


Fig.  48. 


p'.-areaADGH. 


The  equilibrium  of  the  prism  requires  that  these  opposite  moments 
shall  be  equal  But  tlie  products,  area  AB  *  EF,  and  area  AD  • 
GH  arc  equal,  each  of  them  being  tflie  volume  of  the  prism;  there- 
fore the  intensities  of  the  tangeutiid  stresses 

are  equal. — Q.  E.  D. 

The  ab()ve  demonstration  shows  that  a  shear  upon  a  given  plana 
cannot  exist  alone  as  a  solitary  or  simple  stress,  but  must  be  com 
bined  with  a  shear  of  eqtial  inttmsity  on  a  different  plane.  The 
tendency  of  tlie  acLiun  uf  the  pair  of  sheaiing  stresses  repivaented 
in  the  Hgure  on  the  prism  ABCD  is  obviously  to  distort  it,  by 
lengthening  the  diagonal  DB,  and  shortening  the  diagonal  AC,  so 
as  to  sharpen  the  angles  D  and  B,  and  flatten  the  angles  A  and  C. 

^    104.  aiMH  oa   Tkree  Heclan|{ul«r  Phuies. — ThEOREU.  //there  Ix 

cibiique  stress  o-n  three  planes  at  ri/jfU  aiigUs  to  each  otJier,  tfte  trnigetitial 
components  of  the  stress  on  any  two  of  tJtose  platies  in  directiotU 
paralld  to  tJie  Uiird  plane  must  be  of  equal  iniensity. 

Let  yZy  rx,  xy,  denote  the  three  rectangular  planes  whose  intersec- 
tions are  the  rectangtdar  axes  of  x,  y^  and  z.     Consider  the  oonditiou 
of  a  rectangular  portion  of  the  body,  having  ite  three  pairs  of  faces 
j)AraUcl  resjjoctively  to  the  throe  plattcs,  and  its  centre  at  the  point 
ofiuterBection  of  the  three  axes.     Let  ABCD  (tig.  49),  repi-esent 
the  section  of  that  rectangular  solid  >>y  tVe  \>\aa«  <A  xy,  x>aft  iu»& 


1 

I 

I 
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^Kb,  CD  being  pamllfil  to  the  plane  yZy  and  tho  faces  AD,  OB, 
^«>  the  plane  z  as.     Let  the  equal  aud  parallel  line-s  X  K  represent 
Ihi  intetuiitiea  of  the  foives  exerted  by  the  other  parte  of  the  body 
en  the  pair  of  facefi  AB,  CD;  resolve  eaeh  of 
than  forces  into  a  component  X  N,  parallel  to 
the  pU-ite  2  T,  and  a  tangential  contponcnt,  XT,  ^ 
1   U>  the  axis  uf  y;  the  reaidtuuts  of  tlio 
euts  X  N  will  act  thmuf^li  the  axia  of  z,  aiid 
uce  no  couple  round  that  axis;  the  coin- 
ts  XT  will  form  a  couple  acting  round  timb 
In  the  same  manner  the  intrnsittes  of  the 
exerted  on  the  facea  AD,  CB,  being  re- 
ted   by  the  equal  and  i)arullel  liaeij,  Yr, 
resolved  into  the  componento^  Y»i,  whose  resaX' 
Uota  act  through  the  axis  of  s,  and  the  ooui]>o- 
twDts  Yr,  which  form  a  couple  acting  round  ttiut 
kxIb,  wliich,  by  the  conditions  of  equilibrium  of 


s 


0 


Fig.  49. 


■ami 


the  rectangular 
d  ABCD,  mast  l>o  equal  and  opposite  to  the  former  couple; 
bd  by  reasoning  similar  to  that  of  Article  103,  it  is  shown  thiit 
the  iutensitiea  of  the  tangential  stresses  constituting  these  couples, 

XT  =  Y7, 

most  be  equal ;  aud  nmilar  demonstrations  itpply  to  the  other 
planee  and  stresnes. 

To  represent  this  symbolically: — let  p,  as  before,  denote  the 

tensity  of  a  sti-esa;  and  let  small  Ictt^'ra  .ttHxed  below  /;  be  used, 

r  first  small  letter  to  denote  the  direction  perpendiculai*  to  the 

c  mi  whicli  the  stress  acts,  aud  the  second  to  denote  the  direc- 

n  of  the  stress  itaelf : — for  example,  let  p^  denote  the  intensity 

the  strcxs  on  the  plane  normal  to  y  (that  is,  tho  plane  zx),  in  the 

tiou  of  z.     Tliiu  rc«olviug  the  stress  on  each  of  the  three 

nguhir  planes  into  three  rectangular  components,  "we  have  the 

following  uotatiou : — ■ 


Plask. 


¥1 


Direction. 

y 

....  p^  .... 

••■•  Pff  

....  p^  .... 


P» 
Py 


intensities. 


Then,  in  virtue  of  the  Theorems  of  Articles  101  and  102,  we 
have  the  ncrptai4lreMef^/»,^pg^p„  coDJugate  aud  indepeudcnl  *,  ftxi^ 


^0 
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in  Tirtne  of  the  theorem  of  tliis  Article,  there  are  tkree  pairs 
tanffCTUial  s6raisea  o/ equal  inteMity, 

Pr=Vt\  P~^P*>f  P^^P»^ 

[The  reader  who  vishcs  to  confine  his  attention  to  the  moi 
sirajje  class  of  pmblems  may  pass  at  once  to  Article  108,  page  96.] 

lOJ.    Tcfra<^r«tt  or  Btrra*. PROBLEM  I.      77|C  inUnsities  of 

conjutjafe  iftrcjfsea  on  three  jAaiies  traversing  a  body  beinff  giv^i^  it  it\ 
required  to  fuul  th«  direction  and  intensity  of  the  stress  on  a 
phne,  traversing  the  same  lodi/  in  any  direction. 

I  In  fi^.  50,  let  YOZ,  ZOX.  XOY,  beth( 

A -y^      three  pLan^  on  which  act  conjugate  stresses 
[X    _yf  *he  (Hrections  O  X,  0  Y,  O  Z,  of  tlio  intei 

^p          /  p,^  p^  p,.    Draw  a  plaue  |>araUul  to  the  fourth 

/  -^  plane,  cutting  the  three  conjugate  planes  in  tho 

*^^/^  — X         triangle  ABC,  so  as  to  form  with  them  the  tri-' 
l^lcp      /         nnguUr  pyruniid  or  tetraedron  O  A  B  C.    Thcixi 
oc — V z"  must  the  Rtresses  on  tho  four  triangular  faces  oi 
Fi£  60  ^^^^   tetraedron   balance    each   other;   and   thai 

total  BtresB  on  A  B  0  will  be  equal  and  opposite  | 
to  the  resultant  of  the  totaL  stresses  on  0  B  C,  OCA,  and  OAR 
On  O  X,  O  Y,  O  Z,  respectivoly  take 
L  OD  =  total  stress  on  0 B C  =  ;?,  •  area  0 B C, 

I  OE  =  total  streas  on  0 C  A  =  /»,  •  area  OCA, 

P  d~F  =  total  stress  on  O  A  B  =  />«  -  area  OAK 

Oomplcte  the  parallelopiped  0 1>  E  F  K ;  then  will  its  diagonal 
OK  represent  the  direction  and  amount  of  the  total  stress  on  an 
area  of  the  fourth  plaue  equal  to  thai  of  A  B  C ;  and  tho  iutcufiity 

^^  ,.      Q.E.L  i 

aroaABC       ^  ^ 

Hence  it  appears,  that  if  the  stresses  on  three  conjugate  planes 
in  a  hodj  be  given,  the  strvss  on  any  other  plaue  may  be  detcr^ 
mined;  from  which  it  follows,  That  nery  jut^ttifde  sysitnn  of  stresses 
which  can  co-exisl  in  a  body,  is  capable  ofbeimj  resolved  iaUOf  or  ex- 
pressed by  means  o/,  a  system  of  three  conjugate  stresses. 

Prodle&[  II.  The  diredions  aTid  intensifies  of  the  stresses  im  tf*ree 
recioTiytdar  co-ordinate  planes  being  giverij  it  is  required  to  find  the 
direction  and  intensity  qf  the  stress  oji  a  fourth  plane  m  any  posi- 
tion. 

Let  tho  planes  YOZ,  Z  0  X,  XOY,  in  fig,  50,  represent  the 
reotanguJar  co-ordinate  planes,  so  tlmt  O  X,  0  Y,  O  Z,  are  now  at 
"i^ht  angles  to  each  other  (Instead  of  Wnj^,  m  \n."5TQ\Aem.I-^ia 


of  that  stress  will  be 


.,m  m 


mmASDwas  or 


^ttCCtiOfM^ 


tksthTM 


I       UtJLBC, 


>iiMiiiMii,«Bin  Ariirlo  \04, 
•with  tiw  notation  alraady  fxpkiiHHL 
in  ProUrin  I.,  he  a  trianglo  pAi-alU*!  U)  thv  foarth 
with  tfctve  trin.^^k•s  in  tlie  c:o-or<iiiuit*\  j'iIhih-^,  the 
O  A  BC     The  Uital  stivss  on  A  IJ  <;  will  l*r  .^^ttnl  nnd 
to  tlte  1  wUtaat  of  uU  tli*^  tvctfliiguUr  com(»uuont«  uf  tb9 
on  O  B  C,  0  C  A,  an.l  O  A  R 
Ott  O  X,  0  Y,  0  Z,  reiipn^tivoly^  t&ke 


OV  —Pm '  ^i^  O  BC  -f  p^  -  area  O  0  A  -f-  p^  >  an»  O  A  B; 
0£=|^,'aK«OBC  +^ 'area  OCA  +;>,,*  area  O  A  B, 
Or=ji-M'«^  OBO  +/V  area  OCA  +  jv'ami  OAB; 

ete  the  rectiingle  O  I)  E  F  R  :  tlien  will  its  dingonal  O  R  nv 

t  tiio  direction  Hn>l  Amount  uf  tlio  total  0troM  un  an  txrvix  uf 

fuiuth  jilane  eqaal  to  A  B  Oj  and  the  intensity  of  that  tttruas 

ar»ABa  AAA, 

To  expKvss  this  algebraicftlly,  let  x  n,  y  ti^  z  n.  d(>note  the  on^lca 
which  a  normal  to  the  fourth  plaau  iuake»  with  tliu  Uiree  rcctonga- 

lax  axes  rea^jectively ;  x  r,  yr,  z  r,  the  angles  -wliich  tho  iHrcctiun 
of  the  streaa  ou  that  plnive  inakeR  with  the  tJiri*<3  i'tH-.tjiiign]]tr  hxos 
zopeciavoly ;  and  p,  the  intensity  of  that  stress.     Then,  it  ia  well 
^^Mvn  that  A 

^^^H  area  OBC  =  arpa  ABO  -cos  a; ti, 

^^^^^^  «rc«  OCA  =  arai  ABC  -oaeyn, 

area  O  A  B  =  area  ABC  *  coa  £  ■» : 


* 


so  tlist  tlic  rectangular  camponenta  of  the  tntauaity  p,  ore 

A  A 


A 

cosj/n  +j?„'coean 

AAA 

eo&xn  +  p„  •  oos  y  n  +  j>^  •  oos  «  n 

AAA 

eosflsn  +  p^'coayn  -^  p„*  cos  «  » 


a) 


The  resultant   intensity  of  the  straw  required  is  given   by  the 

P.=  J{pl+ri  +p:.) (2-) 

aiid  its  direction  by  the  e<jimtioQ 

ht. (a) 


I       The  resu 
^M<}uation 


A  p„  A  V' 

ooaxr  =  — •;    coe^/r^ 


A        p, 
001 «  r  =  — 
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Hence  it  appears,  that  if  the  rcctungulor  componcats  uf  tlie  sti 
on  tliree  rectangidur  pkuea  in  a  botly  be  given,  tho  stress  on  an/J 
fourth  plane  may  be  determined ;  from  which  it  follows,  T)uU 
pumbU  syftern  of  itlresites  w3nck  can  co-ejcijd  in  a  body,  is  capable  oj 
beiiiij  resolved  inlo^  or  eacpreased  hyfneana  of,  the  three  normal  sirt 
aiul  tJie  six  jtairs  of  tangential  stresses,  on  tiiree  rtidarigtdar  co-ordif 
flfqrus. 

y  106.  Tmii*rormaci«a  vf  Screw. — For  the  direction  of  the  Don_ 
'^  to  the  new  plane  of  action,  ABC,  which  direction  is  denoted  by 
in  Problem  H.  of  Article  105,  let  there  bo  duccesaively  assiunt 
the  directions  of  three  n^o  rectangular  ttxea  af,  i/j  z',  and  let  it  be,{ 
nH]uircd  to  express  the  rectangular  components,  p//,  &c.,  of  a 
givf  n  compound  atress  relatively  to  those  new  axen,  in  terms  of  the 
rectangular  components,  p^^  itc,  of  tho  same  compound  stress 
relatively  to  the  orif^nal  rectangular  axes,  a:,  y,  z. 

To  solve  this  question,  let  7i  be  taken  to  denote  any  one  cf  the 
three  new  axes.  The  three  wimponents,  i>arallcl  to  tlio  original 
axes,  of  the  stress  on  the  plane  normal  to  n,  are  given  by  equation 
1  of  Article  105.  Each  of  these  component*  being  further  resolved 
into  its  components  parallel  to  the  new  axen,  and  the  nine  com* 
|H)uents  so  found  collected  into  three  sumi^  of  intensities  parallel  to 
tlie  new  axes,  the  following  results  are  obtained : — 

A  '  A. 

oosyx'  +/i„*cos«a!  ; 

A  A, 

COSyy  +  PmM'CfM^yi 

A,  A 

p^'  =^„  ■  cos x a:*  +  /V  COS y  5  +  p^- cos  zz. 

For  n  are  now  to  be  substituted  successively,  both  in  pJJ,  &c.,  and 
in  the  values  of />^  (Sm^,  according  to  equation  1  of  Article  105,  the 
symbols  ai,  y\  z* ;  and  thus  are  obtained  finally  tho  following 
erptaiionit  of  trans/ortnation  : — 

NOUMAL  StHESSES. — 

pJs'  =Pmm  cos"  a; «  -h  ;»„  cos^  y  a^  +  ;?, 

,-  ^,  ^  ,   i    n  A  A  A  A 

-t  ^  pg,coBi/afco6zx  -\-2p,,co&zx  cos  a:  ar  -(-  2  ;?^  cos  a;  x' cos  y  ;fc' ; 

P/f' =  ;»«  cos' a:  y  +  ;»„  cos"  y  y +/»„  cos*  J  y 

in  ^  .  ^  ^  ^  A,.  A  A 

H-3;?^cosyy'co8jy'-|.  2;),.coasy'co8xy  4*  a/J^jCOsarycosy/; 

/>^  V  =  ;?«  cos*  X  s-  -f-  p„  cos'  y  s'  +  p„  cos*  z  r 

a  ^^  ^4    ,    ^  A,  A  A  A 

rf'Zp^cosys  coffee -f-2/7„oosaa  coai;; -V2p_coua:5  cosyj^j 


\ 


pj  =p^  'OOBXS^  +  p, 

A 

coBzy  !-;», 

A 

co&xzf 


p^-p» 


co«*«a^ 


panrciPAL  axes  or  sntass. 
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^  A  A,  A  A  A  A 

^B  AA  AA  ,AA  A  A. 


A  A  A  A 

+  p^(c<»yy'co9a:s'  +  ooaxy'coayr'); 
A,  A     ,  A  A  A  A, 

f^/=p^ecazs  coaara^+jj^cosyccosyaj'  +  prtOMSo'coB  ex 


'^r  A  A^  A^  ^  A,  A,  A  A, 

^(oo«»co6ya;'+G03yroos£«)  +  ;'m(<^o3"  cos«x  +  coBaccosxx^) 

A  A  A  A 

4p^(oosy»rcossca!'  +  coojcs'ooeya;^; 

,  A  A  A  A  A  A 

p^\=p„eiMX^coBXt^-^p„cemyafcost/y  +p..o(»2x'oos£y' 

I,AA  A  A  >AA  A,  A 

+y'^{cofl«a'<»8yy+cosyx'co8cy')  +  ^„(co8Xj;*cos?y+coBca;co«xy) 
A  A  A  A 

+ ^„  (cos  y  of  COS  X  y  +  COS  X  x' O06  y  y). 


The  two  systems  of  component  strcasce,  p,^  tfrc^  rclatiro  to  thu 
axes  z,  y,  7^  and  /),','.  i&c,  relative  to  the  axes  x'.  y',  «',  wUkh  con- 
■titute  the  «am<i  conipowvd  Hresf,  are  said  to  bo  c7utVEi&?tf  to  each 
othw. 

107.    Prlarlpal  Ax«a  sf  SircM. — TUEOREV.        i^ffT    even/   state  of 

9trta9  in  a  Mj/,  Otere  is  a  system  of  three  pUmes  perpendicular  to  eacfh 
athrr.  on  «ach  of  which  the  atresa  ie  ichoil;/  normiU. 

Cing  to  the  equation  3  of  Article  10.5,  it  is  evident  that  the 
I 
J 

Introdacing  these  values  into  the  cqnution  1  of  Article  105,  wo 
©htuin  the  foUowiug  : — 


ieondition^  tliat  the  direction  of  stress  ona  nlane  shall  coincide  witli 
■the  nurmiil  to  that  plane,  is  expressed  by  the  ef^uations 


A        »„  A  A        ;?  A 

tMxr  =  —  =  cosxn;  cosyr  =  —  =  cosyn; 
Pt  V' 

A      ;>^  A 

coasr=:  - —  =cos3n 

P* 


(I.) 


f\  r\  "  n 

{p„  —/),)  cosxn  +  ;?^  cosyn  +  p„C08s»  =  u 

A  ^  A  A 

v^OTAX n  -^  {p„  - p,)  cos y  n  +  p„ coss n  =  U 

A  A  A 

jtf^^coe^titt 4-p^  cosy  n  -i-(p^,  ~ p^)  COS  zn—Q. 


(2) 
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Krnm   iliese  cquationR,  Ly  eliminatioa  of  the  tliree  oosinofl^ 
o)7Uuuod  llic  following  cubic  oquiitiou  ; — 


Let 


Tlien 


PwP«  -^P^^Pr.  ■^Pr.p,,  -pI  -pL  -Pn  =  B  ;         \  (3.) 
P«>P„P^-^  "^P^P^Pm,- P^PI  - PnP^- P*- Pn  =  ^» 

pl-Apl  +  np^-C=zO (4.) 


The  solution  of  this  ouWc  equation  gives  t/tres  roofs,  or  thIuca  o: 
the  stress  p^  whicli  satisfy  the  condition  of  being  normal  tp  thei: 
planes  of  action;    and  acooriling  to  the   properties  of  conjuga' 
stresses  stated  in  Article  102,  the  rlirections  of  those  tliree  normi 
sti'cssL's  must  be  perpendicular  to  each  other. — Q.  E.  D. 

The  threfl  conjugate  normal  Btresses  are  called  principal  stre»9e$f 
and  thtiir  directions,  jfrijidpal  axes  of  stress. 

If^,  denote  the  intensity  of  one  of  those  principal  stresses,  the 
augles  which  it  miikes  with  the  originally  assumed  axes  of  x,  y,  r,  are 
found  by  means  of  the  followin;?  equations,  deduced  by  climinatioa 
from  the  equation  2  of  this  Article  : — 

008  a:  n  {/>„p^  +  {;),  - 1)^)  ;)„  }  =  COR  y  »  {/)^;)„  +  (p,  -  7J  J  ;>„] 


=  coszn]p^p„^{p^~p„)p^] 


(5.) 


JjetpifP^fPif  denote  the  three  values  of /)„  wbich  satisfy  equation 
4.  Then,  from  tlie  well  known  properties  of  eqxiations,  it  follows 
that  the  co-efiicients  of  that  equation  Lave  the  following  values: — 

^  =  PtPs+PiPi+PiPi ;  • (6.) 

^=2\p2Pf  J 

Hence  it  appeaj-s,  that  for  a  given  state  of  .stress,  the  three  functional 
denoted  by  A,  B,  C,  in  the  equations  3  and  G,  are  the  same  for  aUj 
positions  of  the  set  of  nrctanRidar  axes  of  a:,  y,  z,  or  are  isotropic^  iaj 
the  sense  already  explained  in  Article  95. 

Let  the  principal  axes  of  stress  now  be  talcen  for  axes  of  rectan- 
gular co-ordinatoR,  an<I  denoted  by  x,  y,  c ;  and  let  it  be  required  to 
tind  the  direction  and  the  intensity  /?,  of  the  sti-ess  on  a  plane  whoso 

nnrmul  mokes  the  angles  aryr,  »/ n,  zn,  with  those  axes.  For  this 
purpose  the  equations  1, 2,  and  3,  of  Article  105,  are  to  be  modified 
fymakiag 


rJUUIXEX.  TO   QXZ  VLiSn 


vttofaCaui 


A  A 


A 

pcaayp  = 

A  A 

p  00*  Kp  s  pt  006  8  It. 


A 

Ptoxym 


(J) 


p=  ^jp?ooa?xa+j<   co6>yH+fif-eo^'A|  -..(&) 


T1e0  eqtations  7  are  eaadly  tnuiAfunnei]  into  Hie  iullowing  : — 


A 
coaxR 


A  A 

eoszp  ,  coeyA 


A  A 


cossp 


••(».) 


y  P  I\  P  P»  P  Ft 

^PWliicii  equAtaons  bung  JK^Tinred  »nd  fuldodf  and  the  aqtiare  root  of 
the  wata  extn&ct«d,  give  ihe  foUowing  vaXne  fi:ir  Uie  renpnxofof  the 
reqairpd  : — 


l=.,i 

P 


/J  CO^Xp     OO^yp     OO^zp  \ nQX 


le  Trell  knovn  equntion  of  an  d^ipgoui,  in  ■wrhich  pi,  pg,  />,,  denot* 
le  tliTDC  semi-axos,  and  ;>  the  semidiamcUT  iu  any  ^iven  direclion. 
Tbe  coedne  of  the  ohlujuity  of  the  stress  p  is  given  b^  the  equation 

A  A  A  A  A     ,  A  A 

coanp  =  cosxncoexp  -t-ooay  noogy/J-j-ooscncossp 


7  A  A 

=  -O'icos*xn+pi0oa*yn+p8cos'cn)>. 
P 

UuB  oodne,  by  beiog 

positive  \  indicates 


.(11.) 


a  pnll  '\ 
nothing  [■  that  tho  -l  a  shear  V 
negalive  J  stress  /» is  (  a  thrust  ) 


PAvnllcl  w  One  Piiur. — In  mnitt  practical  qncstioDS 
the  stress  in  struetnrea,  the  directions  of  tho  stresses 
be  conaidered  sro  pamlleJ  to  ono  plane,  to  which  their 

action  are  jwrpendicuhu-,  the  remaining  stress,  if  any, 

A  principal  stress,  and  perpendicular  to  tho  plane  to  which  tho 
others  ore  parallel 

The  proWonw  concerning  the  relationa  amongst  stresses  parallel 
to  one  plane,  might  be  solved  hy  conaidering  them  as  p«rticular 
maar  of  the  mortf  general  problems  respocting  stressea  in  any  diiw- 
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tion,  wl»icb  have  Leon  tn*ftted  of  in  Artielca  105,  IOC,  and  107 
but   the   complexity  of  tlie  investigations  and   results   in    tho* 
Articles,  makes  it  preferable  to  demonstrate  llie  principles  relatii 
to  stresses  parallel  to  one  plane,  independently. 

Problem  I-  Tltie  intensities  mid  directions  of  a  pair  of  conjitgc 
stresses,  paraUd  to  a  piatte  which  is  per^ierulicular  to  tJteir  plattes  oj 
fuAioHf  being  givenf  U  is  required  to  find  Ute  direction  and  intenaiiy  oJ 
tJte  stress  on  a  fowtJh  planCy  perpendicular  also  to  tfis  first  ^lentiont 
pjatvi. 

In  fig.  &\j  let  the  plane  of  tbo  paper  represent  the  plane  to  whicl 
3:  the  stresses  are  parallel ,  let  0  X  an< 

O  Y  represent  the  directions  of  tlie  |>ai] 
of  conjugate  stresses,  whose  intensitic 
are  /»,  and  p, ;  and  let  A  B  be  the  plane^J 
the  stress  on  which  is  sought  Consid( 
the  condition  of  a  prism,  O  A  B,  bound* 
by  the  phino  A  B,  and  by  planus  parullel| 
to  OX  and  O  Y  respectively.  The  foii 
exerted  by  the  other  jMirts  of  the  body  oa  the  fao«  0  A  uf  tkl 
prism,  will  be  proportional  to 

_  P/  OA ; 

on  O  Y  t«ke  OE  to  represent  that  force.     The  force  exerted  by  tl 
other  |iart.s  of  the  body  on  the  fiicc  O  B  of  the  prism,  will  be  p 
portiouul  to 

_  P.'OB; 

on  O  X  lake  OD  to  represent  this  foi-ce.    The  force  exerted  by  tho' 
other  parts  of  the  body  on  tlic  fiioe  A  B  of  the  prism,  roust  balance 
the  forces  oxertctl  on  O  A  and  A  B ;  therefore  complete  the  paral- 
lelogram 0  D  R  E  ;  its  diagonal  OR  will  represent  the  direction  and 
ajnount  of  the  stress  on  A  B,  and  the  intensity  of  that  stress  will " 

OR 
^'  =  11 

fpVO^"  +  /):  -^a;  +  2p,r.   OB   OXcos^XOY 


=  s/ 


(  OB-  +  OA»-20BOAooe^XOY. 


^H      ^' 


The  parallelogram  marked  in  the  figure  with  the  capital  letters 
R,  E,  convsjwnds  to  the  case  in  which  p,  and  p^  are  of  the  us/me 
kind,  both  pulls,  or  both  thrusts,  in  which  case  7?^  is  of  the  same 
kind  also ;  the  parallelogram  marked  with  the  small  letters,  r,  fl, 
convspozifis  to  the  case  in  which  p,  and  ;)  are  of  opjpositc  kinds,  one 
being  a  piiU  and  the  other  a  thrust  j  inwWVcaaft  i>,tt;gKitaui.kitt(; 


(tttsM  OP  sr&Esa. 

nttdihe  given  coiijugato  stroaeB  whose  direction  fall* 
isdeof  A  Biriih  it     Wben  O,  m  pandlel  to  A  B,  ^,  « 
■  Amat,  or  t&ngentiiL]  stipes. 

'   PlDBLEM.  LL     T^  int^H$ilie$  and  t^nditma  of  the  Hit$9ei  on  a 
f$ir  ^planm  perpendimhr  to  each  other  and  to  a  plane  to  iokith  tha 
rfiiMWl  art  parailei,  being  giveny  it  w  required  to  find  the  inienmty 
mi^Smti^n  oftha  strett  on  a  plane  in  amif posUion perpendicular  to 
AiKtpUme  to  tahieh  the  ^retsm  areparaUeL 
Iq  fig-  52,  let  the  jilane  of  the  paper  reprcsont 
pluie  to  which  die  stresBes  are  parallel,  and 
OTy  the  pair  of  rectangular  pianos  on 
the  fltreaea  are  given,    t^  tltoee  stnases 
»)TOd,  as  in  Article  ^^,  into  rectangular 
and  tangential  componenta.     Let  p^^  do- 
the  inteniiity  uf  the  uonnal  stress  on  the 
jjhaift  O  Y,  which  stress  ia  parallel  to  O  X  ^  let 
p0  denote  the  inteuBity  of  the  normal  stress  on 
tCi  plant'  O  X,  which  stress  is  parallel  to  O  Y. 
in  virtue  of  the  Theorem  of  Article  103,  the 
I      taagential  stressei}  on  those  two  planes  miLst  be*  uf  t.'<|uul  intunsity; 
aad  th«y  n»y  therefore  he  denoted  liy  one  ny tubol,  /*,,,  which  sym- 
bol may  be  read  as  meaning 

I  the  istensitj  of  f  z )    on  a  plane 

the  stress  along  \y]   normal  to 
Let  0  K  be  a  line  normal  to  the  phiiie  the  strcas  on  wliich  in 
tght,  making  with  O  X  the  angle  X  0  N  =  as  tl     CouHider  the 
condition  of  a  pri^i  O  A  B,  of  the  length  ttrtitt/,  bounded  by  tlio 
^-jilauea  OA_Ly,  O  B_La:,  A  B_LON.     Tho  arww  of  the  fucos  of 
^Kfaai  prism  have  the  following  proportions  : — 

^B  OB  =  AB  'COS  xn;  OA  =  AB  *  sin  xn. 

^■The  1 


{i\ 


forces  exerted  on  the  faces  O  A  and  0  B,  m  a  direction  panilhd 
Xj  conaiKt  of  the  normal  stress  on  OB,  and  the  tangential  streets 
on  OA  ;  that  is  to  say, 


j>„-OB-i-;)^-OA  =  AB 


<  pa'  oosasn  +  pj^^'  sin  xn  > 


Let  this  be  represented  by  O  D. 

The  forces  cxert4.-d  on  the  faoes  O  A  and  O  B,  in  a  direction  |iaral' 
lei  to  jf,  consist  of  the  normal  stress  on  OA^  and  tho  tangential 
slRB  on  O  B ;  that  is  to  say, 

Ipjy-OB -h  ;^*0A  =  AB*  |  ^^- cos  xn +  ;',»' nn  zn  I  • 
;  tjbitf  }»  tvpreeented  hj  OK 
' 


9d 


PRiycTPLEs  or  STATICa. 


Complete  tbe  rectangle  0  D  K  E ;  the  amoant  and  direction 
the  stress  on  A  B  will  be  repreaent«d  by  ^**  dia^nal, 

and  the  inXmsity  of  that  stresB  by 


OR 


oo6*a:»+/>^*  *mn*xn-\-pMf* 


^^  =  11=^^ 

H-  2;},y(/}0  +  Pvy)GO8  2;A'8ill«»  [• (KJ 

Prom  K  draw  K  P  pcrpeDdicolar  to  the  nomul  O  N;  then 
normal  and  the  tangetUial  components  of  the  total  strOBS  on  A  S 
be  represented  re»]>eclivcly  by 

OP  =  OD-cos*»+OEsinarn; 

__  A  A 

PR=rOK  -ooaarn  -  OB  an  an; 
and  the  mtennties  of  these  components  by 


OP  .   A     .  .       ^     .   rt  A       .       A   \ 


AB 

Tllft  (^flipiitt/, 

the  e(|uatiuu 


(2.) 


N  0  R  =  n  r,  of  the  stress  on  A  B  is  given  by 


A 
tannr 


(5 


109.    Principal  Azc*  of  tHrrmt  PnraUrl  le  One   Pliinc^—THr/tRKU. 

For  ever}/  condition  o/gtrcss  para^/d  to  one  plane^  there  are  t%co  planes 
perpendicular  to  each  o(/i*r,  on  which  there  w  tw  tangential  stre»t» 

Afl  in  Article  108,  lot  the  three  rectangular  componcntsi,  />^^j 
Pfft  P^fi  of  tlio  stress  on  two  rectiiugular  planes,  0  Y,  OX,  be  giveu,| 
The  condition,  that  tli*^re  nhall  bo  no  tangential  stress  on  a  plane 
normal  to  O  N,  ia  expressed  by  making  p,  =  0  ia  the  second  of  the 
cquationA  2  of  Umt  Article;  and  in  order  that  this  may  be  fiil^ed^ 
we  must  have 

A         .       A 

coagn  'Bin  xn  p^ 


cos'flrn-sin'fljn 


P'^-Pn 


txr,  what  ia  the  same  thing, 


tan 


A 
xn  = 


4.1 


rtiCiD 


90. 


fcr  two  Toloes  of  xit,  differing  by  a  right  angle,  the  values 

ixn  are  equal ;  hence  there  are  ivro  directionfl  of  the  normal 
peTjjeudicuXar  to  each  other,  which  fulfil  the  condition  of  having 
buigunliiil  Btreaa. 

two  directions  are  called  jjrincipal  axes  of  siresSi  and  the 
ftlong  them  (which  are  conjugate  to  each  other)  principal 

There  may  be  a  third  principal  stress,  oonjugate  and  at  right 
angles  to  the  first  two ;  bat  as,  with  one  exception,  the  ensuing  in-j 
Ti9tigations  of  this  section  rclnte  to  stresses  upon  planes  parallel  to) 
^  direction  of  this  thirrl  principal  stress,  which  does  not  afTeet) 
soch  planes,  it  nmy  be  \ch  out  of  consideration. 

The  most  simple  mode  of  expressing  the  relations  amongst  inter- 
nil  fltmBUB  parallel  to  u  plane  is  obtained  by  taking  the  twu  prin- 
a^al  axes  <^  stress  in  that  plane  for  axes  of  co-ordinates;  and  this 
■b  done  in  the  ensuing  Articles. 

■  110.  B«B«1  PrimcliMd  MreMC«— FlaU  rnwwe. — ThkoHEU  I.    I/a 
Ufir  t^prineipal  t^reuet  be  of  (h«  ^cmu  kind  and  of  equal  inUnaiiy^ 
Hery^nswjMraU  to  the mim piane  is  o/Ute  sa/M  liitd,  ofejual 
^•fcmify,  and  norrnal  to  its  plane  ofeuiion. 
In  fig.  63,  let  OX,  OY,  be  the  direo- 
tioDS  of  the  given  jirincipal  stresBM,  fiad 
p„  pp  their  inteasities.     By  the  condi- 
tions of  the  qnestion,  those  intensities  aru 
Coal,  or 
P'=Vr 
it  it  be  required  to  find  tbe  direction 
and  intenaity  of  the  stress  on  any  plane 
A  R      As  in  Article  108,  consider  the 
condition  of  the  triangular  prism  0  A  B; 
^nd  lei  the  leqgtli  of  that  prijim,  in  a 
Bbection    perpendicular    to    the    plane 
A  O  X  be  umty.     Then  the  total  streases 
on  the  &ce8  OB  and  OA  Yrill  be  respectively 

P  p«  *0B  and  p^  *  OX 

On  O X  and  O  Y respectively,  tate  OD  to  repi-esent  p, ' O B,  and 
0  K  to  repreeent  p, '  O  A;  complete  the  rectangle  0  D  R E;  then 
its  diagonal  O II  will  represent  the  amnunt  and  direction  of  tlie 

on  the  fiice  A  B  of  the  prism,  an4  the  intensity  of  tiiat  strea»j 

e  

OR 


Rff.  68. 


^ 
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Now,  because  />,  -  p^  we  liave 

OP     ^    Oj,  OR 

OB    ~    OA    ^    AB' 

and  confieqiieiitly 

Had  because  of  tlie  simUaiity  of  the  tmugles  A  O  B,  0  E  R,  O 
is  |>erpendicular  to  A  B.     Therefore,  the  stress  on  eacli  plane 
pcndiciilar  to  X  O  Y  is  noiinal}  and  of  equal  intensity  in  all  dii 
tions.— Q.  R  D. 

In  this  case  it  w  obvious,  that  every  direction  in  the  ph 
X  0  Y  haa  the  properties  of  an  axis  qfetrestt. 

Corollary.  If  the  stress  in  all  dirpct.ions  pnmlh'l  to  a  given  plan< 
be  normal,  it  must  be  of  equal  intensity  in  all  those  directions. 

Theorem  II.     In  a  perfect  flwdj  the  presawre  at  a  ^ven 
is  normal  and  o/e^ual  inUnsUy  in  all  directioTU, 

FiBid  is  a  tc'i-m  oppoBod  to  solid,  and  comprehending  the  liquid^ 
4md  gaseous  conditions  of  l)o«lie«,  which  have  been  defined  in  Article 
The  pro[>erty  common  to  the  liquid  and  the  gaseous  conditions  is] 
that  of  iwt  tendii\g  to  present  a  definite  shape,  and  the  possession    " 
this  property  by  a  body  in  perfection  throughotit  all  its  parts,  con- 
stitutes that  body  a  perfect  fluid.     The  jvirts  of  a  body  resisting] 
alteration  of  Bha])e  must  exert  tangential  stress ;  a  perfect  6uid  doeli 
not  resist  alteration  of  shape;  therefore  the  parts  of  a  perfect  fluid 
cannot  exert  tangential  stress;  therefore  the  stress  exerted  amongst 
and  by  them  at  every  point  and  in  every  dii-ection  is  normal ;  there- 
fore at  a  given  point,  it  i.s  of  equal  intensity  in  everv  direction, 
— Q.E.D. 

This  theorem,  and  its  consequences,  form  the  branch  of  statics 
called  HydroataticB,  which  is  sometimes  treated  of  sei^arately,  but 
which,  in  this  treatise,  it  Ims  been  considered  more  convenient  to 
include  in  the  subject  of  the  statics  of  distributed  forces  in  general. 

Gaseous  Huids  always  tend  to  ex|>and,  so  that  the  stress  in  them 
is  always  a  pressure.  Liquid  lluidii  are  capable  of  exerting  to  a 
blight  extent  iensivn^  or  resistance  to  dihiUitiou,  us  well  as  pressure; 
but  in  all  caaes  of  practical  im|)ortance  in  applied  mechanics,  the 
only  kind  of  stress  in  liquids  wliich  is  of  suQicii-nt  magnitude  to  be 
considered,  is  pressure, 

Tho  term^^uui  pressure  is  used  to  denote  a  thrust  which  is  normal 
and  equally  intense  in  all  directions  roimd  a  point. 

The  idea  of  perfect  fluidity  is  not  absolutely  realized  by  actnal 

liquids,  they  having  all  more  or  less  a  tendency  in  their  paHa  to 

tvsist  distoitinnf  which  is  called  uisconti/,  aM  -which  constitutes  an 

approach  to  the  solid  condition  ;  nevcrt\vc\««8,\Tv\mj\ActtWk^ 
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ktics,  the  assumption  of  jMrfect  tliiidity  gives  results  near 

to  the  tnith  for  practical  purposes. 

111.   «>p|M«ii«  PriHcl^al  •uTMVfl. — TliEo&EU.    If  a  pair  of  prin- 

tiress^n  be  of  equal  intensUiw,  hut  of  ophite  kinds,  lJi»  atreas 

any  plane  perpendiadar  to  the  plane  oj   fJte  directiana  of  the 

iptd  gtrestm  is  of  the  mme  inten«Uy^  ami  tho  angUs  which  its 

li<m  nudeea  teiih  tfte  norttuU  to  its  plane  are  bisected  by  the  ajxs 

' principtjd  stress. 

In  fig.  53,  let  the  stresses  acting  along  the  rectangular  &zoa  OX, 
fOY,  bo  as  Wore,  of  oqnul  intensity;  but  let  them  now  be,  not  as 
[Wore,  of  the  same  kind,  but  of  opfK>8ite  Idutht,  one  being  a  thrust 
the  other  a  pnli : — a  condition  expressed  by  the  equation 

R  =  — p.; 

and  let  it  be  required  to  find  the  dii-ection  and  intensity  of  the  s 

l«ti  the  piano  A  B,  to  wliich  OR  is  normaL  

la  this  ca«e  UT>  is  to  be  taken  as  before,  to  represent  p^  *  OB, 
ihe  total  stress  on  the  face  O^  of  the  triangular  prism  O  A  B; 
instead  of  taking  0£  in  the  direction  from  O  tovanls  B,  to 
[.Tepnaeat  the  total  stress  on  O  A,  viz.,  p^  •  OA,  we  ore  now  to  take- 
Qe  of  equal  length,  but  in  the  contnry  direction.  Complete  the 
rectangle  ODrv;  then  the  diagonal  Or  will  represent  the  total  stress 
on  A  B.     The  intensity  of  this  stress  is  the  snrae  as  before,  xiz., 

its  direction  Or,  infttoad  of  being  p<'riM>ntlicular  to  A  B,  nmkes  an 
XOr  ou  one  side  of  the  axis  OX,  equal  to  the  angle  XOR 
bich  the  normal  OR  makes  on  the  other  side  of  that  axis;  and 
OX  bisects  the  angle  of  obliquity  ROr. — Q.  E.  D. 

The  stress  p,  agrees  in  kind  with  that  one  of  the  principcU  stresses 
to  which  itfi  direction  is  nearest ;  and  when  it  makes  angles  of  45° 
with  each  of  the  axes,  it  is  eliearing  or  tangerdial;  so  that  a  pull 
and  a  thrust  of  equal  intensity,  on  a  jiair  of  planes  at  right  angles  to 
each  other,  are  equi>'&]ont  to  a  pair  of  shearing  stresses  of  tho 
name  intensity  on  a  [lair  nf  planes  at  i-ight  angles  to  each  other, 
and  making  auglcs  uf  40"^  with  the  first  pair. 

.  112.  EiiipM  9t  sireM. — Fboblem  I.  A  pair  of  principal  stresses 
of  any  inierunlifs,  and  of  the  same  or  opposite  kiyias,  being  yiven,  it  is 
requireU  to  find  the  directum  and  intensity  of  the  stress  on  a  plane  in 
nw  position  at  rigid  angles  to  the  plane  parallel  to  which  tlie  two 
prmdpal  stresses  act  • 

Let  0  X  and  O  Y  (fi^  54  and  55),  be  tho  directions  of  the  two 
prindp^  stresses  J  OX  being  the  direction  of  the  greater  atreaa. 
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Let^,  be  the  mtensity  of  the  greater  stress  ; 
aud  pg  that  of  the  less. 


Tig.  51.  Fig.  55. 

The  kin  J  of  stress  to  which  each  of  these  belongs,  pull  or  thnisfc> 
is  to  be  diatinguishfcl  by  mtaiis  of  the  algebraical  signs.  If  a  pull 
is  considered  us  positive,  a  thrust  is  to  be  conaidered  as  negative, 
and  vice  verad.  It  is  in  general  convenient  to  consider  that  kind 
of  stress  as  positive  to  irhich  tlie  greater  principal  stress  belongs,  J 
Fig.  54  represents  the  case  in  which;?,  and  p,  are  of  tlie  same  Idiiii;  f 
fig.  65  the  case  in  which  they  arc  of  oppOiiito  kindtf.  In  all  the 
following  equations,  the  sign  of  jo,  is  held  to  be  implied  in  that 
symboL 

CousidGr  the  two  equations 


-?*  = 


From  these  it  appears,  that  the  pair  of  stresses,  /),  and  j}^  Hiay 

considered  aa  made  up  of  two  pairs  of  stresses,  viz.: — a  juxir  of 

of  equal  intensity  and  of  the  same  kind,  whose  common 


value  is 


2 


and  a  pair  of  stresaea  of  equal  inteusi^,  but 


opposite  kinds,  whose  values  are  +  ^'       *\ 

Now  let  A  B  be  the  plane  on  which  it  is  required  to  aacertain  the 

direction  axifl  intensity  of  the  stre.^3,  and  OX  a  normal  to  that  plants 

omkwg  vfiih  the  axis  of  greatest  stress  t\ie  au^W 


ELLIPSE  or  STEESa 


Oa  O  X  take  O  M  =  ^'  ^      J  tl"a  ^"^  repreaent  a  normal  straw 

•a  A  B  of  the  some  kind  with  the  greater  prmcipal  stresB,  and  of 
m»  mtenaity  which  is  a  mcau  between  the  intcmuticH  uf  the  two 
(nDdfial  stresaes ;  and  this,  according  to  Article  UO^  Theorem  L, 

vill  be  the  cflect  upon  the  [>hme  AB,  of  the  pair  of  atrefisea  ^'  .^  "*. 


M  towaixla  the  axis  of  greatest  stress,  M  B 


Thifl,  ac- 


Tlirough  M  draw  PMQ,  makingwith  the  axis  of  stress  the  Bame 
angles  which  ON  makes,  but  in  the  opposite  direction;  that  ia  to 
wj,  take  MP  =  WQ  =  MO.     On  the  line  thoa  found  act  off  from 

P>  -ft 
2      ■ 

■oording  to  Article  111,  will  repreaent  the  direction  and  the  intun&ity 
iiof  the  oblique  atreas  on  AB,  which  is  the  effect  of  the  pair  of  atresaea 

3      ' 

Join  OR.  Then  will  that  IJuo  represent  the  resultant  of  tho 
fbrcta  represented  hy  O  M  and  M  U ;  that  is  to  aay,  the  direction  and 
intenaitj  of  the  entire  stress  on  AB. — Q.  E.  L 

The  algebraical  expression  of  this  solution  is  easily  obtained  by 
nmuis  of  the  formuUe  of  plane  trigonometry^  and  coniuj^ta  of  the  two 
following  equations: — 

Intensity,  ORorp^  =  J  \pi'oo^xn  +  p;-ain'ain| (1.) 

an  equation  which  mifjht  have  been  obtaii^cd  by  making  p^  =  0  in 
equation  1  of  Article  108,  Problem  TL 

Obliqiiity,  ,^  N  O  R  orn  r. 

=  *«icsiii''  fain  S-xn'^^, — ^j , 

IvbUquHy  Is  always  towards  tho  axia  of  greateat  stress. 
f^.  54j  p,  and  p^  arc  represented  aa  being  of  the  same  kind; 
■I  MB  is  conacqacutly  Icaa  than  CM,  so  that  OR  falls  on  tho 

«une  side  of  OX  with  ON,  that  is  to  say,  nr  .^xii. In  fig.  55, 

p^  and  p,  are  of  opposite  kinds,  MR  is  greater  than  OM,  and  OR 

lUUa  on  the  opposite  aide  of  OX  to  OM;  that  ia  to  say,  nr  z:^  xn. 
The  locus  of  the  point  M  is  obviously  a  circle  of  the  ludiufl 

f^*  ^  ft,  and  that  of  the  point  B,  an  cllipao  whoso  semi-axea  are 

p.  and  p,,  and  wliich  may  be  called  the  Ellipse  of  Stress,  because 
,1U  acm'uhameier  in  fln>-  direction  rcprefients  the  intensity  of  the 
za  that  direction. 


(2.) 
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The  princif^Kil  strasesj  being  represented  by  the  semi-axeB  of  tbii 
ellipso,  Hrc  respectively  the  greatest  aad  Uast  of  the  stresses  porallc' 
to  theplaue  XOY. 

The  direct  and  altearing^  or  iiormal  and  tangaitial  components 
0  R  =  ^,  ai-e  found  by  lotting  fall  a  porpendicuhir  from  R  upoi 
O  N,  and  are  as  follows: — 

Directf  p^  -  p,  *  cos'nx  +  p^ '  Bin'xn; (3.) 

ShearingfPt  ~  (p,  —  p,)  coa  xn  *  sinxn; (4.) 

equatloua  whicli  might  have  been  deduced  from  the  equations  3 
Article  108,  Problem  IL 

From  equation  3  it  is  obvious,  that  tJte  aum  of  tJtc  ivirmal  9i\ 
on  a  pair  of  planes  at  rigid  angles  to  each  oOier  ia  tqital  to  tlie  su: 
of  Vie  prindpai  atresaes  \  and  from  equation  4  followa  the  principle, 
tilready  domonstratetl  othorwise  in  Article  104,  of  the  equality 
the  ahearing  stress  on  a  pair  of  pUines  perpendicular  to  each  other 

pROBLESf  II.    A  pair  of  principal  atreasea  being  given-,  it  is  reqtun 
to  find  the  poftiiiona  of  the  planes  on  tohicJi  tJie  sJiear,  or  tajiget 
a>mpo7ient  of  the  stitsa,  is  most  irUenae^  and  iJie  iiUensitj/  qft/iat  a/iear* 
It  is  evident  that  the  shear  is  greatest  when  M  B  is  perpendicular 
to  OM;  and  then  M  R  itself  represents  the  intensity  of  the  shearji 
that  is  to  say, 

maximum  p,  =        ^  "  


.(5.) 


I 


In  this  cafiCj  A  B  is  either  of  the  two  planes  which  make  angles 
vf  45°  with  the  axe«  of  atresa. 

^  PjtouLKU  III.  To  find  tlie  plaiies  on  tchich  tfie  (Miquiiy  <f  tJie 
stress  is  greatest^  the  iiUensUg  of  tJiai  strtas,  and  tha  angU  of  its 
cUiquity, 

Case  1.    Wlien  tJte  pricinpal  stresses  are  of  the  aame  kind.    (Fig.  54.) 
In  this  case  HR  ..^i  M  O,  and  it  is  evndent  that  the  angle  of 

obliquity,  .^^  M  0  R  =  n  r  is  greatest,  when  M  R  is  perpendicular 
to  O  R,  and  that  its  Talue  is  given  by  the  equation 


maximuui  n  r 


Rui  •  nxn 


.-/MR 
^'  am ' 

Oil 
P'  —  Pp 


P*        -^       Pf 

To  find  the  position  of  the  normal  0  Jf  to  the  piano  A  B,  wo  have 
coDsider  th»t. 


A 


-r^  PM'SS; 
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but^PMN 


ktly  in  this  case, 


xn  = 


^  MRO  +  - 

90°  +  max.  nr: 


90"  +  max.  n  r 


MOR 


a> 


obtuse  angle). 
And  for  the  position  of  the  plane  AB  itself,  we  have 


XOA  =  90°  — atn  = 


90*  —  max.  n  r 


(a) 


(ui  acute  angle). 
Tb«sc  equations  apply  to  a  pair  of  planeB,  making  equal  angles 
dte  «ideA  of  O  X. 
mUmUjf  of  the  most  oblique  stress  is  obvionaly 

=  J  {  <£4i^-i^^^  }  =  J(p.pA (9.) 

n  proportional  between  the  princi|«il  stressua.      This  is 
eWdent  fi-om  the  conBideration,  that  wh*ni  OR  -L  PRQ, 

len  OR  =  V  (PR    RQ).  antl  that  RQ  -  |>„  PU  -  p^ 

Case  2.     IrAen  the  principal  stresses  are  of  opposUe  hinds  (6g.  55)^ 

is  evident,  that  the  moKt  oblique  stress  possible  is  a  taugential 

ami  that  the  problem  amoiuits  to  finding  tlte  circumstanocs 

which  O  R  lies  in  the  plane  All.     In  this  case  it  is  evident, 

kt  the  triangle  0  M  R  becomes  right-angled  at  O,  and  conse- 

utly,  that  the  intensity  of  the  stress  is  given  by  the  equation 

J,,  =  ,/(mk'  -  om')  =  ^  { <£^  P'>'  -  (p^;  p^ } 

=  J(-p.p.) (10) 

before,  a  mean  proportional  between  the  priuciiml  stresses. 
luct  —  p^  p,  is  a  positive  quantity,  notwithstanding  its 
'ncgstive  wgu,  becauso  p^  in  this  case  is  implicitly  ne>;utivc 
Tlie  position  of  the  normal  O  X  is  found  by  considering,  that 


luid  that        ^=;  P  M  N  - 


MOR  +  -^  MRO 
P'  -  P/ 
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A 

xn 
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consequently, 

(an  obtuse  angle) ; 
^XOA  =  9(y- ^ 

2  1  ;j*-;?, 

(an  acute  angle). 

In  these,  as  in  the  other  formuhe  applicalilo  to  the  cuso  in  which 
jj,  and  py  are  of  oppoaito  kinds,  it  is  to  be  borne  in  mind  that  pg 
is  impticitly  negatiix,  and  that  conaequeutly  p,  +  p,  meaua  the 
difference,  and  p,  —  p^  the  mtni,  of  the  ariUmulical  values  of  th» 
prindpal  stressea. 

-V  Paoblex  rV.  ^10  tntensUieSt  kinds,  and  obUquities^  of  any  tuj». 
stresses  iohoso  planes  of  action  are  perpmdicular  to  the  plaate  ofOteir 
directions,  being  given,  it  is  rcfpiired  iofindtSA 
principal  stresses  and  axes  of  stress.  Case  L 
When  the  ^iven  stresses  are  oftlm  same  kind, 
and  unequal, 

III  tig,  56,  let  AB,  A'B',  rppresont  the 
given  planes,  0  N,  O  N',  tlieir  nonnala,  0  K, 
O  B',  the  stresses  ui>ou  them. 

Let  the  intcQsities  be  denoted  atgebiuically 
by 

p  =  OB.;p  =  OBf, 

Fig.  56.  and  the  obliquities  by 

^  NOR  ^  nr;  ^  N'OR'=  nT/. 

In  fig.  57,  take  O  K  to  repre^nt  at  onco  the  normab  to 
planes. 

Make 


I 


NOR^ 
OR 


A 

nr 


:NOR'  =  n'r'; 
p;OB'  =  p'. 


Join  RR',  bisect  it  in  S,  irom  which  draw  SM  J-  BR',  cutdng 

K     O  M  in  ]SL    Join  M  R,  MR', 
wliich   liucs   are   evidently  h 
equal.     Then  from  a  com-B 
parison  of  the  construction 
of  this  figure  with  the  gene- 


Fig.  67, 


ntion  of  the  ellipsis  of  stress, 
as  described  under  Froblou 
1.,  la  evident,  ^^iaX. 


ELLIPSE  OF  STRESS — PBOBLEMS. 
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OM 


P'+pp 


iiK  ='Mir  = 


id  consequently  that  the  pnncipal  stresses  arc 

p,==OM  +  MR;  p,=  (JM-SrK; (12.) 

and  it  la  also  evident,  thAt  the  angles  made  by  the  axis  of  greatest 
with  the  two  normals  res|>ec lively,  are 

A         1  A.        1 


fljn:^^^:^NMB;  ajft'  =  y^=i:NMR'i (13.) 


^Hrhicfa  data  are  sufficient  to  dotermine  the  position  of  the  aze&— 

■q-ki. 

^^  Case  2,  If  A«»  iAe  fficen  alrewes  arc  of  opposite  kindSf  tho  con- 
struction is  the  same  iu  every  rospect,  except  that  the  lesser  of  tho 
given  stresses  must  be  represented  in  fig.  57  by  a  Uuo  in  the  pro- 
lonffcUion  of  its  direction  beyond  0,  making  an  obtuse  angle  with 
O  W,  equal  to  the  supplement  of  its  obliquity. 

In   either  of  the  two  cases  that  liave  been  stated,  the  angle 
'tween  the  normals  to  the  two  given  planes  must  have  one  or 
of  tho  two  following  values  : — 


A, 
nn  = 


f  cither«n'+  j;n--clNMS) 
(or       «'n'-/n--^RMSj 


(14) 


ling  as  the  two  normals  are  at  opposite  sides,  or  at  tho  same 
ide  of  the  axis  of  greatest  stress. 

The  solution  of  cases  1  and  2  is  expressed  algebraically  by  tho 
>llo«'ing  equations,  wliicli  are  deduced  from  the  geomctfical 
»lution  by  means  of  well  known  formulie  of  trigonomeby : — 


=  0M 


~7  A^  A    \ 

2  (j)  COS  71  r—jpf  coin  r  J 


.(15.) 


^^Y^'  =  MR  =  MK 


=  ^|(£L±^\p^-(p,  +  p,)peo8n^} 
.V{<-^^%p'»-(p.-.p.)p'Cosr^r}; (16.) 


^   A 


2pco8nr~pj, 

Ps-P,~ 


coeSxn' 


A 

2  p*  oos  ii'  r' 


.(17.) 


P'-P' 


P'-P, 
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In  using  these  eqxiations,  it  u  to  be  obeorved  tliat  Uie  coslue  oi 
an  obtuse  angle  is  negative. 

Simjtiyied  Fomxa  o/Ca9e$  1  <ttid  2, 

Gase  3.   ITAert  Uie  two  given  stresses  are  conjugate^  they  are 

equal  obliquity;  and  the  point©  O,  R',  S,  R,  in  tig.  ij7,  are  in  one 

straight  line,  to  which  M  3  is  perpendicular ;  the  angle  between 

the  two  normals  being 

.^NMS  =  n^n'  =  90'H  nr 

In  this  case,  equation  15  beoomefl 

i>*  +  P,-i7M,  P  +  P' 

3  A    J'"- 

3cosnr 
equation  IG  becomes 

&^  =  Sir  =  STr^  =  V  { '^^f^'-  -  pp 


.(18.) 
.(19) 


■1- 


(  4  co»^  nr  I 


.(20.) 


equations  17  arc  modified  only  by  the  equjUity  of  n  r*  to  /*  r. 

Case  4.  When  tJie  planes  of  acthn  of  Uie  Uoo  yiven  stresses  ar9 
■perpendicular  to  each  other j  M  S  is  perpendicular  and  R  R'  parallc*! 
to  O  N,  in  tig.  57,  so  that  we  have,  for  the  taugoutial  c«jm|K)iieut  of, 
each  stress, 

A  A 

MS=r^sinnr  =  p'sm  n  r'ss:/),. 
Let  Uie  normal  components  of  the  giveu  stresses  bo  denoted  by 

A  A 

p.  =pco8  nr',  p\=p'<xmHr*, 
Then  equation  \5  becomes 

liM=£t+£r=Ei+£.-; (210 

equation  16  becomes 


-^    ^=  j{^^'+P?  } (23.) 


The  equations  17  become 

cos  2a;  n  =  —  cos  2a:n*=^^Ili?. 
or,  what  is  equivalent, 

tan  2a:n  =: -tan  2  a;'n'=: -?P'- 

oewg  the  same  with  equation  1  of  Artic\e  \0^. 


pMOBUOi  V.  The  etresa  in  every  directum  beiiuf  a  thruMf  and  tJte 
f^naUeti  obliquUi/  bang  given j  ii  is  required  tojtnd  tJie  ratio  oftmo 
,  wnjugate  thrusts  tvhote  ctynirnon  obliquity  is  given, 
Im^  Let  9  dimote  the  given  greatest  obUquity.     Then  accotxUng  to 
^Vzvblcm  III, 

Let  n  r,  which  must  not  exceed  <p,  denote  the  common  obliquity 
of  a  pair  of  conjugate  thrusts,  so  that,  as  in  Problem  IV.,  case  3^ 

90°  +  nr  I 

bo  the  angle  between  the  normals  to  their  planes  of  action, 

90°  — nr 

the  angle  between  thofie  planes  themselves.  liCt  p  be  the  intensity 
of  the  greater,  and  p  that  of  the  less,  of  those  conjugate  tlirusts 
whose  ratio  is  sought ;  then  (li\-iding  equiitiou  20  of  this  Article  by 

Nfkation  19,  and  squaring  the  result,  we  find 
VI  transposing  J 

^  fe±r)!_.£^l^^ (25.) 

H  fpjT"  cos'*'  ^    ' 

Hence  it  follows  that  the  ratio  of  tho  conjugate  stresses,  p,  p",  is 
that  of  the  two  roots  of  a  qiuKlratio  equation. 

«'  — 2coan'V-u+co8»C=  0 ..(26.) 

Itliat  is  to  «ay,  let  p  be  tlie  greater  tliruKt,  and  pr  tho  leas,  then 
I                              f/     coa H r  —  J  (cos* nr  —  ooi^  0) (27.) 
'                            P     co8nr+  J{cof!?nr — coe*^) 
When  n  r  =  0,  this  becomes  the  ratio  of  the  principal  thrustfi,  viz. : — 
U                                     ;7,^l-ein<P. (28^) 
B                                    p.     1  +  sin  9 

w&ffo  ar^^,  the  ntio  becomes  that  of  equality. 
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113.   C*MWBrd  StrcMM  In  Obo  rtems^pBOBLKU.     Giimit/i^  noi 
9nal  interuities  and  dirfirtions  ofayiy  numb&'  o/ttimfie  stressfB  \rh 
(Ureotiorig  are  in  ike  weme  plane;  requiredf  the  direetiont  and 
tntiet  of  the  pair  o/^trlncipal  ttres^et  retuUrngfiom  th&ir 

Distinguish  the  pulb  from  tlio  thrusts  by  considenDg  the  kinc 
whoso  sum  is  greatest  as  jwsitive,  and  the  opposite  kind  as  negativ* 
Afisume  two  planes  at  right  angles  to  each  other  (which  may  " 
called  planes  of  reduction),  to  each  of  which,  by  the  process 
Article  98,  reduce  all  the  given  stresses ;  and  then  resolve,  as  in] 
Article  99,  each  of  the  reduced  stresses  thus  obtained  into  a  direct 
or  normal,  and  a  shearing  or  tangential  component.  Compute 
(attending  to  the  positive  and  negative  signs)  the  two  suma  of  the 
direct  component  stresses  on  the  two  i)hknes  of  reduction  respectively ; 
compute  also  the  aiim  of  the  shearing  comjronents,  wliicu  will  bq« 
tlie  same  for  each  jtlftuc  of  ivduction  :  lastly,  fi-om  the  pair  of  totaiJH 
direct  stresses,  and  the  total  Bhearing  Btress,  thus  computed,  re- 
latively to  the  assumed  i-ectangulur  planes  of  reduction,  determine, 
as  in  Article  1 1 2,  Problrm  II.,  case  4,  tlie  «lirections  and  intensities 
of  the  resultant  prLndpai  stresses. — Q.  E.  L 

The  algebraical  expression  of  this  solution  is  as  follows : — Let  n 
bo  taken  to  denote  the  normal  to  one  of  the  rectangular  planes  of 
reduction. 

Let  p  denote  the  normal  inlensUy  of  any  one  of  the  given  direct 

stresses,  and  np  the  angle  which  its  direction  makes  with  tluH 
normal  n.     The  symbol  z,  as  in  previous  examples,  denotes  the 
operation  of  taking  the  snm  of  a  set  of  quantities,  with  due  regard 
to  their  algebraical  signs,  that  is  to  say,  adding  the  positive  anif 
subtracting  the  negative  quantities. 

The  direct  and   shearing  components  of  a  *dngle  stress  pj 
reduced  to  the  rectangular  plunes  of  reduction  respectively,  accoi 
ing  to  the  principles  of  Article  99,  are  as  follows  : — 


Normal 


J  on  the  plane  normal  to  n,  j?  cos'  np  • 
(  on  the  other  plane,  p  sunf  np  \ 


Tangential  on  each  ]>lane,  p  cos  n/)  sin  np. 

Jonsequently,  the  total  direct  and  shearing  stresses  on  tho  planes^ 
of  reduction,  are  as  follows : — 


„         ,   (p.  =  2(pcos'npJ; 


Tangpntialj  p,  =.  a  l^j 


cos  Tip  ttunip 


>Y 


COXBCICD  8TB9SES  tJf  OKE  PLAXE. 


Ill 


Introdncing  these  vnlueB  into  the  equations  21,  22,  and  23,  of 
Ajtade  112,  and  obonriDg  that 

ooernp  +  6m'np=l ;  oorn^ — eiDrHp-co&2np, 

A         .A        1    .     „   A 

008n;3'siTi»p=-sin2np, 
'we  obtain  the  following  results  : — 


m~-  '-^-l-P' 


.(1.) 


'-       2  '2  '^  i\^*P^^  '2np)'\-\2  'pem2np)  \  "•(^■) 

na:=-2  arc-tan--?^^ ^ (3.) 

3  '^cos  2np 

Tlie  equation  2  is  capable  of  being  expressed  in  another  form,  aa 
follows.     Let «,  (T  be  ony  r«tt)  anglea.    Then 

cos  a  cos  a'  +  sin  a  sin  0^  ^  COS  (a  —  o^ 

'ow  the  quantity  undor  the  sign  ^,  in  equation  2,  consists  of  the 
jUowing  classes  of  terms  : — 

1.  All  the  squares  p*  coe^  2  np ; 

,  A  A 

2.  AU  the  prodncta  2|)pco3  2npcos2 np' ; 

vhere  p,  p\  are  any  pair  of  the  given  stressee ; 

3.  All  the  squares  p^  sin'  2  np ; 

4.  All  the  products  2pp'^2npsin2  np'. 
The  fiist  and  third  of  these  classes  being  added  together,  make 

|3{p^;  the  second  and  fourth  make  2  s  (pp* 'oos  2/)^^;  pp^bcing 
the  angle  between  p  and  p\     Equation  2  thus  becomes 
I  *^  =  i  V  1^  (pV  2  ^  (PF  oos2pV)}  (!•) 

From  the  equations  (1)  and  (4)  it  appears  that  the  tntensilies  of 
the  principjil  stresses  p,  and^,  can  bo  compuU'd  without  assuming 
planes  of  rvductiou ;  for  the  only  angles  involved  in  this  pair  of 
/\ 
eguatictDB  are  the  seremi  angles  pff,  which  the  gLvca  altcSBea  ToaJfi-tt 
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with  each  otter  when  compared  hy  pairs  in  every  possible 
Unatiou.    To  t'md  the  dirediotiiii,  liowever,  of  those  principal  etresaee, 
planes  of  reduction  must  be  assumed. 

In  using   tlie  equation  (4),  it  is  to  be  remembered  that  when 

2pp'  exceeds  90',  we  have 

cos^pjy  =  —  coi{\80°  —  2pjf). 

Sbcttion  4. — OfUte  Internal  Kqitilihrium  of  Stress  arid  Weighty 
and  tfis  Principles  of  Hydrostatics. 

114.  TarrlMc  Internal  BtreM. — The  invciitigations  of  the  preoed 
ing  section  have  been  coiiductud  as  if  tho  intemal  stress,  whether 
aimple  or  compound,  were  uniform  at  all  points  in  the  body  under 
consideration;  but  their  results  arc  nevertheless  correctly  applicable 
to  internal  ?ti*eps  wliich  varies  from  point  to  point  of  the  body ; 
for  those  results  are  arrived  at  by  considering  the  conditions  of 
efiuilibrium  of  a  pyramidal  or  prismatic  portion  of  the  lK>dy  oon- 
taining  the  jwiint  at  which  the  relations  amongst  the  components 
of  the  stress  are  to  be  determined;  and  when  the  streas  varica  from 
point  to  point,  then  by  supposing  the  pjrramid  or  j)rism  to  bo  small 
enough,  its  condition  of  stress  may  be  made  to  deviate  from  uni- 
formity to  an  extent  less  Uian  any  assigned  limit  of  deviation ; 
but  the  tnith  of  the  propositions  of  the  preceding  section  for  an 
uniform  stress  is  independent  of  the  size  of  the  prism  or  pyramid  ; 
therefore  tliey  can  be  proved  to  deviate  from  the  truth  for  a  vary- 
ing stress  by  less  than  any  assignable  error ;  therefore  they  must 
be  true  for  a  varying  as  well  as  for  an  uniform  stress. 

lli>.  Canvm  of  vnrriHB  Sctcm. — The  internal  stress  exerted 
nmongHt  the  parts  of  a  body,  may  vary  from  point  to  point,  from 
three  classes  of  causes,  viz. : — 

I.  Mutual  attractions  and  repulsions  between  the  parts  of  tlio 
body; 

II.  Attractions  and  repulsions  exerted  between  the  parts  of  the 
body  in  question  and  external  bodies  ; 

III.  Stress  exerted  between  the  Iwly  in  question  and  external 
bodies  at  their  surfaces  of  contact. 

L  The  first  of  these  classes  of  causes  may  be  left  out  of  considera- 
tion in  tho  present  treatwe;  because  the  mutual  attractions  and 
repidsiona  of  tho  parts  of  an  artificial  structure  are  too  small  to  be 
of  pi-actical  im]xirtance  in  the  art  of  construction. 

II.  Of  the  second  class  of  causes,  the  only  force  Vhich  is  of 
fiiiBicieot  /mt^itude  to  be  considered  in  the  art  of  construction,  is 

TIL   Tlie  cozisidemtiou  of  the  third  cVaaa  o^  caaaca  "Wi'^ttg^  ^ 
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;bj«et  of  the  strength  of  materinls,  which  will  be  treated  of  in 
aequeL 

Tho  subject  of  tho  present  section,  therefore,  is  the  relftiion  be- 
ecD  the  weight  of  tho  parts  of  a  body,  and  the  variation  of  it« 
ft>ndition  of  strfss  from  point  to  point. 

116.     Oracml  Problnn  sf  iBtctmal   KquUlbrinm.  —  Let  W  denote 

ihe  weight  per  unit  of  volume  of  a  body,  or  imii.  uf  ii  body,  and  let 
it  be  required  to  determine  what  modes  of  variation  of  internal 
are  consistent  with  that  specific  gravity. 
Consider  the  condition  of  a  rectangular 
olccule  A  (fig.  68),  bounded  by  ideal 
pUnes,  whose  edges  are  piiratlel  to  tlu-ee 
nguJar  axes,  OX,  OY,  OZ.     Tho 
tSon  of  this  set  of  axes  is  immaterial 
the  result;  but  the  algebraic  formulse 
are  simplified  by  assuming  one  axis  to  be 
Ttical;  let  O  Z,  then,  be  vertical,  and 
distancee  along  it  be  positive  upwards. 
en  weight  must  be  treated  as  a  nega- 
e  force ;  and  the  weight  of  a  portion 
the  body  of  the  volume  V  will  be  denoted  by 

-  wV. 


^■nolcc 

plane 

^^ectai 
^Koaiti 
^^o  thi 


Fiff.  &8. 


Let  the  dimensions  of  the  molecule  A  bo  '   t 

A  a;  pai-allel  to  0  X, 
Ay  „  1,  OY, 
ax      „        M     OZ. 

Then  its  weight  is  represented  by 

—  to  '  &x  Ay  as. 

I  The  fiix  faces  will  be  designated  as  follows  : — 
Farihost  from  0. 
I       The  pair  ftarallcl  to  Y  0  Z 
f  M         „         .,      20X 

»         „         n      XOY 
(That  is,  the  horizontal  pair.) 

Let  the  six  intc^nsities  of  the  components  of  the  stress  be  denoted 

as  in  Article  104,  viz. : — 
j^m  Normal,  p^  p^^,  p„ ; 

^1  Tangential,  ;?,„  p^f,  p^f 


+  ay  AS 

4-  A£  AX 

+   A«  A 


(the  upper, 
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Neamt  to  O. 

-  Ay  AS 

—  AZ  AX 


—  AX  Ay 
(the  lower 


!} 


As  for  the  sjgna  of  Dorm&l  streaSf  let  pull  be  positive  txaA  IVtm^ 
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negative.     As  for  the  signs  of  tangential  stress,  let  those 
be  couai  Jcred  as  <  ^       . .      >  which  tend  to  make  the  pair  of 

nera   of  the   molecule  which   are  nearest  And    fiirthest  from. 

j  shaxpor  ) 

\  flatter  ( 

In  thf  first  place,  let  the  rata  of  variation  of  the  stress,  of  what 
kind  soever,  from  point  to  poin^  be  uniform ;  that  is  to  say,  for; 
example,  if  the  mean  intensity  of  any  one  of  the  componenta  oj 
the  atreaa  at  the  face   —  A  x  ^  f/  be  p,  then  at  the  face  +  A  x  A  y, 
whose  distance  from   —  A  ar  A  y  ia  A  j,  let  the  mean  intensity 
the  same  component  be 

dp 


P'^Tl'  ^^' 


dp . 


in  which  -j—  is  a  comrtunt  coeflScient  or  factor,  meaning'  "  the 

Ob    Z 

of  variation  of  p  alontj  z"  which  is  jwflltivo  or  negative,  accordii 

the  variation  of  p  is  of  the  same  or  i>f  the  couti-aiy  kind  to  thai 
•©f  *;     Ji(Uc8  ofvartaliim  ore  also  known  by  the  name  of  dijferenti 
OHifficiffnts.     As  there  ar»  mx  components  in  the  stress,  and  three] 
axes  of  co-ordinates,  there  are  eighteen   iKwaiblo  diifcrcntial   c< 
efiSoients  of  the  stress  with  respect  to  thfi  c(»-ofdinatoa ;  but  it  wilXj 
presently  appeal*  that  nine  only  of  those  oo-e^dcieuta  uixs  concemt 
in  the  solution  of  the  pit^aent  problem. 

The  relfltioua  amongst  the  weight  of  the  moleaile  A,  and  thol 
vai-iations  of  the  int-euKitics  of  the  component  stresses  on  its  diffei^ 
ent  faces,  depend  on  this  principle,  that  the  force  ansiiuf  from  tfta^ 
variations  of  stress  must  iafance  lite  weight  of  the  moUct/k;  that  if 
to  say,  the  resultjint  ft»rop  parallt^l  to  «ich  of  the  horizontal  axes, 
which  arises  from  the  variation  of  stress,  must  be  nothing,  and  the 
resultant  force  parallel  to  the  vertical  axis,  which  arises  from  the 
variation  of  stress,  must  be  vptoaril,  and  eqval  to  (/le  icetght  of  the 
mofecule — a  principle  expressed  by  the  three  following  equa- 
tions : — 


dx 


■JT 


dx 


dy 


dz 


^Aai-iyAJS-H^fj^At/ACA^+^J'^Ar'AXAy 


^" 


dy  dz 

—   WAdCAI^A:. 
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dp„        ,        «??,y       .        dptr               A.    , 

dz      ^      dy      ^      dz      -     ^' 

dp^     +    dp„    .J.    rfft.     _    0; 

dx      ^     dy       ^     dz 

,  ,„, 

<^P^      .     «^^n      .     rf^" 

IFti 


£bcii  of  the  nine  ternis  which  oompoae  the  left  sides  of  the  above 
aqnaiioas  is  the  product  of  four  factora ;  the  first  being  the  rate  of 
wiatioa  of  a  s&ress,  the  secoud  the  di:»tauoe  bt-lwcou  two  iaces  ou 
vhich  that  stres  acts,  and  the  third  and  fouith  the  dimonsioDS  of 
tiuMO  £wei>  whoee  product  is  tbcir  oommon  area 

EiLch  t«rm  of  those  three  equations  contains  as  a  cominrm  factor 
lihe  voloiue  of  the  mol^'ule,  ax  ^y^z^  dividing  by  this,  they  are 
ledaoed  to  the  following .- — 


(2) 


this  second  form,  the  equations  are  applicable  to  rates  of  varia- 

ou  which  are  not  uniform  as  well  as  to  those  which  are  uniform. 

or  OS   the  rectangular  molecule,   froiu   the  conditions  of  whose 

nilibrium  these  eouations  are  deduced,  is  of  arhitraiysize,  it  may 

he  8up[)Os«d  as  small  as  we  please ;  and  when  tlie  i-ates  of  variatiou 

of  the  stress  are  not  imiforro,  we  can  always,  by  supposing  the 

molecule  small  enough,  make  the  rates  of  viiriation  of  the  stresses 

uTkngbout  its  bulk  deviate  from  uniform  nites  to  an  extent  lees 

than  any  given  limit  of  error. 

The  equations  2  cuu  easily  be  modified  so  as  to  adapt  them  to 
any  different  arrangement  f)f  tlie  axes  of  co-oi-dinates.  Thus,  if  z 
Ik;  made  poeitivc  downwards  instead  of  upwards,  ~w  is  to  be  put 
for  to  in  the  third  equation.  If  x  or  t/,  instead  of  r,  be  mode  tho 
Ttirtic&l  axis,  w  is  to  be  substituted  for  0  in  the  iirst  or  tlio  second 
eoTsatioD,  as  the  case  may  l>e,  and  0  for  to  in  the  thirtl  equation. 
If  the  axea  of  x,  y,  and  z  make  respectively  the  angles  «,  /3,  and  y, 
with  a  line  pointing  verticfilly  upwards,  the  force  of  gravity  is  to 
be  resolved  into  three  rectangular  components,  each  of  which  must 
bo  sepoxately  bsJanced  by  varialiona  of  stress ;  so  that  for 


0, 


0, 


w. 


.the  first,  second,  and  third  equations  ^C8pecti^'ely,  ate  to 

itutcd 


10008% 


tffcos  y. 


w  coep, 
77je  equatiozis  of  this  Articlv  arc  not  In  gcacitti  sa&cu£Q\> 
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themselves  to  determine  the  mode  of  variation  of  tho  iiitemuty  of 
tho  stress  in  a  solid  body^  l>ecuiue  of  their  number  not  being  fio 
great  as  that  of  the  number  of  unknown  quantities  to  be  determined. 
They  havo  therefoiv*  to  be  combined  with  other  cquationa,  deduced 
from  the  relations  which  are  found  by  experiment  to  exist  between 
the  altex-ations  of  figure,  which  the  iiarta  of  a  solid  body  undergo 
when  a  load  acta  on  it,  and  the  stresses  which  at  the  same  time  act 
amongst  the  dififigiu-ed  parts.  These  relatious  belong  to  the  sub- 
ject of  elasticity  and  of  the  strength  of  materials,  and  not  to  that 
of  the  principles  of  statics.  The  remainder  of  the  present  section 
will  relate  to  those  more  simi>le  problems  which  can  be  solved  by 
meand  of  t)ie  equations  2  alone.  «h 

.    117.  Kqaitibriant  af  Fiaiii*. — It  bas  already  been  explained  infl 
Article  110,  that  in  a  fluid  the  only  »trei«  to  be  considered  iu 
practice  is  u  thi*uat  or  pressuif,  normal  and  of  equal  intensity 
in  all  directions.     This  is  exjiressed  symbolically  in  the  following 
manner: — 


ft. 


0;  p^^O\p,, 


"} 


(!•) 


I 


the  single  symbol  p  being  used,  for  the  sake  of  convenience  and 
brevity,  to  denote  the  imteimty  oft/iejiaul  pressure  at  any  given  ^Hjint 
iu  the  fluid.  h 

In  adapting  the  equations  2  of  Article  116  to  this  case,  it  is  con- H 
veuieut  to  take  x  to  denote  vertical  co-ordinates,  and  to  make  it 
posUive  downKardi.  Then,  bearing  iu  mind  tJiat^  is  now  a  thrust, 
being  positive  (and  not  a  pull  when  positive  and  a  thrust  when 
negativ*e,  as  in  the  geum-al  problem),  we  obtain  the  following 
equations : — 


dp 


=  V3\ 


it 

dz 


=  0 


(2.) 


The  first  of  these  equations  expresses  the  fact,  that  hi  a  halmvxd 

fluids  Uie  pressure  increases  xciih  the  vertical  depth,  at  a  rate  expressed 

by  the  weight  of  0te  fluid  jjcr  unit  of  volume;  and  the  second  and  thini 

exprcsa  the  fact,  that  in  a  balanced  fluid ^  the  pressure  fias  no  variation 

in  any  horizontal  direction ;  in  otlier  words,  tiiat  t/te  prttaurt  is  equal 

ut  all  points  in  the  sanu  level  surface. 

[Tho  exact  figure  uf  a  level  siofaoe  is  spheroidal  j  but  for  pur- 

yxtoies  of  applied  mecLiLuics  it  maybe  troated  aa  a  \tlane»  without 

sensible  error.  / 
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ft 

^BV)6e  priuciples  may  also  be  proved  directly. 
^Pnreeent  a  voilical  section  of  a  tltu'd; 
TOY  aiiy  horizontal  plane,  0  X  a 

irertical  axis.  Let  B  B  be  a  liori- 
anntal  plane  at  the  depth  x  below  0 ; 
C  C  anotlier  horizontal  plaue  at  the 
depth  X  ■¥  A.X.  Let  A  be  a  sniall 
Teetangular  molecide  cx>ntaiii(.d  be- 
tween those  two  horizontal  pianos; 
and  let  a  y  and  -^  ?  be  it^j  horizontal  dimoniiions,  8o  that  it<)  weight  is 
VJ  AX  ^y  AZ, 
^^Tbc  pivs^urc  cxortod  by  the  other  portions  of  the  fluid  against  tho 
^■THrtical  faces  of  thiit  molecule  are  horizontal,  and  nitist  luilance  ench 
^■bther;  therefore  there  can  be  no  vaxiation  of  pressure  hoiizontully. 
^mLetpa,  then,  bo  the  uniform  pressure  at  the  horizontal  plane  YOY, 

u.that  at  the  plane  BB,  and  p  +  —Axthat  at  the  plane  C  C. -r^ 

'  '  ^       ax  '^  ax 

being  the  rate  of  incrooso  of  pressure  with  depth.     The  molecule  iu 
^Kpreased  downwards  by  the  pressure  whose  amount  i^ 

^Knd  opvarda  by  tlic  pressure  whose  amount  is 

P  {^*T. '")''■''=■ 

The  difference  between  those  forces^  via  ^— 


Tr     whi 


dp 


to  be  balanced  by  the  weight  of  the  molecule;  equating  it  io 
which,  and  dividing  by  the  common  factor  Ax^y  ^Zj  we  obtain 
the  first  of  the  equations  2  of  this  Article. 

The  preflsure  ^  at  the  mirface  Y  Y  being  given,  tl»e  pressure  }> 
at  any  given  depth  x  below  Y  Y  is  found  by  nicjins  of  the  iutograJ, 


dp 


(3) 


IS  to  aay,  it  is  equal  to  the  preemire  at  the  plane  Y  Y,  added  to 

the  w^ght  of  a  vertical  column  of  the  fluid  who(»e  area  of  base  is 

|vni/y,  and  which  extends  from  the  plane  Y  Y  down  to  the  given 

depth  X  below  that  plane. 

li  in  obiioualy  aeoesaaiy  to  the  equilibrium  of  a&mi\,  \.\\aX  ^Jqb 
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spc'ciilc  gravity,  as  well  ah  the  prefisure,  should  be  the  Mine  at 
points  in  the  same  level  aurftice; 

The  preceding  principles  are  the  base  of  the  science  of  Hydro- 
statics. 

118.  Eqaaibriam  af  n  i.iaBid.— A  liqitid  ifi  a  fluid  whose  parts 
tend  to  prthsfirvo  a  definite  siz« ;  that  is  to  say,  a  portion  of  a  liquid 
of  a  given  weight  tends  to  occupy  a  certain  deiluitij  volume ;  and  to 
make  it  occupy  a  greater  or  a  leas  volume,  tension  or  pressure,  as 
Uie  case  may  be,  must  be  applied  to  it.  The  volume  occupied  by  an  j 
unit  of  weight  18  the  reciprocal  of  the  weieht  of  on  unit  of  volume ;  | 
so  that  the  preceding  principle  might  otherwise  be  bUited  by  aay-j 
ingj  that  a  liquid  tends  to  preserve  a  definite  specific  gravity,  which 
may  be  increased  by  pressure,  or  iliminished  by  tension. 

The  Tolnmo  which  a  g^ven  weight  of  a  liquid  t^nds  to  occupy 
depends  on  its  temperature  according  to  laws  which  belong  to  the 
BcieTice  of  Ileat.  ^ 

The  alterations  of  the  specific  gravity  of  liquids  produced  by  any  ■ 
pressures  wliich  occur  in  practice,  are  so  small,  that  in  most  jiro-  ^ 
blems  respecting  the  equilibrium  of  liquids,  the  specific  gravity  to 
may  be  treate<i  without  sensible  error  as  a  constant  quantity,  inde- 
pendent of  the  pressure  p.  In  the  case  of  water,  for  example,  the 
compression  of  volume,  and  increase  of  specific  gravity,  produced  by 
a  pressure  of  one  airjiosjjhere,  or  14*7  |Kiund.s  per  square  inch,  is  about 
7oiir7,  or  iftj'aoj  for  each  [wund  on  the  square  inch. 

If,  then,  the  specific  gravity  w  be  treated  as  a  constant  in  equation ' 
3  of  Article  11 7,  it  becomes  as  follows: — 

p^Po-i-  wx; (1.) 

that  is  to  say ; — let  p^  be  the  pressure  at  the  upper  surface,  Y  0  Y, 
(fig.  59)  of  a  mass  of  liquid  j  then  the  pressure  p  at  any  given  depth 
fe  below  that  surface  is  greater  than  the  suijcrficial  pressiu^j  po  by 
an  amount  found  by  multiplying  that  depth  by  the  weight  of  an 
unit  of  volume  of  the  liquid. 

When  the  mass  of  liqiud  is  in  the  open  air,  the  superficial  pree- 
sure  po  is  that  arisuig  from  the  weight  of  the  earth's  atmosphere 
of  air,  and  at  places  near  the  level  of  the  sea,  is  estimated  on  aa 
average  at  14*7  pounds  on  the  square  inch.  In  a  close  vessel, 
the  superficial  presfiure  may  be  greater  or  less  than  that  of  the 
atmosphere. 

1 II'.    KquiUbrlum  of  diOerFnt  Flaida  In  conuici  wilfa  cncb  Mfavr.— 

If  two  diftci-ent  fiuids  exist  in  the  same  sfiaeti,  tliey  may  tmito  so 
that  each  of  them  nhall  be  distributed  throughout  the  whale  space, 
either  by  chemical  combination  or  by  diffusion;  but  in  such  cases 
tber  form,  in  fact,  but  one  fluid,  which  is  a  compound  or  mixture, 
u  the  case  may  bo.     The  present  ArUc\e  \iaa  t^ifewmoft  Vo  \^aR  «aaft 
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of  differcDt  kinds  renuin  in  oontart.  onoombined  and 

In  this  cmse,  tlie  oondition  of  equilibrium  is,  that  the 

HlBWuia  of  tvo  fioidfi  at  each  point  of  their  siir&ce  of  oontaict  aball 

pe  equal  to  eaxAx  other, — a  condition  which,  when  the  two  fluids 

an  of  difierent  specific  gnvitieft,  can  only  be  fulfilled  when  the 

mnhce  of  contact  is  horizonUL 

I  If,  tben,  two  or  more  fluids  of  different  specific  graritios,  which 

df>  iMt  rranl^e  nor  mix  with  each  other,  be  contained  in  me  veBsel 

nmitetrttpied  by  partitions,  tboy  will  arrange  tht'Uij'ch-ca  in  hoti- 

^Kvottal  strata,  the  heavier  ti  tildfi  bein^  Wlow  tho  li^ghu^r. 

^H     If  two  fluids  uf  ditferent  specific  ^-aritiu^  Ix'  (.titntaiued  in  the 

^■two  IcgK  of  a  tube  ahApod  Uko  the  letter  tJ  (uud  0AlK>d  an  "invert*^^ 

^f '•piioe**),  or  if  one  of  the  two  fluids  be  oontuined  in  a  vertit-al  tulje 

open  below,  and  the  otlier  in.  the  apace  surroundiiii*  that  tulw? ;  or, 

^nijenillTT  if  the  two  fluiUs  bt-  jjurtiully  se[mniti.<d  (nmi  each  other  by 

a  Tertioii  or  nearly  vertical  (MrtitioUs  lieJow  wliivh  there  is  a  oom- 

mmiicBtaan  between  the  spaces  on  oitlier  tiide  of  it;  the  horixontal 

tadtat  of  contact  of  the  fluids  will  he  at  timt  side  of  the  jiaititiou 

at  which  the  lighter  fluid  is  found,  so  that  it  may  be  above,  and  the 

heavier  fluid  below,  that  sur£ice  of  oontaet^ 

J>t  p^  denote  the  common  preasure  of  the  two  fluids  at  iiieir  stir* 
face  of  contact,  and  let  any  ordinate  meuHured  £rom  that  snrfaoo 
.vptnarrfx,  be  denoted  by  a:.     Let  uf  denote  the  qsecifio  gravity,  and 
tilt  pressure,  of  the  lighter  fltiid;  ti'""  the  speofic  gravity,  and  p" 
pressure,  of  the  hcaWer  fluid.     Then  at  any  given  elevation  so 
>ve  the  sor&ce  of  contact 

equations,  when  the  fluids  arc  ligvids,  and  ttf,  «/*,  consianta, 


00 


p  =Pt-  wx;  p"  =}>,-  to' I. 


(2.) 


in  the  case  of  the  baramcter,  and  the  mercurial  preasnm  gauge, 

height  at  wliich  a  liquid  stands  in  a  tube,  closed  and  i-ni])ty  at 

e  upper  end,  above  its  suriace  of  contact  with  another  fluid,  may 

used  to  determine  the  pressure  exerted  by  that  other  fluid  at  the 

laorikoe  of  contact     In  this  case,  ^'  =  0,  or  nearly  soj  consequently 


Po  —  vfusj. 


.(3.) 


Let  a^,  ac^,  be  two  heights  above  tlie  surface  of  contact  at  which 
bhe  respective  pressures  of  the  lighter  aud  the  heavier  fluid  are 
itb«r  pgvdl  to  each  other,  or  hoth  eqaal  to  nothing ;  theix  p"  ^  |/| 

'  coaeequentlx,  for  ihiidg  in  genera). 
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rvfdx^  r^io'dx, (4.) 

If  the  fliiida  be  both  liquidB,  tliis  becomes, 

uf  X  =  t^x", (5.) 

or,  the  heights  are  inversely  aa  the  specific  gravities. 

II'  the  hea\*ier  iluid  be  a  liquid  (such  as  the  mercury  in  the  baro- 
meter) aod  the  lighter  a  gas  (such  as  the  atmosphere)  the  equation 
becomes 

(6.) 


(  u/dx  =  ttTflT;. 


and  ou  this  last  formula  is  founded  the  method  nf  determining 
diiferences  of  level  by  barometric  observations  of  the  atmospheric 
pressure. 

120.  E^^IIWfaiB  vf  m  FI««Uns  Body. — ThEOREU.  A  aoiul  bodtf 
floating  on  t/te  surface  of  a  liquid  is  balanced,  wften  it  displace  a 
wlume  ofliiptid  ipfiose  toeigfU  is  equal  to  M«  toeigkt  of  the  fUxUifuj 
iHxly,  awl  when  ilie  centre  of  graviii/  of  the  Jfoatimj  body,  and  thai 
<^  the  volume  from  wfiich  the  liqmd  is  dt^acedf  are  in  the  sams 
wrtiedl  line. 

Let  fig.  GO  represent  a  s<.>liil  body  (such  as  a  ship),  floaung  in  a 
liquid,  whose  hurizciutal  upper  surface  is  Y  Y.     Supjwse,  in  the  first 

place,  that  there  is  no  pressure  on 
the  surface  YY.  Consider  a  small 
portion  S  of  the  surface  of  the  im- 
mersed part  of  the  solid  body.  The 
liquid  will  exert  against  S  a  normal 
pressure,  whose  amount  will  be  ex- 
pressed by 


Fit,'.  SO. 


8p  =.Bv}Xf 


where  S  is  the  area  of  the  small  portion  of  the  immersed  surface,  » 
the  depth  of  immersion  of  its  centre  below  the  level  surface  Y  Y, 
and  w  the  weight  of  unity  of  volume  of  the  liquid. 

Let  a  denote  the  angle  of  inclination  of  the  area  S  to  a  hoiizontal 
plane,  or,  what  is  the  some  thing,  the  angle  of  inclination  of  the 
pressure  on  S  to  the  vertical.  Conceive  a  vertical  prism  HS  to 
stand  on  the  area  S  ;  the  area  of  the  horizontal  transverse  section 
of  this  prism  is  what  is  called  the  horizontal  projeciion  of  the  area 
8,  and  its  value  is 

S  cos  «.  I 

Conceive  &  horizontal  prism  S  T  to  have  \Ir  wda  vo.  the  vertical 
pJ&ae  which  is  perpendiou];ir  to  S,  and  to  ba-ve  tVa  wea.  ^  it« 
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,;  the  vertica]  transTeno  eeotion  of  this  {irism  is  wlmt 
Hbc  vertical  projection  of  the  area  S,  and  iu  value  isi 

Ssin  «c. 

This  horizontal  prism  cats  the  immersed  surface  in  another  amalt 

ma  T,  whose  projection  on  a  vertical  plane  fHjrpendicuIar  to  the 

is  of  the  prisni  8  T  ia  eqoal  to  that  of  S,  and  which  is  immersed 

the  biime  depth,  and  sustains  pressure  of  the  same  intensity. 

Raaolve  the  total  pressure  on  8  into  a  horizontal  component  and 

|A  nrtical  component     The  horizontal  cum|)ouent  is 

Sp*sini*  =  8toa:<Kin«, 

I  tang  equal  to  the  firoduct  of  the  intensity  p  by  the  vertical  prtQecUon 
f«f  S;  but  this  component  is  balanced  by  an  equal  ami  opponteoom- 
poneut  of  the  total  pressure  on  T;  and  the  same  is  the  case  for 
•TKiy  portion  such  as  8  into  which  the  iromersed  svirfaco  can  bo 
ili^ded;  therefore  the  resultant  of  all  the  horizontal  components  of 
the  pTRBSure  exerted  by  the  liquid  against  the  solid  is  twUtijuf, 
The  rertdcal  component  of  the  pressure  on  S  is 

Spcosa  =  St&fecoSflt, 

being  equal  to  the  product  of  the  intensity  p  by  the  horizinUal 
of  S.     But  S  X  ooa  «  is  the  loolume  oftlie  vertical  prism 
standing  upon  the  small  area  S,  and  bounded  above  by  the 
ntal  surface  Y  Y,  and  w  is  the  weight  of  nnity  of  voUmio  of 
e  liquid ;  therefore  Siox  cos  «  is  the  weight  of  liquid  which  the 
inism  HS  would  contain;  so  that  the  vertical  coiiqmuent  of  tho 
presBtirc  on  S  ia  an  upward  force,  eqtial  and  opposite  to  thavcHght  of  the 
litptid  displaced  by  the  prismatic  portion  of  the  solid  body  xrhick  stands 

I  vertically  above  S.  Then  if  the  whole  of  the  immersed  Ruiface  be 
divided  into  tfinall  areas  such  as  S,  the  resultant  oftlie  piviwui-e  of 
the  li<|aid  against,  that  entire  surface  is  the  sum  of  all  the  vertical 
components  of  the  pressures  on  the  small  area'^ ;  tliat  is,  a  forco 
e>]uid  and  oppooito  to  the  sum  of  the  we>ght±>  of  liquid  (lis|>la(*i'd  by  all 
the  prisms  such  as  HS;  that  is,  a  sum  e(]ual  and  opposite  t>  tho 
weight  of  tho  whole  volume  of  liquid  diaplaced  by  the  floating 
body;  and  tho  line  of  action  of  that  resultant  travei-sea  the  centre 
of  gmvity  of  the  volume  of  liquid  so  diapla<^l 
Let  C  denote  that  centre  of  gravity,  which  ia  also  called  tho 
Hfntre  of  Buoyancy.  Let  G  denote  the  centre  of  gravity  of  tho 
flofttmg  body.  Let  W  denote  the  weight  of  the  floating  body,  and 
V  the  volume  of  liquid  displaced  by  it. 

Then  the  conditions  of  equilibrium  of  the  floating  body  are  ob- 
viotisly  the  following: — 
Firti : — W  =  w  V ;  or  ite  weij:ht  must  be  equal  to  the  weight  of 
rolnme  ofHtjnid difpltuced  by  it' — 


^1  viot 
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8«amati/: — its  centre  of  ^"iivity  G,  and  the  centre  of  buoyant 
C,  must  be  in  tUo  same  veiiJcal  line. — Q.  E.  D. 

The  preceding  demonstratiou  htm  reference  to  the  case  in  whi 
the  prCBsiiro  on  the  horizontal  surikce  YY  is  nothing.     In  the 
of  botliea  floating  on  water,  that  surface,  a^  well  08  the  non-i 
part  of  the  stirfjtoe  of  the  floating  body,  have  to  Buj^itain  tlie 
of  the  air.      To  what  extent  this  fact  modifles  the  coucluijioas 
urrivcd  at  will  appear  in  the  next  Article. 

121.  l>rc«Mrp  on  an  ImmrrM^  Body TuEOREU.       2/  a  toUd  &(k/< 

be  witollif  immersed  m  a  fluid,  (he  resultant  of  tiic  ^jressure  of  the  fluit 
on  the  solid  body  is  a  verlival  force,  emiai  and  direelly  opposed  to 
toeight  of  UiC  portion  of  tlut  fluid  tchich  the  solid  body  displaces. 
Let  fig.  61  represent  a  fiolid  iMxty  totally  Inunersra  in  a  flnii 

y T     whether  liquid  oi*  f^asooua,     Conceive  a 

vei'tical  prifiiu  SU  to  extend  from  a  portion 
S  of  the  lower  hut&co  uf  the  body,  to  th^j 
]>ortion  U  of  the  upper  tmrtiWH!  which  ih  ve 
tically  above  S.     Aluo  let  8  T  be  a  horizon 
prism  of  which  S  is  an  obliqiie  section,  am 
UV  a  horizontal  prism  of  which  U  is  an 
oblique  section,  as  in  Article  120. 

Then,  as  in  jVrticle  120,  it  may  bp  pro 
that  the  horizontal  component  of  the  pressure  on  S  ii)  baluuctJ 
an  equal  and  o[i[>ofd(<c  component  of  the  pressure  on  T,  and 
horizontal  component  of  the  preasnre  on  U  by  an  *:qual  and  oppusi 
coiaponout  of  the  pressure  on  Vj  so  that  the  hoiizontal  component 
of  the  resultant  of  tlie  pressure  of  the  fluid  on  the  entire  body  ia 
notluitg,  and  that  resultant  is  vertical. 

The  vertical  component  of  the  pressure  on  8  is  upward,  and 
equal  to  the  wuij»ht  of  the  priionatic  portion  of  the  fluid  wliich 
would  stand  vertically  above  S  if  a  jiait  of  it  were  not  displaced  ly 
the  solid  body.  TIic  vei-tical  compuucnt  of  the  proesare  on  U  ia 
downward,  and  equal  to  the  woight  of  tlia  }n*ismatic  portion  of  the 
fluid  which  slandit  vertically  above  TJ.  Toe  vertical  force  arising 
from  the  preasnrcs  on  S  and  on  U  together  is  upward,  and  equal 
to  the  dificrenco  between  those  two  weights ;  that  is,  it  is  equal 
and  directly  opposed  to  the  weiglit  of  the  portion  of  the  fluid  dis- 
placed by  the  prismatic  portion  S  U"  of  the  immersed  body. 

Hence  the  resnltant  of  the  preasure  of  tlie  fluid  over  the  entire 
mirfacc  of  the  immersed  body  is  equal  and  directly  opposed  to  the 
weight  of  the  portion  of  fluid  displaced  by  that  bodj'. — Q.  E.  D. 

TJio  centre  of  gravity  0,  of  the  portion  of  fluid  wliich  would 

occupy  the  position  of  tlie  body  if  it  wei-c  not  immersed,  is  called, 

na  htiibref  the  eenire  of  buoyancy ^  and  is  tcaverwd  by  the  Tertioal 

line  of  action  of  the  resultant  of  the  pTessoxtt  ot  ^h»  ftxaj\, -^SsajSnii 


an 
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of  the  immersed  UkIj,  and  sometimes  tbe 

0  maintain  an  immereed  body  in  oqnllibrio,  tlicrc  must  be  applied 

it^a  furce  or  couple,  as  the  case  uuiy  be,  eqoial  and  directly  op- 

tho  resuItAnt,  if  any,  of  its  dowiiwanl  weight  and  upwurJ 

;  that  resultant  beiiig  determined  according  to  the  principles 

ArticlcA  3^  and  40. 

When  a  body  floats  in  &  hea^ior  fioid  (as  water)  having  its  upper 
ion  Burrouudeil  bjr  a  lighter  fluid  (as  air),  its  total  buoyancy  is 
nal  antl  opposite  to  the  rcsultAut  of  the  weights  of  the  two  portions 
the  resfK-ctive  fitiids  which  it  dispUcca. 

In  practical  questions  relutivo  to  the  oquilibriom  of  ships,  tho 
oynncy  arising  from  the  displacement  of  air  is  too  &mall  ua  com- 
l  with  that  ariiting  from  uio  displacement  of  water,  to  require 
be  taken  into  account  in  calculation. 

122.  AppmvM  WetfliiK — Thcouly  method  of  tetitiug  the  equality 
the  weights  of  two  bodies  wlueli  is  snifficiently  delicate  for  exact 
c  pui-poses,  is  that  of  liunging  them  from  the  oppoaito  vuda 
lever  with  equal  armB. 

this  process  were  performed  in  a  vacinmi,  the  l>alancing  of  the 
would  prove  their  weights  to  be  equal ;  but  as  it  must  Ix) 
bnnwl  in  air,  the  balandiig  only  proves  tlie  equality  of  tho 
vxxfjhts  of  the  bodies  in  air,  tJint  is,  of  the  resjtectivo  ex- 
,  «— «.  <if  thfir  weights  above  the  weights  of  the  vohini».-«  of  air  w  hich 
\  they  di»iilace.  Tho  real  weights  of  tJie  bodies,  theivforc,  are  not 
^Kjqnul  uTihrss  their  volumes  arc^  equal  also.  If  their  volumes  are 
^^Bnequid,  the  real  weight  of  the  larger  hndy  must  be  the  greater  by 
^^hb  amount  equal  to  the  weight  of  the  dificrenoe  between  the  volnmoa 
^Klf  air  which  they  dinplace. 

The  weight  of  a  cubic  foot  of  pui-e  dry  air,  under  the  pressure  of 
one  atmosphere  (14*7  Ibn.  on  thcK^pum^  inch),  and  at  the  temperature 
of  melting  ice  (32^  Falireuheit)  is 
^H  0'08072d  poimd  nvoirdupoi& 

^■iet  this  be  denoted  by  w^     Tlieu  the  weight  of  a  cubio  foot  of  air 
^^nnder  any  otlier  presfmre  of  p  atmuapheres,  and  at  the  temperatrnx*  i 
'       of  F;Uireiiheit'B  stale,  is  givt^  with  a  degree  of  accuracy  sufficient 
for  most  purposes,  by  the  formula, 

493''-2 


to  =  W(iP 


0-) 


t  +  461^-2 ' 

uid  if  w,  «/,  be  the  weights  of  a  given  volume  of  air,  under  tho 
:tive  pressures  j3,p',  and  at  the  temperatures  i,  t,  of  Fahrenheit' s 
le^  then 

W_£   t  +  46r-2  /2.\ 

w      p'f+'iGV-2 ""** *^  ' 
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Let  Wi  denote  the  tnie  weight  of  a  body,  Vj  its  volume,  to,  its  weigl 
por  unit  of  volume,  w  the  weight  of  uaiiy  ot  volume  of  ain     Th< 

and  the  apparent  weight  of  the  same  body  in  air  is 


W  =  (uj,  —  w)  V,  = 


W. 


(3.) 


Let  this  body  now  be  balanced  ugninst  another  body  in  an  accurate 

^)air  of  scales,  and  let  their  apparent  weights  be  equal.  Then,  if 
^V,  denote  the  true  weight,  and  ufj  the  weight  per  imit  of  volume, 
of  the  second  body,  we  have 


W|  —  to 


W, 


w„ 


(*.) 


BO  that  the  proportion  between  the  real  weights  of  the  bodies  is 
Wj  _  «?,  w,  —  WfUj 
W,  ~  Wi  uJi  —  Wj  w' 


(5.) 


123,    RrlnlJrr  SpcclAc  Orarllioi. — If  the   tl*Ue  weight  of  A  BOHt 

body  bo  known,  and  that  IxKJy  be  next  weighed  while  immersed  in 
u  liquid,  tlie  pmporiion  of  the  bpccific  gravities  of  the  solid  body 
and  of  the  liquid  can  be  deduced  from  the  apparent  loss  of  weight, 
which  is  the  weight  of  the  volume  of  liquid  displaced  by  the  body,  ^ 
Let  W,,  as  in  equation  3  of  Aiticle  122,  denote  the  true  weight^ 
of  the  solid  IkkIv,  w,  its  weight  per  unit  of  volume,  ic,.  the  weight  of 
an  unit  of  volume  of  the  liquid  in  which  its  apparent  weight  is 
fouud,  and  W  the  apparent  weight;  then  by  the  equation  already 
refcn-ed  to 


and  consequently 


Mi   " 


W, 


C-S)*' 


W,  —  W 


Ijet  the  first  weighing  take  place  in  air  antl  the  second  in  the  liquid, 
and  let  W  be  the  apparent  weight  in  air ;  then 


and  consequently 


10, 


W    tc,  —  w, 

W^  ~  «.,  — 


no  chut  ii'^iB  known,  —  may  be  Iomi4\>\  tSie  ermaAKwi 
tCj  to. 


(3.) 


nnmwrn  vulxc 
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w. 


(3) 


w,  ~     W  —  W 

When  the  object  of  weighing  of  this  kind  is  to  determine  the 
*[*dfic  gravities  of  solids,  the  liquid  uauully  employed  is  pure  \»Titor ; 
and  the  resolts  obtained  are  the  raiioi  of  the  spocitic  gra\-ities  at 
ftolid  bodies  to  that  of  pure  wnter.  If  lhc^>  ratios,  or  rvlalive  sjk.- 
dfic  gruTitiea,  be  moltijilicd  by  the  weight  of  a  ciihic  foot  of  piuv 
vator,  the  weight  of  a  cubic  foot  of  tlio  solid  is  obtaiucd. 

The  weight  of  a  cubic  fool  of  puro  water  at  the  toniperatum  of  \ln 
maxiiutiia  density  (being,  Recording  to  Play  fair  and  Joule,  39"*  1 
Fahrenheit)  i&,  according  to  the  b«st  existing  dnta, 

02*425  pounds  avoirduftoia. 

Tor  any  other  temperBtnre  t  on  Falireidicit'd  scale,  the  weight  of  a 
cubic  foot  of  pure  water  is 

63*425 (4) 

I  -     « 

where  v  denotes  the  volume  to  which  a  mass  of  water  nieii^uring  oui- 
cubic  foot  at  SQ"'!  expandii  nt  i*";  a  volume  which  may  be  comjnitid 
for  U'mp<f iiitnres from  32^  to  77^  FaUivnheit,  by  natans  of  the  foliow- 
empirical  formula,  extracted  fixtux  ProCW.  H.  Miller's  jHiperon 
the  Standard  Pound  in  the  7*A''/o*t7jAiVri/  TrajiMirtifms  for  ltf5G: — 

log.  •-  101  (e  —  39*1)2  —  0-0309  (t  —  391)3  ^  io,000.(X»0.  {X) 
The  rclatire  specific  gravities  of  two  liquids  are  detenniued  by 
"  ing  the  same  solid  body  immei^cd  in  them  aucoeesively  and 
ing  it«  apparent  losses  of  weight 
134.  Pn— re  •■  an  ivmrrM^  PUne. — If  a  horizontal  ploBO  Sur- 
face of  any  figure  be  immumed  iu 
a  fluid,  the  pressure  on  tliat  sur- 
face i«  vcrUcal,  mid    uniformly 
dintributed ;   Ha  amount  is  the 
jtrxluct  of  the  intcuaity  of  the 
jjireasnre  at  the  dpptli  to  which 
I  the  plane  is  immersed  by  the  area 
~  the  plane;  and  the  centre  of 
(aa  aln»dy  shown  in 
:Art.  90)  is  tlie  centre  of  gravity 
of  a  flat  plate  of  the  figure  of 
'the   t))ane   surfiU'e,  or,  as  it  ia 


rig.  62 


twually  termed,  the  centre  of  gravity  of  the  plane  surfrtce. 

If  an  inclined  or  vertical  plane  siirluce  be  immersed  in  a  liquid, 
^Irt  O  Y  {Hg.  S2),  rcpre^nt  a  section  of  the  horizontal  plane  at 
ye/i  the  pre^ttre  is  nothing,  and  liF  a  vertical  aecllou  ol  \Awi 
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immereeH  jdano.     Let  x,  —  BE  bo  the  depth  to  which  the 
edge  of  this  plane  ia  imraereed  below  OY.     From  B  <iraw  ED 
BE^  and  -^  BF;  produce  the  plane  BF  till  it  cuts  the  horizont^il 
pliuio  of  no  pressuro,  OY,  in  tho  line  represented  in  section  by  O; 
thi-ouf(h  O  and  D  draw  a  plane  O  H  D,  and  conceive  the  prism 
B  D  d  F  to  stand  normally  ujxiu  the  base  B  F  and  to  be  bounded 
above  by  the  plane  D  H.     Tin?  pressure  on  tlie  plane  BF  will  b© 
normal;  ltd  amount  will  bo  vi\MaX  to  the  weight  of  fluid  coutain< 
in  the  volume  B  D  H  F;  that  is  to  say,  let  sca  denote  the  df^pth 
the  centre  of  gravity  of  the  plane  BF  below  0  Y,  and  w  the  weigh 
of  unity  of  tho  volume  of  liquid;  then  the  Tnean  ifUenntf/  of  the 
pressure  on  B  F  la 

fi-wa^ (1.) 

and  the  amount  of  the  pressure 

P  =  wa;,uiea  BF (2.) 

Let  0  be  the  centre  of  gravity  of  tho  volume  B  D  H  F;  then  th^ 
centre  ofpress^ire  of  the  sui-iUcc  B  F  is  the  jtoiilt  where  it  is  cut  Iflfl 
the  perrmndicular  CP  let  fall  on  it  from  C.  ^^ 

As  the  intensity  of  the  pressure  on  any  point  of  BF  is  propor- 
tional to  its  depth  below  OY,  and  consequently  to  its  distance  from 
O.  this  is  a  case  of  vnifiimdy  varyinrf  stress,  and  the  formulss  of 
Article  94  are  applicable  to  it  In  the  application  of  those  fonnnl 
it  is  to  be  observed,  that  the  ordinatoit  y  are  to  be  measured  hoi 
2ontally  in  the  pUue  BF,  whose  centre  of  gravity  is  to  be  tnken 
the  origin;  tliat  the  co-ordinates  x  are  to  he  measured  in  the  same 
plane,  along  tho  direction  of  steepest  dedivU^,  and  reckoned  |Kiaitire 
downwardsj  and  tliat  the  value  of  the  constant  a  in  the  equations  of 
Article  94  is  given  by  the  formula  ^ 

a  =  tesmu »...(3.)  ( 

where  «  is  the  angle  of  inclination  of  the  plane  B  F  to  a  horizontal 
plane.  ^ 

a  maAs  of  homogeneons  solid  matfl^ 
rial  to  be  ind<:finitely  extended 
laterally  and  downwards,  and  to 
be  bounded  above  by  a  plane  snr* 
fac<»,  making  a  given  angle  of  de- 
clivity tf  with  a  horizontal  plane. 
In  fig.  63,  let  Y  O  Y  repi*c8ent  a  ver- 
tical section  of  that  upper  sloping 
Buriaoe  along  its  direction  of  greatost 
dec\iv\ty,  auA  OS.  a  -vcrtA^al  ^bma 
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which  ifl  reprewntod  by  tlie  paper.     Let  w  be  the  uniform 
ht  of  nulty  of  volumo  of  the  substance.     Let  B  B  he  any 
! '  u-  [JoraUel  to,  and  at  a  veitical  depth  x  helow  the  plane  Y  Y. 
il  iht'  snh^tance  is  exposed  to  no  PxU^rnal  force  except  Us  own 
weight,  the  only  presmiro  whicli  any  portion  of  tlie  plane  B  B  can 
ta^ftre  to   miittain  is  the  weight  of  the  material  directly  above  it, 
^^Ernce  fuUows — 

^H  TnEORF.u  I.    In  an  ind^ftnUe  homogeneous  tolid  bounded  above  hp 
^K  sloping  pfane^  the  premre  on  any  piane  paraild  io  (hat  sloping 
^^b^foae  ie  verCica/^  and  of  an  vm/orm  intcnsitif  cfjnal  tu  the  iceight  of 
^^fm  wriical  prism  which  siande  on  unity  of  area  of  the  givrntpfane, 
*Okt  area  of  tlic  horizontal  section  of  that  prism  is  cos  f,  cimse- 

ritly,  the  int«isi^  of  the  vertical  pressure  on  the  plane  BB  at 
depth  as  is 

p^  a  WX  '-'08  g (1.) 

Asm  tiifl  Above  theoran,  comhinLtl  with  the  principle  of  coujngato 
rtiraaca  of  Article  101,  there  follow  a — 

Thbobxx  XL  Tfte  atreM^  if  any,  on  any  twriUKt^  piwne  is  paraild 
io  the  ehpmg  mrfaee,  amd  conjugate  to  the  Hreaa  on  a  plane  parallel 
ta  ikai  surf  act. 

Consider  now  the  conrlition  of  a  prismntio  molecule  A,  bounded 
above  and  below  by  pUnes  B  B,  C  C,  parallel  to  tlie  sloping  surfiico 
Y  Y,  and  latenUly  by  two  pairs  of  parallel  vertical  iilaucs.  Let 
the  common  area  of  the  upp«-r  and  lower  Km^Cucs  of  this  priimi  ho 
onity.  and  its  height  ^  x ;  then  its  volume  ia  A  x  •  cos  $,  and  its 
weight  tc  Ax  'coetf,  which  i>«  equal  and  opponite  to,  and  balanced 
by  the  ezcesB  of  the  vertical  pressure  on  it^  lower  face  above  the 
vertical  presaure  on  its  upper  tice.  Therefore,  the  pressures  f«aral- 
kl  to  the  sloping  surface,  on  the  vertical  facen  of  the  prism,  must 
hftlftnce  eacli  other  indejwndently  ;  therefore  they  must  be  of  e<piai 
mean  intenpity  throughtmt  tht*  whole  extent  of  the  layer  between 
the  i»lmifs  B  B,  C  C  ;  wheuco  foUowa — 

Tbbobss  ITL  7*he  stats  of  stress,  ai  a  given  uniform  depth  beloio 
ik$  sieffimf  tHrfacet  is  wtiform, 

13Ck    •»  Ae  rnmUIrl   l*w*jwrt—  m£  Wliii—  uul  Wvlfbi In  apply- 
ing the  principles  of  p.ii-aUel  projection  to  distribiit^^d  foi-ces,  it  is 
to  W  borne  in  mind  tliut  thoi»e  pnnciples>  as  statoil  in  Chaptei*  IV., 
appHcmbfe  to  linos  representing  the  amounts  or  rtatdtanis  of 
i^tributed  ibroee,  and  not  their  intmisities.     Tho  relations  amongst 
le  iuteoaaties  of  a  ^stem  of  distributed  forces,  whose  resultants 
vo  been  obtained  by  the  method  of  projection,  are  to  be  an-ived 
by  a  subsequent  process  of  dividing  each  projected  resultant  by 
e  projected  tmare  over  which  it  is  distributed. 
Examples  oithfi  application  ofproceiss^s  of  this  kind  to  pract\ica\ 
cetions  will  appear  w  the  Second  Poit. 


_, 
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CHAPTKR  VI. 


ON   STABLE   AND   UNSTABLE   EQUIUBHlfSI. 


i 


127.     Slllble    and    Unalable    Kqulllbrlam    of   a   Free   B»4r. — Su[V 

pose  a  \xf(\y,  whicli  is  in  eqnilibrio  unHei*  a  htdanced  sj-stem  of  forc«^ 
to  be  &CC  to  move,  and  to  bo  caused  to  deTiiit<.>  to  u  siimU  extent 
from  iU  position  of  equilibrium.  Tbeu  if  the  l)o*ly  tonds  to  deviatp' 
further  from  its  origmal  position,  its  equilibrium  is  said  to  be  un- 
utabU;  and  if  it  tcods  to  return  to  its  original  position,  its  eqni' 
librium  is  said  to  be  stable, 

Casca  occur  in  which  the  equilibrium  of  the  same  l»ody  is  stable 
for  nno  kind  or  direction  of  de\*iiition,  and  unstable  for  another. 

When  the  body  neither  tends  to  deviate  further,  nor  to  rooov 
its  nri^inal  |K>sition,  it'-'.equilibrimn  is  said  to  be  indifferent. 

The  Holutiou  of  the  question,  whether  the  equilibrium  of  a  giveu 
b4)dy  under  given  forces  is  stable,  unstable,  or  indiflerent,  for 
given  kind  of  deviation  of  position,  is  effected  by  supposing  the 
deviation  made,  and  linding  the  resultant  of  the  forces  which  art 
on  the  body,  altered  as  they  may  be  by  the  deviation,  in  amount,  in 
position,  or  in  botk  If  ilu«  resultant  acta  towards  the  soiuo  direc- 
tion vk-ith  the  deviation,  the  evjuitibriuni  is  luistable — if  towards  the 
uppoaition  direction,  stable — and  if  the  resultant  is  still  nothing, 
the  equilibrium  is  indifVennit^ 

The  disturbance  of  u  free  body  from  a  position  of  stable  oqui-_ 
librium  causes  it  to  oscillate  about  that  |x>sition.  H 

12S.  SiabUHr  of  a  Fixed  Bodr. — The  tciin  "stability,"  as  ajv-™ 
pUod  to  the  condition  of  a  body  fonoing  part  of  a  structure,  has,  in 
most  cases,  a  meaning  different  from  that  explained  in  the  last 
Article,  viz.,  the  property  of  Tcmaining  in  ei/iidibrio,  without  aen- 
»iblo  deviation  of  position,  notwithstanding  certain  deviatiouB  of 
the  load,  or  externally  a|)pUed  force,  fi-om  its  mean  amount  or  posi- 
tioa  Stability,  in  this  senRe,  forms  one  of  the  principal  subjects  of 
the  secon<l  juul  of  this  trcati.be. 


^ 
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CHAPTER  I. 

DEFCrmOXB  A5D  (nDCZRAI.  FRIXCIPLES. 

129.  Mractarra— Piccv* — J«l«i>. — Structures    }uiv^    alreoidy,   iu 
rticle  15,  beeu  distin-^oiislit^d  from  luacbiaes.     A  stnictuiv  coii- 

of  fwo  or  more  eoUd  bodies,  called  its  pUcet^  vrhicli  touch  each 
,  aud  ttiv  coonected  at  portions  of  their  surfaoea  calletl  ^joints. 

130.  iiw|if  rtJi  F«OTJmU— - — Although  the  pieces  of  a  stnicturp 
Rre  tixcd  n-Uitively  t<>  uach  other,  the  stnictiire  as  a  whole  muy  U? 
either  fixed  or  m4>veahle  relatively  to  the  earth. 

A  tixed  structun?  is  sfupportt^d  on  a  part  of  tlie  solid  material  of 
the  earth,  called  the  fvaiuiiition  of  the  structure  ;  the  presaunrs  by 
which  thM  stmcture  is  supported,  being  the  njaistancee  of  the  various 
parts  of  the  fouDdatiuo.  may  be  more  or  less  oblique. 

A  moveable  «tmcture  may  be  supported,  as  a  ship,  by  floating  in 
water,  or  as  a  carriage,  by  resting  on  the  solid  ground  through 
wheels.  When  8uch  a  stracture  is  actually  in  nioUon,  it  ])artnkiK 
to  a  certain  extent  of  the  properties  of  a  machine  ;  and  the  <letor- 
minatiuu  of  the  forces  by  which  it  iu  Hupported  requires  the  c»m- 
nderation  of  dynamical  aa  well  as  of  statind  principlea ;  but  when  it 
w  not  in  actual  motion,  though  cai>able  of  being  moved,  the  pres- 
sures wliich  support  it  arc  determined  by  the  principles  of  fitatics  ; 
and  it  is  obvious  tliat  they  must  be  wholly  vertical,  and  havo  their 
nvsuitant  equal  and  directly  opjiosed  to  the  weij;ht  of  tlie  Ktructun\ 

131.  Tbr  CoBdlil«a*  of  Eqalllbrinn  «r  a  CHraclare  aro  the  three 
following: — 

I.  Tluil  Uie  forces  exerted  an  tJta  whole  structure  6y  external  bodies 
ehtUl  baiaiiee  each  otiaer.  The  forces  to  l>e  considered  undtr  this  head 
are — (1.)  the  Attraction  of  the  Earth,  that  i.s,  the  Vieight  of  the 
structure  ;  (3.)  the  Extemal  Load,  arising  from  the  proflnores  exerted 
against  thu  Ptnictui*e  by  bodies  not  forming  part  of  it  nor  of  its 
foundation  ;  (thew  two  kinds  of  forces  constitute  tlie  groM  or  total 
load;  (3.)  the  '<upp(yrtitt^  VrcsaureSj  or  resistance  of  the  founda- 
tion. Those  three  classes  of  forces  will  be  sjxfkcu  of  together  as 
the  External  Forcet. 
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U.  Thai  the  forwa  exerted  on  each  piece  of  the  structure  ahtU 
holanee  each  oih«f.  These  consist  of — (I.)  the  Wei{iht  of  the  piece, 
and  (2.)  theExCffnuUtottd  on  it,  making  together  the  Gross  Load;  and 
(3.)  the  IteaisCances,  or  stresses  exerttxl  at  the  joints,  between  the 
piece  under  consideration  and  the  pieces  in  contact  with  it. 

III.  Thai  tfiA  f&rcm  eaoerted  on  «ach  of  the  parf^  hdo  which  th« 
pieces  of  the  strud,ure  can  he  conceived  to  be  divided  gfutU  balanca 
«aeA  other.  Suppose  an  ideal  surfiice  to  divide  any  jmrt  of  uuy  one 
of  the  pieces  of  the  stnicturo  from  the  remainder  of  the  pittce ;  the 
forces  which  act  on  tlie  part  so  considcrt'd  are — (1.)  its  weight,  and 
(2.)  (if  it  in  at  the  extenml  mirface  of  the  piece)  the  external  Ht]f«3 
applied  to  it,  if  any,  niiikiug  together  its  f/roas  load;  (3.)  the  stress 
exerted  at  the  idwJ  suriaco  of  division,  between  the  part  in  qaea- 
tion  and  the  ot}]er  [tartji  of  the  piece. 

132.  Smbillirt  strcKcilit  and  siutucm, — It  is  neccssary  to  the  per- 
manence of  a  stnicturw,  tliat  the  three  foregoing   couditionb  of 
cfiuilibrium  Bhould  be  fulfilled,  not  only  under  one  amoimt  und  ■ 
one  mode  of  distribution  of  load,  but  under  all  the  variations  of  the  ™ 
load  as  to  amount  aud  mode  of  distributiou  wliich  cuu  occur  in  the 
use  of  the  structiiro. 

SUdtilHy  con8ii>>ta  in  the  fulfilment  of  the  first  and  second  condi- 
tions <if  equilibrium  of  a  structure  under  all  variations  of  load  h 
within  given  limits.     A  structure  which  is  deficient  in  stability  H 
;^ves  way  by  the  displacenwiit  of  its  pieces  from  their  proper  posi-  ™ 
tiona. 

Strength  consists  in  the  folfilment  of  the  third  condition  t>f  equi- 
librium of  a  fitnictui'e  for  all  loiuls  not  exceofling  pn?soiil>ed  limits; 
that  is  to  say,  the  greatest  internal  stress  produced  in  any  part  of 
any  piwe  of  the  fitnictiiro,  by  the  prescribed  greatest  load,  must  be 
such  as  tlio  material  can  bear,  not  merely  without  immediate  break- 
ing, but  without  such  injurj'  to  its  texture  as  might  endjinger  its 
breaking  in  the  course  of  time. 

A  piece  of  a  stnacture  may  be  rendered  unfit  for  its  purpose  \\<c^ 
merely  by  buing  broken,  but  by  being  sti-etched,  compressed,  bent^ 
twiaterl,  or  otherwis<j  strained  out  of  its  proper  shape.  It  is  neces- 
ttiry,  tlierefore,  that  each  piece  of  a  stnicturo  should  ha  of  surh 
dimensions  that  its  alteration  of  figure  under  the  greatest  load 
i^jpliod  to  it  shall  not  exceed  given  limits.  This  property  is  called 
st07U88,  and  is  so  connected  with  strength  that  it  is  necesaaiy  to 
consider  them  together. 

From  the  foregoing  considerations,  it  is  evident  that  the  theory 

of  structnrea  may  be  divided  into  two  divisions,  relating,  the  first 

to  STABIUTT,  or  tbe  property  of  resisting  displacement  of  the  pieces, 

Aad  the  second  to  STRExaTn  and  8TIFFNE3S,  or  the  power  of  each 

piece  to  Tesiat  fracture  and  disfigurement. 


I 


m 


CXIAPTKR  n. 


-Th0  modfr  ttf  ()i.«fTi>>ntKm  of  tlM 

xtj  of  tb«  load  npoQ  a  given  piece  of  &  stnicttuv  nSoCU  Iha 

stevDgth  mod  niffiiess  oiii^.     80  finris  ■Irfi'h'l^  ftk>n«  is  coacwmcj^ 

"  podtioa  of  the 


iaffid«st  to  know  tiie  nuicnitadc  and 


Li  load,  which  is  to  be  found  bv  nMuu  of  the  principles  ox- 
"  in  the  Fi«t  Part  of  tliis  work,  aud  mmy  then  be  treated  as 
single  force, 

134.  Ccmnv  9f  KniMsMco  mf  m  jatei. — In  like  manner,  wlttni 
stabilitj  only  is  in  question,  it  is  sufficient  to  coiudder  tlie  poaititui 
and  magnitude  of  the  resuUani  of  the  retdstanco  or  strres  cxfrttil 
between  two  pieces  of  a  struotiire  at  the  joint  whvro  they  uiout, 
and  to  treat  that  resnltant  as  a  single  forca  Thv  jxtint  whore  its 
line  of  action  traverses  the  joint  is  called  the  ceiUre  ofre&UUmet  of 

Kat  joint 
13^.  A  lim  •€  BfriiMc^  is  a  line,  straight,  angular,  or  curved, 
kTcrang  the  centres  of  reasUmco  of  the  joints  of  0  strwcturo.  It 
to  be  borne  in  mind,  that  ihn  rlinwtion  of  this  lino  at  any  givon 
joint  dot's  not  neccsttariiy  citinciflc  with  tho  din'ctiou  of  tho  waists 
ant-e  at  that  joint,  although  it  tniiy  so  cxiiuL-ido  in  certain  cjlsi'n. 

136.  JviBis  ciaMe4. — Joint^  und  tlie  stnictiirt'^  in  which  tlioy 
occur,  may  be  divided  into  thnn*  olaw^t's,  aocotding  to  tho  liiiiiU  of  tho 
variation  of  position  of  which  thuir  cenlrct*  of  ruyifltaiico  an.i  «»i«»bl(v 
L  Fravieicurk  joirUs  arc  such  us  occur  in  earjwntry,  in  fnontrs  of 
metal  bars,  and  in  0tructui*o8  of  ropes  and  chains,  fixing  tho  eoda 
of  two  or  more  pieces  together,  but  offering  little  ur  no  reostance 
to  chango  in  tho  relative  angular  positions  of  thoso  pieces.  I  n  a 
joint  of  this  class,  the  centre  of  resistance  is  at  the  middle  of  tJio 
>int,  and  iloes  not  admit  of  any  variation  of  poaition  consistently 
'ith  security, 
II.  Blochwork  joints  are  sxichas  occur  in  masonry  and  brickwork, 
'ing  planp  or  cui-ved  surfaces  of  contuct,  of  c*.»n8idcrahIo  extent  as 
)mpared  with  the  dimensioos  of  tho  piecea  which  they  connect, 
ipable  of  resisting  a  thrust  more  or  leas  oblique,  according  to 
\ws  to  be  A/ierwards  explained,  hni  not  of  reidatiug  a  puV\  ol 
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ficieui  intensity  to  he  tnlcen  into  account  in  practice.  In  su 
joints  the  iKjsitioa  of  the  contre  of  rcsistaiioe  may  he  vaned  with 
ocrtam.  limits. 

m.  Fasten*>d  jointly  at  which,  by  means  of  some  strong 
or  of  bolt^,  rivetfi,  or  oth<*r  fastpningn,  two  pieces  are  so  connoi 
that  the  joint  fixes  thi'ir  ivlativc  oiijt^ar  jMj.sition,  and  is  cjijiable 
sting  u  pull  as  well  as  a  tlumst     In  this  case,  the  centre 

iistance  may  be  at  any  distance  from  tliu  centre  of  the  joint ; 
then.'  may  even  be  no  centiv  of  resistance,  when  the  resnltant  i 
tlie  stress  at  the  joint  is  a  couple,  as  explained  in  Articles  91,  U 
and  93.     It  Is  obWoua  that  the  effect  of  a  joint  thiis  cemented  or 
fastened  is  to  make  the  two  pieces  wbich  it  connects  act  as  one 
piece,  and  that  the  resistance  which  it  is  capable  of  exerting 
a  question  not  of  stability  but  of  streugtlu 


SBCnO!T  1. — Squilibrium  arid  iStabilUy  o/Frantes, 


137.  Fjrame  is  here  used  to  denote  a  structure  composed  of  barsS 
rods,  links,  or  cords,  attached  together  or  supported  by  joinLs  af 
the  first  class  desorilu'd  in  the  last  Article,  the  centre  of  resistauce 
being  at  the  uiiddle  uf  each  joint,  and  the  line  of  resistjiuce,  con- 
sequently, a  polygon  whose  angles  an;  at  thn  centres  of  the  jointi 
Tlie  condition  of  a  single  bar  will  be  considered  first,  then  that  of  j 
combination  of  two  bars,  then  of  three  bars,  and  then  of  any  numbei 
138.    Tie. — Let  fig.   G4  represent  a  single   bar  of 
frame,  L  the  centre  of  reaist^ince  whure  the  load  is 
plied,  and  S  the  centre  of  resistance  whexe  the  siippoi 
ing  force  is  applied  ;  so  tliat  tlie  stmiglit  line  L  S  ia  tbe^ 
"  line  of  resistance." 

The  liar  is  represented  as  being  straight  itself,  that 
beiug  the  figmx)  which  connects  the  points  L  and  S,  and 
gives  adequate  stiftiiess  and  strength,  with  the  least  ex- 
penditure of  material.  But  the  Iwr  may,  C)5nsist<?ntly 
with  the  principles  of  this  Article,  l>e  of  any  other  tigure 
oouuccting  those  two  ix>ints,  jirontled  it  is  sufficiently  strong  and 
stiff  to  prevent  their  distjinco  from  altering  to  an  extent  iuconsistentS 
with  the  puTfHises  of  the  structure.  *■ 

Tlie  condition  of  the  bar  is  the  same  with  that  of  the  solid  in 
Article  23;  and  it  is  obvious  that  the  load  1\  and  the  sup[x«rtinjf 
resistance  R,  must  bo  equal  and  directly  opposed,  and  must  bothi 
act  along  the  lino  of  resistance  L  S. 

In  the  present  auit;  tliose  forces  ai-e  supposed  to  be  directed  out-^ 
ward,  or  from  each  other.     Tlie  Inir  between  L  and  S  Is  in  a  state ' 
of  te?tgion,  and  the  sti'eas  exerted  between  any  two  diviHions  of  it  is 
n  ^/uli,  equal  and  opposite  to  the  loading  va.\  ia\i\i\«v\.\u%  forces. 


Fig.  G\. 


BEAM  UNDER  PARALLEL  FORCES- 
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in  this  condition  is  called  a  tie.    It  is  obvious  that  a  ro/w  or 
tain  will  answer  the  purpuw  of  a  tie. 

T/te  equilibrium  of  a  tie  w  efttlfe  ;  for  if  its  angular  position  he 
kviaUxl,  the  L^xud  forces  P  and  R,  which  originally  were  directly 
pp<M«d,  row  c«u8titute  a  cmtpU  tending  to  restore  the  tie  to  ita 
^original  potiition. 

1 39.  HivM. — If  the  equal  and  opposite  foi-ces  applied  to  the 
ro  ends,  L  and  S,  of  the  line  of  i-esistance  of  a  bar  be  direct- 

il  (<i»  in  tig.  05)  inuxirds,  or  (</fcards  each  other,  the  bar,  be- 
tween L  and  S,  is  in  a  Ktnie  of  coinpifssion,  and  the  Htress 
|«xcrtfd  between  any  two  dividious  of  it  is  a  thruH  t^quid  and 
[opposite  to  the  loading  and  8upix>i*ting  forces.    It  i«  obvious 
tt  a  flexible  body  will  not  answt-r  the  jiui-pose  of  a  strut, 
77«r  equilifmum  of  a  vioi'eable  striU  is  nnstaUe;  for  if  its 
angular  poKition  be  deviated,  the  equiil  forces  P  and   R, 
which  originally  were  dij-cctly  op[»osetJ,  now  constitute  a  pjg  55, 
couple  tending  to  make  it  deviaitc  still  farther  from  its 
J^onginal  position. 

In  order  that  a  strut  may  liavo  stability,  its  ends  must  be  pre- 
vented from  deviating  hiU'iidly.  Piecc^^  connected  with  the  ends 
of  a  strut  for  this  pm-poso  ai-o  called  stays. 

140.  TroUmcBC  of  ike.  Weighf  ttf  •  Bar. — In  the  two  precciUug 
'Articles,  the  weight  of  the  bar  itself  hius  not  been  taken  into  ac- 
count. But  the  principles  of  those  Articles,  so  far  as  they  rdate  to 
the  equilibrium  oft/te  bar  tts  a  (rAo/e,  continue  to  be  applicable  when 
the  weight  of  the  bai*  is  ti-eatcd  in  tiie  fullowing  manner.  Resolve 
that  weight,  by  the  princi]ilcs  of  Articlis  39  aud  40,  into  two  pand- 
lel  conipfinents,  iu:rt:ing  tlirougli  L  and  S  res]H>ctively.  Let  P  now 
represent  not  merely  the  external  hnu\,  but  the  resultant  of  that 
load,  and  of  the  otnuponent  of  the  weight  which  acU  through  L, 
X^  R  represent  not  merely  the  supjiorting  force,  but  the  resultant 
of  that  force  and  of  the  component  of  the  weight  which  acts  through 
8.    Then  P  and  R,  as  before,  miist  be  equal  and  directly  opposed. 

In  many  cases,  the  weight  of  a  stmt  or  tie  is  too  piuall  as  com- 
pared with  the  load  applied  to  it  to  require  to  be  sjiecially  con- 
sidered in  practice. 

141.  ttfMwa    ■■!!»    PamHrl    Forces. — A    bar    supported    at    tWO 

points,  and  loaded  in  a  direction  j*crpen<licular  or  oblique  to  its 
length  is  called  a  beam.  In  the  first  place,  let  the  BUpi>ortiug 
pnmsures  be  parallel  to  each  other  and  to  the  xi 
diivctioQ  of  Uie  load  ;  aiul  let  the  load  act 

ttelween  the  point.s  of  support,  as  in  fig.  66 ;  -?!''■       |    r-,/^ 

where  P  reprcstrnts  the  resultant  of  the  gross    '/I  A       |  \y^ 

including  the  weight  of  the  beam  itself,     *'        ^  •■'*' 

Zj  tlic point  whcrv  tfte  line  of  action  of  that  ^^6*  ^^ 
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reeulteot  intersects  tbe  oxIb  of  the  beam,  B],  1^  the  two  gup- 
porting  pressnres  or  rcsistancea  of  the  props  pamllcl  to,  and  in  tho 
nnio  plane  witli  P,  and  acting  through  the  points  81,  Si,  in 
aids  of  tin*  Ijwim. 

Then,  according  to  tho  Theorem  of  Article  39,  each  of  thi 
three  forces  is  proportional  to  tho  distnnce  betwcH-n  the  lines 
action  of  the  other  two ;  and  the  load  i^  equal  to  tho  sum  of  ti 
two  eupporting  pressures  j  that  io  to  say, 

P:  K,:   B,  ::  ST^  .hS^zTW,; (1.) 

and  P  =  E,  +  R, (3.) 

Next,  let  tho  load  act  beyond  the  pointe  of 
supjH>rt,  as  iu  ilg.  G7,  which  represents  a  cauti- 
I,  lever  or  projecting  beam,  held  up  hy  a  -wall  or 
^  other  prop  at  S„  held  do\vTi  by  a  uotch  in  a  mass 
1.  of  masonry  or  othenrise  at  8^,  and  lo:uled  so  that 
P  is  the  resultant  of  the  load,  including  the 
weight  of  tho  beam.  Then  the  proportional 
equation  (1)  remains  exactly  as  before;  but  the  load  is  equal  to 
the  ditference  of  the  supporting  pressures ;  that  is  to  say, 

P  =  K.  -  K^ (3.) 

In  these  examples  the  beam  is  repre-ftented  as  horizontal ;  but  tho 
same  principles  would  hold  if  it  were  inclined ;  for  the  proportions 
amongst  the  distance's  l>etween  parallel  lines  in  tlie  same  plane  are 
the  same,  whether  they  be  measured  in  a  direction  peri>endicular  m 
or  otliquo  to  those  lines.  fl 


I 


Fig.  67. 


1 


142. 


MMder  lMcllBC>d  Force*. — Let  the  directions   of  thft 


sujiportiiig  forces  Rj,  Itj,  Ixj  now  inclined 
to  that  of  the  i*csultant  of  the  load,  P,  as 
in  fig.  G8.  Thi»  case  is  that  of  the  equili- 
brium of  three  forces  treated  of  in  Ai'ticli's 
51  and  •32;  and  consequently  the  following 
priupijili's  apply  to  it. 

I.  The  lines  of  action  of  the  supporting 
forces  and  of  the  resultant  of  the  Icaid  must 
be  in  one  plane. 
IL  They  must  int^jrsect  in  one  point  (C,  fig.  G8). 
HI.  Those  three  forces  must  he  proiwitional  to  the  three  sides  of 
triangle  A,  res|)ectively  parallel  to  their  directions;  or  in  other 
words,  to  the  sides  and  diagimal  of  a  ]>nnilIelogran^ 

Pboulem.     Given  the  ratuUani  of  Otx  load  in  moffnituJe  and 
poakivHj  P,  tfui  line  0/ action  vfoiie  oftiie  aupporting  Jorces,  R„  atid 
i^  oenlre  o/' resistance  qf  Oie  other ^  S,;  required  Ote  lirw  qfttctioa  qf 
^  swond supposing  fo^'ce^  and  the  magnUudM  o/boUt. 
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IVndTiPO  thft  line  of  acrtinn  of  R  till  it  cuta  tliB  line  nf  action  of 
Ptt  the  fMiiiit  C  :  joiu  C  8- ;  thia  will  be  the  line  of  action  of  R,; 
cciiisinict  ft  triangle  A  with  its  sides  r^pectivelj  parallel  to  thoae 
tlinv  b'tit's  -if  uctiou  ;  tho  ratios  of  the  sides  of  that  tnangle  will 
pve  the  ratios  of  the  forcps. — Q.  E.  1, 

To  ex[<ra^  this  algebmically,  let  it,  l^  be  the  angles  made  by  the 
ti&ei  of  action  of  the  supporting  forces  with  that  of  the  resultant 
of  tfac  load ;  then  because  each  side  of  a  tnangle  is  proportional  to 
Ihe  sine  of  the  angle  between  the  other  two. 


P :  Ri :  Rj ;  :  sin  (ii  T  tj)  :  sin  tj :  aiu  t,. 

U3L  X.M^   aKpp«ned  hr  Three  Pmmllel  FArcm. — ThKORKM.     1/ 

fivrporciiUlJorcca  balance  eadi  oOier^  let  titdr  liTiea  of  action  he  inter- 
tecUd  by  a  f^jie,  and  let  Oie  fom-  points  of  intersectiou  be  joined  flj 
mr  Mroight  lines  $o  aa  to  form  four  triangles:  each  force  wUl  be  pro- 
forHonal  to  tfie  areu  of  One  iHangle  tchose  angUs  are  in  ifie  liftes  qf 
aotkn  of  the  other  three. 

In  fig.  69,  let  the  plane  of  the  paper  represent  tlie  plane  wliidi 
ia  cut  by  the  lint*s  of  action  of  the  four  forces 
in  the  points  L,  Si,  S;,  S3;  let  P,  R„  R^  R3, 
denote  the  four  parallel  forcea  Joiu  the  four 
pointa  by  six  lines  aa  in  the  figure,  and  pi-o- 
^nob  eadi  of  the  thruo  lines  S  L  till  it  cuts  the 
owosite  lino  8  S  in  one  of  the  points  6. 

Because  the  forces  balance  each  other,  the 
revultant  of  R^  and  Rg,  whose  magnitude  is 
Kj-I-R,,  must  traverse  Bi;  and  Ix^canse  the 
resultant  of  that  resultant  and  B^  is  equal  and  opposite  to  P,  we 
have  tho  following  proportion ; — 


Fig.  60. 


P:R,::S,lJ,:LB,::iS.S.S,:AS,LS,; 


B  aad  applying  the  same  reasoning  to  the  forces  R„  R,,  we  find  tlie 
H  proportions, 

■  P;R,:R,:R,::aS,S,8,:aS,LS,:aS,LS,:aS,LB, 

--Q.  E.  D. 

By  the  aid  of  this  Theorem  may  be  determined  the  proportion 
in  which  the  load  of  a  given  butly  is  distributed  amongst  three 
pro[«s,  exerting  parallel  supporting  forces. 

144.    l^Mid  ■ai>p«no4   hr  Tkrro   Incllse*!  Forc<«. — The  Case  of  a 

■  load  supported  by  three  inclined  forces  is  that  consideix^  in  Articles 
54  and  56.  The  lines  of  action  of  the  three  supporting  forces  must 
intersect  that  of  the  load  in  one  point ;  and  the  mu;;;nitudes  of  the 
throe  supporting  forops  are  represented  by  the  three  edges  of  a 
^  juini)]vhtfiijK-<i,  it-host:  diagonal  represents  the  load. 
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145.  Fimmo  «rTw«  Ban —Eqniiibrtnni.— Problem.   Figures  70, 
71,  aud  73  rvpn«eut  three  cases  in  which  a  ft-ame  consiBting  of  two 


I 


Re-  "'^  y>g-  '1-  ^»«*  '2- 

twrs,  joint4;d  to  each  other  at  the  poiut  L,  is  loaded  at  that  point  with 
n  givun  force,  1*,  and  is  supirarted  by  the  connection  of  tho  hare  at 
ihcir  farther  extremities,  8j,  Sj,  with  fixed  botUes.  It  is  reqnired 
to  find  the  strewt  on  Piich  bar,  and  the  HupjKirting  forces  at  S,  and  Sj. 

R*!Solve  tlie  load  P  (as  in  Article  55)  into  two  components,  KijRs, 
ncting  along  the  respective  lines  of  resistance  of  the  two  bara 
Those  components  arv  the  \ofuls  borne  by  the  two  bars  respectively ; 
to  wluoh  loads  the  supporting  forces  at  ^i,  Bj,  are  equal  aud  directly 
ojipoaed. — Q.  E.  I. 

The  symbolical  expresdon  of  this  solution  is  ea  follows : — let  i„  i^. 
W'  the  respective  angles  made  by  tht^  lines  of  resistance  of  the 
with  the  line  of  action  of  the  load  ;  then 

P  :  R, :  Rj  : ;  sin  (i,  4-  ij) :  sin  ij :  sin  tV 

Tlie  inward  or  outward  direction  of  the  forces  acting  along  each 
liar  indicates  that  the  stress  is  a  thniKt  or  a  pull,  and  tho  bar 
strut  or  a  tie,  as  the  ca.%;  may  be.  Kig.  70  rc|>resents  the  case  of 
two  ties ;  iig.  71  that  of  twd  stnita  (such  U8  a  i)air  of  raitere  abutting 
against  two  walls) ;  tig.  72  that  of  a  ;strut,  L  S^,  aud  a  tie,  L  S,  (such 
as  the  gib  and  tlie  tit-rod  of  a  ciune). 

146.    Prame  of  Two    Barm  —  Mtabililr- — A   frame    of  tWO  botS  ifl 

stable  aa  rugoitls  deviations  in  the  ]ilane  of  its  lines  of  resistance. 

With  res])(!ct  to  lateral  deriations  of  angular  position,  in  a 
direction  jfur]>endicular  to  iliat  plane,  a  frame  of  twu  ties  is  stable; 
an  also  is  a  frarao  consisting  of  a  strut  aud  a  tic,  when  the  direction 
of  the  load  inclines  yrom  tlio  line  Sj  S„  joining  the  points  of  support. 

A  frame  consisting  of  a  stiTit  and  a  tie,  when  the  direction  of  the 
load  inclines  tottsirds  the  lino  S,  S„  and  a  ti*amc  of  two  stmts  in  all 
cases,  are  unstable  latendly,  unless  proviiled  x^ith  lateral  stays. 

These  principlfsare  tnieof  anypaw'  of  adjacent  bars  wJume /ariJier 
(mtres  of  rcsidance  are  Juxdj  whether  forming  a  fruuie  by  them- 
M>lveft,  orapjirt  of  a  moi-e  complex  frame. 

H7.  TrcaiMcnt  vf  x>iBtHtnitc4  i^oada. — Before  applying  the  pHu- 

ci/>lps  of  Aiticle  145,  or  those  uf  the  following  Article*,  to  frameB 

ia  which  the  Joad,  whether  exteniai  ov  aiisAn^  Iroin.  tiui  vi*;\^\.  qS. 


A 
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jm^  is  t.)i.'«tribuW<l  over  their  length,  it  is  neoeesuy  to  roduco 
|^HIsbut*.'<l  httid  to  an  equi  vtiK*Dt  lottd,or  ecriesofloMk, applied  at 
eentRs  of  reaistaiuv.    llic  st^ps  in  this  process  are  afi  follows : — 
'  I.  Find  the  resultant  load  ou  each  single  har. 

IX.  Keaolve  that  load,  a8  in  Article  HI,  into  tvo  parallel  eonipo- 
luMits  acting  through  the  ceutreaof  rcaistouco  at  the  two  ends  of  the  Tuu*. 
II L  At  each  cenlre  of  resistance  ■whei*«  two  bars  meet,  combine 
the  component  loads  due  to  the  loads  un  tlie  two  bunt  into  one 
raenhant,  which  is  to  be  conBi<lered  as  the  total  load  acting  tlirougli 
tfaat  centre  of  resistance. 

IV-   When  a  centre  of  resistance  is  id»c>  a  point  of  support,  the 

mmponent  load  acting  through  it,  as  found  by  step  II.  of  the  pi*o- 

ecoB,  is  to  be  left  out  of  couaitlcmtion  until  the  supporting  foix» 

by  the  system  of  loads  at  the  other  joints  lias  been  doter- 

led  ;  with  this  supporting  force  is  to  be  eompouudcd  a  foive 

(ual  and  opposite  to  the  c«^iD|>t>nent  loail  acting  directly  through  tho 

IK»int  of  supjK>rt,  and  the  resultant  will  he  the  total  supixtrting  force. 

In  the  following  Articles  of  this  section,  all  the  frames  will  Ix* 

ilfposed  to  be  luided  only  at  thase  centres  of  resistance  which 

ri'rt  points  of  sup|x>rt ;  and  therefore,  in  those  cases  in  which 

>m]>onents  of  the  load  act  directly  tlirough  tho  points  of  sujijwrt 

forces  e<|ual  and  opposite  to  such  couipojieuts  must  K*  c<jui- 

with  the  supporting  foives  as  determiutid  in  the  following 

icles,  in  order  to  complete  the  Sf^lution. 

14K    Triaiixuiikr  Framr. —  Ij.'t    fig.    7o    n^present   a   triangular 

frame,  consisting  of  the  three  bars  A,  B,  C,  cou-  / 

nected  at  the  three  jouits  1 ,  2,  3,  vu. :  C  and  A  at     c 

1,  A  and  B  at  2,  B  and  C  at  3.     Let  a  load  P,  be  ^ 
applied  at  tho  joint  1   in  any  given  direction  ;  let 
supporting  forces,  P„  P„  U'  applied  at  the  joints 

2,  3 ;  the  lines  of  action  of  those  two  forces  must 
be  in  the  same  plane  with  that  of  Pj,  and  must  either  be  pai-sdlol 
U»  it  or  intersect  it  in  one  point.  Thu  lutu-r  case  is  taken  iii-st, 
because  its  solution  comprehends  that  of  the  forraur, 

The  three  exturaal  forces,  in  vii-tue  of  Article 
131,  condition  I.,  biduuce  each  other,  and  ai-c 
theruforw  proportional  to  the  three  sides  of  a  tri- 
angle rcsfiectivelv  parallel  to  their  directions.  In 
fig.  73*  let  A  B  0  be  sujh  a  triangle,  in  which 

CA  represents  P„ 

AB        ...        P„ 

BC         ...        l'„  P**- 

Tlien  by  the  conditions  of  equilibrium  of  a  frame  of  two  bars 
fArticJe  245),  tlte  external  force  Pj  applied  at  the  jo'ml  \,  atyV  xVft 


Kff.  7a. 
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nusUnocs  or  stresaes  along  the  ban  C  and  A  winch  meet  at 
joint,  are  rqirtssentiMl  in  magnitude  by  the  sides  of  a  trian^c 
gpectivcly  pandld  to  their  directions.  Thcrftfope,  in  fig.  7^"' 
CO  jiarallel  to  the  bar  C,  and  AO  parallel  to  the  bar  A,  meetiiij 
in  the  ]ioint  O,  and  those  two  line^  vrill  represent  the  stresses 
the  bars  C  and  A  respectively.  In  the  some  manner  it  is  pi 
that  B  0  represents  the  stress  on  the  bar  B.  The  three  lines  C  0^ 
A 0,  BO,  meet  in  one  jwint  O,  because  the  components  alung  the 
line  of  direction  of  a  >>^lvcn  bar,  of  the  external  forces  appl^  at 
its  two  cxtremitien,  are  equal  and  directly  opposed.  _ 

Hence  follown  thv  following  ■ 

ToEOUEU.  If  tJi.ree  forces  be  represented  hy  the,  three  eidee  q^a  ■ 
iriangU,  atid  if  three  straigfU  lines  radiating  Jrom  one  paint  be  dravm 
to  the  three  auglee  of  tluil  tnajtffle,  then  a  IrUuujiilar  frame  tvhoee 
liixeg  ofranManee  are  parallel  to  t/ie  three  radiating  lines  tciU  be  in 
e^iilibrio  under  the  three  given  forces^  each  force  being  applied  to  the 
joirU  where  tJte  tioo  lines  of  resistance  mettj  which  are  paraUeL  to  tJte 
radiiUing  lines  corUiguoue  to  th^  side  (ftlte  origiruU  triangle  whicfi 
represenls  the  force  tn  guestiark 

AUot  the  lengths  of  the  three  radiating  lines  unll  r^meni  the 
on  tlie  bars  to  fvhiclt  tJieg  are  respectively  paraUd, 

149.    TtiBMSMlnr  PmBie  nndrr   Pamllfl    Force*. — When  the  three 

external   forc««  ai-e   p;u-allel    to   each   other,   the 

triangle  of  forces  A  B  C  of  fig.   73*  becomes  a 

straight  line  C  A,  as  in  tig.  74*,  divided  into  two 

aegmeuts  by  the  [x)int  B.    Let  straight  lines  radiate 

from  0  to  A,  B,  C ;  and  let  fig.    74  i-epresent  a 

triangular  fi*amc  whu&e  sides  1  2  or  A,  2  3  or  B, 

3  1  or  C,  are  resi>ectively  parallel  to  O  A,  O  B,  O  C  ; 

then  if  the  load  C  A  be  applied  at  1  (fig.  74),  AB  applied 

at  2,  and  B  C  applied  at  3,  are  the  supporting  forces 

roquimj^  to  balance  it;  and  the  radiating  lines  OA, 

n   OB,  OC,  ropres<mt  the  stresses  on  the  bars  A,  ^  Cd 

i'e8|K'ctiveiy.  1 

From  0  let  fiill  O  H  perpendicular  to  C  A,  the  com- 
•*^  mon  direction  of  the  externul  forces.  Then  that  line 
^'  •  will  represent  a  component  of  the  stress,  which  is  of 
equal  amount  in  each  bar.  When  CA,  as  is  usually  the  case,  is 
vertical,  OH  is  horizontal;  and  the  force  represented  by  it  is 
called  tho  *'  horizontal  tlirust"  of  the  frame.  Iforixsontal  Stress  or 
Sesietance  would  be  a  more  ])rccisc  term ;  because  the  force  in 
^wewtion  is  a  pull  in  some  jMirts  of  the  frame,  and  a  thrust  in  others. 
In  &g,  74f  A  &ad  C  are  struia,  and  B  a  tie.    "ii  t\v&  irosoK  -wet* 
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vsMtHy^  iavertetl,  all  the  (ovoes  vould  bear  the  (tame  proportions  to 
each  other ;  but  A  and  C  would  be  ticSf  and  B  a  slruL 

Th*  tngoDomcti'ical  exprutaion  of  the  relations  amongst  the  foroes 
•ctrng  in  a  triaogular  fttLOic,  under  parallel  ibroes,  i^  as  ibllowa  : — 

Let  o,  &|  c,  denote  the  ri'S[K)(?tive  angles  of  iucliuatiou  of  the  bora 
A,  B^  C,  to  the  line  U  U  (that  is,  in  general,  to  a  horizontal  line). 

Tha,  Load  CX  =  0~H  •  (tan  c  ^  tan  a) ; 

Supporting  |  AU  =  CTH  *(Uino=f=  tan  6);    ,(L) 

forcc«     |B0  =  OS-(tan6=i=tanc);J 

is  to  Iw  used  when  the  two  )  opposite  direotiona 
iucliuutioufl  are  in         J  the  same  dircotiou. 

'^A^OH:  -Bcca 

Stre««e»  \  (JX  =  OlS.  -  SBC  6      (2.) 

0~C  =  OH  •  sec  c 

CA 


0H  = 


tan  c 


tan  a 


•■(3.) 


I 


w 


iPttiyson")  Fnimc^K4«iiibriBni.  — The  Theorem  of  Article 
4be  siinplrst  caso  of  a  general   theorem 

polygonal   frames   consisting   of 

of  bars,  which  is  arri^'ed  at  in  the  fol 

manner.     In  fig.  To,  let  A,  £,  C,  I>,  E,  bo 

of  resistance  of  the  Imrs  of  a  polygonal 

connected  togi^ier  At  the  joints,  vhoee 

of  rcyistanco  are,  1  lK>twecu  A  and  B,  2 

'ween  B  and  C,  3  between  C  and  I),  4  between 

and  £,  and  5  between  E  and  A.     In  the  %ure, 

he  frame  consi>ts  of  five  bars;  but  the  dt-monJ^tra- 

m  is  apftUcablc  to  any  number.     Frc>m  a  point 

*0,  in  fig.  75*  (wliich  may  bo  called  the  Diagram         

of  Fmxei),  draw  mdiating  lines  UA,  OB,  OC.  OD.  OE,  parallel 
nspectively  to  the  lines  of  x-esistaucc  of  tlie  bora;  and  on  thoso 
ndiating  line«  take  any  lengths  whatsoever,  to  represent  the  atressoa 
om  the  several  bant,  which  may 
hare  anr  magnitudes  within  the 
limits  of  strength  of  the  material. 
Join  the  points  thus  found  by 
straight  lines,  so  as  to  form  a 
closed  fiolygon  A  BODE  A ;  then 
iff  eridoat  that  AB  is  the  ex- 
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will" 


temol  furce,  wlilcli  Wiug  applied  at  the  joint  1  of  A  and  B,  will 
,  pi-oduoethostreteUA  on  AandOB  on  B  ;  that  BCisthecxtemul 
force  vhich  being  applied  at  the  joint  2  of  B  and  C,  will  produce 
the  stress  OB  on  B  {already  mentioned)  and  OU  on  C;  ondsti 
on  for  all  the  sideA  of  the  polygon  of  foroea  A  B  0  D  E  A.  Henoo 
follows  this 

TuEOREU.     f/  lines  radiating  from  a  poif it  he  tlruwn  jxtraUd  to 
Uie  luteji  of  resistatict  ofilit  bars  of  a  polygonal  frauie^  Uku  the  tides 
of  any  polygon  xcftote  angles  He  in  tJiose  rttduiiing  lifies  vnU  nprwunt 
a  syateni  of  forces^  which^  being  applied  to  tJie  jtnnis  of  t3%je  ftame^  vsiUk^m 
bcUauce  each  oOier  ;  each  midt  force  being  applied  to  tlie  joint  betweem^^ 
Ote  bars  wliose  lines  of  resistance  are  parallel  to  the  pair  of  radiating^ 
tines  iJuU  efidose  t/ie  side-  tfihe  j/olyjon  of  forces,  r^presenltng  the  fores 
in  queHion,     Also,  Oie  Ungtlis  ofUis  radiating  lines  will  represent  tAtfi 
stresses  along  the  bars  to  wwse  lines  oftenatance  theg  are  respedii 
jHiralleL 

101.  opca  Paiys*HBl  Frame. — When  the  polvgonftl  frame, 
of  being  closed,  as  in  tig.  75,  is  converted  into  an  Ovks  frame,  bj 
the  omiuaion  of  one  Uir,  such  as  E,  the  convspoudiug  mmUticntion] 
is  iiuule  in  the  diagniui  of  force?:  by  omitting  the  lines  0  E,  D  K^ 
KA-   Then  the  (Milygon  uf  external  forces  becomes  ABODOA;  anf 
D  O  and  0  A  represent  the  supporting  forces  resf>ectively,  {n\\xai\.  anc 
directly  opposed  to  the  stresses  along  the  extreme  bai-s  of  the  fraint 
D  and  A,  which  miuft  bo  exerted  by  the  foundations  (called  in  tl 
eaAo  ahUments)^  at  the  points  ^  and  T),  against  the  ends  of  thoE 
hara,  in  order  to  maintain  the  equilibrium. 

Xb*!.  PslrgoKnl  Framtt— HiKbilUr' — The  stability  or  instability  ol 
u  polygonal  fniine   di;ponds   on  the   principle*!   already  stated  in 
Articles  138  and   130,  wiz.,  that  if  a  bar  be  iree  to  change  ita 
augnlar  {tosition,  then  if  it  is  a  tie  it  is  stable,  and  if  a  strul 
vinstuble ;  and  that'  a  strut  may  be  rendered  stable  by  fixing  it 
ends. 

For  example,  in  the  fnune  of  fig.  75,  E  is  a  tie,  and  stable  j  A, 
C.\  and  D,  are  stmts,  free  to  change  theli-  angular  iK>3iUon,  one 
therefore  unstable. 

But  tho».'  struts  may  bo  rendered  stable  in  the  piano  of  the  fnunt 
by  means  of  stays ;  for  exanij>le,  let  two  stay-bars  connect  the  joints 

1  with  4,  and  3  with  5 ;  then  the  points  1,  2,  and  3»  are  all  fixed, 
so  thjit  none  of  the  stnit-s  can  change  their  angiihir  positions.     ThOi 
some  cflect  might  be  produced  by  two  stay-bai-a  connecting  the  join^J 

2  with  5  and  4.  \ 
The  frame,  as  a  whole,  ia  unstable,  as  being  liabl*  to  overtanrj 

hitt-mllr.  unless  provided  with  lateral  stag's,  connecting  its  jointd 
witA  fixed  pt'int^  | 
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"Sow,  suppose  the  fmrae  to  be  exactly  inverter],  the  loads  at  1,  2, 
and  3,  aod  the  supporting  furces  at  i  and  -3,  being  the  aune  as 
before.  Then  K  becomes  a  strut ;  but  it  is  stAble,  because  its  ends 
are  6xed  in  position  ,*  and  A,  £,  C,  and  D  become  ties,  and  sxe 
stable  without  )>eiag  stayed. 

An  open  polygon  consisting  of  lies,  Mich  as  is  formed  by  A,  B,  C, 
and  I>  when  inverted,  is  called  by  umthvinativmiis  a  Junicular  poij;- 
jfon,  because  it  may  be  made  of  ropes. 

It  is  to  be  observed,  that  the  stability  of  an  wiataifed  j>oIygon  of 
ties  is  of  the  kind  flescribed  in  Article  1 27,  and  aduut^  of  ottcUfnlion 
to  and  fro  about  the  jKidtion  of  equilibrium.  This  oscillation  may 
be  injurious*  in  pnictice,  and  stiiys  may  l>e  roijuired  to  prevent  it. 

1 53.  PolTgonnl  Frame  niHlcr  Pnrnllcl  Varcea*  — 
"WTien  the  extenml  forces  are  parallel  to  euch  other, 
the  polygon  of  forces  of  fig.  7-3*  becomes  a  straight 
line  A  D,  wi  in  tig.  75**,  divided  into  scgmeuta  by 
the  ra^liating  lin*a ;  and  each  segment  represents  the  ^* 
external  furoo  which  aeU  at  the  joint  of  the  bars 
vhose  lines  of  resistance  are  parallel  to  the  radiating 
lines  that  bound  the  segmeutv  Moreover,  the  seg- 
ment of  the  straight  A  D  which  is  iiiterccpt4Ml  be- 
tween the  radiating  lines  ]:iarallel  to  the  lines  of 
resistance  of  any  tico  bars  whether  eorUigwms  or  not, 
represents  the  resultant  of  the  external  force*  which 
act  at  points  between  the  banf. 

Thus,  A  D  reprewmts  the  total  load,  consi.'rting  of  the  three  por- 
tions A  B,  B  C,  C  D,  applied  at  I,  2,  3  respectively.  DA  represents 
the  total  »upi)orting  force,  eqxinl  and  ojtposito  to  the  load,  consist- 
ing of  the  two  portions  D  K,  E  A,  applied  at  4  and  5  respectively. 
AC  represents  the  resident  of  the  load  applied  between  the  bars 
A  and  0;  and  similarly  for  any  other  pair  of  bars. 

From  0  draw  O  H  per|>endicular  to  A  D  ;  then  that  line  rc- 
preseutfi  a  eom|»onent  of  tlie  stress,  whoso  amount  is  the  same  in 
each  bar  of  the  i'mme.  Wht^n  the  load,  as  is  usually  the  case,  is 
vortical,  that  comixment  is  called  the  " /toritonlal  thrust'*  of  the 
frame,  and,  aa  in  Article  149,  might  more  correctly  be  called  hori- 
xonUd  gtreis  or  resistance,  seeing  that  it  is  a  pull  iu  some  of  the 
bars  and  a  thrust  iu  others. 

The  trigonometrical  expression  of  these  principles  is  as  follows: — 

Let  the  force  O II  bo  denoted  simply  by  H. 

Let  1,  i'j  denote  the  inclinations  to  0  H  of  the  lines  of  resistance 
ofani/  tivo  hars^  contiguous  or  not. 

Let  B,  B',  he  the  respective  stresses  which  act  along  thoiSB  \>w»- 


Fig.  76 
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Lft  P  be  thn  resnltAnfc  of  the  axteniAi  fcvces  ooting  tfaroagU  tho 
joint  or  joints  betwixMi  tboae  two  ban. 

Tlien  R  =  H  *  sec  » ;   R'  =  H  "  aec  i"  ; 

P  =  H  (tan  »  ^:  tan  r). 
n-     f      gum       )  of  the  tangents  of  the  inclinations  i»  /  oppomte  ) 
(  difference  /    to  b«  used  according  as  they  are     (  similar  j  * 

154.  Op«n  Polygonal  Vrmmm  «Bdrr  Parollcl  Force*. — When  tho 
frame  becomes  an  open  polygon  by  the  oraisaion  of  the  bar  E,  tho 
diiignm  of  forces  75**  ia  modified  by  omitting  the  line  O  E. 

Then  the  8uj>|Kirting  forces  exerted  by  the  abutments  at  4  and  5, 
axe  no  longer  represented  by  the  tegmenta  ^E  and  £  A  of  the  line 
AD,  but  by  the  inclined  lines  DO  and  O  A,  equal  and  directly 
opposed  re8{>eetivoJy  to  tho  stresBea  along  the  extreme  bars  of  the 
frame,  D  and  A- 

I«jt  i^  nud  t\  denote  the  angles  of  inelination  of  thoae  bars. 

Lot  R^  =  O  D  and  R.  =  0  A  be  the  stresses  along  thorn. 

Let  2  * P  =  AT>  denote  the  total  load  on  the  frame.  Then  by 
the  equatioiiit  of  Article  153, 

ton^  ■¥  torn'.' 
R^  =  H  *  see  t^;  R,  =  H  *  sec  v 

155.  Bnirhic  of  FraaM*. — A  braee  ia  a  stay -bar  on  which  there 
is  a  pennanent  ptio^ts.  When  the  external  forces  applied  to  a  poly- 
gouid  frame,  although  balancing  each  other  as  an  entire  system,  are 
distributed  in  u.  luunner  not  consistent  with  tho  equilibrium  of  eaoh 
bar  separately,  then  by  connecting  two  or  more  joints  together  by 
means  of  ltra<^es,  wliich  may  be  either  struts  or  ties,  the  retdstonces 
of  those  braces  nuiy  be  made  to  supply,  at  the  joints  which  they 
connect,  the  forces  ^^'anting  to  produce  eqtiilibrium  of  each  bar. 

Tlio  resistiiuce  of  a  brace  introduces  a  pair  of  eqnal  and  opposite  fl 
forces,  acting  ulonj;  tho  lino  of  resistance  of  the  brace,  upon  the  1 
pail'  of  joinU  which  it  connects.     It  therefore  does  not  alter  tho 
resultant  of  the  forces  upjjlied  to  that  jiair  of  joints  in  amount  nor 
in  position;  but  only  the  diattibtilitm  of  tho  components  of  that 
resultant  on  the  pair  of  joints. 

'Hie  same  remark  appUea  to  any  number  of  joints  connected  by  a 
system  of  braces. 

To  exemplify  the  ose  of  braces  and  tho  mode  of  determining  the 

stresses  on  them,  let  fig.  70  n-present  a  frame  such  as  frequently 

oocnrs  in  iron  roo&t,  consisting  of  two  stmt**  or  rafters,  A  and  E, 

and  three  tie-bars,  B,  C,  and  D,  forming  a  polygon  of  five  sides. 

Jointed  at  1,  2,  3,  4,  5,  Inailed  vertically  at  l,and  supported  by  tho 

vertical  resistance  of  a  2«ur  of  walls  at  2  ani  5.    T^^  "y>\aX*'i  »xA 


1 
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1  %ar«^ 

}waem  14  wad  IX    B  if  ivquind  to  fiad  th* 
lff*e«%  sad  OB  tb»  oUmt  pwoes  of  Ife  fruBOL 

Td  nk»  tk  4mm  of  IbMo  (fi»  7«*i  dnw  tb«  Tvtittl 
KA.  w  in  Ax«ideT5\  to  nprant 
tW  arectiaa  of  ^  lo«l  u»d  of  ^  ■**^^r.-^  ^^ 

^fpociiBK  In  eat..  ^^^^^""^^^^  I 

TW  two  i^MBli  of  Uifti  liDe^  AB  vZ^^^^^'*^^ ^ 

tmd  IT^  aie  to  be  tekni  to  ttpneoki   dM^^^^^    ^^^^^*"^^ 
tbsavpfxsttuig  fiocoeiat  3  and  d;  Mid  Fi|^  7«," 

tte  whole  Une  E  A  will  repreeent  the 

kad  At  U  Fmm  the  ends,  and  from  the  foint  of  diviaion  of 
mal$<if  ttkrnal  forcm^  Af  draw  stmight  liur:$  parallel  n>e{M>ctivvly 
to  the  tines  of  resistanoe  of  tho  frame,  each  line  boiog  drawn  ftx>m 
the  point  in  E  A  that  is  markeil  with  tho  corrrspondiDg  Jottar. 
Then  A  a  and  B  b.  meeting  at  a,  6,  will  rcpraseut  th«  atroMes  alonff 
A  and  B  respectivelv ;  and  E  a  and  D  d,  nioeting  in  <^  «,  will 
it  Uiti  stresses  aloug  D  aud  £  rt^pootively ;  but  thoso  four 
inwtoad  of  meeting  each  other  and  C  c  pATallol  to  C  in  ono 
leave  gape,  which  are  to  be  filleil  up  bj  drawing  ntmight  liura 
parallel  to  the  braas:  thifc  is  sav^  from  a,  6,  to  c.  parallel  to  13; 
and  Irom  d^  e,  to  c,  parallel  to  4  1.  Then  thnsu  atrai^ht  liiicx  will 
represent  the  stresses  nlung  the  braces  to  wbiuh  they  ilre  rt»apeotively 
parallel ;  aud  C  c  wilt  repre:jent  the  tenniou  along  0.  Upon 
an^yzing  the  dio^n-nm  of  forces  ao  con6tnict4.'d.  it  will  be  found 
that  to  each  joint  in  tho  fi'ame,  fig.  76,  thorn  coriv6pon<ls  in  flg. 
76*.  a  triangle,  or  other  closed  polygon,  having  itii  iiii1e»  resiwo- 
tively  parallel,  and  therefore  proportional,  to  tbct  forooa  that  aoi  at 
that  joint.     For  cx^imple, 

Joints,         1,  2,  3,  4,  fl, 

Polygon»,  EAacflE;  AB6A;  Bc6B;  X>dcD\  D  RcP. 
The  order  of  the  letters  imlicitert   the   directions  in  which  tho 
forces  act  relatively  to  the  jolnte* 

The  method  of  arranging  the  posiUons  of  braces,  and  determining 
the  streaees  along  them,  of  which  an  example  has  been  givon,  may 
be  thus  described  in  gcaeral  terms. 

If  the  distribution  of  tho  loads  on  tho  jointa  of  a  wlygonnl  frame, 
iSsough  ooasisteat  with  its  equilihrinm  as  a  who\«,  no  not  conKV*^«wX» 

-JaiVm«<A«rfo/'fr«fujc  f^racfil  frames  coQUiua  an  ImyrovamMkl 
Mrf  by  Mr.  Cit-rk  JXtutH-Wl  isL  IS67 
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with  the  equilibrium  of  each  bar,  thcu,  in  tho  diftgram  of  fore* 
when  converging  lines  respectively  pttwllol  to  the  lines  of  resiatant 
are  drawn  from  tho  angles  of  the  polygon  of  external  foi-coa,  tl 
converging  lines,  instead  of  meeting  in  one  point,  will  \k  fonnd 
have  gaps  between  them.     The  lines  necessary  to  fill  up  those  ga| 
•will  indicate  the  forces  to  be  supplied  by  means  of  the  resist 
of  braces. 

156.  Bi«<<iitT  of  a  TniM.— The  word  Iruss  in  applied  in  cari^enti 
ftnd  iron  fniming  to  a  triangular  frame,  and  to  a  polygfinal  frame  to] 
which  rigidity  is  given  by  staying  and  bracing,  so  that  its  figuivj 
shull  be  incapable  of  alteration  by  turning  of  the  bai-s  about  theirj 
joint*.  If  each  joint  were  absolvtdy  of  the  kind  descril>ed  as  the 
first  class  in  Ai-ticle  136,  tlmt  is,  like  a  hinge,  incai^ble  of  offering 
flny  reidstauce  to  altertitiou  of  the  relative  angular  position  of  the] 
Ijai-s  connected  by  it,  it  would  be  neoessaiy,  in  order  to  fullil  tho 
condition  of  rigidity,  that  every  polygonal  fmmo  should  Iw  dividetl 
by  the  lines  of  resistance  of  stays  and  braces  into  triangles  and  others 
iHiIygons  so  arranged,  that  every  polygon  of  four  or  more  stdeO'' 
wlnMild  bo  surrounded  by  triangles  on  all  but  two  sides  and  the 
iucludotl  angle  at  fiu-thest.  For  every  unstayed  polygon  of  four  sides  « 
or  moi-e,  with  Hexible  joints,  is  Hexlble,  unless  all  the  angles  exoepljfl 
one  be  fixed  by  being  connected  with  triangles.  ^1 

Sometimes,  however,  a  cui-taiu  amount  of  stiffness  in  the  joints  of 
a  frame,  and  sometimes  the  rr^istance  of  its  bars  to  bonding,  is  relied 
upon  to  give  rigidity  to  the  &ame,  when  the  load  u]jon  it  is  sub- 
ject to  fcrmiill  variations  only  in  its  mode  of  distribution.  For 
example,  in  the  trass  of  fig.  81  (for  which  see  Article  161,  iarther 
on),  tho  tie-beam  A  A  is  made  in  one  piece,  or  in  two  or  moro 
pieces,  so  connected  together  as  to  act  like  one  piece  ;  and  part  of 
its  weight  is  suspended  from  the  joints  C,  C,  by  the  rods  C  B,  0  K  ^ 
These  rods  also  serve  to  make  the  resUtance  of  the  tie-l)eam  C  C  to  fl 
being  bent,  act  so  as  to  prevent  the  struts  AC,  C C,  C  A,  from 
deviating  from  their  proper  angular  po.sitions,  b^'  tumijog  on  tho 
joints  A,  C,  C,  A.  If  A  B,  B  B,  and  B  A,  were  three  distinct 
pieces,  with  flexible  joints  at  B,  B,  it  is  evident  that  the  frame 
might  be  tEsfigured  by  dijitoi-tiou  uf  the  quadrangle  B  C  C  K 

lo7-  Tatiailoma  of  L««4  on  Tmm. — The  object  of  stlOening  a 
'buss  by  braces  is  to  enahlo  it  to  sustain  loads  variously  distributed ; 
for  were  the  load  always  distributed  in  one  way,  a  fi'auie  might  bo 
designed  of  a  figure  exactly  suited  to  that  load,  so  that  there  ^ould 
be  no  need  of  bracing. 

The  variations  of  load  produce  variations  of  stress  on  all  the 

pieces  of  the  frame,  but  espeoially  on  the  braces  ;  and  each  piece 

nnist  bt>  suited  to  withstand  the  greatest  stress  to  which  it  is  liable. 

Some  pieces,  and  especially  braces,  may  Wno  x.o  rcX  Mrav«\.vKift&  %a 
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I  And  sometimes  oa  ties,  according  to  the  mode  of  diBtribution 

rftfetoOMt 

\9$-  Bar  cvamoH  ■•  M>rcrMi  FraHMSL — When  the  B&me  bar  fouM 
rt  tke  nmc  time  part  of  two  or  more  different  frames,  the  st^t.*^i.s 
aIdo£  it  is  determined  by  the  aid  of  the  following 

Thbosem.     TTic  atras  on  a  bar  common  to  two  or  more  frames,  in 
Ik  PBRiAonC  of  the  diffrenl  MreMea  to  which  it  is  subject^  in  virtue  of 
^paition  in  the  different  frama. 
DttvtmtioDB  of  ih\R  will  be  found  in  the  following  Articles. 
159.  ■■■■■iwrr  TniflttiHc. — A  secondary  truss  is  a  trufl8  which  i^ 
by  another  tmssL 
a  load  is  distributed  over  a  great  nnmber  of  centres  of 
it  may  be  advnittagcous,  instead  uf  connectiug  oil  thoKi' 
caitn0  by  one  polygonal  fhune,  to  MtKtain  Diem  by  means  of  sevenil 
mall  tmases,  which  are  sup[iort«d  by  lai^cr  trusses,  and  so  on,  the 
whole  structure  of  secondary  tnuses  resting  finally  on  one  largt' 
•    i-^  which  may  be  called  the  /wtmary  truss.     In  such  a  combinn- 
...  the  same  piece  mjiy  often  fnnn  jawt  of  diffi»rent  trusses  ;  and 
titcn  the  stran  upon  it  is  to  be  determined  according  to  the  Theorem 
■of  Article  158. 

J?xample  I.  Fiff.  77  represents  a  kind  of  secondary  tmssing  com- 
iu  the  framcwiirk  of  iron  roofa. 


Hg.  77. 


The  entire  frame  is  supported  by  pillars  at  2  and  3,  eacli  of  which 
smtujia  in  all,  half  the  weight. 

1  2  3  is  the  primary  trussj  conaiating  of  two  rafters  I  3,  1  2,  and 
a  tie-rcxl  2  3. 

The  weight  of  a  diviaion  of  the  ixxtf  is  distributed  over  thu 
rafters. 

The  middle  point  of  each  raftei-is  supported  by  a  ««condary  truss; 
one  of  thoee  is  marked  14  3;  it  conaifitA  of  a  strut,  1  3  (the  rafter 
itself),  two  ties  4  1,4  3,  and  a  stnit-brace,  5  4,  for  transmitting  the 
lorxd,  applied  at  5,  to  the  point  whore  the  ties  meet. 

Each  of  the  two  larger  secondary  trusses  just  described  support* 
two  vmaUer  secondary  trusses  of  Bimilar  form  aud  construction  to, 
iUelf ;  two  of  those  are  marked  1  7  5,  6  6  3 ;  and  the  subdivision  ffj 
Iho  Wd  might  be  carried  still  farther. 

In  determining  the  stresses  on  the  pieces  of  this  stmcturc,  it 
'otf/i^rfat,  .w  Orss  juathematic&l  aociiracv  is  concenvei\,  wWlVv  ^^i 
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coinmenoe  with  the  primary  truss  or  with  the  secondary  trosaes 
but  by  coimueuciug  with  the  primary  truss,  the  process  is  rend 
moi'fi  simple. 

(1.)  Primary  Truss  12  3.  Let  W  denote  the  weight  of  the  roof 
then  ^  W  ifl  ilistribiited  over  each  rafter,  the  roAultantf 
through  the  middle  points  of  the  raflcrs.  Divide  each  of  tlioso 
rcsaltantft  into  two  equal  and  parallel  component*!,  each  equal  to 
■J  Wf  acting  through  the  ends  of  the  rafter ;  then  4^  W  ifl  to  be 
considered  as  directly  8ui>poi-tcd  at  3,  ^  W  at  2,  and  ^  W  +  ^  W 
=  ^  W  at  1 ;  therefore  the  Ir^ad  at  the  Joint  1  ia 

Let  ♦  bo  the  inclination  of  the  rafters  to  the  horizon;  then  by 
equations  of  Article  149 

H^1W^^^JVV_. 

2  tan  i        i  Ulu  i' *' 

This  is  the  pull  upon  the  horizontal  tie-rod  of  the  primary  txTtas, 
2  3 ;  and  the  thrust  on  each  of  the  rafters  13,  1 2,  is  gircn  by  thoj 
equation 

.       Wcoseci  ,-. 

E  =  Hbcc»  =  - — 2 (2' 

(2.)  Secondary  Truss  14  3  5.  The  rafler  1  3  has  the  load  ^ 
distributed  over  it;  and  reasoning  aa  before,  we  are  to  leave  two 
quarters  of  this  out  of  the  calculation,  sm  being  directly  8upi>orted 
at  1  and  i,  and  to  consider  nne-hnlf,  or  -\  W,  as  lieing  the  vertical 
load  at  the  point  5.  The  tniaa  is  U)  lie  considered  as  consisting  of 
a  polygon  of  four  pieces,  5  1,  1  4,  4  3,  3  5,  two  of  which  hapj>en  to  be 
in  the  same  straight  line,  and  of  the  strut-brace,  5  4,  whieh  exerts 
obliquely  upwanls  against  /),  and  ohlirjuoly  downwards  uguinst  4,  a 
thrust  equal  to  the  component  perpendicular  to  the  rafter  of  th» 
load  J  W;  which  thrust  is  given  by  the  equation 

R54  =  jwcosi (ay 

Then  we  easily  obtain  the  following  values  of  the  stresses  on  the 
rafter  and  ties,  in  which  each  strcs  is  di^tingnishod  by  having  affixed 
to  the  letter  R  the  numbers  denotirg  tlic  two  joints  between  which 
it  acts. 

Pulls 

on  ties 


i 

1 


It?  ^'* 


2tAni 


Thnifits 

on      -J 
nU'ter   I  j^     _^     Ki4 


=^  —  Wcotani: 

8  ' 

-  W  sin  i  =  -  "W  cosec  i 
O  o 


n ^      .  -  -  W  sin t  =  -"VI  lc(Mie*il-'i«axx^ 
2taxii       8  b 


(♦•>: 


SECONDABY  TECSSIXO, 


U7 


I 


diflerenco  botveen  the  thnists  on  the  two  dlTuions  of  the 

is  the  component  alonr;  the  rafter  of  the  load  at  the  point  5. 

(3.)  SmaUer  Secondary  Trusses,  17  5,  S  6  3.— These  Iruases 
*tmi]i;tr  in  ewevy  rmect  to  the  larger  socondaiy  trasses,  except 
that  the  load  on  each  point  is  one-half,  and  consequently  each  of 
the  stresses  is  rcdticcd  to  one-half  of  tlie  corresponding  strcea  in  the 
equationa  3  and  4. 

(1.)  JReauiUint  Stre»se$.  The  pull  on  the  middle  divuiioa  of  the 
great  tie-rod  2  3  is  Rimply  thfit  due  to  the  piinuuy  truss,  12  3.  Tho 
pnli  on  the  tic  4  7  is  simply  that  due  to  the  sccondaiy  truss  14  3. 
The  pulls  nn  the  tics  o  7,  5  (J,  aro  siniply  those  due  to  the  smflller 
secondary  tru&ies,  1  5  7,  5  6  3.  But  ugreeably  to  the  Theorem  of  Art 
158,  the  pull  on  the  tie  I  7  is  the  Btun  of  those  due  to  the  lai^ger 
secondary  truss  14  3,  and  the  BnutUer  secondary  truss  17  5.  The 
on  6  4  is  the  sum  of  those  due  to  the  primary'  truHS  12  3  and  ti> 

0  larger  secondary  tniRs  14  3.    The  pull  on  G  3  is  the  sum  of  those 
due  to  the  jjrinwr}'  truss  1  2  3,  to  the  Urger  secondaiy  truss  143,  and 

the  smaller  secondary  truss  5  6  3.  The  thrust  on  each  of  the  four 
dirifiions  of  the  mffcer  1  3,  is  the  sum  of  thrrc  thrusts,  due  re- 
ively  to  the  primary  tniss,  the  larger  secondary  truss,  and  one 
or  other  of  the  sinidler  secondary  trusses. 

£xampU  11.  Fig.  78  representa  another  form  of  truss  common  in 
oofi     Let  W  be  the  weight  of  the  roof,  aa  before,  distributed  over 


the  rafters  1  2, 1  3.  2  3  is  the  grwit  tie-rod ;  1  7, 6  5,  8  9,  suspensioii- 
i-tHls:  7  6,  7  8, 5  4,  9  10,  strut?. 

(1.)  Primary  Truss  12  3.  The  lo:id  at  1,  as  before,  is  to  be  taken 
as  =  4W. 

(2.)  Secondary  Trusses  7  0  3,  7  8  2.    The  load  at  G  is  to  be  held  to 

I  consist  of  one-half  of  the  load  between  G  and  1 ,  and  one-lmif  of  the 
l«>ad  between  ti  and  3 ;  tliat  is,  one-half  of  the  looil  between  1  and 
3,  or  \  W,  The  trusses  are  triftDgtilar,  each  consisting  of  two  stmts 
and  a  tie,  and  the  stresses  are  to  be  found  as  in  Article  149. 
The  snsfpenaon-rod  2  7  supports  two-thirds  of  the  lottjd  on  7  C  3, 
Mtff  CH-otJtirds  uf  the  load  on  7  6  2;  that  is,  ^  '  ^  'W  =  W^  *,  wA 
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tlus,  togetlier  with  i  W  which  rests  diroctlif  on  1,  mAkes  up 
load  of  \  W,  already  mentioned. 

(3.)  SnuUler  SKOiulary  Tritases  3  4  5, 0  10  2.  Each  of  the  points 
4  and  10  suatainsa  load  of  i  W,  from  which  the  stresses  on  the  Ixirs 
of  tbose  smaller  trtisfles  can  bo  dfterininod. 

One-half  of  the  load  on  4,  that  is  iV  W,  hanga  by  the  suspension- 
rod  G  5 ;  and  thi.i,  together  with  I  W,  which  rests  directly  on  6, 
makes  up  the  load  of  i  W  on  that  point,  formerly  mentioned.  Tlie 
same  remarks  apply  to  the  suspension-i'od  8  9. 

(4.)  HesitUanC  Strejises,  The  pull  between  5  and  9  is  the  sum  of 
those  due  to  the  primaiy  and  larger  secondary  tnisses;  that  between 
3  and  3,  and  between  9  and  2,  is  the  simi  of  the  polls  due  to  thu 
primary,  lai-ger  socondarj-,  and  .smaller  secondaiy  truasea. 

The  thrust  on  1  (>  ia  due  to  the  primary  truss  alone ;  that  on  G  4 
to  the  primary  and  larger  secondary  trass ;  that  on  4  3  to  the 
primary,  larger  secondaiy,  and  smaller  secondary  trusses  j  and 
similarly  for  the  divisions  of  tlie  other  rafter. 

Example  IIL  Suppose  that  instead  of  only  three  divisions,  there 
are  n  divisions  in  eadi  of  the  rafters  1  3,  1  2,  of  fig.  78 ;  so  that  be- 
sides the  middle  susj tension-rod  1  7,  tliei-e  are  n —  2  suspension-roda 
under  each  rafter,  or  2  7i  —  4  iu  all ;  and  n  —  1  sloping  stnitt* 
under  each  rafter,  or  2  »  —  2  in  all.  There  will  thus  be  2  »  —  I 
centres  of  resiaUnee ;  that  ia,  the  ridge-joint  1,  and  n  —  1  on 
each   rafter  ;   and   the   load  directly  supported  on  each  of  these 

W 
points  will  be  5—. 


W 


The  total  load  on  the  ridge-joint,  1,  will  be  as  before,  -^  ;  that 


18 


w    .  w  /       1\ 

to  say,  —  directly  supported,  and  -     (1 J  hung  by  the 


middle  suspensiou-rod. 

The  total  load  on  the  upper  joint  of  any  secondary  truss,  distant 

from  the  ridge-joint  bym  divisions  of  the  i-ttfter,wiil  be,  — j— —  W; 


I 


W 


4n 


n 


1 


4n 


W  hung  by 


vv 
tliat  ia  to  say,  -—  directly  supj)oticd,  and 

a  saspension-rod 

Tlie  stresses  on  the  struts  and  tie  of  each  ti*uss,  primary  and 

condary,  being  determined 
as  in  tho  preceding  exampl&s. 

160.  r«Mp««N«i  Yniue*. — Several  frames,  without  being  distin 
guiahable  into  primary  and  secondaiy,  may  be  combined  and  con 


The  stresses  on  the  struts  and  tie  of  each  ti*uss,  primary  and 
secondary,  being  determined  as  in  Article  149,  are  to  be  combined 
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iiect«43  in  such  a  maimer,  tliat  certain  pieces  are  common  to  two  or 
more  of  them,  and  require  to  have  their  stresses  determined  by  the 
Theorem  of  Article  158. 

Example  I.  lu  fig.  79,  8  9  represents  part  of  the  horizontal  plat- 
form of  a  suspension  bridge,  support^^l  and  balanced  by  being  hung 
Iroui  the  top  uf  a  central  pier,  1,  by  pairs  of  equally  inclined  rods  or 
rvpefl,  viz. ;— 1  8  and  1  9;  1  (J  and  17;  1  +  and  1  5;  1  2  and  1  3. 


Fig.  79. 

Hero  8  I  9  is  to  be  considered  as  a  distinct  biangular  &amp, 
[eoosisting  of  a  strat  8  9,  and  two  ties  1  8  and  1  9,  loaded  with 
^eqn&l  weights  at  S  and  9,  and  supported  at  1.  Let  x  denote  the 
height  of  the  point  of  suspension  1  above  the  level  of  the  loaded 
points,  t/a  =  y»,  the  diKtance  of  those  points  on  either  side  of  the 
middle  of  the  pier,  P  the  load  at  each  point,  B«  =  R^  the  pull  on 
cAch  of  the  tics,  1  8,  1  9,  T„b  the  thniat  between  6  and  9  along  thu 
htform.     Then  we  have 


T..=  -5';E,= 


siiiular  equations  for  each  of  the  other  distinct  frames  G  I  7, 
5,  2  1  3. 
Then  using  a  similar  notation  in  each  case,  the  thrust  along  Che 
[pUtform 

between  8  and  C  1  .    « 


To; 


;:  5::Sd7}-T..*T.,-.T... 


on  fur  as  many  pairs  of  divisions  as  the  platform  consists 
Exumplc  XL   Fig.  80  represents  the  fiamework  for  8upi»orting 


ono  side  of  a  timber  bridge,  rcKting  on  two  piers  at  1  and  4.     It 
i£r  of  four  distinct  tntssef^  via, 


t  ■   fl^ 
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1  S3  41oiiaedat2aiidS, 
156  i        „        5    „    6, 
17  84        „        7    „   8, 
194        „        9; 
all  those  tnuses  have  the  Hune  tie-be&zn,  1  4  ;  and  the  pull 
>ng  that  tic-beom  U  the  sum  of  the  puJlu  due  to  tlie  four  tarusaes. 

IGL.    Kcmbuuice  «r  FrnM«  at  ■  SmUmi. — TUEOUEH.      If  a  framA 

he  acted  upon  hy  any  system  of  external  forces^  and  if  thai  frame  he 
cofnceived  to  be  completefy  dhnded  into  two  porta  by  an  ideal  autfotey 
ihe  ttresies  along  the  bare  tc^tcA  are  tntereected  by  (nai  aurfacej  balance 
the  external  foir^  icfiich  net  on  eacli  oftlie  iioo  parte  of  the  frame. 

This  theorem,  -which  requires  no  demouHtretion,  furuiahea  in 
aome  causes  tlic  most  coDvenient  method  of  determining  the  stresBoa 
aloDg  the  pieces  of  a  &ame.  The  following  comiiderutioa  shoe's  to 
what  extent  its  use  ia  limited. 

Case  1.  AVhon  the  lines  of  resiHtance  of  the  hara,  and  the  lines 
of  action  of  the  external  forcess  are  all  in  one  ]»hine,  let  the  frame 
be  mipi>ofied  to  be  intersected  an}*TR-here  by  a  plime  at  right  angle 
to  lt3  own  plane.  Take  tlie  line  of  intersection  of  these  two  plane 
for  an  axis  of  oo-ordinatea ;  say  for  the  axis  of  y,  and  any  convenient 
point  in  it  for  the  origin  O  ;  let  the  axis  of  a;  be  iierix.*ndiciilaj*  to 
tluR,  and  in  the  plane  of  the  frame,  and  the  axis  of  z  peqx^ndicuiar 
to  both,  and  in  the  plane  of  section. 

The  external  forces  applied  to  the  part  of  the  frame  at  ono  side 
of  the  plane  of  aertion  (either  may  be  chosen)  being  treated  as  in 
Article  59,  give  three  data,  viz.,  the  total  force  along  a;  =  F,;  the 
total  force  along  y  =  F^,  and  the  moment  of  the  couple  acting 
round  £  :=  M ;  and  the  bars  which  arc  cut  by  the  plane  of  section 
miifit  exert  remfitftncea  capable  of  balancing  those  two  forces  and 
that  couple.  If  not  more  than  three  bant  arc  cut  by  the  plane  of 
flection,  there  are  not  more  than  three  unknown  quantities,  and 
three  i*elalionfl  between  them  and  given  qxiautities,  80  that  the 
problem  is  determinate  ;  if  more  than  three  liare  are  cut  Viy  the 
plane  of  section,  the  problem  is  or  may  bo  indeterminate. 

The  formube  to  which  thia  reoaoniug  leads  are  as  follows  : — Let 
X  be  positive  in  a  direction  from  the  plane  of  section  towards  tho 
part  of  the  structure  wliich  is  considered  in  determining  F„  F^  and 
M ;  let  4"  y  lie  to  the  right  of + ac  when  looking  from  z ;  let  angles 
meoiiured  from  0  x  towards  +  y,  that  is,  towards  the  right,  be 
positive  ;  and  let  the  lines  of  resistance  of  tho  tliree  bars  cut  by  the 
plane  of  section  make  the  angles  i„  ij,  t„  with  x.  Let  n^j  n^  ?*,,  be 
the  perpendicular  distances  of  those  three  lines  of  reaistance  from 
O,  distances  towai-ds  the 

7et}  °fO!^\xins  considered  as  [^^^^^  \ . 
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r  Let  Bt,  B^  Bat  be  the  resistances,  or  total  stresses  along  the 
three  Inn,  palJs  being  positire,  and  tbrusta  negatire.  Then  vo 
La\-e  the  following  thive  equations : — 

feF,  =  B,  cos  I,  +  R,  co«  t,  +  R,  cos  i,; 
F,  =R,«inij-fBaaia*aH"Rja"i»i; 
-  K  =  R,  71,  +  R^  n,  +  R»  n,; 
t  which  the  three  qoAutities  sought,  Bn  Bu  B3,  can  be  found, 
t^pcoking  with  relVreii«;  tn  the  given  plane  of  section,  F.  may  Iv 
callt^  the  normal  gtressj  F,  the  tUtxariivg  strets,  und  M  the  niontgni 
ui^'jfexure  or  hendintf  strrgs;  for  it  tends  to  bend  the  frame  at  the 
m  under  consideration. 
Cass  2.  When  the  bars  of  the  frame,  a^d  the  foives  applied  to 
lem,  act  in  any  direction,  the  forces  applied  to  one  of  the  two 
[•cUvinons  of  the  irame  are  to  be  reduced  to  rectangular  components; 
mnd  the  Uiree  resultant  forces  along  these  rectangidar  axps,  F„  ^ 
y¥„  and  the  three  resultant  couples  round  theae  three  axesr  ^f>  ^^ 
31^  are  to  be  found  as  in  Article  GO,     Those  forces  and  couples 
Imust  be  equal  and  opposite  to  the  corresponding  forces  and  couples 
aiising  from  the  strcisses  idou^  the  bars  cut  by  the  section ;  and 
thus  are  obtained  ftix  equations  between  those  strcssoa  and  known 
^^uantities ;  so  that  if  the  section  cuts  not  more  than  six  bars,  the 
problem  is  determinate;  if  more,  it  is  or  may  be  indetei-minate. 

The  equations  are  obtaine<l  as  follows  : — Let  R  denote  the  stress 
^jdong  any  one  of  the  ljai-»,  pull  being  positive  and  thrust  nc^tive. 
iliet  a,  fi,  y,  be  tlio  inclinatioits  of  the  line  of  resistance  of  that  bar 
to  the  axes  of  a:,y,c.  Let  n  be  its  perpendicular  distance  &om  O. 
I^mceive  a  plane  to  paf«  throngh  O  and  through  the  line  of  resistance 
l«f  the  bar,  and  a  normal  to  be  dra%vn  to  that  plane  in  such  a  direc- 
tion, that  looking  from  the  end  of  that  normal  towards  O,  the  har 
is  seen  to  lie  to  the  right  of  0,  and  let  a,  ^,  »,  be  the  angles  of 

I  inclination  of  that  normid  to  the  three  axes.     Let  3  denote  the 
summation  of  six  corres^>onding  quantities  for  the  six  bars.     Then 
the  six  equations  are, 
F,  =  X  •  R  cos  « ;  F^  =  at  •  B  COS  ^ ;  P,  ==  3  •  B  cos  y ; 
—  M^  =  2  -  R  n  COS  A ;  —  M,  =  2  •  B  u  cos  ;* ;  (2). 

—  M,  =:S-Rncos»; 
from  which  the  six  stresses  sought  can  be  computed  by  elimination. 
The  planeof  ^  5; being  as  before,  tliat  of  the  section,  F,  is  the  total 
direci  strcaa  on  it;  F,  and  F,  are  the  total  shearing  stresses ;  ^I^  and 
Jd,  are  bending  couples,  and  M,  a  tufhling  couple. 
BxMAKKS. — Every  problem  respecting  the  equilibrium  of  frames 
wluai  can  be  aoJr&d  bj  the  Ttiethud  oj  sections  exyVaixkbd.  \ii  '"  * 
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Article,  can  aJao  be  solved  by  tlie  tnetJuid  o/poli/gons  explained  in 
the  previoua  Articles ;  and  tlie  clioico  between  the  two  methofla  i& 
a  qnestion  of  convenience  and  simplicity  in  each  j»rticular  case. 

The  following  is  one  of  the  sinipleal  examples  of  the  solution  of 

a  problem  in  both  ways.     Fig.  81  i-eprcsenta  a  tniss  of  a  form  very 

J.  ^.  common  in  carpenti-y  (iilready  referred 

to  in  Article  1^6),  and  consisting  of 

tliree  struts,  A  C\  C  C,  0  A,  a   tie- 

bcnm  A  A,  and  two  suspension-rod^ 

C  B,  C  B,  which  bcno  to  suspend  part 

of  the  weight  of  thn  tie-beuni  from 

^e*  **•  the  joints  0  C,  and  also  to  stiflV-n  the 

truss  in  the  manner  mentioned  in  Article  156. 

Let  t  denote  tho  equal  and  opposite  inclinations  of  the  nifters 
AC,  C  A,  to  the  horizontal  tie-bt-am  A  A  ;  and  leaving  out  of 
consideration  the  portions  of  the  load  directly  supported  at  A  A, 
let  P,  P,  denote  equal  vertical  loads  applied  at  G  C,  and  —  P,,] 
—  V,  equal  upward  vertical  supporting  forces  applied  at  A  A,  hyi 
the  resistance  of  tho  props.  Let  H  denote  the  pull  on  the  tio»| 
beam,  R  tho  tlirust  on  each  of  the  sloping  mfters,  and  T  the  thrust- 
on  the  horizontal  strut  C  0. 

Proceeding  by  the  rtietfiod  ofpotygons^  as  in  Article  153,  we  find 
at  once, 

H  =  — T  =  PcotAni;1 

\ W 

R  =;  —  P  cosec «.        I 


I 


(Tlirusts  being  considei-ed  as  u^;ative.} 

To  solve  the  same  question  by  the  method  of  sections ^  suppose  a^| 
vertical  section  to  be  made  by  a  plane  traversing  the  centre  of  tlie 
right  hand  joint  C  ;  tttko  that  centre  for  the  origin  of  co-ordiuatcs ; 
let  X  be  positive  towards  the  right,  and  y  [Kisitive  downwards ;  let 
z,,  f/i,  be  the  co-ordinates  of  the  centre  of  resistance  at  the  right 
hand  point  of  support  A.  Wlieu  the  plane  of  section  travei'ses  the 
centre  of  resistance  of  a  joint,  wo  are  at  liberty  to  suppose  either 
of  the  two  bars  which  meet  at  that  joint  ou  opposite  aides  of 
the  plane  of  section  to  be  cnt  by  it  at  an  insensible  distance  from 
the  joint 

First,  consider  the  plane  of  aection  as  cutting  0  A.  The  forcca 
and  couple  acting  oa  the  port  of  the  frame  to  the  right  of  the 
section  are 

F.  =  0;F,  =  -P 
M=— .Pari. 
Then,  ohaervtag  that  for  the  strut  A  C,  u  =  0,  aad  tUat  for  the  tie 
AA,  n  =  y^,  we  have,  by  the  equaUon»  \  o5  iVva  XtSA'^a 


UjOJ-LATTICZ  girdeb. 

Kcx»i*H  =  F^  =  0; 
Rsinis  —  T; 

rbenco  vc  obtain,  from  the  l&st  e<{uatioQ, 
H  =  ^  =  Pcotaiii 


firom  the  first,  or  from  the  second 

H 


R  = 


.  =  —  P  oosw:  I . 


cos  i 


Next,  conceive  the  section  to  cut  C  C  at  an  insen&ible  distant 
the  left  of  C     Then  the  equal  and  opjKwito  applied  forces  +  P 
C,  and  —  P  at  A,  have  to  be  taken  into  account ;  so  that 

F.  =  0;  F,  =  0;  M  =  — Paii; 

from  the  first  of  ^vhich  equations  we  obtain 

II                                 H  -f  T  =  F«  =  0,  and 
r  T=  -H=  -Pcotani (5.) 

■■ 


I 


In  the  cjuiniple  just  ^ven,  the  method  of  sections  is  tedious  and 
complex  as  compared  with  the  method  of  polygons,  and  is  inti*o- 
daoed  for  the  soJce  of  illustration  only;  but  in  the  problems  which 
Are  to  follow,  the  reverse  is  the  case,  the  solution  by  the  method  of 
sections  being  by  fur  the  moi'e  simple. 

162.  A  amu^iMtact!  uirder,  sometimes  called  a  "Wairen  Girder," 
represented  in  fig.  82.    It  consists  essentially  of  a  horizouiid  uj>iM.'i' 
Wr,  a  horizontal  lower  bar,  and  a  series  of  diagonal  bai's  .ilopiug 
kltemately  in  opposite  direc- 
tions, and  dividing  the  s|iAoe 
between  the  upiK-r  and  lower 
bars  into  a  senes  of  triangles. 
In  tie  example  to  bo  confd- 
dered,  the  girder  is  supposed 


K/\J\AAA/\Ar: 


Fig.  82. 


to  hti  supported  by  the  vertical  resistance  of  pici-s  at  its  ends  A  and 
£,  and  loaded  with  weights  acting  at  or  through  the  joints  at  tbu 
I  angles  of  the  several  trianglea 

This  girder  might  be  treated  as  a  ease  of  secondary  trussing,  by 
considering  the  upper  and  lower  and  endmost  diagonal  bars  as 
*»rming  a  polygonal  tni&a  like  fig.  81,  but  inverted,  supporting  a 
amailer  erect  truss  of  the  same  kmd,  which  sup|>orts  a  stiU  smaller 
[inverted  trusS;,  which  nupports  a  stilJ  smaller  erect  trviss,  and  su  on 
£Ae  sfuaJJ&st  tj-uss,  which  h  the  middle  triangle.    But  \t  ^s  \\\ot« 
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simple  to  proceed  hy  the  method  of  sections,  which  must  be  applied 
8ncx>esaive]y  to  each  dinfjion  of  the  girder. 

The  load  at  each  joint  being  known,  the  two  supporting  forces 
at  A  and  B,  are  to  bo  determined  by  the  principles  of  the  equili- 
brium of  pai'allel  forces  in  one  plane  (Articles  43,  44).  Let  Pj^ 
Pfl,  denote  those  supporting  foi-ces,  upward  forces  being  treated  as 
positive,  and  downTrard  as  negative ;  and  let  —  P  denote  the  load 
at  uuy  joint,  which  may  be  a  constant  or  a  ^^arying  quantity  for 
diiferent  joints. 

Su])po3e  now  that  it  is  required  to  find  the  stress  along  any  one 
of  the  diagonals,  such  as  C  E,  ulon^j;  the  top  bar  immediately  to  the 
right  of  C,  and  along  the  bottom  \*at  immodiately  to  the  left  of  £L 
Conceive  the  girder  to  bo  divided  by  a  vcrtiad  piano  of  secttOB 
0  D,  at  an  insensibly  small  distance  to  the  right  of  C;  take  t^ 
intei'section  of  this  plane  with  the  line  of  resistance  of  the  top  bar 
for  the  origin  of  co-ordinates,  which  sensibly  coincides  with  C. 

Let  X  denote  the  distance  of  any  one  of  the  joints  to  the  left  of 
the  plane  of  section,  from  that  plane.  Let  Xi  be  the  distance  of  thd 
point  of  support  A  to  tlie  left  of  the  same  plane.  Let  y  be  positive 
upwards ;  so  that  for  the  joints  of  the  upper  bar,  y  ^  0,  and  for 
those  of  the  lower  bar,  y  ^=^  —  A,  A  denoting  the  vertical  depth 
between  the  lines  of  resistance  of  the  upper  and  lower  bars. 

Let  t  be  the  inclination  of  the  diagonal  C  E  to  the  horizontal 
axis  of  X.  In  the  pre&L>nt  instance  this  is  positive  ;  but  had  C  B 
sloped  the  other  way,  it  would  have  been  negative. 

Let  the  symbol  —  xj  •  P  denote  the  sum  of  the  loads  acting  at 
the  joints  between  the  plane  of  section  and  the  point  of  auppt^  A,  ■ 
t/t£  load  at  fJi^  joint  C  being  inclutkd.  Then  for  the  total  forces  and 
couple  acting  on  the  division  of  the  girder  to  the  left  of  the  plane 
of  section,  we  have, — dirtet /oreej  F,  =  0,  because  the  applied 
forces  are  all  vertical ; — shearing  forces^  P,  =  Pj^  —  ig  '  P  J  a  force 

^^^^^  **  {  n^tiv^oTd'oC'^rd  }  "^'^'-^g  ^  *l^^  Pl^««  o^  »«^*io» 
{  farther  from  }  ^^®  P^"^*  ^^  support  A,  than  a  phme  which 

divides  the  load  into  two  portions  equal  respectively  to  the  supports 
ing  pressures ; — hending  c&iiple  M  =  PaOCi  —  i^'Pj;;  which  is 
vykoard,  and  right-handed  with  respect  to  the  axis  of  s.  I 

Kow  let  R,  denote  the  stress  along  the  upper  bar  at  C,  Ej  that 
along  the  lower  bar  at  D,  and  R,  that  along  the  diagoTuii  0  E ; 
then  the  equations  1  of  Aiiicle  IGl  become  the  following : — 

Kj  +  Rj  +  B,oos«  =  0;orR,  +  R3C08t«—  Bi...(a.) 

tiuit  ig,  the  stress  along  the  upper  \xiXy  9Jsx^\ia)ei\^s(63tsa^ji^^:f^^ 


i 


lies 


half-lattics  antDnt. 
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tf  the  stress  aloBg  the  diagonal,  are  equal  and  opposite  to  the  stroH 


the  lover  bar 


Kj  sin  i  =  F,  =  Pi—  «J  •  P 


ff.) 


that  U,  the  rerticAl  compoijent  uf  the  etress  along  the  diogonalj 
halannis  the  shearing  force ; 

—  R,  y  =  R,  A  =  M  =  Pi  x,  —  »^  •  Pa; (c) 

%  is,  the  couple  formed  by  the  equal  and  opposite  hurizont^ 
of  equatinn  (a),  acting  at  the  ends  of  tlie  arm  h,  balances 
the  bending  couplu. 

Knall/,  from  the  equationa  (a),  (6),  (c),  are  deduced  the  following 
T%2ues  of  the  utreaaes  i — 


J*uU  on  lower  bar, 
8inm  on  dwffonal. 


B.  =  ^(P.x.-2S-P«); 


R,=  oosec  t  (Pi  —  ij  •  P); 
bar, 

B,  =  —  E,  —  B,  cos  t 


1 


=  -^(P.x. 


1*  -Pa:)—  coto  i  (Pi  —  =J  •  P). 


(1) 


Another,  and  sometimes  a  more  convenient  form,  can  be  found 
for  the  second  and  third  of  those  expressions.     Let  s  deuoto  the 
■ngth  of  the  diagonal  C  £,  and  x,'  the  hori2ontal  distance  of  ita 
jwer  end  E  from  the  point  of  support  A;  then 


Wi 


,=  ^(/»*-f(a^'^a^)«), 


cosect 


-=- ;  cotan  i 
A 


ar,  —  X, 


.(2.) 


which  Eubstitutiona  liaving  been  made,  give 


h 


B,- j(P.-JS-P) 


IJp.iii  — lJ-Px  +  (x/-x,)(P»-lS-P)J 


-jfP.*,'-^c'-PO 


(3.) 


\ 
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in  whicli  x*  is  taken  to  denote  the  ftorizontal  distance  of  ant/  jotrd 
to  Oic  left  of  a  verii&jd  plane  traversing  E  The  last  expivs*»iou  for 
li,  iR  exactly  what  votild  have  beeji  obtained  by  ^apposing  the 
plane  of  »c-ctlou  to  tiiiversu  E  instead  of  C. 

Any  given  diagonal  is  <       ♦     t  T  *^*'^''^g  *^  ^'  slopes  <        •    *  f 

the  direction  of  the  shearing  forco  F,  acting  ou  a  plane  of  sectioa 
traveraing  it. 

1G3.    llnir-Laillce    Ciirdrr— Cuifarm    I.»ad. — Ca^E    1.     Every  joint 

loaded.     When  the  joints  of  a  hall'-latlice  girder  are  at  equal  dii- 
tduces   a{>art  horizontally,  and   loaded  with  ei|ual   weights,  thafl 
equations  take  the  fallowing  form  : —  ^" 

Let  N  denote  the  even  number  of  divisions  into  which  vertical 
lines  drawn   through  the  joints  divide  the  total  length  or  jtpa^ 
between  the  points  of  support.     Let  I  be  the  length  of  one  of  the 
divisionK,   so  that    N  i  irt  the  tot*iI  span.     The  t<ital  number 
loaded  joints  is  N — 1 ;  this  must  bo  an  odd  number,  and  the 
must  be  a  middle  joint  dividing  the  girder  into  two  hidves,  sym 
metrical  to  t-ach  utiicr  iu  every  respect,  figure,  load,  supiwrt,  and| 
stiTss,  so  that  it  is  sufficient  to  consider  one  half  only;  let  the  left 
hand  half  be  chosen.     Let  the  middle  joint  be  denoted  by  O,  and 
the  other  joints  by  numbers  iu  the  order  of  their  distances  from  thi 
middle  joint,  so  timt  the  joint  numbered  n  shall  be  at  the  diatani 
It  I  from  O.    The  even  numbers  denote  joints  on  the  same  horizontal 
Ixu'  with  O ;  the  odd  numbers  tliose  on  the  otlier. 

The  total  load  on  the  girder  is 

-(N-l)P, 
of  which  one-hair  is  supported  on  each  pier  ;  that  is  to  say, 

p.=p.=^p. (1.) 

The  stress  on  the  npper  bar  is  cveiywhere  a  thnist ; — that 
the  lower  bar  a  piUL     Diagonals  which  j  J?^?  >  from   the  mid( 

towards  the  ends  are  i  ^^^  >  .     By  these  principles  the  kind  of 

stress  on  each  piece  is  determined;  it  remaios  only  to  compute  the 
amount. 

Let  7i  be  the  number  of  any  joint ;  it  is  required  to  find  the  atrees 
along  the  diagonal  which  runs  fixjm  that  joint  towards  the  middle 
of  the  girder,  and  the  stress  along  that  part  of  either  of  the  hori*  ^ 
zontal  lire  wliich  ift  opposite  the  joint  fl 

Suppose  a  vertical  section  to  bo  made  at  an  insensible  distance^ 
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fiTun  the  joint,  intersecting  the  diagonal  iu  question  and  the  horl- 
nmtal  bars. 

Brtwt«n  O  and  either  pier  there  are  -^ 1  loaded  joints  ;  bc- 

tween  O  and  the  plane  of  section  in  qnestion,  there  are  n — 1 
fointe ;  hence  between  the  plane  of  section  and  the  pier  there  an» 

1.  —  n  joiuta.     Consequently 


A 
C 


* 


and  the  ^laarinff  force  is 

F,  =  P.-=^-P=(«-5)-P; (2.) 

So  that  it  increases  at  an  uniibi*m  rate  from  the  middle  towards 
the  enda. 

The  distance  of  the  «"■  joint  from  the  pier  is  a;,  =  (  —  —  "  )  *  A 

Hence  the  upward  moment  of  the  snipriorting  foi"ce  In 


--  =  (?-!)  (?-")- 


Tlic  downward  moment  of  the  load  nt  the  joints  hetwccn  the 
phtne  of  section  and  the  pier  is  found  frt»ra  the  consideration,  that 
the  levemge  of  the  nearest  poition  of  that  load  is  nothing,  and 

that  of  the  farthest  ( —- —  I  —  n)  I,  so  tliat  the  mean  leverage  is 

1  /X  \  * 

—  ( —  —  1  — n\  I  \  which  being  multiplied  by  the  load  a  ■  1'  us 

found  above,  givt-s  fur  the  moment 

-I'—Uf-'-)  (?-«)-' 

hence  the  bending  couple  is 

that  is  to  say,  it  is  proiK>rtii>ual  to  tlio  prodttct  ofUte  setjmenU  into 
which  the  plane  of  sectiwt  divider  the  Ungfh  qf  Oie  gird€i\  and  is 

\test  at  the  middlCf  wluw  it  i^  -;-  '  P  ^ 


tWtOUt  OP  BTRUCTURES. 


■ 


Tho  Tiniform  inclination  of  tlic  diagonals,  in  one  diioction  or  the 
other,  being  denoted  by  t,  we  have 

oosec»s=7^=  — — i ; 

and  hence  the  amoonts  of  the  stressefl  are, 
Alon^  the  diagonal, 

E'  =  F,'coseci  =  ^(»— I)  P; 
AUmg  (Ke  horisiontal  bar,  (4.) 

K 

Those  stresses  ai*e  stated  irrtvtpcctivo  of  their  signs,  •which  «re 
be  determined  by  tho  rules  laid  down  after  equation  1. 

Tho  least  value  of  R'  is  fur  tho  diagonala  next  tho  middle  point,^ 


for  which  n=  1,  and  R' 


2V 


Its  greatest  value  is  for  the  diar 


gtHialB  next  the  piers,  for  which  n  =  — ,  and  R  =  ^ — rj-r ;  in  la 

these  diagonals  sustain  the  entire  load. 

The  least  value  of  the  horizontal  stress  R  is  at  the  dividiuus 

N 
one  of  tho  horizontal  bora  next  the  piers,  for  which  n  =  -r-—  1,  b' 

"  3A      ' 

The  greatest  value  of  R  is  at  the  division  of  one  of  the  horizontal 

N'P/ 
bare  opposite  the  middle  joint,  for  which  n  =  0,  and  R  =  . 

o  A 

Case  2.   Every  alternate  joint  loaded^    Suppose  those  joints  only 

to  be  loaded  which  arc  diKtant  by  an  even  number  of  divisions  from 

N 
tho  piera.     The  total  number  of  loaded  joints  is  ---  ~  1,  the  load 


2 


on  tho  girder  —  (- —  M  P>  ^"^^  the  supporting  pressures 

p.  =  i.„=Q"-^)p p.) 


Let  n  bo  the  number  of  auy  loaded  joint,  n  —  1   that  of  tho 
unloaded  joint  ncaivst  to  it  on  tVw*  s\dc  uexi  tlw  laiddle  of  the 
gifder,  0.    Jf  a  plane  of  aectiou  traverse  \iv»i  ©^"^  ••^  m».  vraexasM^a 


1 
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Ido 


from  either  of  those  joints  on  the  side  next  O,  the  aheating 
is  the  same,  being  tlie  excess  of  the  supporting  pressure,  P^ 
(equation  5)  above  the  load  on  n,  and  the  other  loaded  Joints 
between  it  and  A,  whose  nnmber  is  one-half  of  what  it  -was  in 


^ 


1,  that  w  ^  -  _ 


Hence  wo  dnd 


p,= 


.p. 


.,(6.) 


I  The  npward  moment  of  th6  supjwrting  force  is 
j  at  the  joint  n,P^x.=  (—  -  -  j  ^- _,») -Pf ; 

!rt  the  joint  n-  1,  p^  (x,-f  Q  =  (^  _  ^  )  (^  -«  +  l)  '  Pt 
The  downward  moment  of  the  load  from  the  joint  n  inclusive  to 
the  pier,  rtlativoly  to  the  plane  of  section  near  that  joint,  is  found 
hj  oonsidenng  that  the  leverage  of  the  noan«t  portion  of  that  load 

lA  nothing,  and  that  of  the  farthest  {^-2-nJ/j80  that  the 
leverage  is-^(^  -2  -  nj  I,  which  being  multiplied  by 
^^^^load  —  (t  ~  ^)  ^'  gives  for  the  moment, 

The  corresponding  moment  for  the  joint  n  —  1  is 

Senco  the  Iwnding  couples  oro— 
At  the  loaded  joint  n, 

•'-HI+»)(l-)-M¥-)-> 

At  the  nnloAded  joint  n  —  I, 


mean 


the 


(7.) 


TilEORT  OP  HTHUCTURHl. 


TTtlng  these  Hftt/v,  we  obtain  for  the  Btrees  alany  the  diagonal  oon- 
jLocting  the  joints  n  aud  n  —  1, 

n  — 1     «  P  . 

IT ' 


I 


Tit        t*  •        y%  —  1 

R  =  F.  cosec  t  =  — . — 


(The  stress  rIod^  the  diagonal  connecting  tlie  joints  n 
»  —  2  is  of  erinal  nmount  and  opposite  kind). 


an< 


Along  the  bar  oppojilte  the  l^md&d  joint  n, 

Along  the  lar  oj)po9ite  fA«  unloaded  joint  n  —  1, 

'  4    I    4 


.(9.) 


R,  = 


(„-,,-.}-. 


n     '       n 

fig.  83, 


The  last  two  streises  are  of  op|»osite  kinds  ;  and  th4*  kind  of  eat 
stress  is  to  be  determined,  as  before,  by  the  nile  given  after  eqn 
tion  1  of  this  Article. 

1C4.  lAiiKc  C'lrdrr— Awr  i*»«d.— In  a  lattice  girder,  as  in  a 

lattice  gii-dcr,  there  are  a  hori- 
*f  rontal  \ipper  and  lower  Imv: 

but  wJiereasa  half-lattice  girdpv    . 
contHins  but  one  ug-zag  set  »f 
diagonal  l>nrs,  a  lattice  girdai^ 
contains  two  or  moi*e  seta,  croas-^ 
ing  each  other,  iisnally  at  equal 
inciinutions    to    the    horizon. 
Fig.  83  i-epreacnt*!  the  simplest  fonn  of  a  lattice  girder,  in  which 
tbui-e    are   two   wU   of   diagonals,   crossing   each   other   midway 
betww'n  the  upper  «nd  lower  liorizontnl  bai*s.  ^H 

The  loJtd  is  siipjK^sed  to  be  applied  at  the  joints,  ^H 

Snppoffc  the  ginler  to  be  ait  by  a  vertical  plane  of  section  CD, 
traversing  one  of  the  jointti  where  the  diagonals  cro&s.  The  shearing 
force  and  It-nding  couple  at  this  plune  of  section  am  to  be  deter- 
mined exactly  in  the  same  manner  as  for  a  half-lattice  gii-der, 
Article  162. 

In  the  prewn*.  case,  because  the  plane  of  section  C  D  cuts  Jo 
bars,  the  pnAih;tn,  in  a  strict  mathematical  i^ense,  is  iudctcrminat 
according  to  the  principles  stated  in  Article  101  ;  but  it  is  solved 
by  taking  for  gmnted  what  is  the  fact  in  well -constructed  lattice 
girders,  tlutt  ea(;h  of  the  two  diagonals  which  civss  each  other  at 
the  section  C  D  beare  one-half  of  tUo  Bhcariug  force ;  and  in  like 
Tuaniwr,  when  several  poira  of  d\ftgoi\»\a  croaa  «»(^  a\Iwi^  a\. 


ale,a 
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tma  cross  section,  it  is  usoxned  that  the  reastance  to  the  shearing 
force  is  eqnmDj  dietzibated  amongst  thorn. 

To  fulfil  this  ooncUtion  where  «  pair  of  diAgoDiUj^  as  in  fig.  83, 
<Toai  ea^  other,  with  equal  and  opposite  inclinations,  the  stresses 
aloi^  th«nk  must  be  equal,  and  of  opposite  kinds.  Then  let  R'  and 
.—  R'  be  the  atngaea  along  the  pair  of  diagonals,  and  t  and  —  i 
Ibeir  inclinations  to  the  horixon,  we  shall  hare  for  the  vertical 
ttnnponent  of  the  force  sustained  by  them 

F,  =  R'  sin  »  —  R'  sin  (—  t)  =  2  R'  sin  »; (L) 

d  for  the  horizontal  component, 

R'  ooa  »  —  R'  cos  (—  »)  =  0 ; 

so  that  the  horizontal  components  of  the  stresses  along  the  two 
diagonals  at  the  plane  of  section  baluioe  each  other. 

Let  2  fit  be  the  number  of  diagonal  bars  which  cross  each  other 
at  a  given  vertical  section,  the  amount  of  the  stress  along  each  bar  i** 


^4n< 


^ 


P,  _  Fy  coaec  i 


.{% 


which  is  a 


L^whicl 

^plbrce. 

~      Th 


{  tW  }  *'°''  *^  ^^""^  '^°P^  {  a^i^  }  ^^  «^'*""« 


The  pull  along  the  lower  bar,  and  the  ihnist  along  tho  upjwr  bar. 
At  the  given  vertical  section,  miist  oonstitute  a  couple  which  balanocH 
the  bending  couple  M ,  hence  their  common  amount  is 


^ 


M 

A 


(3) 


165.  lattice  Girder— rnir«rm  E.ond. — If  N  denote  the  even  num- 
ber of  equal  divisions  into  which  the  lungih  of  a  lattice  girder  is 
divided  by  vertical  lines  trovereing  all  tho  joints,  whether  of  meeting 
of  diagonal  and  horizontal  bars,  or  of  crowing  of  diagonal  bars,  and 
i  tiie  length  of  one  of  those  divimons,  so  that  N  /,  as  before,  is  the 
span  c^  the  girder,  then  the  effect  of  a  load  equally  distributed 
amongst  all  those  vertical  lines,  or  amongst  tho  altcmate  lines, 
may  be  found  by  means  of  the  formula  for  a  half-lattice  girder, 
Article  1G3,  as  follows : — 

X  When  the  load  is  distributed  over  all  the  vortical  lines,  the 
formulse  for  caso  1,  equations  1,  2,  3,  4,  arc  to  be  npplied  to  vertical 
SMtions,  such  as  C  D,  traversing  the  joiuta  of  crossing  of  diagonals; 
observing  only,  that  the  resistance  to  tlie  ahcaring  force  is  distributed 
amop^  the  diagoDaJa  as  ahovm  by  equation  2  of  Article  IQV. 


L 
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II.  When  the  load  is  HiirtributeU  over  those  vertical  lines 
which  travereo  joints  of  inw*ting  of  diagonal  and  horizontal  bui 
the  fiomralA  of  cmms   3,  eqnationa   5,  0,  7,  8,  9,  $o  /or  (v 
rdale  to  aeetiems  mnd^  fU  ufti^ded  jninUi,  are  to  be  applied  to  vt 
sections,  such  aa  C  D,  trareTrnng  the  joints  of  crossing  of  diagonals] 
attending  as  before  to  the  distrilitttion  of  the  stress  amongst 
diagonal  by  equation  2  of  tliia  Artiele. 

IGG.  TraufonnaiioB    mT  VrmmcA. — Tho  principle  explained 
Article  66,  of  the  transformation  of  a  set  of  lines  representing 
Ivdnncod  system  of  forcf.'s  into  another  set  of  Unea  repreaentii 
another  system  of  forces  which  is  also  balanced,  by  means  of 
is  called  "  Paraixel  Projection/'  being  applied  to  the  theory 
frames,  takes  obviously  the  following  form  : — 

ToEOREKL  //a  /ranie  whose  HtiM  qf  resi^wiee  constitute  a  ffit 
/ttpire,  he  ba/antvfd  under  a  syMsm  o/ external  /aroeg  r«pre$enUd  by 
fiven  system  of  lines,  tJten  vnll  a  fiame  ichom  lines  of  miHanoe  con-^ 
MuU  afiffure  whirh  U  a  parallel  projection  of  the  original  Jiffurs,  be 
halofMed  under  a  system  of  forces  represented  by  tlte  corregpondii 
paralUl  projeeiion  of  the  given  system  of  lines;  and  the  lines 
sentwg  the  sti^esses  along  the  bars  of  the  neto  fram^  utiU  be 
correspondiTtg  parallel  projections  qflhe  lines  npresentvng  the 
alonff  the  bars  of  the  original  frame. 

This  Theorem  is  called  the  "  Principle  of  the  Transformation 
Frftmea"     It  etinbles  the  conditions  of  cquilibriimi  of  any  iinsym- 
mt^trical   &amo  which   happens  to  be  a  parallel  projection  of 
symmetrical  frame  (for  examplCf  a  sloping  lattice  girder),  to 
deduced  from  tho  conditions  of  equilibrium  of  the  symmetri( 
fninie, — a  process  which  is  often  much  more  easy  and  simple  thi 
that  of  finding  the  conditions  of  equilibrium  of  the  iinsymmetri( 
frame  directly. 

Sbotiok  2. — Eq^Ulihriftm  of  Chaifu,  Ccrds,  HUs,  mid 
Linear  Arches. 

167-  E«BiiibHBm  of  a  Cvt^, — Let  DACin  fig.  84  represent  % 

flexible  cord  supported  at 
the  points  C  and  D,  and 
loaded  by  forces  in  any 
direction,  constant  or  vary- 
ing, distributed  over  ita 
whole   length   with    con- 
stant or  varying  intensify. 
Let  A  and  B  be  any 
two  points  in  this  oord ;  from  those  points  draw  tangents  to  the 
cor^,  A  P  and  B  P,  meeting  in  P.    Tbft  lowl  twrtin^  on  tho  cord 
between  the  points  A  and  B  is  \)».\a.'nced  \s^  ^*i  ^vl^%  t\«&%KJu» 


Fig.  84. 


KQinUBRmM  OF  A  OOBIk. 
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^Bm  ■tlihcm  twt>  points  resp«ctivei]y ;  those  pnlla  most  respectively 

^^Mftloog  the  tangents  A  P,  B  P;  hence  follows — 

I  Tbborcm  L     TS«  rmMixnt  of  the  load  behoem  two  given 

w  a  heUajkoed  wrd  <u:U  th^vu^k  thfi  poifUof  inieTMctum  of  t^ 
I      $0  cAo  cord  mt  Mom  poinig;  and  thai  rmitUant,  and  the  pulU  along 
'      tK/rd  at  tha  two  giv0n  point»f  are  proportional  to  the  aides  o/a  trian^ 
which  are  retpoctMi/  jraralUl  to  their  dirtfctione. 

The  more  the  number  of  loaded  points  in  B./unundar  pol^ffon  {i 

*6ne<l  in  Article  l.'iO)  is  increiwed,— or,  in  other  wortis,  the 

le  nuTnl>er  of  aides  in  the  polvgon  ia  multiplied, — the  more  nearl] 

it  apiJTuximato  to  the  condition  of  a  cord  continuously  loaded; 

at  the  same  time,  the  number  of  lines  radiating  &om  the 

O  in  the  diogmm  of  forces  (exemplified  in  fig.  75'*)  increases 

the  nimaber  of  adesof  the  ^nicular  polygon,  and  the  polygon 

external  forces  of  fig.  75*  approximates  bo  »  continuous  line, 

eoired  or  sCmight 

A  diagram  qfjorces  for  a  continuously  loaded  cord  may  bo  con*J 
gtmoted  in  the  following  manner  (tig.  84*).  Let  radiating  lines  be 
dnwii  from  the  point  0  panUlel  to  the  taiigenta  of  the  cord  at  any 
points  which  rany  be  under  conai deration: — for  example,  let  OC, 
0  D,  be  parallel  to  the  tangents  at  the  points  of  support,  and  O  A^ 
0  B,  i)arullcl  to  the  tangents  at  the  points  A  and  B  of  fig.  84  re- 
gpectiTely.  Let  the  lengths  of  those  radiating  lines  represent  the 
pnlla  along  the  cord  at  the  points  to  whose  tangentis  they  are 
parallel ;  and  let  a  line  D  A  B  C,  curved  or  straight,  as  the  case 
may  be,  bo  drawn  so  as  to  pass  through  the  extremities  of  all  the 
ntitiating  lines  which  n^present  the  pulls  along  the  cord  at  diffen'nt 
pointe.  Then  Irom  Theorem  L  it  appe»u*a,  that  a  straight  line 
dnwn  from  B  to  A  in  fig.  84*,  will  represent  in  magnitude  and 
direction  the  resultant  of  the  load  on  the  cord 
between  A  and  B  (tig.  84).  Now,  suppose  the 
point  marked  A  in  ^.  64  to  be  taken  gradually 
noarcr  and  nearer  to  B;  then  will  OA  in  fig.  84* 
l^ljHoach  gradually  nearer  and  nearer  to  OB; 
tnd  while  the  direction  of  the  straight  line  drawn 

tfrora  B  to  A  gradually  approaches  nearer  and 
bearer  to  the  direction  of  the  tangent  at  the  point 
B  to  the  line  0  B  A  D  in  fig.  84*,  the  resultant 
load  between  B  and  A  represented  by  that 
strsi^t  line  gradiially  approaches  neaivr  and 
nearer  in  direction  to  ihc  direction  of  the  load  at  the  point  B  in  fig. 
84 ;  therefore,  the  direction  of  the  load  at  any  point  B  of  the  cunl 
(fig.  84),  ifl  represent^  by  the  direction  of  a  tangent  at  B  (fig.  84*), 
to  the  line  C  B  A  P.     Seneo  foUoi 


Fig.  84*. 


Tasosmtll.    J/"  a  iine(eaiUda  line  of  loads)  be  drau>n,  awcU 
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tluU  lehiU  iU  radiva-vedorjrom  a  given  point  u  paraUd  to  a  ian^ 
to  a  loaded  cord  at  a  ffivett  point,  its  own  tangent  is  parallel  to 
directum  o/t/te  load  at  the  point  in  tlie  cord,-  t/ien  ioUl  the  length 
a  radiua-vetior  of  tJte  line  qf  loads  repreaent  the  pttU  at  the 
epondin^  point  of  tJie  cord;  attd  a  atraight  Una  drawn  between  ant/ ti 
points  in  the  line  of  loads  wiU  reprewni  in  magnitude  and  directi 
the  reatdtant  load  between  the  two  corre^xmding  points  t»  tM  eord 
The  supporting  forces  reqtiired  at  the  points  C  and  D  (fig.  ' 
are  oh\iousIy  represented  in  magnitude  and  direction  by  tho  e 
tremc  radiating  lines,  OC,  <Jl>. 

A  loaded  cord,  hanging  fivcly,  is  ob\iously  stabUt  but  capable 
oscillation. 

ICK  c*r4  andrr  psroiiri  i.«mi4». — If  the  direction  of  the  load  bor] 
everywhere  pamllel  andvertical,theUneofloadB  be- 
comes a  vortical  straight  line,  as  C  B  A  D  (Gg.  84**). 
To  express  this  caae  algebraically,  let  A  in  fig.  84 
be  the  lowest  point  of  the  cord,  eo  tltat  the  tangent 
AP  is  hoi-iwrntftL  Then  in  Hg,  84**,  O  A  will  be 
horizontal,  and  perjH'n<licular  to  0  D.     Let 

H  ^  0  A  =  Iborizontal  tension  along  the  cord  at  A; 

K  ^  0  B  =:  pull  along  the  cord  at  B; 

Kg.  W"  p  __  XB  =  loftd  on  the  cord  Iwtween  A  and  B; 

i  _  ^^  X  PB  (fig.  84)  =  --::  A  O  B  (fig.  84**)  =  inclination 
of  CJi-d  nt  B ; 


then, 


Htant;  R  =  J  {P'  +  IP)  =  Hsect (1.) 


tan  i 


To  deduce  from  these  formulae  an  equation  by  which  the  form  of 
tho  curve  ftRsumed  by  the  cord  can  be  determined  when  the  distri- 
hution  of  the  load  is  known,  let  that  curve  be  referred  to  rectangular 
horixontal  and  vertical  co-ordinates,  measuredfrom  the  lowest  point 
A,  the  co-ordinates  of  B  being,  A  X  =  x,  X  B  =  y ;  then 

dy, 
dx' 
whence  we  obtain 

dx-H' (^^ 

a  differential  equation  wliich  enables  the  form  assumed  by  the  cord 
to  be  determined  when  the  distribution  of  the  load  is  known. 

169.    C9w4  mdcT  ValCorm  TrrUeal  l4«ad. — By  au  uni/tTrm  vertifnl 
load  in  bcro  meant  a  vertical  \owl  \ant0TuiV5  AmN,t^\*A  li^viv^  ^ 


COED  DVDER  UKIFORM   VERTirAL  LOASL 
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hnrizontiil  Btrajght  line ;  so  that  i/  A  (fig.  85),  be  the  lowest  point  of 
Uie  rope  or  cord,  the  load  suspended  between  A  uud  B  filudl  be 


jAt- 


Fig.  85. 

proportional  to  AX  =  x:,  the  horizontal  distance  between  those 
points,  and  capable  of  being  expressed  by  the  equation 

^  F=px; (1.) 

^ftrhere  />  is  a  constant  qtiantitj,  denoting  the  itUengity  of  Uu:  load  in 
^KgniU  of  weight  per  unit  of  liorbsantal  Ungih:  in  poxindft  per  lint 
^^fcot,  ^r  exAni|)1c.  It  is  required  to  find  the  ix>mi  of  the  cue 
^T)  ABC,  and  the  relations  amongst  the  load  P,  the  horizontal  pull 
■  at  A  (H),  the  pull  at  B  (E),  and  the  co-ordinatea  AX  =  x,  BX  -  y. 
^B  First  Soluiwn. — Bf  cause  the  load  bcitween  A  and  B  is  unifonuly 
^■istribntecl,  its  resultant  bisects  A  X ;  therefore,  the  tangent  B  P 
^Bosecta  A  X :  this  is  a  |>ropcrty  characteristic  of  a  parabola.  whoB0| 
^Fvertex  is  at  A ,  therefore,  the  cun*e  assumed  by  the  ccfrd  is  such  « 

parabola. 
Also,  the  proportions  of  the  load,  and  the  horizontal  and  oblique 

tauions  are  as  follovs : — 


% 


P:H:R::5X:XP:PB 


(^*D 


::px 


£5". 

2y' 


px 


4"£i- 


(2.) 


(3.) 


S«xmd  SoltUion, — In  the  present  case  equation  3  of  Article  168 
l>ecomea 

dy       px 

tdx~  K 


hich  being  integiuted  with  due  regard  to  the  condition  that  when 
=  0,  y  =  0,  gives 

p  as* 

2n 


y  = 


(4.) 


the  eqtiation  of  a  parabola  whose  focal  distance  (or  modtdus,  to  use 
the  term  adopted  in  Dr.  B<H)th*8  paper  on  the  "Trigonometry  of  the 
Parabohi,"  R^ixn-ts  of  the  British  Association,  185li),  is, 


H 


(5.) 
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For  a  parabola  yre  have  alBO  the  inclination  i  to  the  horixoii  r»-j 
latcU  to  the  co-ordiuaic8  by  tho  fulluwiDg  equuUouB; — 

tan  i  =  -j^  =  s—  =  — ^; 
ax       2m        X 

whonoe  vre  liave  the  proportions 


w 


P:H:K::taiii:l:seci::^:l:^(l+^*) 

::,,:^:,x,/(l+:g.> -(7.) 

OS  before. 

The  following  are  the  solutionBof  some  usefiil  problema  reipecf 
aniformly  loaded  coitU. 

pROBUEii  L  Ginen  the  tlevationB,  y„  y,,  o/the  two  pomis  ^9apftH\ 
ofiiic  cord  ahov9  its  loweai  poini^  and  aUo  the  horizontal  di$tane», 
»pan  a,  between  iAoae  points  of  mip}xtrt;  ii  m  required  to  find  (A^ 
Aortnm/oJ  (futanotv,  Xi,  x^,  ^fA«  lovxA  point  from  the  two  points  <f 
support;  also  the  moduius  m. 

In  a  parabola, 

yi:yi:  :el:a4; 
therefore, 

Jv^        . JVt 


Xi^a 


also 


TyT+TF.' 


:  a^  =  a 


Jyi  +  Jy/ 


a^         «»         ^  +  ax] 


4yi       4y,       4{y,H-y,)       4y,  +  4y,-|- 8  ^y,y, 
WTien  the  points  o/ support  ars  at  Ote  same  level, 


.(&) 


.,,(9.) 


a  a- 


16  yi 


.(10.) 


PROBLEAI  IT.     Given  the  same  data,  to  find  Oie  indinatioTU  {„ 
o/ihe  cord  at  the  points  ofsuj^JorU 
By  equations  6,  wo  have, 


vrb^n 


yi  =  y^  tan  ii  =  ian  i,  := 


4y» 


C13.) 
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Problem  III.  Given  t/te  same  data^  arid  tM  load  per  unit  of 
l^iijtK ;  rtquired  Out  horizontal  tension  H,  aiid  the  Unsione  Vii,  B^ 
<U  the  potTUe  of  support. 

B)r  oquation  6,  ve  iind, 

H  =  2pm  = ^^ — =  : (lai 

jUid  by  the  proportioiml  equation  7, 

B,  =  Hsocti  =  H  ^  (l  -h^''-);  R.  =  H  sec  », 

=  Hv(l+^) (R) 

THieD  yi  =  y,,  tliose  eqaatiuus  become 

b    "  =Hv(i+ijrO •••••w 

^B  Pbobuiu  rV.    £f  itvn  the  same  data  aa  in  Frohlem  L,  to  find  the 

length  of  ttte  a^rd. 
'  TLe  follon-ing  are  two  veil  known  formulcB  for  tKo  length  of  a 

pHrabolic  arc,  cummcuciugut  the  vertex,  one  being  in  toruia  of  the 
^co-ordinates  x  and  y  of  tlio  farther  extremity  of  the  arc,  and  the 
:her  in  terms  of  the  modulus  m,  and  the  inclination  i  of  the  farther 
ity  of  the  arc  to  a  tangent  at  the  vertex. 

,f ,   ^'^   --^  ,    ,    '' -^  •'^ (^  +  T ) 

I 

B  mjtaa  t  '  aec  »  +  hyp.  log.  (tan  i  +  sec  t]}...(16.) 

The  iengtfi  of  t/te  cord  Ia  8,  +  «„  where  «i  is  found  by  putting  Xt 
And  yi  in  the  first  of  the  above  f<.>rmula,  or  t]  iu  the  socoud,  and 
"t  by  putting  Xj  and  y,  ^  ^^o  first  fonnuia,  or  t,  in  the  second. 

The  following  apprommate  formula  for  the  length  of  a  parabolic 
arcia  in  many  oaaea  sufficiontly  near  the  ti-uth  for  practical  purposes ; 

2 1/* 
«  =  af+  5^  iieaHy, (17.) 

Huch  gives  for  the  total  length  of  the  cord 
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wbcn  y,  ^  y^  thia  l>eoomes 

(19-) 


.    8     V?         . 
2*1  =  a  4-  ^  •  ^  nearly, 
o      a 


Problem  V.  Given  the  same  data^  iojindf  approximately,  the 
ehji^atwn  of  the  cord  d  (s^  +  s,)  required  to  produce  a  ffiven 
depression  6.  y  of  the  lowest  point  A,  aitd  conversdy. 

Differentiating  equation  18,  we  find 


d(..  +  ^=l(j+|)rfy (20) 


which  Berres  to  compute  the  elongAtion  from  the  depressioii ;  uid 

oouvenely, 


dy 


(21.) 


(22.) 


rhich  serves  to  compute  the  dciiresKioii  of  the  lowest  point  froui' 
the  elongation  of  the  cord.     When  yj  ^  y*,  those  formuhe  become^J 

The  pi-ecciUng  fomiulro  Kerve  to  compute  the  depression  which 
tlic  middle  point  of  a  mispeasiou  bridge  undergoes  in  consequence 
of  a  given  elongation  of  tlie  cable  or  chain,  whether  caused  by  heat 
or  by  tengion. 

170.  s««pcii«i«a  BriiiBc  with  Trrtical  Boda. — In  a  Suspension 
bridge  the  load  is  not  continuous,  the  platform  being  hung  by  rods 
fVom  a  certain  number  of  points  in  each  cable  or  chain  :  neither  is 
it  uniformly  distributed  ;  for  although  the  weight  of  the  platform 
per  unit  of  length  is  uniform  or  sensibly  so,  the  load  aiising  from 
the  weight  of  the  cables  or  chains  and  of  the  suspending  rods  is 
more  intense  near  the  piera.  Nevertheless,  in  most  cases  which 
occiu"  in  practice,  the  condition  of  ejich  cable  or  chain  approaches 
Ktifficiently  near  to  that  of  a  cord  continuously  and  uniformly 
loaded  to  enable  the  formuhe  of  Article  1G9  to  be  applied  without 
material  error. 


SUBFEHBtOK   BRIDGE — FLEXIBLE  TIE. 
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When  the  piers  of  a  guspension  bridge  are  filender  aud  vcrticiil 
Xb0  is  iLsaally  the  case),  the  restdtAnt  prcasure  of  the  chain  or  cable 
on  the  top  of  the  pier  ought  to  be  vertical  alfio.     Thus,  let  C  E^  in 
.  S5,  represent  the  vertictd  axis  of  a  pier,  and  C  G  the  ]>ortitm  of 
e  chain  or  cable  behind  the  pier,  which  either  supporta  another 
viflion  of  the  platform,  or  is  made  fast  to  a  masa  of  rock,  or  of 
nry,  or  otherwise.     If  the  chain  or  caTile  passes  over  a  ctirved 
ilate  on  the  top  of  the  pier  called  a  saddU^  on  which  it  i»  free  to 
de,  the  tensions  of  the  portions  of  the  ciiain  or  cable  on  either 
Bide  oftbeaaddle  will  be  equal;  and  in  ord<?r  that  those  tensions  m 
compose  a  vertical  pressure  on  the  pier,  tlieir  inclinations  must 
equal  and  opposite.     Let  i  be  the  common  value  of  those  inclina- 
tions ;  K  the  common  value  of  the  two  tecsionB ;  then  the  vertical 
{ffeaare  on  the  pier  is 

V  =  2R8ini=2Htant  =  3pa;} (1.) 

ftt  is,  twice  the  weight  of  the  portion  of  the  bridge  between  the 
pier  and  the  lowest  point,  A,  of  the  curve  C  B  A  D. 

But  if  tic  two  divisions  of  the  chain  or  cable  D  A  C,  C  0,  which 
mefit  at  C,  be  meuU  faM  to  a  sort  of  tnick,  which  is  supported  by 
rollers  on  a  Uorisontal  cast  iron  platform  on  the  top  of  the  pier, 
then  the  prce&ure  on  the  pier  will  be  vertical,  whether  the  inclina- 
tions of  the  two  divisions  of  the  cliain  or  cable  be  equal  or  unequal; 
and  it  is  only  necessary  that  the  licrizorUal  componenta  of  their  ten- 
sion should  be  equal ;  that  is  to  say,  let  t,  t*,  be  the  inclinations  of 
tlie  two  divisions  of  the  chain  or  cable  in  opposite  directions  at  C, 

d  Hy  B',  their  tensions,  then 

R  =  H  sec  »;  R'  =  H  sec  i'; 

V  =  R  sin  i  H-  R'  Bin  »  =  H  (tan  »  +  tan  »T  .'..,.  (2.) 

171.  riexikie  Tic. — Let  a  vertical  load,  P|  be  applied  at  A,  iig.  86, 


Fig.  86.  ^**«'- 

■ustained  by  means  of  a  horizontal  stmt,  A  B,  abutting  against 
fixed  body  at  B,  and  a  sloping  rope  or  chain,  or  other  flexible  tie, 
ABC,  fixed  at  C.  The  weight  of  the  strut,  A  B,  is  supposed  to 
be  di\'ided  into  two  components,  one  of  which  is  supported  at  B, 
while  the  other  is  included  in  the  load  P.     The  wcigbt,  "W ,  o?  l\itt 
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flexible  tie,  A  D  C,  is  suppoaed  to  be  knowu,  and  to  be  oonsideredj 
seporuU'Jy ,  luid  with  the»e  datA  tJjei*e  is  proposed  tbo  following 

Fboblek.   W  beiTig  unaM  eompttr^d  wUh  P«  t^Jind  ctpproasutuU 
Aa  vertical  dejM-etmon  ED  </  (^0  Jlanbk  Iw  below  the  etra^ht  Ih 
AC,  the  puUe  alonff  «<  a<  A,  D,  a$id  C,  and  the  hariiontai 
along  A  B. 

Becautto  W  U  Bioall  compared  with  P,  tho  oorvatore  of  the  tai^j 
-will   be  small,  and  the  distribution  of  its  weight  along  a  horipi 
zontal  line  may  be  taken  as  approjdnuUcfy  miifonn ;  therafore  it 
ligui-e  will  be  marlif  a  parabola  ;  the  tangtiuc  at  D  wUl  be  senab^^ 
parallel  to  A  C,  anO  the  tangeots  at  A  and  0  will  mvet  in  a  point 
which  will  be  near  the  vertical  line  £  D  K,  ^liich  line  bisects  A  0, 
and  is  bisected  in  D.    Hence  we  have  the  following  oonstruotion : — 

Draw  the  dtrtgram  of  fureeSj  £g.  SO*,  iu  the  following  maimer. 

"W    

On  the  vertical  line  of  loads  h  o,  take  b/=  P;  6tf  =  PH-— ;  he 

=  P  +  W.  From  h  draw  h  O  parallel  to  the  strut  A  B ;  that  19, 
horizontAl ;  from  e  draw  e  0  pandlel  to  C  A,  cutting  6  0  in  O  jr, 
join  c  O,  /O. 

In  fig.  8G,  bisect  AC  in  E,  throxigh  which  draw  a  vertical  line 
through  A  and  C  rvsjiectively  draw  A  F  I)  O/  C  F  ||  O  c,  cutti 
thftt  vt'rticiLl  lino  iu  F ;  bisect  E  F  in  D.  Then  will  A  F  an 
G  F  bo  tougc-nta  to  the  flexible  tic  at  A  and  0,  D  will  bo  its  most 
depressed  point,  and  D  E  iU  grwitest  dcpi-esaion ;  and  the  pulls 
along  the  tie  at  C,  D,  and  A,  and  the  tliniat  along  tlie  strtit  A  B, 
will,  In  virtue  of  the  princiide  of  Article  168,  be  represented  by 
the  radiating  linos  O  c,  O  e,  O/,  and  O  A,  in  fig.  86*. 

This  solution  is  in  g»?neml  buflicieutly  near  the  truth  for  practi- 
cal purposca.  To  express  it  aJgibi-aically,  let  B«,  K^,  11.,  be  the 
tensions  of  the  tie  at  A,  D,  C,  respectively,  and  H  the  harizontal 
thrwjt;  then 

\  1!  he       \    ^  Zy^Bc' 

II.=  \/(h'  +  P'); 

B,.^{H-+(P+y)-}, 

5B=iEF  =  4B0':r-;^ 


(1.) 


BUSBEH&iaS 
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The  tiifitrenoe  qf  ienffth  bfftwoen  th«  curve  ADC  and  the  stiuighL 
line  A  K  C  is  found  vi*ry  xmu'ly^  by  subaticuiLug,  in  the  au^ud 

AB  •  !b  E  ^ 

icrm  of  equation  19,  Articlo  169,  AC  for  a,  and  — ^== —  "><*  J/ii 


.tfakt »  to  my, 


AC 


8  AB'DE' 


.C-AEU=^-^i^=^  = 


AC 


24 


AB*   BC 
A0» 


1^} 


.(2.) 


172.    anapeaWvii  BHd««  with  8l*plnc  Rod*. — Lot  tlie  Ulliibnnlv- 

loadcU  plutlorm  of  a  suispeusiou  bridj^L'  by  bung  from  tbe  cbauia  by 
uniUbl  aloping  rodit,  making  au  uniform  angle  j  with  the  vertical 
The  condition  of  a  chain  thus  loaded  is  the  same  with  that  of  a 
chain  loadod  vertically,  cxciipt  in  tbe  diiootiou  of  the  load ;  and 
the  form  assumed  by  tbo  uham  is  a  parabola.  Laving  its  axis  pand- 
Icl  to  the  direction  of  the  suspension  rods. 

In  Bg.  87,  let  C  A  reprejurnt  a  chain,  or  portion  of  a  chain,  sup- 
ported or  (Lved  at  C,  and  horizontal  at 
A,  ita  louetit  point.  Let  AH  bo  a 
horizDUtaJ  tivogcut  at  A,  reprcseoting 
the  plutform  of  the  brirlge  ;  and  let 
tht*  fnirtiM-nsion  rods  be  all  jHirallel  to 

£,  which  make^  tho  augto  ,^1  £  C  K 
with  the  verticaL     liet  B  X  re- 
nt any  rod,  and  suppose  a  vertical  load  p  to  bo  supported  at 
point  X.    Tlten,  by  tho  principles  of  the  equilibrium  of  a  frame 

tUfo  bars  (Article  145),  this  load  will  produce  a  puU,  p,  on  the  rod 

B,  and  a  tJtrugtf  i/,  on  the  platform  between  X  and  II ;  and  the 
three  forces  u,  p,  7,  will  be  projwrtional  to  the  Bides  of  a  ti-iangle 
puvUel  to  their  dii^ectiooHj  such  as  the  triangle  C  £H ;  that  is  to 


r^ 


Fig.  87. 


i^. 


•  :p:y::irH:CE:EH::  1;  seoj:  toni. (1.) 


Next,  instead  of  comddering  tho  load  on  one  rod  B  X,  conddcr  the 
entire  vertioal  load  V  between  A  and  X.  This  being  tho  sum  of 
the  loads  supported  by  the  rods  between  A  and  X,  it  is  u\ddent 
that  the  proportional  equation  (1)  may  bo  api)lied  to  it;  and  that 
if  P  repreaent  the  amount  of  the  pull  acting  on  the  i-ods  between 
A  and  X,  and  Q  the  total  thrust  on  tliu  phitlbrm  at  the  point  X| 
wc  shall  have 

;  V  :  P  :  Q  ::  OH  :  OE :  E'H  ::  1 :  see  j :  tan/ (2.) 

The  cHiqiie  loud  P  =  V  sec  J  is  what  hangs  from  tho  chain  between 
A  and  K  Being  unifoi-mly  distributed,  its  resultant  bisects  A  X 
in  J*  which  la  aho  the  point  of  infcersoction  of  the  taBgeiite  A.V, 
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B  P ;  and  the  ratio  of  the  oblique  load  P,  the  horizonUl  termitt 
H  along  the  chain  at  A,  and  the  tension  R  along  the  chain  at 
U  that  of  the  sides  of  the  triangle  B  X  P ;  iliat  is  to  say, 

P:H:R::^^:X?  =  ^:BP. (3.) 

ComiTaring  this  with  the  case  of  Article  169  and  fig,  85,  it  is  evi- 
dent that  the  form  of  the  chain  in  fig.  87  must  be  similar  to  tliat 
of  the  chain  in  fig.  85j  with  the  exception  that  the  ordinate  X  B 
=  2/  is  oblique  to  tho  abscissa  A  X  =  a;,  instead  of  perpendicular ; 
that  is  to  say,  C  B  A  is  a  parabola,  having  its  axis  parallel  to  th«, 
inclined  suspenfuon  rods. 

The  equation  of  such  a  parabola,  refeiTcd  to  its  oblique  co-ordi^ 
nates,  with  the  origin  at  A,  is  as  follows  : — 

a?  '  cos*  y  . 

y  =  — ] — ' (*• 

where  7M,  as  in  Article  169,  denotes  the  modtdua  of  the  parabol 
given  by  the  equation 

m=  — ^ (5.) 

iB  and  y  being  the  co-oivlinates  of  any  known  point  in  tlie  curve. 
The  length  of  the  tangent  B  P  =  <  is  given  by  the  following  equa-^ 
tiou : —  H 

<  =  \/(|'  +  y»  +  xy-Kiny) (ti.)    I 

Hence  are  deduced  the  following  formuhe  for  the  relations 
amongst  the  foi-ces  which  act  in  a  tmspcnsiou  bridge  with  inclined 
rods.  Let  v  now  be  taken  to  denote  the  intensity  of  the  vertical 
load  per  unit  of  length  of  horixoutal  platfonu — jjer  foot,  for  ex- 
ample ;  p  the  intensity  of  the  obli(pie  load  j  q  the  rato  at  which  tha 
thnist  along  the  platform  incrcatws  from  A  towards  H.     Then 

V  =  px;  P=;)a;  =  cx-8ecj;l  «. 

Q  =  yx  =  ox  •  tanj;  / 

R  =  ^^2jn^p|x 

y  a  S 
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The  horiaontal  pull  H  at  the  point  A  tnnj  be  suMaincd  in  throe 
difierent  ways,  viz. : — 

I.  The  ch^n  maj  be  ancHoretl  or  zntule  fast  at  A  to  a  mass  of 
iT>ck  or  masonty. 

IL  It  may  be  attarhed  at  A  to  another  equal  and  aimilar  chain, 
rainilarly  loaded  by  mean^  of  obliqne  roda,  sloping  at  an  equal 
uigle  in  the  direction  oppofdte  to  that  of  the  rods  BX,  iic^  so  that 
A  may  be  in  the  middle  of  the  span  of  the  bridge. 

nL  The  chain  may  be  made  fast  at  A  to  the  horizontal  platform 
A  H,  ao  that  Uie  pidl  at  A  shall  be  baLonoed  by  an  equal  and  op- 
posite thrust  along  the  platform,  which  must  be  strong  enough  and 
itifi*  enougli  to  sustain  that  tlinist.  In  this  case,  tho  total  thnist  at 
any  point,  X,  of  the  platform  is  no  longer  simply  Q  —  y  x,  but 


=  t)  (2  m  •  sec*^'  +  x  •  tan  j). 


(10.) 


The  l^gth  of  tiie  parabolic  arc^  A  B,  is  given  exactly  by  the 
following  forraulfe.  Let  t  denote  the  Inclination  of  the  parabola 
at  the  point  B  to  a  line  perpendicular  to  its  axis.     Then 


■whic 


»  =  arc  'COS 


(a-r  «"'■') 


.(11.) 


I 


ch,  Trhen  B  coincides  with  A,  becomes  simply  i=j.     Then 
from  the  known  formuhe  for  the  lengths  of  parabolic  arcs,  we  have 

parabolic  arc  A  B  =;  m<  tani  sect  — tanj  sec/ 

+  hM).log.^'^*.+  ^U (12.) 

■*^      ^  tany-f  secji  ^      ' 

In  most  cases  which  occur  in  practice,  however,  it  is  sufficient  to 
use  the  following  approximate  formula : — 


arcAB  =  ar  +  y  'sinjH- 


i^'^i'-';  nearly. (13.) 


The  formula  of  this  Article  are  applicable  to  Mr.  Dredge's  sus- 
pension bridges,  in  which  tho  suspending  rods  are  incline*!,  and 
although  not  exactly  parallel,  are  nearly  so. 

173.  ExtradM  nHd  iacnid«*.~Whcn  a  cord  is  loaded  with  parallel 
TCTtioal  forces,  and  ordi  nates  are  drawn  downwards  from  the  coni, 
of  lengths  proportional  to  the  intensity  of  the  vertical  load  at  the 
to  of  the  cord  irom  which  they  are  drawn,  a  Une,  ilmv^X.  ot 
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B  ■»-  be^  vldck  haimM  tiw  lowr  ends  of  bH 
drdiiiAlci,  U  called  the  eactradoa  of  tke  firen  load.    The  curve 


iRftbecocdilKtriiodladtheMAradbiL  Hui kad aopesided 
ioy  tvo  points  of  the  oofd  is  pnpaitioiMd  to  Iks  vnrticst 
bovnded  laAenUy  fay  thefortied  uwliiafcee  stt  those  two 
■bore  by  the  eord  or  iatndo^  and  below  by  the  extndos; 
sad  lasy  hs  ir^siifaid  ss  eqnsl  to  thf  ve^fat  of  a  flexible  aheet 
same  barf  snbtfnnff,  of  onifonM,  thirVwrwi,  bounded  shore  by 
iBtados,  f»d  hdow  far  the  eztradoa.  Hm  fbUowing  is  the  slge~ 
brskml  LiifwinB.  of  »e  nelitioM  betwceu  the  extrados  snd  Ute 
intndos. 

Aiiini'  the  bnriiontal  sadsof  x  to  be  taken  st  or  below  the  levd 
iif  the  lowest  point  of  the  extrsdoi;  md  let  the  verticsl  axis  of  y^ 
ss  in  Articles  1G8,  169,  snd  170,  tnrene  the  point  where  the 
intmdoe  is  lowest  For  a  given  nTwiriim  i^  let  y  be  the  ortlinate 
the  oxtnidos,  5ind  y  that  of  the  intndoe,  so  that  y  —  ^  is  the  le 
of  the  vertical  ordinate  intercepted  between  Uiooe  two  lines, 
[iVhich  tliti  intensity  of  the  load  ix  pmportionaL  Let  lo  be  thft^ 
jlit  of  unity  of  area  of  the  Tertical  sheet  by  which  the  load  iB 
'eoQiidered  to  be  represent-ed.  Then  we  have  for  the  load  between 
the  axil  of  y  and  a  pven  ordinate  at  the  distance  x  from  that  ax2% 


/>-y)rf«; (I 


Uio  int/^ral  representing  the  area  between  the  axis  of  y,  the  ff' 
ordinate,  the  extrados  and  the  xntnuloe.     Combining  this  equatina 
with  e<j nation  2  of  Article  168,  wo  obtain  the  following  equation  : — 


tfln  X 


d  y 
die 


P 
U 


n/!^-yV*i (a.) 


veikl 

I 


t^hich  afFonlB  the  means  of  determining,  by  an  indirect 
r^^lfiliuation  of  tbe  intradoa,  when  the  horizontal  tension  H, 
the  equations  of  the  extrados  are  given,  and  also,  by  a  some- 
'what  more  indirect  process,  the  equation  of  the  intrados  and  the 
horizontal  tension,  wnm  tbe  equation  of  the  extrados  and  one  of 
ibo  i>oints  of  the  intnulos  ai-e  given.  Both  these  processes  are  in 
general  of  considerable  algebraical  intricacy.  ■ 

XT  ^1 

—  obviously  represents  the  area  of  a  portion  of  the  sheet  above 

10 

.nentioiied,  wIioro  weiglit  U  eqnal  to  the  horizontal  tension.     Let 
kt  area  be  the  squaru  of  a  certain  lino,  a;  that  i3,  lot 


—  =<? 


•^^ 
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UmI  fiae  ia  oJM  tfae  jMraaMlr  «f  tbe  iaCzAdoSy  or  cnrre  in 
vUclk  the  eotd  bM^L 

When  tiM  TOctiaJ  load  ia  of  waSarm  iBtonatr.  as  in  Artida 
169,  so  that  theiatndosiB  a  pftnboia^it  is  obvious  time  tbaantoMlos 
is  an  eqtial  and  similar  paraboh,  MlMled  at  an  tmifona  depth 
brloir  the  intradoa. 

[The  reader  who  has  not  anvfied  the  propartiea  of  a-rjwM*^**^;^! 
funotiona  maj  paaa  at  once  to  Article  1  76lJ 

174.  CTiwd  wHh  ■■■■■■■■■■I  ^■fi»jM — If  the  cstiados  ho  a 
horixoiitid  straight  line,  that  line  maj  itaelf 
be  taken  for  the  axis  of  x.  Thus,  in  6g. 
;87  A,  let  OX  he  the  straight  horixontal 
cxtradoa,  A  thelovcst  poiiitof  tlie  intradoA, 
and  let  the  Tcrtical  line  O  A  be  the  axis  of 
y.  Denote  the  length  of  O  A,  which  is  the 
least  ordinate  of  the  intrado^  hy  yg.  I«t 
B  X  ^  y  he  any  other  ordinate,  at  the  end 
of  the  abecissa  OX  =.  x.  Lot  the  area  O  A  B X  be  ilenot^  hy 
&    Then  equations  1  and  2  of  Article  1 72  become  the  following :— 


1 


Rs.« 


dx      djf'^U      o»' 


.(l.) 


The  gencnl  integnd  of  the  latter  of  these  equations  is 

u  =  A(j^— B«"^ ^*) 

Trhich  A  and  B  are  cuustunU,  which  are  determinod  by  the 
d  conditions  of  the  problem  in  the  following  manner.     When 

0,  tf*  =«     *  =  1;  but  at  the  same  time  u  =  0,  therefore 
^  B,  and  equation  («l),  may  be  put  in  the  form, 

u=:A[e' — e^  •  J. 
This  gives  for  the  ordinate, 

Iy=A(,:-+,-0 («) 
: 


W 


2A 


which,  for  2  =  0,  becomes  yo  =  —  J  ^^^  therefore 

^=¥^ 


Ki^ 
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vrliich  value  being  introduced  into  the  \-arioxia  preceding  equaiions, 
j,'ivo8  the  followiug  n.'SulU,  as  tu  the  geometrical  properties  of  tho 
mtradoai : — 

A  red,  w  =  —^  \e*  —  e    ~  / ; 
OrdinaU,  jr  =  |?  (e  •  +  c"  •  )  ; 

The  relations  amongst  the  forces  which  act  on  the  cord  are  given 
by  the  e<^u&tions 


(2.) 


H  =  *B a%  P  =  H* -j^  ==  wu; 
a  X 


R  (tenaion  at  B)  =  JP"  +  H»  =  H  a/  1  +  ^ 


W 


[n  the  course  of  the  application  of  these  principles,  the  following 
problem  may  occur: — given,  Uia  extrado»  OX,  Ute  vertex  A  of  the 
^titradoft  and  a  point  of  support  3;  U  it  required  to  compiUlc  the 
Ju^ire  of  the  inirados.  For  this  purpose  it  ia  noceesaiy  and  suiEcieut 
to  find  the  parameter  a;  so  that  tho  problem  id  fact  amounta  to 
tins  ;  given  the  least  ordinate  y^  and  the  ordinate  y  corresponding 
to  one  given  value  oi  the  abedasa  x,  it  \b  required  to  find  a,  so  as  to 
fulfil  the  eqxiation 


V 


«*  +  « 


(*•) 


=  hyperholie  coaifie  of  -, 


afi  this  function  ia  called.     Supposing  a  table  of  hyperbolic  cosinefl 

X 

to  be  at  hand,  -  is  found  by  its  being  the  number  whose  hvper- 
o  *    • 

bolio  cosine  is  ^  :  so  that 


yo 


a  = 


number  to  hyp.  cos.  — 


.(5,) 


ll« 


CATENART. 
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inch  ft  tabic  is  rarely  to  be  met  with ;  and  in  its  abflonco  a  is 
as  follows : — 
Xbe  Tulue  of  x  is  giren  in  terms  of  y  by  the  equation 


hy,.los.(j+^g-l); (6.) 


id  hcnoG 


175. 


a  =. 


hyp.  log.  (t  +  a/<^ 


,(<.) 


is  the  Dttine  riren  to  the  curre  in  which  a  cord  or 
of  nniform  material  and  sectional  area  (so  tliat  the  weight  of 
part  is  proportional  to  its  length)  hangs  when  loaded  with  its 
own  weight  alo'>e. 

Let  fig.  87  A,  serve  to  represent  this  curve;  but  let  A  be  taken  oh 

origin  of  co-ordinate,  so  that  the  axis  of  a:  is  a  horizontal  tangent 

A.     Let  8  di^note  the  length  of  any  given  arc  A  K     Then  if  p 

the  weight  of  an  unit  of  length  of  the  cord  or  chain,  the  load 

i-jspended  W^tweon  A  and  B  is  Y  -  fs.     The  inclination  i  of  the 

curre  at  B  to  a  horizontal  line  is  expressed  by  the  equations 


dx 


cost  ^ 


tant 


(1.) 


ds 

Let  Uie  horizontal  tension  be  equal  to  the  weight  of  a  ceriain 
length  ofchain^  m,  so  that 

H=/;m (2.) 

From  these  eqnations,  and  from  the  general  equation  2  of  Article 
168,  wc  deduce  the  following : — 


tani  := 


V 


1  - 

dx 
J7 


dx* 
ds" 


H 


(3.) 
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which,  by  a  few  reductions,  is  brought  to  the  following  form  i^ 
dm  m' 


?»      J^?T7 

the  integrftl  of  which  (paying  dua  regard  to  tho  conditions 
when  »  =  0,  «  =  0)  is  kuon'u  to  be 

.=«.hyp.iog.(^  +  y7T|j) 

This  equation  gives  the  abscissa  s  of  the  extremity  of  an  arc  A  B 
=  ff,  when  the  parameter  of  the  catenary  (as  m  i»  called)  is  known. 
Tmnsforming  the  equation  so  as  to  Iiave  9  in  terms  of  a;:,  we  obtain 

.=  ^(«  =  -.-^) (C.).l 

The  ordinate  y  is  found  in  terms  of  x  by  integrating  the  equation 


which  gives 


y  =  ^(«-+e"^— 2W  ^  «-  +  m*  — 


(8.) 


the  term  —  2  being  introduced  in  order  that  when  a;  =  0,  y  may 
be  also  =  0.  This  is  tlie  equation  of  the  catenary,  so  tai*  as  its  ibntt 
is  concerned     The  meehouical  condition  is  given  by  the  equations— 


H  =  pm;  P  =.p%\ 


^^pjm*  +  #■=  ^^fc*  +«    ")=i'(y  +  TO); 


(90 


so  that  the  tetvtion  at  any  poitU  u  eqiud  to  the  weighl  of  a  puce  of 
(he  chain,  wftose  length  is  the  ordinaie  luicied  to  the  param^er. 

SupiK>se  the  axis  of  x,  instead  of  being  a  tangent  at  the  vertex 
of  the  cur\'e,  to  bo  situated  at  a  depth  A  0  =  w  below  the  vertex, 
aD(i  let  y  denote  any  ordinate  measured  from  this  lowered  axis; 
then 


y  =  y  +  „t=^^e-+«    -V. 


.(10.) 


which,  being  compared  with  the  expression  for  the  ordinate  amon^ 
eqmtiouB  2,  Article  1 7  3,  shows,  tbat  t/w  iiilTodM  /or  a  honwntaX ' 
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ttatiot  ttjhan  the  Uaal  ordinaU  is  cgtuU  to  the  parameCer  (j,,  =  a),  heeoTnsa 
iebntieeU  %oUh  a  catenary,  having  thd  tame  panmuUr  (m  =  a  =  y^ 

PSOBLBM.      Given,  Uoo  points  in  a  caUenary,  and  the  length  of 
i^in  betirmn  them;  re^ir^  the  remainder  of  the  curve. 

Let  k  be  the  horizoutul  distaDce  between  the  two  points,  v  their 

difference  of  level,  I  the  Icxigth  of  chain  between  them.     Those  thi-ee 

qoantitxes  are  the  data. 

The   unknown  quantities   may  be  expressed  in  the  following 

I      manner,     het  x„  ^„  be  the  co-ordinates  of  the  higher  given  point, 

I      and  «,  the  arc  terminating  at  it,  all  measured  fi-om  the  yet  unlmown 

vertex  of  the  catenary,  and  x„  y„  *„  the  corre-si>onding  quantities 

for  the  lower  given  point.     (The  ^uuticulur  case  when  the  points 

Fl  the  same  level  will  be  aflcm-nrds  considered).     Also  let 
Xx-\-x^:=^h  (an  unknown  quantity). 
we  have 

ftting  Uicso  Talnes  of  x  in  the  equations  6  and  8,  we  find 
<  =  *i  —  «t  ^  *»  («»-  +  e  ~ •"-]. (e  f^ — e" ~^ 
v=iyt^y,  =  m  f e  ="  +  e'^Vfe'^  —  e-'A 


(12.) 


t 


Square  those  two  equations  and  take  the  difference  of  the  squares  ; 
then. 


/;»—«•  =  TO  ^cis— s"»-V' 


(13-) 

In  this  equation  the  only  unknown  quantity  is  the  parameter  m, 
which  is  to  be  determined  by  a  series  of  approximations. 

Next,  divide  the  sum  of  the  equations  (12)  by  their  diflerenoe. 
This  gives 


«-  = 


and  consequently 


A  =  m  -  hyp.  log 


l~v 
l-^v 


I- 


04.) 


Either  or  both  of  the  abscisHBe  x,  and  x^  being  computed  by  the 

•qaationa  11,  we  find  the  position  of  the  vertical  axia.    TKeii  com- 

^putuig^  bj  eqvatioa  6,  either  or  both  of  the  ordlnatea,  j/v>  V*  "^^  ^'^^ 
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tie  vertex  of  the  catonarv,  which,  together  with  the  parametei 
bedng  known,  completely  di*teruiinc8  the  curve.- — Q.  E.  L 

When  the  given  points  are  at  the  same  level,  that  is,  when  v  ~ 
the  vertical  rtcir  must  be  midway  lictweea  them,  so  that 


a!|  =  — 0:,=:-;  A  =  0. 


.(Iff.) 


In  this  case  equation  13  becomes 


('    *         —J~\ 


(16.) 


from  which  m  is  to  be  fonnd  by  successive  Approximattona.  Then 
the  computation  of  ^i  =  y,  by  mean^s  of  equation  S  determines  ib« 
vertex  of  the  curve,  and  completes  the  solution. 

The  folloi^ing  are  some  of  the  goomctrioal  properties  of  the 
catenaiy : — 

1.  The  radius  of  curvature  at  the  x-ertex  is  equal  to  the  pan^ 
meter,  and  at  any  otlier  point  is  given  by  the  equation 


r^m  •  sec-i.. 


(17.) 


1 


IT.  The  length  of  a  normal  to  the  catenary,  at  any  point,  cut  off 
by  a  horizontal  liue  at  the  depth  m  below  the  vertex,  is  equal  to  the, 
radius  of  curvature  at  that  point 

III.  The  involute  of  a  catenary  commencing  at  its  vertex,  b  the^ 
tractory  of  the  horizontal  line  before  mcutioued,  with  the  constant 
tangent  m. 

IV.  If  a  parabola  be  rolled  on  a  straight  line,  the  focus  of  the 
parabola  Iraoea  a  catenary  whose  parameter  is  equal  to  the  focal 
ilt«tance  of  the  parabola. 

176.  Centre  of  Ontviir  af  a  Flexible  Stniefnrc. — In  eveiy  casc  in 
which  a  perfectly  flexible  stnicture,  such  as  a  cord,  a  cliain,  or  a 
fiinicular  polygon,  is  loadeii  with  weights  only,  the  figure  of  stable 
equilibrium  in  the  structure  is  that  which  corresponds  to  the  lowest 
possible  position  of  the  centre  of  gravity  of  the  outiro  load,  This^ 
principle  ennblcs  all  problems  respecting  tho  equilibrium  of  ver*^ 
lically  loaded  flexible  etructurea  to  be  solved  by  means  of  the 

"  Calculus  of  Variations." 

177.  Tran«r«miBflMi  af  Cord*  and  Chain*- — The  priuci])lc  of 
Trans/omwihn  by  ParaUd  Projection  is  apjilicable  to  continiiously 
loaded  cords  as  well  as  to  polygonal  frames :  it  being  always  borne  in 
mind,  that  in  order  that  forces  may  be  correctly  transformed  by 

puralhl  projection,  their  magnitudes  must  be  represented  by  the 
lengths  of  straight  Imei  paraUd  to  tJieir  directions,  viiWX.SS.'\Q.Mi-j_; 
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tbe  BMlguitudu  of  a  force  ia  represented  hy  an  area  (as  in  Articles 
173  and  174)  or  by  the  length  of  a  curve  (as  in  Article  175), 
we  most,  in  tianaforming  that  force  by  projeotion.  tirst  consider 
vhat  length  and  |)o&ition  a  straight  line  should  have  in  order  to 
tit 

of  the  caaes  already  given  might  have  been  treated  as  ex- 
impleB  of  transformation  by  pamllel  projection.  For  inntanco,  the 
bviage-duan  with  sloping  rods  of  Article  172  might  be  treated  as 
aparaJlel  projection  of  a  bridge-chain  Tn-ith  vei-tical  rods,  made  by 
fDwtttuting  oblique  for  rectangular  co-ordinates ;  and  the  intradoa 
for  a  horijBontal  extradoti  of  Article  174,  where  the  least  ordinate  j/o 
Ukd  parameter  a  havo  any  nitio,  might  be  treated  as  a  perallol 
projection  deduced,  by  altering  the  projxtrtions  of  the  rectangular 
CD-ordinates,  irom  the  corresponding  cur\'e  in  which  the  leabt  oo- 
ofdinate  is  equal  to  the  panimeter;  that  is,  from  the  catenaiy. 

The  algebraical  expressions  for  the  alterations  made  by  parallel 
projection  in  the  co-urdiniites  of  a  loaded  chain  or  cord,  and  in  the 
foroes  applied  to  it^  are  as  follows  ; — 

In  the  original  dgure,  let  y  be  the  vertical  co-ordinato  of  any 
point,  and  x  the  hoi*izont&l  co-orrlinate.  Let  P  be  the  vertical  load 
applied  between  any  point  B  of  the  chain  and  its  lowest  point  A; 

leip  =  -7—  be  its  intensity  per  horiiontal  unit  of  length;  let  H  be 
ax 

the  horizontal  component  of  the  tension;  let  K  be  the  tension  at 

the  point  B. 

Suppose  that  in  the  tranfifonned  figure,  the  vertical  ordinate  y', 

and  the  vcrticid  load  F,  which  is  rcpresentetl  by  a  vertical  line,  are 

unchanged  in  length  and  direction,  so  that  we  have 


y  =  y;P  =  P; 


.(1.) 


hot  for  each  horizontal  co-ordinate  a?,  lot  there  be  substitute<I  an 
obUqw  cO'Ordinatc  x',  inclinefl  at  the  angle  j  to  the  horizon,  and 

altered  in  length  by  Uic  constant  ratio  -  =0.     Then  for  the  hori- 

xontal  tension  H,  tlu;re  will  be  substituted  an  oblique  tension  H', 
parallel  to  x',  and  altered  in  the  aamo  proportion  with  that  00 
ordinate;  that  is  to  say, 


ai  =^ax\  R'  :r^  a  H. 


(2) 

The  original  tension  at  B  ia  the  resultant  of  the  vertical  load  P 
and  the  horizontal  tension  H.  Let  K  be  iU  amount,  and  i  its  in- 
clination to  H;  then 

J2  =  J'WTW; (3.) 
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and  the  ratios  of  those  three  forces  are  expreMed  by  tiie  pi 

P  :H:K:  :tant :  1  :sect :  :Kius:008i:l (4.) 

Let  K'  be  the  amount  of  the  tensioa  at  the  point  B  in  the 
structiu'e,  oorrcepondiiig  to  B,  and  let  t"  be  its  inclination  tc 
oblique  eo-ordinale  sf  j  then 

K  =  ^  (F»  +  H""  =t=  2  Fff  tanj) -....(S.) 

P':H*:R::aini:oos(C=i=j):co8/. (6.) 

The  altornaii\'c  signs  :d=  are  to  be  used  aooording  as  t*  &nd  i^ 


\  dlrter  f 


in  direction. 


The  iiiteri^y  of  the  load  in  the  transformed  strnctnre  jMr  U7ii<  of 
oblique  length  measured  along  c^x',  is 

dV         p 


^  =d^'  = 


.(7.) 


but  if  the  intensity  of  the  load  be  estimated  per  ttmi  of  h4>ri£iOfUai 
ImgtJi,  it  beoomes 

o*  aeci  =  -^- -...(a) 

*^  a*co3j  ' 

178.  J^imxmr  Airkra  «r  uthm. — Conceivo  &  cord  or  cb&in  to  be^ 

exactly  inverted,  so  that  the  load  applied  to  it,  unchanged  in  diroo- 
tion,  amount,  and  dL>>tributiou,  shall  act  inwaixls  instead  of  out- 
vards ;  sup|)oso,  further,  that  the  cord  or  chain  is  in  some  manner 
stayed  or  stiffened,  Eto  as  to  enable  it  to  preaerx'e  its  figure  and  to 
resist  a  tlinist ;  it  then  becomes  a  linear  arch,  or  equilibraied  rih  ; 
and  for  the  pull  at  each  point  of  the  original  cord  is  now  substi- 
tuted an  exactly  equal  thrust  along  the  rib  at  the  corresponding 
point.  ^ 

Linear  ardies  do  not  actually  exist;  but  the  propositions  respect-  fl 
ing  them  arc  ai)plicable  to  tho  lines  of  rc^stanco  of  real  arches  jind 
arched  ribs,  in  those  cases  in  which  the  direction  of  tho  thrust  at 
each  joint  is  that  of  a  tangent  to  tho  line  of  resistance  or  ourre 
connecting  the  centres  of  pressure  at  the  joints. 

All  the  propositions  and  equations  of  the  preceding  Articlea^ 
respecting  cords  or  chains,  oie  applicable  to  linear  arches,  substi- 
tuting only  a  thruat  for  a  pully  as  the  stress  along  tho  line  of  reaist- 
ancc. 

Tlie  principles  of  Article  167  are  applicable  to  lineai-  arches  in 
general,  with  external  forces  applied  in  any  direction. 

The  pri/ici/iles  of  Article  108  arc  applicable  to  linear  arches 
trndeT  parallel  load^;  and  in  sac\i  aicbea,  \^<&  c^vvasi^ivV'^  Qk!£x^\«^\(^ 
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H  ia  t2ie  fonnnlie  represents  a  ctmtUaU  thrust,  in  a  directioii  per- 
pendicular to  thut  of  the  lo4kd. 

Hw  form  of  equilibrium  for  a  linear  arch  under  an  uniform  load 
it  a  foavbaioj  aimilar  to  that  described  in  Article  lt!D. 

In  the  oaae  of  a  lin<»r  arch  under  a  vertical  load,  »n<rad!M  denotes 
the  figure  of  the  arch  itsell*,  and  extraiioa  a  line  travordng  the  upptr 
eads  of  ordinatAs,  drawn  upwarda  from  the  intnidos,  of  lengths  pro- 
portumal  to  the  iiitenaitits  of  the  load  ;  aiid  the  principles  of 
Article  173  ore  applicable  to  relatioDA  between  the  intradoe  and 
the  extradocL 

Tlie  curve  of  Article  174  is  the  figure  of  equilibrium  for  a  Uuear 
ifch  with  &  horizrmtal  extradoe ;  and  &om  Article  175  it  appears, 
that  the  figures  of  all  such  arches  may  be  deduced  from  that  of  a 
(atciuuy,  by  inTerting  it  and  altering  its  horizontal  and  rertical 
co-ordinates  in  given  coust^iut  pruporUuna  for  each  case. 

The  principles  of  Article  177,  relative  to  the  transformation  of 
ootids  and  chains,  ore  applicable  alfio  to  linear  arches  or  ribs.  Thia 
•abject  will  be  further  considered  in  the  sequel 

The  preceding  Articles  of  this  section  contain  propoedtions  which, 
(hotigh  applicablo  both  to  cords  and  to  linear  arches,  are  of  im[>or' 
tanoo  in  practice  chiefly  in  relation  to  conls  or  chains.  The  follow- 
ing Articles  contain  propositions  which,  though  applicable  also  to 
cords  as  well  as  linear  arches,  ai-e  of  importance  in  practice  chiefly 
in  relation  to  linear  arche.s. 

170.  Clrcnlar  Arch  r«r  tJair«rm  Flald  PrcaMire- — It  is  evident 
that  a  linear  arch,  to  resist  an  uniform  normal  pressure  fW»m  with- 
onty  ahotdd  be  circular ;  because,  as  the  force  to  which  it  is  aiiV 
jected  is  similar  all  round,  its  figiu^  ought  to  be  similar  to  itself 
all  round — a  property  possessed  by  the  circle  alone. 

In  fig.  8d,  let  A  B  A  B  be  a  circular  linear  arch,  rib,  or  ring, 


Fig.  88. 

whose  centre  is  0,  pressed  upon  from  without  by  a  normal  pressure 
of  uniform  intensity. 

In  order  that  the  intensity  of  that  pressure  may  be  conveniently 
AijiiiwNii/  in  units  of  force  per  unit  of  area,  conoeWft  the  ring  in 
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qae«ttOD  to  represent  a  vertical  section  of  a  cylindrical  shell, 
k'Dgthj  in  a  directioa  perpendicular  to  the  plane  of  tlie  fi^re,  ij 
unUy.     l^ei  p  denote  the  intensity  of  the  exterruiJ  pressure, 
units  of  force  per  unit  of  area  ;  r  the  radius  of  the  ring  ;  T 
thrust  exert«d  round  it,  which,  because  its  length  is  unity,  is  a' 
thrust  jwr  umi  of  length. 

The  oniform  normal  ])ressurc  p,  if  not  actn&lly  caused  by  the 
thruRt  of  a  fluid,  is  similar  to  fluid  pressure  ;  and,  according  to 
Article  110,  it  ia  equivalent  to  a  pair  Jf  conjugate  pressures  iu  any 
two  directions  at  right  angles  tn  each  other,  of  equal  intensity. 
For  exampde,  let  x  be  vertictil,  y  horizontal,  and  let  p^  p^  be  the 
intensities  of  the  vertical  and  horizontal  pressure  respectively,  thea 

(1) 


I 


and  the  same  is  true  for  tiny  jiair  of  rectangular  pressures. 

To  find  the  thrust  of  the  ring,  conceive  it  to  be  divided  into  two 
partK  by  any  diametral  plane,  such  as  0  0.  The  thrust  of  the  ring 
at  the  two  ends  of  this  diameter,  of  the  amount  2  T>  must  bolanoo 
the  component,  in  a  direction  perpendicular  to  the  diameter,  of  the 
pressure  on  the  ring;  the  normal  intensity  of  that  component  ia  p^ 
as  already  shown ;  and  the  area  on  whicli  it  acts,  projected  on  the 
plane,  C  0,  which  is  normal  to  its  direction,  ia  2r ;  hence  we  have  ^ 
the  equation  H 

2T  =  2pr;  or  T=pr (2.)      " 

for  the  thrust  all  round  the  ring ;  which  is  expressed  in  words  by^ 
this 

TuEOOEir.  The  thrust  round  a  circtdar  ring  fmder  on  nnifonrk 
iiormal  pressure  is  the  product  of  the  pretture  on  an  unii  qfcircujn- 
ferenee  by  t/us  radiuM. 

180.  Kiiipiicai  ArcH»  for  i:*ir«m  Pre«»r««. — If  a  linear  arch 
has  to  sustain  the  pressure  of  a  mass  in  which  the  pairof  conjugate 
thrusts  at  each  point  arc  uniform  in  amount  and  direction,  but  not 
equal  to  each  other,  nil  the  forces  acting  parallel  to  any  given  direc- 
tion will  be  altered  from  those  which  act  in  a  fiuid  mass,  by  a  given 
constant  ratio  ;  so  that  they  may  he  i-epresented  hy  parallel  projec- 
tions of  the  lines  which  represent  the  forces  that  act  in  a  fluid  mass. 
Hence  the  figure  of  a  linear  arch  which  sustains  such  a  system  of 
pressures  as  that  now  considered,  miist  be  a  parallel  projection  of  a 
circle ;  that  is,  au  ellipse.  To  investigate  the  rchitious  which  must 
exist  amongst  the  dimensions  of  an  elliptic  linear  arch  imder  a  pair 
of  conjugate  pressures  of  uniform  intensity,  let  A'  B  A'  K,  B"  A"  B", 
in  fig.  6y,  represent  elliptic  ribs,  transformed  from  the  circular  rib 
A  S  ABhy  jjarallcl  j)i*ojection,  the  vertical  dimensions  being  un- 
cbADged,  mid  the  horizontal  dimen^ons  ^tYiex  ex'^aii^c^  ^^a  ^'  '^"y 
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coiitxa<rt«(l  (as  B*  B*),  in  a  given  vmform  ratio  denoted  hj  c  ;  9o 
It  r  sh&U  be  the  vertical  and  cr  the  horizontal  semi-axis  of  tlie 
elliptie  ;  and  if  r,  y,  be  respectively  the  vertical  and  horizontal  co- 
ites  of  any  noint  in  the  circle,  and  x*  y',  those  of  the  corre- 
point  in  the  eUipsCj  ve  shall  have 


af:^x 


=  ctf. 


.(1.) 


If  C  C,  D  B,  be  any  pair  of  diameters  of  the  circle  at  right  angles 
each  other,  their  projections  will  be  a  pair  of  conjugate  diameters 
theeUipse,  aaacr,  D'D'. 
Let  P.  be  tbo  total  vertical  pressure,  aud  P,  tho  total  horizontal 

?,  on  one  quadrant  of  the  circle  A  B. 
Then 

P,  =  P,  =  T=pr. 

Let  P*,  bo  the  total  vei-tical  pressure,  and  P*^  the  total  homontal 
',  on  one  quadrant  of  the  cUi{)i>e,  as  A'  B,  or  A"  fi" ;  and  let 
be  the  vertical  thni«t  on  the  rib  at  B'  or  B",  and  T,  the  hori- 
mUl  thrust  at  A'  or  A". 
Then,  by  the  principle  of  transformation. 


(2.) 


r,  £A«  toUd  thrtts(9  are  as  tJte  oms  to  whieJi,  Otey  are  parallel. 
Further,  let  P  =  T  be  tlio  total  pressure,  parallel  to  any  semi- 
diameter  of  the  ellipse  (as  0*  IX  or  0"  D")  on  the  quadrant  D'  C  or 
D'  cr,  which  force  is  also  the  thi-uet  of  the  rib  at  C  or  C",  the  ex- 
trcTCUty  of  the  diameter  conjugate  to  0'  D'  or  0"  D" ;  and  let  0'  D* 
or  0"  D'  =  r* ;  then 


F  =  r=-P  =  »r'; 

r 


(3.) 


r,  th^  total  fArtMto  are  as  the  diametera  to  xchich  Uiey  arc  parallel. 

Next,  let  p„  p',,  bo  the  iTiiensUies  of  the  conjugate  horizontal  and 
tiad  prcsBui-cs  on  the  elliptic  arch  ;  that  is,  of  the  '*  principa/ 
••flj"  (Articles  109,  112).  Each  of  those  intensities  being  found 
dividing  tho  corresponding  total  pressure  by  tho  area  of  the 

ane  to  which  it  is  normal,  they  are  given  by  the  following  cqxia- 


cr 


f,  =  '^'='p: 


{+•) 
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90  that  dte  iniengitia  of  the  principal  praturet  are  at  the  tquara 
the  ftaet  tyfthe  elliptic  arch  to  nhich  tJn^r/  anparalUL 

Hence  the  "  ellipse  of  stress  "  of  Article  112  is  an  ellipse  wli< 
axes  are  proportional  to  tlie  squares  of  the  axes  of  the  elliptic 
and  to  adajit  an  elliptic  arch  to  uniform  vertical  and  hoi 
preasuresj  the  ratio  of  the  axes  of  the  arch  v\ust  he  the  square  rooi 
the  ratio  of  the  intensities  ofUte  priTicipal  pressures  ;  that  is, 


=Vfe 


.(&) 


Tlie  extenml  pressure  on  any  point,  Jy  or  D*,  of  the  elliptic 
is  directed  towards  the  centre,  0'  or  O",  and  its  intensity,  per 
of  area  of  the  plane  to  wliich  it  is  conjugate  (0'  C  or  O"  C7^,  is  jpi 
by  the  following  eqimtion,  in  which  t'  denotes  the  semidiamet 
(O*  I>'  or  O"  D")  parallel  to  the  pressure  in  question,  and  r"  the  coi 
jugate  semidiameter  (Cy  C'  or  O"  C")  :— 


P  = 


=p>; 


(6.) 


that  is,  the  itUensitj/  of  (he  pressure  in  the  direetion  of  a  given  di 
meter  is  directly  as  tluU  dtatneter  and  inversely  as  the  conjugate  dia- 

meter. 

Let  p"  be  the  intensity  of  tlie  external  pressure  in  the  directic 
of  the  semidiameter  y'.     Then  it  is  evident  that 


r  I 


(7) 


that  is,  the  intensities  of  a  pair  of  conjugate  pressures  are  to  eacft  other 
<i3  tlte  squares  of  tlie  conjugate  diameters  oftlie  elliptic  rib  to  tcE^icA 
th^t/  are  respectively  paralid. 

These  results  might  also  have  been  arrived  at  by  moans  of  the 
principles  roliitive  to  the  ellipse  of  stress,  which  have  been  exphiined 
in  Article  1 1 2. 

181.  I>l««rtc4  Kiiipiic  Arcb.^To  adapt  an  elliptic  linear  arch 
to  the  sustaining  of  the  pressure  of  a  mass  in  which,  while  the  stats 
of  stress  is  uniform,  the  pressure  conjugate  to  a  vertical  pressure  is 
not  horizontal,  but  inclined  at  a  given  angle  j,  the  figure  of  the 
€lli])se  must  be  derived  from  that  of  a  circle  by  the  auUatitutiou  of 
inclined  for  horizontal  oo-ordinatea  fl 

In  fig.  8i>,  let  B  A  C  be  a  semicircular  arch  on  which  the  ez-S 
temal  pi-cssures  are  noi-nial  iind  unifonn,  and  of  the  intensity  p,  aa 
before;  the  i*adius  being  r,  and  the  thrust  round  the  arch,  and  load 
on  a  quadrant,  being  as  before,  P  =  T  =  pr.     Let  D  be  any  point 
in  the  circle,  whose  co-ordinates  are,  ■vcr\.vco\^OT2.=.x,^wsra 


DITTOBTED   ELLIPTIC  AJUTH. 


E  D  =r  y.     Let  B*  A'  C  be  a  semi-elliptic  arch,  in  which  the  vcrti- 
onlin&tea  are  the  same  with  those  of  the  circle,  while  for  eaoli 


Fig.  89. 

ihomontAl  ordinate  is  substituted  au  ordinate  iucUned  to  the  hori* 
».in  by  the  constant  angle  y,  and  bearing  to  the  corresponding  bori- 
i  jontai  ordinate  of  the  circle  Uie  constant  ratio  c ;   that  is  to  .say, 


(1.) 


&D'=st/  =  CT/; 
^  E  K  D-  =  ?. 


Then  for  i^e  vertical  semidiameter  of  the  circle  O  A  =  r,  will  be 
■ahatituted  the  equal  vertical  semidiameter  of  the  ellipse  O  A'  = 
r ;  and  for  the  horizontal  diameter  of  the  circle  C  B  =  2r,  will  be 
mbetitntcd  the  inclined  diameter  of  the  elli^tse  CB'^2cr,  wliich 
is  €onjuffaU  to  the  vertical  wmidiameter. 

The  forces  applied  to  the  elliptic  arch  are  to  be  i-eaolved  into 
vertical  and  inclined  components,  parallel  to  O'  A'  and  C  K,  instead 
«f  vertical  and  horizontal  com]Hinentfi.  Let  P,  denote  the  total 
vertical  pressure,  and  1'.  tlio  total  inclined  pressure,  on  either  of  tho 
Idiiptio  quadranta,  C  A ,  A'  B' ;  T,  the  inclined  thrust  of  the  arch 
*t  A',  T,  the  vertical  thrust  at  B  or  C.     Then 


r.  =  P'.  =  T  =  P  =  pr; 


cT  =  cP 


epr 


:} 


.(2.) 


tliat  ia  to  say,  those  forces  are,  as  before,  proportional  to  tlte  dia- 
meters  to  ttfach  Utey  are  jtaraileL 

Jjet  p^  be  the  intensity  of  the  vertical  pressure  on  the  elliptic 
arch  per  unit  of  area  of  the  inclined  plane  to  which  it  is  conjugute, 
C  B  ;  let  y,  be  the  intensity  of  the  inclined  pressure  per  unit  of 
of  the  rei-tjfuj  jjIuiv  to  which  it  is  conjugate  ;  t\icu 


THEORY   OP  STRtrCTUSES. 


P*   = 


cr 


,.,  =  -^  =  cp 


V^- 


flo  that,  as  bcffore,  the  iiUenaUies  of  Oie  conjugate  prtaswrea  art  aa 
Ote  stptafcs  ofl/ie  diameters  to  whicfi  tliet/  are  parall^. 

The  thrust  of  the  arch  at  any  point  £>'  is  as  before,  proportional 
to  the  diameter  oonjugato  to  O'  D'. 

It  is  sometimes  couvenicnt  to  express  the  intensity  of  the  Torti- 
cal  pressure  per  unit  of  area  of  the  horizonial  prvjeclwn  of  the  sj 
over  wliich  it  is  distributed  ;  this  is  given  by  the  equation 


P',  ■  sec  J 


P 


OOSJ 


It  is  to  bo  borne  in  mind,  that  this  is  not  tho  pi'esBure  on  unitj 
of  area  of  a  horizontal  plane  (which  pressure  is  inversely  as  tl 
horizontal  diameter  of  the  cllipso  and  directly  as  the  diameter  con- 
jugate to  tlittt  diameter,  to  which  latter  <liameter  it  is  parallel),  but 
the  prcs»uro  on  that  area  of  a  plane  inclined  at  the  angle  j,  whose 
homontal  projection  is  unity. 

The  following  geometrical  constniction  serves  to  determine  tiie 
major  aud  minor  axes  of  the  ellipse  K  A'  C 

Draw  O'a  -1-  and  =  O'  A* ;  join  Ka,  which  bisect  in  m;  in  B'a 
produced  both  ways  take  mp  =  mq  =  O'm;  join  O'p,  O'q ;  these 
lines,  which  are  ]>erpendicular  to  each  other,  ai'e  the  directions  of 
the  axes  of  the  ellipse,  and  the  lengtlia  of  the  semiaxea  are  respectively 
equal  to  the  Regment**  of  the  line  p  7,  viz.,  B'p  =  a  y,  B*  7  =  a  /). 

The  following  i.s  the  algebraical  expression  of  this  solution.  Let 
A  denote  the  major  aud  B  the  minor  semi-axis  of  the  ellipse. 

Then  

A  +  B=:20'irt  =  r^(l  +  c*+2c*coftj*); 
A-B  =  B^  =  r  J(l+e"-2ccoey); 


whence  wo  have  for  the  lengths  of  Uie  semi-axes, 

A  =  ^|  ^(l  +  c-  +  3o'cosy)+  V(l  +  c'-2cc08i)|; 

B-2I  V(l+c-+2ccosi)-^(l+c*-2€-oosi)|; 


(5.) 
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\le  .^i:^  B'  O'.p  =  l\  vhicb  the  nearest  axis  makea  with  Uia 
C'  B',  is  found  by  the  equation 


tg  as  that  axis  is  the  longer ; 


the  shorter. 


I 


The  axes  of  the  elliptic  arch  are  parallel  to,  and  proportional 
to  the  square  roots  of,  the  axeft  of  the  ellipse  of  stress  in  the 
firnnng  mass ;  so  that  they  might  be  found  by  the  aid  of  case 
5  flf  Problem  IV.,  Article  112. 

182.  AvcbM  for  rVsrmal  Prcwre  ■■  Cl«M«ni1. — The  condition  of 
a  liiiear  arch  of  any  figiirp.  at  any  jwint  M-here  the  pressure  i«  nor- 
mal, is  similar  to  that  of  a  circular  arch  of  the  same  curvature 
imtler  a  pressure  of  tlie  same  intensity;  and  hence  modifying  tho 
Theorem  of  Article  179  to  suit  this  case,  we  have  the  following:— 

Thborem  I.  T/ie  tftntst  at  any  mmnaVy  presst^tl  point  of  a  liuear 
ardb  w  the  product  of  the  radius  of  curvature  by  the  intensity  if 
lAe  pretwure;  that  is,  denoting  the  radius  of  cui-vaturo  by  {,  tho 
normal  pKssure  per  unit  of  length  of  curve  by  p,  and  tho  thrust 
byT, 

T=fe. (I) 

Example.  This  Theorem  is  verified  by  the  verticnlly  and  hori- 
xontally  pressed  elliptic  arches  of  Article  180;  for  the  radii  of 
curvature  of  an  ellipse  at  the  ends  of  its  tvo  axes,  r  and  e  r,  are 
respectively, 


At  tho  enda  of  r ;  f,  =  —  =  c'r ; 


At  tho  ends  of  e  r ;  e,  =^  —  = 


.(2.) 


Introducing  these  values  into  the  equations  of  Article  180,  and  into 
equation  I  of  this  Article,  we  find, 


T.  =  ?/.«,  =  cp- 


pr  BS  before ; 


r,  =  j/*f*  =  -  •  c'r  =  epr  as  before. 

It  is  further  evident,  that  if  the  pressure  be  normal  at  every  point 
of  the  arch  (which  it  is  not  in  the  cases  cit^d),  tho  thrust  urnst  be 
constant  at  every  point ;  for  it  can  vary  only  by  the  application  of 
a  ianjfeatui)  prestnuv  to  the  arch ;  and  hence  follows 
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JL     In  a  linear  are4  amalmimny  a  prvumn  wUiek 
ecerytehem  nnmuilf  Ute  tAruM  is  umfitrmt  and  tke  radius  of* 
tujr  is  invertdy  as  the  prtssur^—^  weoram  expressed  sjmbolicallj 
thua  ^- 

T  =  j>{  =  ooxutant „,.« -(^O 

Thf.'  only  arch  of  this  class  which  has  hitherto  been  considered  ti 
the  circuhu*  arch  under  uoiibrm  normal  pnwe.    Another  insta&c 
will  be  given  in  the  foUowiog  Article. 

183.  The  BrdTMCuie  Arch  Ib  a  UnoAT  arch  enitcd  for  eastaimng 
Donnal  pressure  at  each  point  proportionml,  like  ^lat  of  &  liquid  in 
repoie,  to  tho  depih  below  a  given  horizontal  plane ;  and  'u  some- 
timefi  called  "  the  arch  of  Tvon-YilUrceaux,"  from  the  name  of  the 
mathematiciiin  who  first  thoroughly  invebtigated  the  properties  of 
ite  tigore  by  the  aid  of  elliptic  faiH;tion& 

The  radius  of  curvature  at  a  given  point  in  the  hydrostatic  anii 
boingf  in  virtue  of  Theorem  IL  of  the  Ust  Article,  inversely  pn^r- 
tional  to  the  intenxity  of  the  pressure,  is  also  inveracly  proportional 
to  the  depth  below-  the  horizontal  plane  at  which  vertical  ordinate* 
veprewntuig  that  intensity  commence. 

In  fig.  OU,  let  Y  O  Y  represent  the  level  surface  fipom  which  tiw 


pressure  increases  at  an  uniform  rate  downwards,  so  as  to  be  similoi^ 
to  the  pressure  of  a  liquid  havin^  its  upjwr  surface  at  Y  O  Y.  Let 
A  bo  the  crown  of  the  hydrostatic  arch,  being  the  point  where  it  is 
nearest  the  level  surface,  and  consequently  horizontal  Let  co-ordi- 
nates be  measured  from  the  point  0  in  the  lovol  surface,  directl) 
above  the  crown  of  the  arch  ;  so  that  0^  =  YH  =  x  shall  bo  the 
vertical  ordinate,  and  0  Y  =  XC=_y  the  horizontal  ordinate,  of 
any  point,  C,  in  the  arch.  Let  O  A,  the  least  depth  of  the  areh 
below  the  level  surface,  be  denoted  by  x^,  the  radius  of  curvature 
at  tlic  crown  by  r^  and  the  nidius  of  curvature  at  any  point  C  by  r. 
Let  to  bo  the  weight  of  an  unit  of  volume  of  the  liquid,  to  whose 
preSBore  the  load  on  tlie  arch  is  equivalent  Then  the  intensities  of 
the  exti»ma}  nomuU  pressure  at  the  crown  A,  and  at  any  ^joint  0, 
JUTS  expressed  respectively  by 
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h  »  "^;p 


a) 


Tbe  thrtist  of  the  arch,  which,  in  rirtue  of  Uie  principles  of  Article 
1S3,  ia  &  constant  quantity,  is  given  by  the  eqaation 


I 


P9 


pr 


(2.) 


firom  vhich  follows  the  following  geometrical  eqaati<xi,  being  that 
which  characterize*  the  figtirti  of  the  arch : — 


«'=«^»; 


.(a) 


When  x^  and  r^  are  given,  t!ie  property  of  having  the  tndios  of 
earvatoTY*  inversely  proportional  to  the  vertical  ordinate  from  a 
given  horizoatul  axis  enables  the  curve  to  be  drawn  approximately, 
By  the  junction  of  a  number  of  short  circular  area  It  is  found  to 
present  some  resemblance  to  a  trochoid  (ydih  which,  however,  it  ia 
by  no  means  identical).  At  a  certain  pomt,  B,  it  becomes  vertical, 
beyond  which  it  contiaaes  to  turn,  until  at  D  it  l>ecomes  horizontal; 
at  this  point  its  depth  below  the  level  surface  is  greatest,  and  its 
tadius  of  curvature  Icaat  Then  ascending,  it  forms  a  loop,  crosses 
ita  former  course,  and  proceeds  towards  E  to  form  a  second  arch 
similar  to  B  A  B.  Its  coils,  consisting  of  alternate  arches  and  loops, 
all  similar,  follow  each  other  in  au  cudless  scries. 

It  is  obvious  that  only  one  coil  or  division  of  this  curve,  viz., 
&om  one  of  the  lowest  points,  D,  tliruu^h  a  vertex.  A,  to  a  &eit)nd 
point,  D,  is  available  for  the  figure  of  an  arch  ;  and  that  the  por- 
tion BAB,  above  the  points  where  the  curve  is  vertical,  is  alone 
available  for  supporting  n  load. 

^i  'ii  Vi»  ^  ^c  co-ordinates  of  the  point  B.  Tho  Tertical  load 
above  the  semi-arch  A  B  is  represented  by 


tef  \dy\ 

J  0 


and  this  heing  sustained  by  the  thrust  T  of  the  arch  at  B,  must 
obvioosly  be  equal  to  that  thrust ;  whence  follows  the  equation 


XT 


'.r.  =  /;■ 


B'rfy. 


(4.) 


That  is  to  say,  the  area  of  the  figure  heiwtcn  the  thort^M  Mofkol 
ordiTtaie,  and  tite  vertkaX  tangetU  ordinate,  ia  equal  to  the  constant 
frcdutt  of  the  tertical  ordinate  and  radius  o/ourmUure. 
The  vertical  load  above  any  point,  C,  is 


ufj   xdy 
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and  this  is  stiRtainod  by  and  eqiial  to  the  vertical  component  of  tl 
thnist  of  the  arch  at  C.  wJiioU  is  T  •  ain  »  (V  being  the  inclination 
the  arch  to  the  hoi-izon). 
XJencc  follows  the  equatioa 


ai.ni 


j   xdy  =  x^r^'tani  =  ^,^1 


.(5.) 


That  is  to  say,  the  area  of  the  jupitt  hettoam  the  shorteM 
ordinate  and  any  vertical  ordinate,  variet  aa  the  aine  of  the  angle  oj 
tnrfination  to  the  honzoii  of  the  curve  at  Ute  laUer  ordinate. 

The  horizontal  external  pressure  on  the  semi-arch  from  B  to  A 
18  the  same  with  tliat  on  a  vertical  plane,  A  F,  immersed  in  a 
liquid  of  tljc  specific  granty  w  with  its  upper  edge  at  the  depth 
sc^  below  the  suriace  (see  Article  124),  so  tlut  its  amount  is 


xd\     pdx  = 


to 


^'^0 


I 


and  this  is  Manoed  by  the  thrust  of  the  arch,  T,  at  the  crown, 
^ence  fullowa  the  equation 


xr 


a^*-tt  = 


Tliat  is  to  say,  ftalfOte  difference  of  the  squares  of  the  lea$t 
ordinate  and  of  the  tangent  vertical  ordinate  is  effual  to  the 
product  of  the  vertical  ordinate  and  radius  of  curvature. 

Kquntion  6  gives  for  the  viJue  of  the  vertical  tangent  ordinate 


...(6.)  I 


=  J^ 


The  horizontal  external  pressure  between  B  and  any  point,  C, 
equal  to  the  pressure  of  a  liquid  of  the  specific  gravity  \o  on  a  v 
tical  plane  X.  F  with  its  upper  edge  immetued  to  the  depth  a:,  so 
that  its  amount  is 


a  vep^^ 


'/    pdxs: 


IC 


2 


A 


and  thLs  is  balanced  by  the  horizontal  component  T  '  cos  t  of  tiia 
thrust  of  tliu  arch  at  C ;  whence  follows  the  equation 


=  x„r(,'C08*j 


•winch  gives  for  the  value  of  any  -vertical  oT^\iia.\A, 
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^  =  J{xl—2x^r^'cosi)=  */ ja{  +  2jr^rp(I— cos t)  I 

=  V  (^.+  **•»■,  •  sin'  i) (9.) 

Let  Xf  ai,  be  any  two  vertical  ordinate^.     Then  &oia  equation  S 

folloVH  t)uit 


a^ — «*  =  2x^T.  (cos  t  —  COS  t') 


.(10.) 


r,  tKt  difference  of  the  squares  of  two  ordintUes  varies  as  the  differemti 
iktt  coemen  of  the  re^peclive  iruUinatioM  of  the  arc  (U  their  lou^^v 

From  equation  9  is  deduced  tlie  following  expression  of  the  iu- 
lination  in  terms  of  the  vertical  ordinate  : — 

1 


3  sic'  '-^^  1  COB»=l  — 


I 


10  varions  properties  of  the  figiiro  of  the  hyth'ostatic  arch  ax- 
id  by  the  preceding  equations  are  thus  summed  up  in  one 
mla: — 


/    xdy  ■=. 
J  a 


■'  0 


8in  % 


2 


-=1^-w 


To  obtain  expressions  for  the  horizontal  co-or^nate  y,  whose 
tnaximxim  value  is  the  half-span  y„  and  also  for  the  lengths  of  arcs 
of  the  curve,  it  is  neocssaiy  to  use  elliptic  ftinctious. 

[The  reader  who  has  not  studied  elliptic  functions  may  here  pa£s 
at  oDC«  to  Article  184.1 

In  the  use  of  elliptic  functions  the  notation  employed  will  1m* 
that  of  Legendre;  and  the  classes  of  functions  referred  to  will  be 
those  called  by  that  author  the  first  and  second  kind  respectively, 
and  tabulated  by  him  in  the  second  volume  of  his  treatise. 

Let  i  denote  a  constant  angle,  called  the  tnodultte  of  the  func- 
tions ;  ^,  a  variable  angle  called  the  amplitude ;  then  an  elliptic 
function  of  the  first  kind  is  expressed  by 

^^(1  — siu'#-sin«(p) (*■) 

and  an  elliptic  function  of  the  second  kind  is  expressed  by 

E  (f  0  =y*V(l— ain'tf-sin'*)<Z<i (b,) 
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The  valncs  of  thojw  functions,  when  tlic  upper  limit  of  int< 

tiou  is  ^  =  *  or  90  degrees,  are  oillod  complete  functions,  and 

noted  respectively  by 

F,  {t)  and  E,  (0) (c 

In  order  to  apply  those  fnnctiona  to  the  case  of  tho  hvdrostatio     ' 
arch,  let  the  amplitude  be  half  the  supplement  of  the  inclination  of 
the  curve;  that  i^^  let  J 

*  =  so'-Jj W  I 

so  that  at  D.  «  =  0,  at  B,  ^  =  45^,  and  at  A,  f  =  90'.  Let  the 
vertical  ordiufit«  and  mdiuB  of  curvature  at  the  point  D  be  denoted 
i*espectively  by  X,  R ;  then 

X=  ^(^t^-f  4r„^);and  ) 

RX  =  rx  =  r(,ia;  / ^     "' 

for  tbe  modulus  ^  take  an  angle  such  that 

Tlieu  equation  9,  the  expression  for  the  vertical  ordinate,  becomes 

te  =  '\/  (•n  +  4r,rosin"i\  =Xa/  H— 8in'tf-Bin*py(li) 

The  values  of  this  for  the  points  B  and  A  ape  respectirely 

..  =  X^(l_™:^);^=X^(l_sin-*) 

=  X  •  cos  0. (14  A.) 

Introducing  the  above  value  of  « into  equation  6,  we  obtain  for  the 
arte  between  O  A  and  any  other  vertical  ordinate, 

/     xdy-=  a-oTp  -sintssaXR-oos*  sinf 

X«-sin'rf 

s 'cosf  sui^ (15.) 

e'Value  of  this  expretsion  for  the  point  E  is 

/\.Jy  =  ^r.==XR=.?!:|il!!i. (15  a.) 

Now  differentiate  the  area  (15)  with  respect  to  the  amplitude  ^, 
■  '  divide  *  -^  •     • 


and 


by 


gives 
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=  X 


sin^tf         cos"^ — sln'^ 


a       ^(1 — Bm*rf'Bin'^) 


3 —  sin'* 


119  (Ufferential  being  integrated  betvcen  the  limits  ^  =  90*', 
vhic-Ii  comsponds  to  y^  =  0,  and  ^  =  90'^  ^,  vhach  corrcspoDda 
I      to  tlao  roqmrcd  value  of  y,  gives 

,  =  X  ■  {  (l  -  "^i-*)  (f,  W  ^  F (»,f))  - E,  (*)  +  E  (#, ^) }  (17.) 

^BoT  the  point  B,  this  gives  for  the  hdfj'-tpcm  o/th«  ardi 

^y,  =  X  ■  {  (l-^*)  (f,(<)-F(M5^)  -E.(<)+E(»,45^  }  (18-) 

^H    Let  s  denote  tho  length  of  any  arc  of  the  cnrve,  A  0,  commenc- 
^Kig  at  the  croviL     Then 

B  «  ^j\di  =  2J'^rdp (10.) 

^H    The  valae  of  the  radius  of  curvature  r  in  torms  of  the  modulus 
^Mitd  amplitude  is 

^ft                              —  L5  —             X  •  sin*  ^                        '     <2Q » 
■  **"   a  "4^(1— sin*  rf -sin*  ♦)' ^     ^ 

and  this  being  introdnced  into  tho  integral  (19),  gives  for  the  arc 
AC, 

*  =  ^^^'{F,w-r(«,,)} (31.) 

le  length  of  the  semi-arch  A  B  is 

,  =  ^JSii  {  F,  (S)  -  F  (»,  45»)  J (22.) 

Snch  are  the  formula)  oipreRiing  the  geometrical  properties  of 
!io  hydrostatic  arch.     Numerical  results  .can  easily  be  computed 

tim  them  by  the  aid  of  Legendre's  tables  of  the  functiona  F 
^and  E. 

The  relation  lM>tween  tlie  thrust  of  the  arch,  tho  specific  gravity 
of  the  load,  and  the  modulus  is  given  by  the  equation 
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184.  OeMiafir  JlrcbcA— It  is  fiTopoised,  Uy  the  term  **  GeosiiU 
Arch"  to  denote  a  linear  arch  of  a  figure  suited  to  sustam  a  pi 
smiiliu-  to  that  of  earth,  which  (afi  will  ho.  shown  in  Section  3  ol 
this  Cliapter)  conftiata,  in  a  given  vertical  plane,  of  a  pair  of  con- 
jugate pressures,  one  vertical,  as  in  Ai-ticle  l2-'i  of  Poi-t  I.,  and 
pro|>ortional  to  the  depth  below  a  given  plane,  horizontal  or  sloping, 
and  the  other  pamllcl  to  the  horizontal  or  sloping  plane,  and  bearing 
to  the  vertical  proaaurc  a  certain  constant  ratio,  dc[)ouding  on  the 
nature  of  the  materiiO,  and  other  circumstaneeH  to  be  explained  in 
the  sequel  In  what  follows,  the  horizontal  or  slo|>ing  plane  will 
be  called  the  c*jnjttyuie  plane,  and  ordinate^  parallel  to  its  line  of 
steepest  declivity,  when  it  slopes,  or  to  any  line  in  it,  when  it  is 
honKontal,  conjuAjiiU  ordinaifs.  The  intensity  of  the  vertical  prea- 
sui-e  ^vill  be  estimated  per  ujiit  of  area  of  the  amjugate  plane;  and 
the  pressure  ]^mllel  to  the  line  of  steepest  decUWty  of  that  plane, 
when  it  slope-K,  or  to  any  line  in  it,  when  it  is  horizontal,  will  be 
called  the  conjugate  pressure,  and  its  intensity  will  be  estimated  per 
unit  of  area  of  a  vertical  plana 

Let  the  origin  of  co-ordiuat«3  be  taVen  at  a  ]>oint  in  the  conju- 
gat#  plane  vertically  above  tlie  crown  of  the  proposed  arch  ;  let  a,^ 
denotti  the  vertical  oordinate  of  any  point,  and  y'  the  coujugaU' 
co-ordinate.  Let  j  he  the  angle  of  incliujition  of  the  conjugate  plnne 
to  the  horizon.  Let  vf  be  the  weight  of  unity  of  volume  of  the 
niat^'rial  to  which  the  pressure  is  due,  and  whose  upper  surface  is 
at  the  conjugate  plane.  Then  the  intensity  of  the  vertical  pi-es^urs 
at  a  given  depth  a!",  according  to  Theorem  L  of  Article  125,  is 

(1) 


I 

I 


C08J 


C    XO  X 


•coej; (2.) 

the  focm  of  a  square,  for 


and  that  of  the  conjugate  pressure 

c*  being  a  constant  ratio,  expressed  in 
reason  which  will  afterwards  nppe-ar. 

Conceive  a  hydrostatic  arch,  whose  vertical  and  horizontal  co- 
onlinates  are  x  and  y,  and  which  is  subjected  to  the  pressure  of  a] 
material  whose  weight  imt  cubic  foot  is 

w  =  c  «r  cosj (3.) 

Then  at  any  given  point  in  that  hydroetatic  arch,  whose  deptUJ 
below  the  surCice  ia  a:  =  ar',  we  shall  have  for  the  intensities  of  tho, 
vertical  and  horizontal  pressures 

cv/xT'eoRJ  -  cp^  =  ^ (4.) 


P*  =  V 


to  X 


Novr  let  the  figure  of  an  arch  bo  transformed  from  tiiat  of  the 
kjdxU0t&th  iuvh  by  parallel  projectiou, \uttM.c\i & ■cuvwMvy:  V?wbX,UuvJ 


I 
I 
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nrtftod  oo-ordnuite  of  auy  point  in  the  nev  arch  fthall  be  the 
sine  with  that  of  the  corresponding  point  in  the  hydrofttatic  arch, 
•ad  tliat  the  eonjugaU  co-ordinaie  of  any  point  in  the  new  arch 
shftU  beau*  to  the  horiionlal  co-crdinate  of  the  oorrespondiug  ]>oiut 
in  tliA  hydrostAtic  arch  the  constant  mtio  c ;  that  is  to  siiy,  let 

2f  =  «;  y  =  <?y (5.) 

The  total  vertical  and  horizonUd  pressures  on  the  arc  between 
iwo  given  jwints  in  the  hydrostatic  ai-ch  are  respectively 

i',  -  }  p.  dy;  P,  =  /  p,dx. (C) 

The  total  vcHlctd  ami  conjugate  pres-surea  on  the  arc  between  the 
two  corresponding  poinU  iu  the  new  arch  are  respectively 

Y.=  jp.dy;-P;=\p;dx; (7.) 

if  into  these  two  expressions  we  inti-oduce  the  values  off,,  p\, 
af,  and  d  y^,  deduced  &^in  equaliuos  4  and  5^  viz.  : — 

p\  =  ^  ;  y,  =  cp^\  dsf  =  dx;  dy  =  cdfj] 

we  find  the  fuliowing  relations  l»etween  the  totid  vei-tical  and 
htMriaontel  pre^ures  in  a  given  arc  of  the  hydrostatic  arch,  ttud  the 
total  vertical  and  conjugate  pressures  on  the  coiTCttpondiug  ai-c  of 
the  transforaied  arch, 

P\  =  T.;r,^c-p,; (8.) 

being  the  same  witli  the  relations  which,  according  to  equation  5, 
exist  between  the  co-ordinates  respectively  i>arallel  to  the  pressures 
in  question.  Therefore  the  transi'ormed  arch  is  a  jmrallel  projection 
of  the  original  ai*ch  nnder  forces  represented  by  lines  which  aro  the 
oorrc3]X)Dding  panUlel  pnijections  of  the  lines  rcpi-eseutiug  the 
foroea  acting  on  the  original  arch :  therefore  it  is  in  cquilibrio. 
The  conclusions  of  the  preceding  invebtigatiou  may  be  summed  up 
iu  the  following 

TuKOJiEM.  A  Q€o«t<ttic  arch,  tran^t/rme^l  from  a  hydrostatic  arch 
by  preaenTintf  the  vertical  co-firdinaltSy  and  substUxdittg  fur  the  Itori- 
sontal  OMtrdinateSj  conjutjuie  co-urdinateSj  eUJier  horisoTital  or  inclined^ 
and  alt-ered  in  a  given  rtUio,  /ntsfaiyts  vertical  and  conjugate  jntHsureSf 
the  ratio  of  the  intensity  ofUte  cotijugate  pre$nt!re  to  mat  ofUte  vertical 
prcssztre  beiiuj  Ute  sr^mre  of  the  ratio  oftlte  conjugate  co-ordinates  to 
Uie  original  horizontal  co-ordinatex. 

This  transformation  is  exactly  analogous  to  that  of  a  circular 
ardi  into  an  elliptic  arch,  in  Articles  ItiO,  181. 

Let  To  be  the  tliru»t,  horizontal  or  inclined  as  the  case  may  be, 
at  the  crown  of  a  geottatic  nivh,  and  T,  the  vertical  l\m]&\.  aXVW 
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points  Tvlipre  the  arch  is  vcrtloal^  wUicli  iu  tliia,  as  in  othor 
IB  tlio  vertical  loud  ol'  tlie  scuii-ai'cli ;  Uxan 

To  =  cT, (10-) 

All  tho  equations  relative  to  tlin  co-ordinateg  of  a  bydrosLaiic  orcl 
given  in  Ailiclc  183,  arc  luad'j  afiplicablc  to  a  geo^itutic  oixrli,  bj 

Bubstituting  aif  for  *,  and  —  for  y.    TUia  principle,  however,  is  appli- 
cable to  oo-ordhuUes  only,  and  not  to  angles  of  inclination,  nidii 
curvature,  nor  lengtlia  of  arcs.     Tho  modulus  fi.  and  amplitude 
tbertrfore  to  be  considonxl  as  functions,  not  of  inclinatioos,  tu. 
^af  radii  of  curvature,  but  of  vertical  ordinates ;  that  is  to  say.  It 
Xy  he  the  least  vertical  ordinate  at  tho  crown,  Xi  the  vertical  taugeul 
ordinate,  and  X  tho  greatest  vertical  ordinate  at  the  loop  (whit 
are  tho  same  iu  both  kinds  of  arch),  then 


arc  cos 


a^ 


=  arc  cos 


0-* 


jaxi— , 


-t » 


orcsiD 


X-siatf 


=  arc  sin 


-'{fei)^ 


(11.) 


and  —  is  tho  same  function  of  t  and  ^  for  a  goostatio  arch,  that 

c 

is  for  a  hydrostatic  arch. 

185.    Sl4Veoalallc  Archr 

y 


1 


n  c/ 

X              \c    n 

1 
1 

i 

Jr 

1 
1 

■vr 

Flff.  Dl. 


Aick  are  coinprehendcd  under  ibe  tuUovrm^ 


-This  term  is  employed  to  denote  a  linear 
r  arch  Buetjiiuing  tho  pressure  of  a 
material  in  wliioh,  at  any  given 
point,  there  ore  a  pair  of  coujag:&t 
pressures,  ono  vertical,  and  the] 
other  in  u  Uxcd  direction,  Loi 
zontal  or  inclined,  but  not  bearingj 
to  eacli  other  any  constant  propor-i 
tiou,  nor  ffUowing  any  inviiriablaj 
law  as  to  Mifir  intensities,  except] 
that  of  being  of  the  same  intensity 
thi'oughout  each  piano  which  is 
coojugato  to  the  vertical  pressure, 
— a  condition  which  involves  the 
symmetrical  distributionof  tho  vor- 
tical load  on  either  side  of  a  verti- 
ciU  axis  ti-avcrsing  the  crown  of  the  ^ 

The  principal  questions  which  ™ 
ariso   res\iectung  any   btcrcostatio 


I 
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Criven^  (Jte  mode  of  diMrihuihn  ofOo  '    resntrCf 

of  Uie  arch;  required,  Uta  vwdt  o/\.. .-n  oftka 

on^gcUe  preantn  nocaifmiri/  in  order  to  produce  equUilrriam,  and 
al»>,  tlt4  (hruti  al  eiuJk  point  ofUi^  arch 

Case  1.  When  tke  direfUvn  uj  \he  cottjutftite  preasur^  U  koriwtUaL 
This  case  is  reprraented  by  th^  upper  dia^^nun  in  Hg  91.  Jjot  O, 
Uie  crowu  of  the  arch,  bu  taken  as  thu  uri^^In  of  co-ordiontes ;  lei 
O  X  bo  rortical  and  Y  O  Y  horizontAl  Uath  tUo  figure  of  tin-  arcU 
and  the  force:}  acting  ou  it  aru  i>ynuiic triad  ou  either  aide  of  tho 
rerUcni  axis  OX.  Let  p^  denote  the  iiitrn-dty  of  the  vortionl 
{iressarc  at  the  point  0,  and  To  the  mdius  of  cur\-uturti  of  the  nrch 
at  that  point.  Then  becanso  at  the  point  0  t\m  pressure  is  normal 
to  the  arch,  the  hoiizuatal  thrust  along  tho  arch  at  that  poiut  is 


To  =  Po 


■G) 


r«t  C  bo  any  point  in  the  arch,  whose  co-ordixiatos  are  O  X  =:  a:, 
X  0  =  y,  and  let 

dif 


arcootan 


de 


Lot  F.  denote 


inclinatioa  of  the  arch  at  C  to  the  hotizon. 
the  vertical  load  on  tho  arc  between  0  and  C. 
From  C  draw  the  vertical  line  CW  to  represent  V„  and  tho 

tgent  0  T  forming  tho  diagonal  of  the  rectanglo  0  W  T II. Then 

CT  will  represent  the  thrust  aloug  tho  arch  at  C,  and  0  H  tho 
hoxizontal  coraj)oncnt  of  that  thrust;  and  if  this  be  tliflci-cnt  irom 
Tg.  the  diHercuec  mn^t  be  ntadu  up  by  means  of  thu  horixoutal 
pressure  applied  to  the  arch  between  O  and  C.  To  express  this 
symbolically,  let  P^  be  tho  amount  of  that  horizontal  preaaure,  and 
T  tho  thrust  CT  along  the  arch  at  C;  then 

T  =  -r-^  =  P,  •  cosec  t  ^  P,  ■ -i-. 
smi  dx 

^hei-c  ds  denotes  the  increment  of  the  arc  O  C), 
The  horizontal  component  C  H  of  this  thrust  is 

dt/ 
T  •  COS  t  ^  P_  *  cotan  *  ^  P^  •  -.— ; 

ax 

ccmaequeutly  the  horizontal  pressure  wliich  must  be  applied  to  the 
arch  between  O  and  C  to  maintain  equilibrium  is 


P,  =  Tfl  —  P,  •  cotan  i  =  T, 


r.fe (^0 
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and  if  tliw  pfjuation  \te  fulfilled  at  every  point  of  the  arch,  it  will 
bo  balancfKL — Q.  E.  I. 

When  P,  is  i)Ositi\t5,  it  ropresonts  inuxtrd  presture,  siich  as  may 
arise  horn  tJie  resistance  of  the  materials  of  the  gpandril  of  au  nTcli 
to  compression.  When  P,  is  negative,  it  represents  outward 
prtsit^e,  iiach  wa  may  arise  from  the  resistance  to  compression  of 
ft  portion  of  material  situated  below  the  crown  of  the  ideal  linear 
iu*ch  O  C,  or  tension,  such  as  may  arise  from  tenacity  in  the  spaudril, 
iind  in  the  materials  connecting  it  with  the  orcli. 

The  inteneiti/  of  the  hon2ontal  pressure  is  found  by  taking  two 
]>ointo  in  the  arch  iuHefimtely  near  to  each  other,  and  finding  the 
j-aUo  which  the  portion  of  the  horizontal  pressure  applied  between 
them  bears  to  the  difference  of  their  vertical  oi-dinates.  Let  the  in- 
tensity required  be  denoted  by  p^ ;  then 

rfP,^       rf(P,-cotani)_       j/^^r     c/y\ 

(This  equation  comprehends  the  coses  already  conmdoi-ed  in  Article 
168,  dI'  a  cord  under  vertical  loads,  or  an  arch  whot*  figure  is  that 
of  such  a  conl  inverted ;   lor  in  that  cade,  P.  =  To  tan  i,  and  ■ 
P.  cotan  i  =  To  =  constant,  so  that  p,  =  0.)  fl 

If  it  be  required  to  express  the  intensity  of  the  horizontal  pressure 
in  terms  of  tliat  of  the  vertical  pressure,  let  tlie  latter  intensity  be 

d^ 


then 


JSeatrtcted  Case. 

height  a  above  tht 


Pm  = 


d  fdy 


dx\d 


TJ^-'^y) 


Let  the  arcli  have  a  ftorts&ntal  exiradoSf  at  the 
crown  0,  and  let  the  vertical  pressui-e  be  due  to 
the  weight  of  material  below  tliat  extradus;  then 

p^  =  w a ;  p^  =:  w  {a  +  a); 
and  the  vertical  load  becomes 

P.  =  /  P.di/  =  w  j  {a-{-x)  dy). (6.) 

W'ing  pi-oportional  to  the  area  between  the  intrados  and  cxtradoa,] 
and  the  vei*tic;il  ordinates  at  O  and  C. 

Example.     Let  tlie  linear  arch  be  part  of  a  circle  of  the  radius  r, 
nith  A  hvnzontu}  extrados  at  the  distance  r  +  a  ixoTu  \\»  wu'coi. 
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In  lluB  cue  it  is  ooavoikot  to  expns  all  (he  vambles  in 
of  Um  indiiiation  %  of  the  Arch.     Thus  we  baT« 


I 


(T) 


x=  r{l  — cos  i); 
2r  =  r  •  sin  i ; 
ildC^  r  *ain  t(/»  ; 
dy  =:  r  *  COS  tc^i. 

It  id  ftlso  uaefol  to  make  a  =  mr,  tn  being  tbo  ratio  which  the 
jith  of  load  at  the  crown  bears  to  the  radios.  Then  we  hare  for 
Lc  thrust  at  O, 

To  =  inwH; (8.) 

id  for  the  vertical  load  between  O  and  G, 

P,  =  «f  I  {a-¥x)dy  =  vfr^j{m+l — cosi)coBi  Ji 

_,  j  .,         .    .     .        COS  t  fiin  I        i    \  ,^ . 

=  wr'|(l+w)8m. ^ -;| (9.) 

whadi  tkIuc  being  introduced  into  equation  4,  gives  fur  the  iutou- 
of  the  homontal  pressure 

_yP,  ^       </(P,cotan») 1_  ,rf(F,coUnt) 

rfa!  <fx  rsini  di 


trr      rf 

sin 


d   i  ..        .         .       co*^  i       i  COR  I  I 
.  *  "7^  i  (1  +  m)  cos  » ;r-  —  ^    ■     ■  > 

(,  t — cosisint\  ,,^, 


The  \^ue  of  the  horizontal  pressure  it«elf  is  given  by  introducinR 
thfi  values  of  Tfl  ami  P,  from  equations  tiaud  9  into  equation  3,  Hmt 
iSh  UA  follows  : — 


1\  =  tr  r  -j  m—  (1  +  7ft)  cos*  -i-  -g-  +  ^^^.  j-  ...(11.) 

lir^ntAj  component  of  the  thrust  of  the  arch  at  C  ia  given 
L'quutiou 

TcMi  =  T.-P,=  u„-{(l+m)cos.--^-^^j^.}(12.) 

crown  of 


When  »  =  0,  Uuit  is,  for  the  crown  of  the  arch,  j?,  takcu  the  fol- 
[Iwwiug  value : — 
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80  that  for  OTcry  circular  linear  arch  in  wliicli  tho  depUi  ctf  load 
ihii  crowTi,  f/i  r,  is  leas  than  one-t/iirii  of  tho  radios,  p^  bA4  n 
Vfllties  at  iiud  near  the  c^ow^l,  ehowing  that  outtcard  liorixoatal 
prcsaiiru  or  ttiusion  ia  rwiuircJ  to  preserve  eqiiilihi-iniiu  Ju  aucJi 
cases,  there  ia  a  certain  valuo  of  the  auglo  i  for  w.hicli  }'f~0.  At 
the  ]ioIut  wheru  thio  tiikes  place,  P^  coaiw:quonlly  attains  ft  negative 
imuiiij  and  the  hoi-iziintiil  component  T  *  cos  i  of  the  UiniBt 
Lf  tho  ai-ch  atUiius  a  positive  itwximujnf  greater  than  To,  because 
of  1*^  being  negative.  Let  this  poiiit  be  called  Ca»  and  let  the  in- 
clluatioa  of  tho  ai'ch  at  it  bu  denoted  b/  i^.  Thijs  angle  must 
tiatiafj  tho  tr^n.'^condenta]  eqnation 


'+— "■H-^,~!v:=ii=«. m 


n 


and  can  tlieif  fore  be  found  hy  approximation  only.     As  a  first 

Hppivximatiuu,  maj  be  taken 

3m4-l 


2 


J 


and  tlien  by  successive  substitutions,  ooiurer  mid  nearer  approxi- 
mutions  may  bo  found. 

Supi»osing  1*0  to  have  hcou  tliua  detenninod  to  a  sufficient  degi 
of  iioeunicy,  its  subbtitulion  for  t  in  tho  c(|UBiion  13  vrilt  give* 
maximum  value  of  tho  horizontal  component  of  the  thrust  of 
mvh. 

By  expanding  or  contracting  tho  horizontAl  diraonsions  of  u 
cular  arch,  it  am  bo  tranaforuK-d  into  an  elliptic  arch,  which  wi 
bo  UdaiicL'd  under  foi-ces  deduced  from  those  applied  to  the  circuh 
arch  accordiug  to  the  pnuciplea  ux|>hiined  in  Articles  160,  ISi 
In  adapting  the  equations  from  7  to  13  inclusive  to  un  ellipt 
arcli,  it  is  to  be  observed  that  i  i-cprcsents  not  the  inclination  of 
elliptic  arch  itself  at  a  given  piiint,  but  that  of  the  circular  ai 
from  which  the  elliplic  mxh  is  derived  at  the  corresponding  point. 

Case  2,  When,  the  (fiiticlit>n  o/  the  conjiujafe  preiteure  is  incliii 
This  case  is  represented  in  the  lower  di:^-am  of  tig.  91,  Tho  io- 
xiiucd  axis  of  co-ordinates,  Y'  O'  Y',  is  token  pai-aUel  to  tho  diroo- 
tion  of  the  conjugate  prcasure,  and  toucliing  the  arch  at  the  point 
O",  which  is  now  its  croH-n.  Each  double  ordinate  of  the  arch, 
O  X'  C'=i2y'f  is  bisected  by  the  vertical  axis,  ou  cither  aide 
wliich  the  vertical  load  is  syni metrically  distributed, 

Lftt  j  denote  the  iucllimlion  of  the  conjugate  pressure  to  t 
horizon.    Constnict  a  j>amllol  ])mjeclion  of  the  given  arch,  like  th 
lipjK'T  diagram  of  the  tlguix-,  having  it^i  vertical  ordimites  equal  to 
thinte  of  the  distorted  arch,  aud  its  ViorouutoX  oTdA.u&\A:&\fi±ft\a.^}&A 


] 


I 


TOTAi.  Traa'OT  or  xixsak  aucues. 

008  J  :  1  ;  conceive  it  to  bu  imdcr  a  vertical  loiul,  of  equal 
int  to  that  on  the  distorted  aii::li,  and  simiUrly  distrtbuttHl; 
deterxQine  tbc  Lomoutal  fnvsmivs  requiix"d  to  keep  it  iu  c<[LLLUbrio; 
thea  will  the  proper  projection  of  those  pressures  keep  the  dU- 
tortc<l  arch  in  oquilibrio. 
_  The  rektiond  amongst  the  co-ordinatoa  of  the  two  arches,  and 
H  the  aznountti  and  magnitudes  of  the  vortictd  and  conjugate  pres- 
H  sures,  arc  as  follows,  quantities  relating  to  tho  distorted  aivh  being 
H  distinguished  by  accented  lutlers : — 


l/eecj 


F. 

y.= 


P.:  T. 


P^f^JiP, 


„scc; 


V,  =  P,  sec/ 


(11) 


Xfit  H'  denote  tlie  conjugate  component  of  tho  tlumst  of  the  dis- 
torted arch  at  any  point  C ;  then  we  hare 

H'  =  r,  -  P,  =  (T.  -  P,)  sccj; (15.) 

ood  if  T*  be  tho  thrust  abng  the  distorted  arch  at  C,  then 

0^=  ^(F:  +  H''=±=3H'F,-cosj) (10.) 

tho  po^;itive  or  negative  sign  being  uswl  according  as  tho  point  (J 
is  at  tho  dcprc-swid  or  tho  elevated  aide  of  the  arck 

18G.  p«iBtrd  Arch«» — If  u  Unc^ir  urch,  as  iu  lig.  92,  coUbi:its  of 
two  arc?,  B  C,  C  B,  meeting  in  a  ptJint  at  0,  it  is 
ncccBsaiy  to  equilibrium  tluit  there  should  bo  cuu- 
oentratod  at  the  point  C  a  luad  equal  to  that  which 
would  have  bceu  ilistributed  over  the  two  arcs  AC, 
C  A,  extcniling  from  tho  point  '0  to  the  wspective 
rrowns,  A,  A,  of  the  curves  of  which  two  portions 
foi-m  the  pointed  ai-ch. 

187.  ToMl  Conjugate  TbraM  of  I^lof-ar  ArrLc«. 
jogato  thrust  of  au  ai-ch  is  the  conjugate  comixmcnt,  horizontal  or 
incUned,  oa  the  cose  may  be,  of  the  entire  pressure  exerted  between 
one  semi-arch  and  its  abutment,  whcth(*r  directly,  at  the  point 
£rom  which  the  arch  springs,  or  above  that  point,  through  the 
material  of  tlie  s[>anilrU. 

When  a  linear  arch  is  of  such  a  figure  as  to  bo  balanced  under  a 
load  of  which  tho  pressure  is  wholly  vertical  (as  in  the  case  de- 
ecribed  in  Article  174),  that  is  to  say,  when  its  figure  is  that  in 
which  a  cord  would  luing,  loaded  with  the  same  weight  distributed 
in  the  same  manner,  its  conjugate  tlinist  is  exerted  simply  at  the 
point  from  which  it  spnngs,  uud  is  equal  to  the  conjugate  ccm- 
ponent  of  the  thrust  alonif  the  arch,  whicli  is  a  constant  <^\\asiU\.^ 
throughout  its  whole  oxteut 


Fig.  92. 
-The  total  con- 
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the 

thoM 
thoV 


When  au  nirli  KjinngB  vertically  from  its  abutmentts  tlir  point 
of  sprin^ng  siistttinK  tlio  vertical  Inftd  of  tfao  semi-arch  only ;  anil 
the  conjugate  thruBt  is  cxci-UhI  wbi'lly  through  the  spantlril. 

In  other  cases,  the  conjugate  thrust  is  exerted  jmrtly  at  the 
point  of  springing  and  partly  tkrougli  the  s|)audril. 

Thborku.    7'A«  amouTil  ofthn  conjugate  tfirwH  u  etpud  to  the 
jugeUe  component  of  tJte  Uirusi  alonff  Oie  arch  tU  Hie  ptnni  where 
component  %8  a  miixivinm ;  for  at  that  itoint,  aa  appears  irom 
reasoning  of  Article  18o,  the  intensity  of  the  oynjwjote  pir^fruT6 
between  the  arch  and  its  spandril  is  notliing :  it  is,  therefore,  on-  ^ 
tirely  below  that  point  that  the  conjugate  tlirust,  whether  tlirongli^ 
the  spandril  or  at  tlie  point  of  springing,  isexert»^d;  and  couso-V 
quently  the  auiouut  of  that  thrust  must  be  equal  to  the  maximum 
conjugntc  component  of  the  tlmist  along  the  arch,  which  is  balaueed 
by  it.     The  point  of  the  arch  where  the  conjugate  component  of  tlje 
thrust  along  it  is  a  tuiixintnm,  is  culleil  tlio  po^int  o/  rupture,  for^ 
reasons  which  will  afterwards  api>car.     It  may  be  at  the  crown ;  orfl 
it  may  bo  in  u  lower  position,  to  be  determined  by  solving  the  cqua-  ^ 
tion  fonned  by  making  the  intensity  of  the  conjugate  pressnre 
Wtween  tliu  arch  and  sjiandril,  as  found  by  the  method  of  Axticld, 
16«J,  equal  to  nothing  ;  that  ik, 

^=s=-i(^a=o 0-) 


Thia  equation  having  been  solved  bo  as  to  give  the  position  of  th 
point  of  i-upture,  the  corresponding  \alue  of  P^  being  the  veitical 
i<Mid  Hupjwrted  at  that  point,  is  to  be  computed ;  and  then  the  conju- 
^t«  thrust  is  given  by  the  equation 


e 

1 


Hg  ^  max.  value  of  P^ 


dx 


(2) 


(Wlir;re  the  conjugate  pressures,  na  is  generally  tJie  case,  are  hori! 

znntal,  y^  =  cotan  t ;  and  the  value  of  i,  the  inclination  of  the  ofdi^ J 

v.liich  fiiltils  ofiuation  1,  is  called  the  angle  of  rupture). 

AVTicn  the  jtoint  of  rupture  is  the  crowij  of  the  ai-eh  (as  in  hydm-i 
static  and  geostatic  arches),  equation  2  gives  no  result,  because  ofj 

P,  vanishing  and  •-—  increasing  indefinitely ;  but  it  has  already- 
been  shown  by  other  mutliods  that  in  this  caao,  wliere  the  oonjugato 
pressures  ai-e  horisonial — 

Ho  =  T,  =  p,r,; (3.) 

/fc  Ih'itig  the  iiitemdty  of  the  vertical  load,  a\u\  r^  ttw  TttLvVwv-e,  ^>t 
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Tmture  ;  but  in  order  to  form  an  equation  which  Bhall  \>e  applieablo 
whether  the  conjugate  pretwures  and  co-oidinati-a  juo  boiizontul  or 
inclined,  the  above  equation  must  bo  converted  into  one  expressed 
in  terms  of  the  co-oi-dinatca ;  that  is  to  say, 


Ho  =  To  = 


(fory  =  0) 


.;^(fory  =  0). 


(1.) 


K  dy    dy  dy* 

K  d*x       1 

OP  rectanmihir  co-ordinates  -;--  ^  —  at  the  crown  of  the  arch,  eo 
dy"      1-0 
that  equation  4  is  convcrtod  into  equation  3. 

Thua  far  as  to  finding  tho  amoiini  of  the  conjugate  thmpt.  To 
find  the  position  of  its  resultant^  that  iy  to  say,  the  depth  of  itd  lin*' 
of  action  below  the  conjugatn  co-onlinato  piano,  we  ranst  conceive 
it  to  act  against  u  verlicul  plane,  extending  from  the  depth  of  the 
point  of  rupture  below  the  conjugate  co-ordinate  plane,  down  to 
the  depth  of  the  point  of  s])nnging  below  tliat  plane*  and  find,  by 
the  methods  of  Article  89,  tho  vertical  eo-ordinato  of  the  centre  of 
preature  of  the  plane  to  actwl  upon.  That  is  to  say,  let  x,i  denote 
the  depth  of  the  point  of  rupture,  and  .r,  that  of  the  point  of  spring- 
ing below  tlio  conjugate  co-ordinate  piano  ;  p,  the  intensity  of  the 
oonjugate  (u-essure  between  the  aroh  and  !ji>andi-il  at  any  point 
between  those  pointa,  and 


k 


H,  =  Ho 


J  n 


■(»•) 


the  conjugate  component  of  tho  thrust  of  the  arch  at  the  point  of 
springing;  also,  let  ar„  be  the  depth  of  tho  resultant  conjugate 
thrust  below  the  conjugate  co-ordinate  plane;  then 


««  = 


_£ 


X  p^  •  d  X  -{-  H|  Xi 

h;; 


(G.) 


^V    ^SBom^  I.    Circular  arch  wider  uniform  nvrmal  prswire  of 
'       wUeruily,  p.  183  (Art  179). 

Here  p,  =  p=  p  ;  and  the  point  of  rupture  is  at  the  crown, 
the  horizontal  turust  is 


U,  =  T=pr (7.) 

the  crown  bo  taken  for  origin  of  co-ordinatoa,  so  that  a^  ^  0. 
Case  1,  Semicircle.     Here  x,  =  r;  Hi  =  0 ;  and 

ipj^i^  r 

pr         2 


jPa  = 


^^ 


2U0 
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CiHE  2.   Seqment.     luclination  at  springing,  tp 
(l  —  C08  t);  11,  =  ;>  r  •  cos  i;  and 


Hero  a?!  =  r 


^n 


^  />  ag?  "I"  p  r  g|  •  C08  ♦ 


pr 


=  r    (S  (1    COS  t)*  +  COS  1  (1  COS  %)\  —L 


.(0.) 


Exitinph  IL    Sejni-tlHpti^  aTch^  under  conjugate  uniform  vertical 
and  lioniwntal  prtasures  (Art  180).     Let  a  =  a?,  bo  the  rise,  or 
vtrticrtl  scmi-ftxis;  cathe  horirontal  serai-axis,  or  lud/span;  andj 
lot  the  origin  of  co-ordinates  he  at  the  crown.     Then  p,,  ^  c*/>,; 
uiiJ  we  have 

Ho  =  T,  =  a  Tf  =  <^  op.  =  ^^  P-;  «^a  =^  '-  (^*^) 

Example  111.    Semi-cJliplic  distorted  arcJi,  loitJt  conjugale  uni/om 
rartical  and  ob/igtte  presa^ati  (Art  181).     The  vertiaU  and  conju- 


;,"nte  semidiamet^ra,  or  ri^  and  incUned  haif-epan,  being  denoted i 
JCxamph  IV.     Ifi/drosiath  arcJt,  (Art,  183).     The  origin  of  co- 


by  rt  and  c  a  respectively,  the  cq^uatinnR  10  apply  to  this  case  also. 


ordinates  being  taken,  as  in  the  ariiclo  referred  to,  nt  the  jwiut  of 
the  extrados  vertically  above  tho  crown,  we  have  p^^p^^wx^l 


H« 


n  = 


_.«.?!--_^'- 


— ";  H,  =  0;  and 


to*  /     a*'dx 


3    a?  —  a^ 


^^-.5.^^ (U.) 


fij^e  V.     Geostatic  arch^  with  horizontal  or  inclined  cx^rado§. 
(A rt.  1 84).    Here p,  =  inx- cor j ;  p,  =  c^p^=^c'icx  •  coaj;  H , 


To  ^  0  P,  =  0*  W  COB  J 


*f  — 4 


;  and  conaeque.ntly 


.(12.) 


"-3  «i^r^ 

as  in  the  last  example. 

Kxample  VX  Seniicirctdar  arcli  with  horizontal  extradoa*  Ia| 
tliia  case  the  angle  of  mpturo  to  is  to  be  determined  by  means 
of  equation  13  of  Article  185;  and  thence,  by  equation  12  of  the 
same  Article,  is  to  be  found  H^).  The  sprinjfing  being  vertical, 
wo  have  i,  =  90';  Hj  =  0.  Let  tho  crown  of  the  art;h  be  taken  as 
orittin  ;  then  x  =  r  (I  —  cos  i),  d  a:  :=  r  •  sin  i  •  d  ^  and  equation 
0  of  the  present  Article  bccomta 
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«n 


p,sai 


i{\  —  coBj)'<ii; (13.) 


Exampie  VI  I.  Cimdar  teffmenial  arc/i  wUh  ficrhonlnl  cxtrados. 
Let  V  be  the  inclination  of  the  arch  at  the  springing,  P,  the  total 
Tcrtical  load;  then 

H,  =  Pi  cotan  i, (11) 

Let  if  bo  licterminrd  as  in  the  last  example. 

CUec  1.  i^  >  or  =  i].  In  this  cose  H^  —  H^  and  the  conjngate 
'tfaraat  is  simply  the  aingle  hoiizontal  force  Ui  at  the  point  of  spriug- 
Sng. 

Case  3.  1q  <  t,.  Find  Hq  as  in  the  lafit  example,  und  lot  tho 
origfin  of  co-oivlinatrs  bo  at  the  crown;  then 

«,  =  r  (1  —  coe  ij);  and  wo  have 

=  w  |r*rP#8int(l— eoBt)rft-t-rH,(l— co8i,)l  (15.) 
Ho  I     J  *)  ) 

188.    A|>pr«xlma]«  IlTdro<(tetlc  ua4  GeoMlUic  Arches, — TllOSnbjoet 

of  elliptic  functions  is  so  seldom  studied,  and  complete  tables  of 
them  are  so  scarce,  that  it  is  useful  to  possess  a  nictlmd  of  finding 
the  fffoper  proiwrtions  of  hydrost*itic  and  geostatic  arches  (Articles 
183,  184)  to  a  degree  of  approximation  su^cient  for  practical  pur- 
poses, luing  algebraic  functions  alone. 

Such  a  method  is  founded  on  tbo  fact  that  a  hydrostatic  arch 
approaches  nearly  to  the  figure  of  a  semi-elliptic  arch  of  the  same 
height,  and  having  it-s  maximum  and  minimum  radii  of  curvature 
in  Sie  same  proportion. 

Let  sc^  Xi,  as  in  Article  183,  be  the  depth  of  load  of  a  hydrostatic 
arch  at  tho  crown  and  springing  respectively;  r^^  r,,  its  radii  of 
corvature  at  those  points;  a  =:x^  —  a:;j,  its  rise;  yi  its  half-span, 
\v^n  in  Article  183  by  meauH  of  elliptic  functions. 
Suppose  a  scmi-cUi]itic  arch  to  bo  drawn,  having  the  same  rise, 
ta,  with  tho  hydrostatic  arch;  let  r'e,  r',,  be  its  radii  of  cunature  at 
le  crown  and  spriujfing,  whose  proportion  to  each  other  is  tho  same 
jlrith  that  of  the  radii  of  the  hydrostatic  arch;  that  is  to  say, 

/(,         r,         ar, " 

Let  i  be  iiio  half-span  of  this  semi-ellipse.  Tlicn  because  the  cubes 
'Of  the  semi-axes  of  an  ellJiMW  are  to  each  other  inversely  as  tho  radii 
curvature  at  the  respective  extremities  of  the  semi-axes,  we  have 
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A  rough  ajuiroximation  to  tho  half-«>an  of  the  hy«lroptatio 
in  found  by  niakii:>(  »/,  =  6;  but  thia,  m  the  cases  which  occur  u 
jtmctice,  is  too  grwit  by  an  ext*sa  -which  varies  bctwoen  iV  aod  iw} 
und  is  about   s'g  on  on  avcnigc     Hence  ve  may  take,  as  a  Jir* 
fipproxinialUm  wliose   utmost  en"or   in    practice  ia  about  t», 
whose  average  en-or  is  about  ti^,  the  following  formuhi,  giving 
/tolj-gpan  in  terms  of  the  tieptJis  of  load  nt  the  crown  and  ttf (ringing  :- 


W 


Suppose  the  riae  a  and  htUf-span  y,  of  a  proposed  hydrostatic 
to  l«  given,  and  that  it  is  reinurcil  to  find  the  depths  of  load;  oqi 
lion  2  gives  us,  as  an  approximation, 

and  because  x,  —  a^,  =  a,  we  liave 

/20y.y 

\ldaj  1 


«* 


a'-r. 


py.y      '-'--  /20y.y 

Vl9a/        ^  \l9aj 


A  c/oser  approximation  ia  given  by  the  equations 


6  =  y,  + 


30< 


»i  =  a* 


6» 


F 


-„  aio  =  a 


F^^^' 


A  semicircular  or  sonii-elliptic  arch  may  have  its  conjugate  thsrust 
approximately  determined,  by  considering  it  aa  an  apprtacijtuUe  jf«o- 
static  archj  as  follows : — 

I*t  there  be  given,  the  half-span  of  the  arch  in  question,  horizontal 
or  inclined,  aa  the  case  may  be,  y^,  the  depths  of  load  at  its  crown 
and  springing,  a;^  as,,  and  the  vertical  load  at  the  springing,  IV 
DutcrmLne,  by  equation  2  or  equation  4,  the  si^in  y,  of  a  hydro* 
static  arch  for  tho  depths  of  load  a-o,  ar^,  and  let 
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tbe  mtio  of  the  half^pau  of  the  actual  arcli  to  that  of  the  hydm- 
ISitic  arch. 

The  actual  arch  may  now  be  conceived  as  an  approximation  to 
a  gportatic  arch,  transformed  from  tlie  hydrostutic  arch  by  pre- 
•erring  its  v<TtiwJ  ordiimtes  and  load,  aud  altering  its  conjugat*? 
nniinates  and  thnist  in  the  mtio  c.  The  conjuffite  thrust  of  a 
hydrostatic  arch  being  equal  to  the  load,  we  liave,  as  an  approxi- 
tnation  to  the  conjngate  thnuit  of  the  given  semi-elliptic  or  aemi* 
arch. 


K,  =  c  P,. 


.(6.) 


Sectiok  3.— On  Frktional  StabUity. 

189.  Fricii*D  is  that  force  which  acta  l>etweon  two  bodies  at  their 
of  contact,  and  in  the  direction  of  a  taugeut  to  that  surface, 
aa  to  resist  their  filiding  on  each  other^  and  whicJi  depends  on 
the  force  with  which  thv^"  l)odiea  are  pressed  together. 
There  ia  also  a  kind  of  resistance  to  the  sliding  of  two  bodies 
on  each  other,  which  is  independent  of  the  force  "with  which 
)y  are  prfi;f*ed  together,  and  which  ib  an:Jogous  to  that  kind  of 
»ngth  which  rpsista  the  division  of  a  solid  body  by  at/twiWny, — 
It  is.  by  the  slitUng  of  one  ywvt  ujwn  another.     Tliis  kind  of 
iHttince  is  called  adhesion.     It  will  not  be  considered  in  the 
eut  section, 
t  Friction  muy  act  either  as  a  means  of  giving  stability  to  utruc- 
us  u  means  of  transmitting  motion  in  machines,  or  as  a  cau-sa 
Icec*  of  power  in  machinca.     In  the  present  section  it  is  to  bu 
isidered  in  tlie  first  of  those  three  capacities  only. 
100.  i<aw  of  SoiM  FrtcUva. — The  following  luw  respecting  the 

aon  of  solid  bodies  has  been  ascertained  by  experiment  :— 
The  friction  trhich  a  given  pair  o/  golid  bodies,  with  tfieir  sur/aeeg 
tn  a  tjiren  condition,  are  capahU  ^exerting^  ia  simpfi/  proporivmal^, 
ihe/tfrcA  iTj'/A  iMu'A  Utey  am  jtresfied  togeiJter. 
If  the  bodies  be  acted  upon  by  a  lateiitl  force  tending  to  make 
>m  elide  on  each  other,  then  so  long  as  the  lateral  force  is  not 
iter  than  the  amount  fixed  by  this  law,  the  friction  will  bo  equal 
d  opposite  to  it,  and  will  balance  it 

'There  is  a  limit  to  the  exactness  of  tho  above  law,  when  the 
!*s8uro  becomes  so  intense  as  to  crush  or  grind  the  parts  of  the 
lies  at  and  ncoi'  their  surface  of  contact.  At  and  beyond  that 
Umit  tho  friction  increases  more  rapidly  than  the  pressure  j  but 
that  limit  ought  never  to  be  attained  in  a  structure. 

I  From  the  jflir  of  friction  it  follows,  that  the  frictvou  between 
f  bodies  nmv  be  computed  bv  multi]»lying  the  forco  VilV  vjVvAx 
L^ 1 
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they  aro  pressed  together  hj  a  constAnt  co-efficient  which  ia  to 
determint'd  by  experiment,  and  which  depends  on  the  nature  of  tb| 
hodies  and  the  conditioa  of  their  aorfiaoes :  that  is  to  say,  let 
denote  the  presgurei  /  the  cth^ffieiotU  qffnetion,  and  F  the  force 
friction^  then 

F  =/N. 


19L 


or  Bfl 


A  A,  in  fig.  93,  represent  any  sol 

a  portion  of  the  sxirfuce  of  anot 


^— Lot 
ixidy,  BB 
body,  with  which  A  A  is  in  contact  through< 

the  plane  surface  of  contact  e  E.     Let  V  0 
present  the  amount,  direction,  ani  position 
the  resultant  of  a  force  by  which  A  A  is 
obliquely  towards  B  B,  so  that  0  is  the  centre 
pressure  of  the  suHace  of  contact  «£.      (/ 

89.) 

Let  P  0  be  resolved  into  two  rectangolar  component : 
N  C\  normal  to  tlie  plane  of  contact,  and  pressing  the  bodieii 
gether:  the  other,  TC,  tangential  to  the  plane  of  contact^ 
tending  to  make  the  bodies  slide  on  each  other.     Let  the  tot 
force  P  C,  be  denoted  by  P,  its  normal  component  by  N,  and  i( 
tangenti:U  component  by  T  ;  and  let  the  angle  of  obliquity  T  P  0 
or  P  C  N  be  denoted  by  6,  so  that 


Fig.  93. 


K  =  P 
T  =  P 


00&  if 
sin  I  =  K 


tan 


.} 


.(1.) 


Then  so  long  as  the  tangential  force  T  is  not  greater  t!mn  /"N, 
will  be  balanced  by  the  friction,  which  will  be  equal  and  opposit 
to  it ;  but  the  fi-iction  cannot  exceed /N;  so  that  if  T  be  great 
than  this  limit,  it  will  be  no  longer  balanced  by  the  friction,  bat 
will  make  the  bodies  slide  on  each  other,     ^ow  the  condition,  that 

T 

T  shall  not  exceed  y*N,  is  equivalent  to  the  condition, 


or  tan  tf,  slial!  not  exceed/ 

Hence  it  follows,  thai  tJtc  greater  cmg^fi  qftMiqmty  of 
hd^ween  two  planes  wAtcA  is  consistent  wit/i  stability,  ia 
Vlhom  tangent  is  the  co'ffficient  of  friction. 

This  angle  ia  called  the  anglo  of  repose,  and  is  denoted  by  ^.     li 
is  the  steepest  inclination  of  a  plane  to  the  horizon,  at  which 
block  of  a  given  substance  will  remain  in  equilibrio  upon  it ;  for 
P  rejireseuts  the  weight  of  the  body  A  A,  so  that  PC  is  vertical,' 
and  /  =  ^,  then  ^  is  the  inclination  of  B  B  to  the  horizon. 
The  rpJations  between  the  fricCioxi,  llae  WArroaX  \.t«ssbmi^  ia»S^^ 


f  preeetufv^^ 
tne  cengh 

1 
1 
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pffcasuic,  when  tbe  obliquity  is  equal  to  the  on^c  of  roposc, 
ffxen.  hy  the  following  equatioiu : — 

/p 


P  =  T  =/N  =  N-tan«)  =  P-simp  = 


JlT7* 


...(3.) 


T92.     TaMr  ^r  Co-«aiclentt  of  FrirUon  and  An^tlo*  of  Bcpovc — 

Very  extensive  tables  uf  the  co-eificients  of  frictiuii  of  different 
smteriaU  used  in  conf^tniction  are  publishod  in  the  works  of 
General  3lIoriu  of  the  French  Artillery,  aud  have  been  reprinted 
in  vnriooB  treatises.  The  following  is  a  condensed  table  compiled 
from  General  Morin'a  tables  and  from  other  authorities,  giving 

constants,  and   also  the  ivoiprocal,  -  ^  cotaa  ?,  for  the 

materiaJs  of  stmcturea,  arranged  in  a  few  comprehensive  claBsea. 
Its  practical  utility  ia  equal  to  tliat  of  the  niurc  volnminouB  and 
AttoilH  tables  from  which  it  Iuia  been  condensed: — 


Diy  xoasonry  ami  brick- 
work,  

llafloniy  and  brickwork, 
with  damp  mortar, 

Timber  on  atone, 

Iron  on  stone, 

Timber  on  timber, 

Timber  on  metals,, 

Hetals  onmotala, 

]laaoiU7  on  diy  cky, .... 

Haaonry  on  moist  day,.. 

£urUi  on  earth, 

Earth  on  earth,  diy  sand,  1 
day,  and  mixed  caxih,  ] 

Sarth    on    earth,    damp  | 
cUy, j 

Earth  on  earth,  wet  clay, 

£arih  on  earth,  shingle  ) 
and  gravel, / 


I 

t 


/ 

0-6  to  07 

0-74 

about  0*4 
07  to  0-3 

0*5  to  0*2 
06  to  Q'2 

0-25  to  0-15 

0*33 
0*25  to  I  -0 

0-38  to  075 

I'O 

o*3t 
o'8i  to  I'll 


31°  to  35- 
36°J 

32° 

35"  to  ze\ 

26  ito  ll^i 
3i"toii°* 
14°  to  S'^i 

2r 

14"  to  45"* 


21 


39 


tosj- 

'  to  48' 


i'C*i  to  I "43, 


i*3S 

3*5 
i-43to3-3a 

2t05 

1-67  to  5 
4  to  667 

1*96 

3 

4  to  I 

3-63  to  1*33 


323 

1-33  to  o'9 


193.    FrlcHotral   Binblllijr  of  Plnnc   Joint*.— In   a   Rtructuro    COm 

posed  of  a  numl>er  of  pi^^ci's  connected  only  by  touching  each  other 
at  plane  surfaces  (us  is  tho  case  in  laiuionry  aud  brickwork),  it 
eoenaiyto  stubilitj  ihni  the  olJiquity  of  the  pressure  fihould  at 
exooed  tho  angle  ofrt^jx)se. 


>  is     I 

no     I 
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In  stnictures  of  maaoniy,  this  condition  con  almost  alwa^ 
complied  with  by  suitably  placing  the  joints. 

Both  this  and  other  principlfs  dci>eudin|{  on  the  effect  of  fi*icti( 
in  promoting  the  stability  of  maaonr)*,  will  be  considered  in  sul 
qucnt  sections, 

1 U4.  Fricu«BBi  Mnbiiiir  •f  Kariii.* — A  atnicture  of  earth,  wh< 
produced  by  excavation  or  by  euibankntent,  ])re3erves  its  figuro  nt 
firet  ptully  by  weans  of  the  fnclion  between  its  grains,  and  p&rtl] 
by  means  of  their  mutual  oolicsion  or  tenacity;  which  latter  fo 
is  considerable  in  some  kinds  of  earth,  such  as  elay,  esjiecially  wh« 
moiNt.     It  in  by  \tA  tenacity  that  a  bank  of  earth  i»  enabled  to  stanij 
with  a  vertical  face,  or  even  an  overhanging  face,  for  a  few  fe 
below  its  np]K»r  e<lge;   whereas  friction  alone,  as  will 
ap{>ear,  would  make  it  assume  an  uniform  slope. 

But  the  tenacity  of  earth  is  gradually  destroyed  by  the  action 
air  and  moisture,  and  of  the  changes  of  the  weather;  so  tliat  it 
friction  is  the  only  force  which   can  be  relied  xipon  to   prodnc 
permanent  sbibiUt^'.     In  tlie  pi-esent  investigation,  therefore,  th< 
»tability  of  a  muaa  of  eai'th,  or  of  ahiuglc  or  gravel,  or  of  any  othi 
material  consisting  of  se|>amto  grains,  will  be  tresited  as  ansinjj' 
wholly  from  the  mutual  friction  of  those  grains,  and  not  fn.>m  any 
adhesion  aniongHt  them,  ^m 

Previous  r(n<<Mirehes  on  this  subject  iu*e  based  (so  far  as  I  tt^H 
act|uaint<.'d  with  them)  on  some  mathematical  artifice  or  assumption," 
suehas  Coulomb's  **Wedge  of  Least  Uesistance."  Researches  so  based, 
.although  leading  to  true  srdutions  of  many  special  problems,  ai 
both  limiU'd  in  the  H]>plication  of  their  residts,  and  nnsatisfactor 
in  a  scientidc  |K)int  of  view.  I  pi-oiKise,  therefore,  to  investigate 
tho  muthomatieal  theorj'  of  the  ftictional  stability  of  a  gmnulal 
miu«,  without  the  aid  of  any  artifice  or  assumption,  and  from 
following  sole 

PitrNclPLF-     The  resistance  to  dinpiacenit^nt   by  nluUntj  aiong 
^vmn  plane  in  a  loose  yraimUir  mu^/s,  in  equal  to  the  normal  j/reantt 
txaried  &8towen  Iha  parte  of  lite  mtt^  <»i  eitfter  aid^  of  that  pla* 
muUtplied  by  8pee\jic  eonatant. 

Tlie  speciHc  eonstnixt  is  tlie  ra-fffirieiU  of  ftictiiin  of  the  mass,  anil 
is  the  tangent  of  i\w  antjle  of  ivjiose.     Let  p^  denote  the  normi 
pressure  per  unit  of  area  of  tlie  plane  in  question ;  q  the  reaistam 
to  sliding  (per  unit  of  area  also);  ^  the  angle  of  repose;  then  tl 
symbolical  expression  of  the  above  principle  is  as  follows: — 

^  =tan«> (1.) 

Pn 

*  This  and  ttio  ciuuiag  Articles  o(  tli«  present  section  are  \n  a  great  extent  abrld;;^! 
from  A  pjper  "  On  lh«  StabUiiy  ol  LooU  tartXi'  Va  \\ia  PhUuMv'i'icaf  Tnnaactiviu 
tnr  J&}6-r. 
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This  pnuciplc  forms  the  basis  of  every  iiivestipation  nf  the  sta- 
hiHtyof  earth.  The  poculiarity  of  the  present  investigation  coDsinta 
in  ita  dccluciiig  the  Uws  of  tliat  stability  from  tlic  above  principle 
Alooe,  without  the  aid  of  any  other  special  princiyile.  It  will  m 
Home  instances  be  necessary  to  refer  to  Mr.  iloaeley'a  *'Principlo 
of  the  Least  Reeastonce;"  but  this  must  be  n^rdcd  not  as  a  sjiecial 
jirinciplCi  bat  aa  a  general  principle  of  statics. 

Id  a  granular  mass,  any  plane  whatsoever  may  bo  considerccl  as 
a  plane  joint,  in  the  sense  in  which  that  timn  ha^  been  employed  in 
Article  103  ;  and  hence,  and  from  the  principle  already  stated, 
follows, 

TucOAXU  I.  It  it  neccgaary  to  the  stabilUy  of  a  granidar  moM, 
that  the  tUret^um  ojtht  pressure  between  the  potHons  into  ichich  it  i> 
led  by  any  plane  sftotdd  not  at  any  pmnt  make  wiUt  t/ie  fwmud 

•  lAof  plane  an  atigle  exceeding  the  angle  of  repose. 

From  what  haa  been  already  proved,  respecting  internal  ittrejw, 
in  Part  I.,  Chap.  V.,  Sect  3,  and  especially  in  Articles  lUii  to  112 
inclufiive,  it  is  evident,  that  the  plane  at  any  ]H)int  in  a  mass,  on 
which  the  obliquity  of  the  pressure  is  greatest,  is  perpendicular  to 
the  plane  which  contains  the  axea  of  ^reattst  and  least  pressure, 
— tlie  pr»tsure  of  greatest  obliquity  being  parallel  to  that  plane  of 
(greatest  and  least  pressure. 

The  relations  amongst  the  intensitie*  of  the  preasures  in  a  solid 
jaam,  which  are  parallel  to  one  plane,  as  represented  by  the  "  Ellipse 
of  StrwB,"  have  been  inveatigattd  in  Article  112.  The  present 
cu^  of  a  mass  of  earth,  is  one  in  whicli  a  limit  to  the  greater 
M*pii(y  is  assigned;  viz.,  that  it  sludl  not  exceed  the  angle  of  re- 
pose, f.  The  relation  between  tlmt  greatest  obliquity  and  the 
greatest  and  least  pressures,  has  been  found  iu  Article  113,  Pro- 
Mem  UL,  Case  1,  equation  6,  viz.: — 

ti  ^  aiv  •  sin  ti ^ ; 

Pi  +  Pt 

p,  being  taken  to  represent  the  greatest,  and  p^  the  least  pressure, 
and  ^1  the  greatest  obliquity  of  pressure.     Hy  Theorem  L  we  have 

tf,  ^  IP; 

(where  .^  means,  "less  than  or  equal  to;**  that  is,  "Tiot  greater  than**), 
Heoce  follows  the  following  equation : — 


r 


Pi—Pt 


sin  ^1  .^  sin  9;- 


(2.) 


Pi  +  Pi 
or  in  words, 

Theoreu  n.     At  each  point  in  a  mass  of  earth,  the  ratio  of  the 
diff^rmee  ofOte  greatest  and  least  pressures  iu  their  sum  eannot  exceed 

tins  ^i^  of^e  qf repose. 


i 
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Another  aymbolkiai  expcesaion  of  this  Theofrem  is  u  foUovs : — 


Pi 


1  -(-  sin# 


j%=i 


smf 


(2  A.) 


When  the  directions  of  any  pair  of  conjugate  pressures  in  tho 
phinc  of  greatest  and  least  presfiorc  in  &  mass  of  earth  are  given, 
the  limits  of  the  ratio  which  the  intensities  uf  those  pressun.>s  bear 
to  each  other  arc  given  hy  the  £olution  of  Problem  V.  of  Article  112, 

equation  27.  In  that  equatioTi,  make  n  r  =  tf,  the  common  obliqtiity 
of  the  pair  of  conjugate  pressures,  and  let  /,  represent  the  greatest 
adttal  obliquity  of  pressure  in  the  nuLss,  which  must  not  exceed  <p; 
then  Pj  as  before,  being  the  greater  conjugate  prcasore,  and  p'  the 
less,  we  obtain  the  following  proposition  : — 

Theohem  III.     The  foUowing  is  tlta  txprstsum  of  the  amdUum 
il»£  etabUity  of  a  mass  of  earthy  in  temu  of  the  ratio  of  a  pair  of 
jugate  prea»u/res  in  the  pUme  of  greatest  md  Uasl  preaaures: — 


P  __co8  #-}-  ^  (cob*' — OQsV,)        cos  t-^  J[co^  $ —  cos^f)         . 
p*      COS  ^  —  ^  (cos'  9  —  cos'  /,)  —  COS'  -  V  (cos'# —  cos'f)*"^   ' 

195.  Mnmrn  of  WLmnh  witb  PIobc  Sitrikce. — Although  the 
principles  can  be  applied  to  a  mass  of  earth  with  a  surface  of  auj 
figure,  their  most  usefiil  applieation  is  to  a  mass  bounded  aboTO 
a  plane  surface,  either  horizontal  or  sloping.     For  such  a  mass, 
three  Theorems  of  Article  125  are  true,  and  may  be  summed  up 
follows: — the  pressure  on  a  plane  |iarallel  to  tho  upper  plane  sur-j 
lace  (which  may  be  cnlle«l  a  c&njugaJLe  plane)  is  vertical,  and 
purtiuual  to  tlie  depth : — the  pressure  on  a  vertical  plane  is 
to  the  upper  plane  surface,  and  conjugate  to  the  vertical  pressure: 
tho  state  of  stress  at  a  given  depth  is  uniform. 

Lot  w  be  tho  weight  of  an  unit  of  Aolumo  of  the  eaith;  x  the 
depth  of  a  given  conjugate  plane  below  the  surface ;  ^  the  inclination 
of  that  conjugate  plane;  then  the  intensity  of  the  vertical  presBura 
on  that  coi^ugate  plane  is 


p^  =  WflB  •  COS  i. 


(1) 


Tho  IhnxU  of  the  intensity  p^  «f  the  conjugate  pressure,  parallel  to 
the  direction  of  steepest  deoH\'ity  (when  the  surface  slopes)  on  a 
veilical  plane,  at  the  same  depth  x  below  the  surface,  are  deduced 
from  tlie  equation  3  of  Article  1^4,  by  considering,  that  this  con- 
jugate prei^sure  may  be  either  the  greater  or  the  less  of  tho  pair 
of  }>r(.>ssiires  the  limits  of  whose  ratio  ore  given  by  that  c<}uatiu&; 
BO  iL&t  if  we  use  tJio  symbol 
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SIS 


to  ngnify,  **aia  not  greater  than  b  -\-  c,  and  not  les  than  b  —  c," 
«e  obtain  the  following  result : — 

^^  ^    cos  '  :a=  J  (cos'  i  —  co^  f)  ,_  , 

JK  -Z.  U)X'CO&4' 5 ^) — W-. ^( (2.) 

•^Z^  oo«  '  ^  J  (coa" '  —  cos'  f )  ^    ' 

When  the  phuie  KuHace  is  horizontal,  so  that  cos  #  =  1,  equtions  1 
lAtl  ^  beoorae 

.^  1  =*=  sin «  ,_ . 


cm  9' 


is  might  have  been  inferred  from  Tlieorem  II.  of  Article  194. 

When  #  =  f,  or  token  the  slope  w  the  angle  of  repose,  the  limits  of 
the  intensity  of  the  conjugate  pressure  coincide,  and  it  has  but  one 


value,  viz. 


p^=  WX'COB^  =Pm. 


■(*•) 


F<.>r  all  values  of  P  greater  than  9f  equation  3  becomes  impossible; 
•which  shows  what  is  otherwise  evident,  tlmt  the  angle  of  repose  ia 
the  steepest  possible  slope. 

There  is  a  third  pressure  which  may  be  denoted  hyp^  in  a  direction 
perpendicular  to  the  Brist  two,  p,  and  ;>,;  that  is.  horizontal,  and 
ptrpeuf-licular  to  the  vertical  plane  in  whicli  the  decli^ntyis  steepest; 
but  the  intensity  of  that  third  pressure  ^vill  be  considered  in  a 
cubaequcnt  Article.  It  is  of  secondary  importince  in  practice, 
seeing  that  -walls  for  the  fiupjwrt  of  sloping  banks  of  earth  are  gent- 
rally  placed  so  as  to  resi^l  llie  pressuin*  of  the  earth  iu  the  direutioa 
of  steepest  declivity. 

With  the  exception  of  equation  4,  the  equations  of  the  present 
Artiole  give  only  the  limits  nf  the  intensity  of  the  conjugate  prcBSuro 
parallel  to  the  steejicst  decliWty.     To  iind  the  exact  intensity  of 

I  that  pressure,  it  Ls  necessary  to  have  recourse  to  a  ntatical  principle, 
first  discoveml  by  Mr.  Moseley,  which  is  stated  in  the  lollowing 
Article. 
196.  l»iliilpto  W  l/MM  KMlMaaee. — ^TUEOHEU.  ^  ifu  forces 
tchich  balance  each  other  in  or  vpon  a  ^vcn  body  or  structure  be 
disUnguished  into  t^m  eysteins,  calltd  respectxtely  active  and  passive, 
«rAicA  stand  to  each  ofJier  in  ific  relation  of  cause  and  eff&it,  then  toiil 
the  passive  forces  be  the  least  iafti^:h  are  capable  of  balancing  tiie  ad,ivs 
ftftces^  txmM^ently  v?ith  the  physical  &mdiiion  of  the  body  or  Structure, 
For  the  passive  forces  being  caused  by  the  application  of  the 
active  forces  to  the  body  or  structure,  will  not  increase  after  the 
TO  forces  have  been  balanced  by  them;  aad  will  th«TeCore  not 
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jncreftse  beyond  tlie  letuit  amount  capable  of  balancing  the  Rctivi 
forces.— Q.  K.  D. 

197.  Kmnh  I^vvdrd  wtib  Us  «wa  ir«l|hf. — In  a  mass  of 
loaded  with  its  own  weight  only,  the  gravitation  of  the  earth  cat 
tho  vertical  pressure,  the  vertical  prcjisure  causes  a  tendency 
Hpread  laterally,  and  the  tendtmcy  to  spread  causes  the  oonjngat 
prestnire;  therefore  the  vertical  and  conjujpite  presatircs  stand 
««ch  other  in  t]ie  relation  of  cause  and  efiect,  or  active  and  passivi 
respectively ;  therefore  the  intensity  of  the  conjugate  pressore 
the  least  which  is  consistent  with  the  conditions  of  etAbili^  gi^ 
in  Aiticles  194  and  195, 

Applying  this  principle  to  the  equations  of  Article  195,  relaUvt 
to  a  luink  with  a  plane  upper  surface,  they  become  the  following:- 

Vertical presstM^  (ba  he{ore)f  p,  =  wxcosf (1.) 

Conjugate  pressure  parallel  to  steepest  declivity  ; — 
General  case, 

.    coit  i  —  J  (cos'  <  —  cos*  ») 


p,  =  VJZ 


cos 


cos  ^    +   J  (C08^  0 COB*  f) 

IIorizoiitAl  sur&ce,  /  =  0,  coe  *  2=  1 ;  p,  =  lo  aj 

1  —  sin  f 


P,= 


1  +  sin  * 


(2) 


(3.) 


Natural  slope/'  4  =  f , 


p,  =5  p,  =;  W  X  ■  COB  f . 


(4.) 


The  third  pressure  p,  is  found  in  the  following  manner.  Being 
perpendicular  to  tlie  plane  of  p,  and  />,,  it  must  be  &  principal  preit- 
sure  (Arts.  107,  109).  Being  a  passive  force,  it  must  have  the  least 
intensity  consistent  with  stability,  and  mu^  thei'efore  be  equal  to 
the  least  pressure  in  tho  plane  of  p,  and  p^ 

The  greatest  and  least  Btressc8,  or  principal  pressures,  in  t 
plane,  are  to  be  found  by  means  of  Fi'oblem  III.  of  Article  112,  caao 
•<,  &om  the  pair  of  conjugate  pressures  p„  p,,  whose  obliquity  is  i. 
Let  p,  be  the  greatest,  and  p,  tho  least  principal  pressure ;  then  i^ 
equations  19  and  20  of  Art  112,  for 


halfl 

■aaol 


we  are  to  substitute  respectively, 


A 


Pa^Pv^^VuP^ 


giving  the  ToUowing  results  •. — 
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JV+£t  _  P.J±Pf  _ 


«  a:  •  coa  t 


2  oo«  <       cos  i-^  J  (cos'  '  —  siu'^ 


(5.) 


'-4 


fe+f.)' 


4  ooffH' 


P'P, 


}' 


to  a;  *  cos  /  *  sin  f 


cos'* — sm 


'+j{ 


»' 


(6.) 


oonseqnently, 
Qftatcat  presBore,  p, 


b 


baigt  pressarc, /)3 


■0  j:  •  cos  /  •  (1  -f  mn  f)_  ^ 
"  coa0-\-  J  (006" '  —  COS*  f  ' ' 


?o  a:  ■  cos  i  (I  —  sin  f) 
^*  ^  cos  S-j-  J  (cos'  0  —  cos'  f) 


.(7.) 


.(&) 


The  axis  of  greatest  pressure  lies  in  tlie  acute  angle  between  the 
direction  of  greatest  detrlivity  and  the  vertical ;  anJ  its  inclination 
to  the  horizon,  which  maj*  be  denoted  by  ^,  ia  given  by  the  follow- 
ing formula,  deduced  from  equation  17  of  Article  112,  by  making 
the  |]froper  subetitiitions : — 

Pi— Pi 


from  which  is  easily  deduced, 


-H 


/  +  arc  •  sin 


sin 

sin 


-;} 


(9.) 


In  nsinir  this  formula,  the  arc  sin  —. —  is  to  be  taken  as  greater 
*=  smf 

tiittu  a  right  angle. 

The  following  are  tlie  results  of  the  equations  7,  8,  9,  for  th& 

L-xtresae  cases : — 

I/orkontal  surface,  '  ^  0;  T 

1  -  sin  c  \  (10-) 


p,=  p,=  ii}X- 


^p. 


1  -f  sin  f 

^  ^  90°,  or  the  axis  of  greatest  pressure  is  vertical. 

NatuTol  SlvpCf '  ^  f ; 

^,  =  M  a:  (1  +  sin  f)  J 

ft  =/?.  =  «»  a  (1  —  sin  f); 

:^  —  -2j>  (^  +  OO*^,  or  the  axis  of  greatest  pressure  bisects 

the  aitgle  between  the  slope  and  the  vertical. 


(U.) 
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^B  198.  PvBMOTC  ^r  BaffA  rncMlmt  m  TnHiwI  PlsMk. — In  fig.  94,  let 
^H  V     ox  repraecnt  &  vortical  plane  in  or  ia 

^H  Jr—-^"^'^       contact  with  a  moos  of  earth  whose  upper 

^1       3&-'-^ — "^  \  mir&oe  Y  O  Y  i«  either  horizontal  or  in- 

^^^v  \  clizietl  at  *ny  angle  ',  and  is  cut  hy  the 

^^^^P  ^^  -^  \— --^    Vi-rticiil  plane  in  a  direction  perpendicular 

^^^"  ^^^^  jj- — »  to  tliat  of  steepest  declivity.    It  is  required 

^H        ,^"^ — '  to  find  the  presBure  exerted  by  the  earth 

^M  against  that  vertical   plane,  per  unit  of 

H       ^'  ^**  brtadih,  from  O  down  to  X,  at  a  depth 

O  X  ^  X  beneath  the  aurfacc,  and  the  direction  and  position  of  the 

resultant  of  that  ]»re«»ure. 

I  The  direction  of  that  resultant  is  already  known  to  be  parallel  to 

the  declivity  Y  O  Y. 
Let  B  B  be  a  plane  traversing  X,  parallel  to  Y  O  Y.  In  that 
plane  take  a  point  D,  at  such  a  dLitauoo  X  D  from  X,  that  the 
weight  of  a  priam  of  earth  of  the  length  X  D  and  having  on  cbliqut 
base  of  the  area  unity  in  the  piano  O  X,  shall  represent  the  inten- 
adty  of  the  conjiie;ate  pressure  per  unit  of  area  of  a  vertical  plane  at 
'^^  the  depth  X.  iJraw  the  straight  lino  0  D;  then  will  the  ordinatf^, 
H  parallel  to  O  Y,  drawn  from  O  X  to  O  I)  at  any  depth,  be 
^H  length  of  an  oblique  prism,  whose  weight,  per  unit  of  area  of  i1 
^P  oblique  base,  will  bo  the  intensity  of  Lhe  conjugnto  pressure  at  thai: 
™  depth.  Let  O  D  X  be  a  triangular  prism  of  earth  of  the  thickni 
unity;  the  weight  of  that  prism  will  be  the  amount  of  the  conji 
gate  pressure  sought,  and  a  line  parallel  to  U  Y,  traversing  iti 
centre  of  gravity,  and  cutting  O  X  in  the  centre  of  prcKure  C,  will 
be  the  posiixon  of  the  resultmt  of  that  pressure.  The  depth  0  0 
of  that  c<rutre  of  pressure  beneath  the  surfaoo  is  evidently  two* 
thirds  of  the  total  depth  OX. 

To  express  this  syrubolically,  malce 


XD  « 


ttf  *0O3^ 


—   X 


p,  _        coa  I  —  ^(coa'  $  —  co8*  »)  ^ 

p^"  008^+   J{C0&'4 OOS'f)'' 

(by  equation  2  of  Article  197); 


,.(1). 


then  the  amount  of  the  conjugate  pressure,  or  weight  of  the  piiam 
UXD,i« 


P^  =  Jlp,dx^^J]p^d. 


wx' 

^   — —  'COS/ 


=.  — —  •  OOfl  t 


COB  # J{cO^  $ cos'  f) 


I 

I 
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sad  the  centre  of  pressure  is  given  by  tfae  equation 

2« 

«°  =  T 


(3.) 


In  the  extreme  oaaos,  equation  2  takes  the  following  forma  : — 
For  a  horizontal  mrface ;         ^  =  0; 

p  was*    1  — sin# 

'  ~  "3"  •  1  +  sin^ 

For  a  surface  sloping  at  the  angle  of  repose;      '  =  9; 

P,  =  —r-  "  COS*. 


(4.) 

.(5.) 


The  princi|>les  of  this  Article  aen'e  to  Jctcnnino  the  pressure  of 
autli  agaiiifit  retaining  walls^  as  will  aftem'ards  l>e  shown. 

199.  9«pp«nlng  Power  vf  Eoith  Foanrfailaas. — Tlte  two  preced- 
ing Articles  rtfcr  to  the  case  in  which  the  coDJugatc  pressure  at  a 
given  depth  Ir  caused  Rololy  by  the  vertical  pressure  due  to  the 
ireight  of  earth  above  that  point,  and  is  thcreiore,  in  virtue  of  the 
**  principle  of  least  resistance,"  the  least  conjugate  pressure  consis- 
tent with  the  weight  of  the  vertical  column  of  earth  in  question. 

But  the  conjugate  pressure  may  be  increntied  beyond  that  least 
nnonnt,  by  the  application  of  the  pressure  of  an  external  body;  for 
cxainple,  the  weight  of  a  buHdiug  foimded  ou  the  earth.  In  thia 
the  conjugate  pressure  will  l>o  tlie  fcngt  which  is  consistent 

ith  the  vertical  pressure  due  to  the  weight  of  the  building;  and 

that  conjugate  pressure  does  not  excewl  the  r/reatesl  conjugate 
ire  conaiatent  (according  to  equation  2,  3,  or  4  of  Article 
195)  with  the  weight  of  the  &irtJi  above  the  same  stratum  on  which 
the  building  rests,  the  mass  of  earth  will  bo  stabla 

The  most  important  case  in  practice  is  that  in  which  the  surface 
of  the  ground  is  horizontal ;  so  that  the  intensity  of  the  vertie^ 
pressure  duo  to  the  weight  of  the  earth  is  icx ;  x  being  the  depth 
of  the  base  of  the  foundation  of  the  building  below  the  surface  of 
the  earth. 

In  this  case,  the  greatest  horizontal  pressure,  at  the  depth  x,  oon- 
siMeut  with  stabili^,  aa  given  by  equation  3  of  Article  195,  ia  as 
fbllows: — 

p.  =  vx  •  -. : —  ; (1.) 

•^'  1 — sinf  ^   ' 

The  greatest  intensity  of  vertical  pressure  consistent  with  this 
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'1  —  8ia  f  \1 810  f/ 


.(2.) 


md  tliifl  is  tJie  greatest  intensity  of  pressure^  consistent  icith  stnbilittff  of 
builditiij  founded  on  a  /torizontal  stratum  of  earth  at  tJte  dept/i  x,  tJu 
angle  of  repose  being  0. 

If  A  be  the  area  of  the  foundation  of  the  building,  wx  A 
Iw  the  wciglit  of  t*arth  disijltLced  by  it ;  and  if  tho  preaaiire 
the  building  on  its  ba«e  be  imiformly  distributed,  p'  A  Trill 
the  weight  of  the  building;  so  tliat 


'    _  /I  ~r  »m  »\ 
X        \i  —  wafj 


.(3.) 


is  the  limit  of  t/ie  ratio  in  which  the  vcetghi  of  a  building  exceeds  Ut 
weight  ofearUt  displaced  by  it^  when  the  pressure  is  uniformly  dia* 
tributed  over  the  base. 

If  the  jjressure  of  the  building  bo  not  uniformly  distribut 
over  the  bose^  ite  greatest  intensity  must  not  exceed  that  given! 
by  equation  2,  and  iU  Ua»t  intensity  must  not  fall  short  of  ujcs. 
This  condition  determines  the  greatest  inequaiity  of  dvUtibutiitn 
of  the  pre.ssure  of  a  building  which  is  consistent  with  the  stability 
of  a  given  land  of  earth.  The  most  usefid  and  frequent  example 
of  tliis  case  is  that  in  which  the  base  is  rectan^ailar,  and  the 
iatcntuty  of  the  pressure  increases  at  an  uniform  i-ate  from  on* 
edge  to  tlio  opposite  edge  of  the  rectangle,  being  an  uniformly 
varying  atreas  (Articles  91,  92,  94).  In  this  case,  let  ^  denote 
the  mean  intensity  of  the  pressure  of  the  building,  b  the  breadth 
of  iU  base  in  the  direction  aluug  which  the  pretitsure  varies,  and 
(•6  tlie  utmost  deviation  of  t/ie  oentj-e  of  pressure  of  tJie  base  from  its 
caitre  of  figure^  cunsistent  with  tho  stability  of  the  oartli  w^hich 
supports  it;  then 

p'  +  wx  H-sin*^ 

Po  =  — 7, —  =  w*'7T-Ti;rT^J (*•) 


I 


(l-anf/" 


sin  0 


G{p  -^-tcx)       3(1  -t-sin'f)' 


(5.) 


200,    AbHiiias  Power  or  JBartii. — Tf  a  veiijcal  plane  surface  oi 

some  body  which  is  pressed  horizontally,  such  as  a  buttress,  or 
a  retaining  wall,  abuts  or  presses  horizontally  against  a  horizontal 
layer  of  earth,  of  the  depth  x,  tho  limit  uf  the  resistancfi  which 
that  layer  is  capible  of  opposing  to  the  horizontal  thrust  of  the 
vertical  plane  is  determined  by  the  greatest  horizontal  pressure 
cojisistej)t  with  the  stability  ol  t\ie  evurWi.    "H.<^TOi<>.  ^Jusi  wwiwwx^il, 
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thai  lioriaontal  reristance,  per  unit  of  horizontal  breadth  of  tlie 
vertical  abutting  plane,  is  given  by  the  equation 

p  wa?    1  +  ain  » 


1  —  sin  p 


2x 


The  eaUre  qfresuiance  is  at  -^  below  the  surface  of  the  eui-th. 

o 

201.  Table  m€  ExMMpics  of  the  results  of  the  fonuuhc  in  Articles 
197, 198,  199,  and  200. 


0 

2 
/=  tan  ^ 


45 


15'' 


zn 


30^ 


ao'^ 


45' 


60= 


0*268         0-577  i"ooo         173  J 


/ 


cotan  ^        00         3-733         1 732         I  000         0-577 


0-259  0-500  0707  o-'6ii(t 

0-588  0-333  0172  007- 

1-700  3-000  5826  i3'924 

0-966  0866  0-707  0-500 

o'933  0750  o  joo  0-250 

0-346  o-in  00295  00053 

2-890  9000  3394  193-3 

1*945  5000  17-47  97"4 

o-o8i  0-133  0-157  o"i<»j 


win  A 

1  — sin  ^ 
I  +  sin  9 
1  +  sin  9 
I  —  sin  p 

008  9 

oos'^ 

(I  — ain^y 
I  +sin^/ 
(I  4"  sin  ^Y 
I  —  sin  9/ 
I  +sin*» 
(i  —  sin  ^)' 

3(i-Fsin*f) 
Reuabk.    The  cohnmi  headed  o^  is  applicable  to  Uf{uid8. 
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202.    V^icUoiiol  Tconcitr  or  MMid  «^  n«*MUT  and  Drickwavftt. 

The  OTcrlapping  or  breaking  of  the  joints,  commonly  called  the 
lond,  in  masonry  and  brickwork,  lias  three  objects — Erst,  to  di*- 
tribute  the  vertical  load  which  rests  on  each  stone  or  brick  over 
two  or  threo  of  the  stones  or  bricks  of  the  course  next  below,  and 
BO  to  produce  a  more  ueaily  unilbrm  distribution  of  the  loiid  tlian 
would  otherwise  take  place ;  secondly,  to  enable  the  structure  to 
resist  forces  t<.'uding  t<j  brvak  it  by  shearing^  or  sliding  of  one  part 
on  another,  in  a  vertical  plane;  and  thirdly,  to  enable  it  to  resist 
forces  tending  to  tear  it  asunder  horizontally. 

For  musoury  and  brickwork  laid  either  dry,  or  in  common  mor- 
tar which  has  not  had  time  to  acquire  practically  appreciable 
tenacity,  the  resistance  to  horizontal  tension  mentioned  above  as 
the  third  object  of  the  bond,  is  due  to  the  mutual  friction  of  the 
overlapping  [tortious  of  the  be<Is  or  horiz<)ntnI  faces  of  the  stones  or 
bricks,  and  naay  be  calletl  "/rirfioHo/  lenaciit/J"  The  amount  of  the 
frictional  tenacity  at  any  horizontal  joint  is  the  product  of  tJie  ver- 
tical load  upon  the  portion  of  tliat  joint  where  two  blocks  of  stone 
or  brick  ovcrlaji  each  other,  into  the  co-cfiicicnt  of  friction,  whichf  fl 
as  stated  in  tho  table  of  Article  li)2,  is  about  0*74.  ™ 

Let  fig.  94  A  represent  a  iiortion  of  a  wall  ^itli  a  horizontal  top 
^  A ;  and  lot  it  be  retiuii-cd  to  dot^'fiiTino 

the  frictional  tenacity  at  a  horizontal 
joint  B,  whose  depth  below  A  is  j,  tho  m 
intensity  of  that  tenacity  per  unit  of  ^| 


i-i  i  vy 


S 


r-n^ 


ri  1   I    I  J  -I   I    I    i    r 


mzcxn 


TTTT 


I  I  I  1   I  I 


E 
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r—'T 


t 
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Fig.  94  A. 


area  of  a  vertical  plune  at  B,  and  the 
aggregate  tenacity  of  the  wall  fi-om  A 
do%vn  to  B,  with  which  it  ia  capable  of 
resisting  a  force  tending  to  tear  it  into 
two  jMulis  by  separation  at  the  serrated  ^B 

dark  line  which  extends  from  A  to  B  in  tho  figui-e.  ^ 

Let  w  lie  the  weiglit  of  an  unit  of  volume  of  the  material  of  thd 

wall ;  h  the  length  of  the  overlap  at  each  joint;  t  tho  thickness  of 

the  wall     Then 

tchlx 

ia  the  vertical  ])ro8sure  on  the  ovcrlajiping  portions  of  tho  stones  or 
bricks  at  B,  and  consequently,  if/be  the  co-efficient  of  fricfcioni  thoj 
amount  of  frictional  tenacity  for  the  joint  B  ia 

ftobtic. (1.) 

The  intensity  of  that  tenacity  per  unit  of  area  of  a  vertical 
plan<>  is  found  by  dividing  its  amount  by  the  area  of  a  vortical 
section  of  one  course  of  stones  or  bricks.     Let  U  bo  the  depth  of  a 
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rrtirw  ;  then  A  (  is  the  area  of  its  vertical  section  ;  and  tho  intensity 
U  the  Actional  teuAcity  of  the  joint  inxmediately  below  is 


(2.) 


Let  n  be  the  numhor  of  courses  from  A  down  to  B.     Then  the 
value  of  X  for  tho  uppermost  course  ia  ^  A,  and  for  the  lowest 

— =—  •  A ;  80  that  the 


eontse,  =  n  A  j  and  the  mean  raJae  of  x  is 
mean  tenacity  per  course  is 


fwhlh; 


joA  tiie  mean  intomdty, 


»+l 


/wJ. 


Hence  the  amount  of  the  aggregate  frictional  tenacity  of  the  wall, 
from  A  do'^vn  to  B,  is 

I  2       /•*'^*^*= 2^ W) 

From  the  equations  2  and  3  it  is  ohrious  that  the  frictional 
tenacity  of  niaaoury  and  brickwork  is  iucreaacd  by  increasing  tho 

lutio  7  which  the  lengtli  of  the  overlap  bears  to  the  depth  of  a 

oourae.  This  may  be  effected  either  by  increasing  the  length  of  the 
stones  or  bricks  (to  which  the  overlap  beai-s  a  dcfinito  proportion, 
depending  on  the  stylo  of  bond  adopted),  or  by  diminishing  their 
depth  ;  but  to  both  those  cx[vcdicuts  there  is  a  limit  fixed  by  tho 
liabili^  of  stones  and  bricks  to  break  across  when  tlie  length 
exceeds  the  deptli  in  more  than  a  certain  ratio,  which  for  bnck 
and  stone  of  ordinary'  strengtli  is  al>out  3. 

For  English  bond  (as  in  fig.  94  A),  consisting  of  a  conrae  of 
rirricJiers  ((tr  bricks  laid  lengthwise),  and  u  coui-so  of  1ieader»  (or 
bricks  laia  crosswise),  alternately, — and  also  for  Fleniish  hoiidy  in 
wbich  each  course  consists  of  alternate  headers  and  strctcherSf  the 
overlap  6  is  one-fourth  of  the  length,  or  about  three-fourths  of  tho 

h  ^ 

depth,  of  a  brick.     The  value  of  j  is  therefore  - ;  but  to  allow  for 

irregularities  of  figure  and  of  laying  in  the  bricks,  it  is  stxfe  to  make  it 

2 

'a  the  formulia.     Substituting  this  in  ct^uations  2  and  3^  and 
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making  /=  -,  we  fiiid  for  the  inteusity  of  the  fnctional  tenacity, 
w/teie  one-ftaifo/thejiice  ofUte  vxUl  comiats  o/ends  qffieaderi,' 


tax 


.<*-) 


imd  for  the  amount  &om.  tbo  top  of  the  wall  down  to  the  depth  x,'^ 

(^0 


4 


Tlie  tenacity  of  the  wall  iu  the  direction  of  its  thickness,  whid 

ressts  the  fleparation  of  itn  front  and  l>ack  jwrtions  by  splitting,  iaj 

oflfQ  ixa  important  aa  ita  longitudinal  tenacity,  and   sometime 

more  so,     Wliere  one-half  of  the  face,  aa  in  fig.  94  A,  consifitfi  o( 

onda  of  hcadera,  the  overlap  of  wich  cotirse  in  the  direction  of  th 

thickness  is  generally  one-half  of  the  length  of  a  brick  instead 

6  ,  4 

one  quarter ;  eo  that  j-  la  to  be  made  ^  -  instead  of  two-third* 

Hence  in  this  case,  the  traiiaverse  fnctioiud  tawtcity  (as  it  may 
called)  is  iltmbie  of  the  longitudinal  jrictiomil  tenaci^,  its  iutensitj 
at  the  depth  x  being 

VJX, (0.) 

and  iu  amount  from  the  top  of  the  wall  down  to  the  depth  x,  for] 
a  length  of  wall  denoted  by  /, 


w/(^-fA^) 


.(7.) 


In  a  brick  wall  consisting  enlirdy  of  stretdiersj  aa  in  fig.  94  Bj 

T r j 1 r— —    the  lon^Undinai  tenadti/  is  double 

I         I         I         i         I      that  of  the  wall  in  tig.  94  A,  where 
\         \         \         \         \  one-half  of  tlie  face  consists  of  ends  of 

headers.     But  tliat  increased  longitu- 
dinal tenacity  is  attained  by  a  total 
sacrifice  of  transverse  tenacity,  when 
In  brickwork,  thercfore, 


Kg.  94  C. 

the  wall  is  more  than  half  a  brick  thick. 

in  which  the  longitudinal  is  of  more  impr>Hance  than  the  tran.sverso 
tenacity  (as  is  the  case  in  furnace  cLinme}^)),  a  sutficient  amount  of 
transverse  tenacity  is  to  bo  preser\-e<l  by  ha\'ing  coxirses  of  headers 
at  intervals.  The  effects  of  this  arrangement  are  computed  as 
fo})ow8 : — 
Let  ^  be  tho  number  of  courses  of  att«A.c\iei»  W  «j3r.  <otkcwl 
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3S3 


;  so  that 


*+l 


of  the  &oe  of  the  wall  oonsiBts  of  eods  of 


lieadors,  and    ^r-=-  of  aides  of  stretchers. 

Let  L  denote  the  intensity  of  the  longitudinal  fictional  tenacity, 
and  T  that  of  the  transreroe  frictioual  tenacity,  at  the  depth  x, 

I  The  following  table  r^weaents  the  Talnes  of  those  intensities  in  the 
■Ktremc  cttses : — 


»+l 

3 

0 


*+l 
1 

T 
1 


0 


Now,  in  intermediate  cases,  the  longitudinal  tenacity  will 
nearly  as  the  pro|>ortion  of  sides  of  stretchers  in  the  face  of  the  wall 

,  and  the  transverae  tenacity  aa  the  proportion  of  ends  of 


»  +  l 


headers;  whence  we  have  the  following  formula;  for  the  iutensi- 


nes; 


■ 


L  = 


3 


.wx; 


.(8.) 
.(9.) 


Consequently,  for  the  aggregate  tenacities  down  to  a  ^ven  depth  x, 
when  the  length  of  the  wall  is  /,  and  its  thickness  t,  we  hare 


LonffUudinal, 


'iDt(e-\-hx)\. 


.(10.) 


4  (»  -fl) 
Transverm,  ^U-^i)  '  "^^  (**  +  ^^) (11-) 

I  longitudinal  and  transrerse  frictional  tenacities  of 
intensity,  we  should  have  »  =  2,  or  two  courses  of  stretchers 
)r  one  conne  of  headers     This  umkes 


L  =  T_ 


(12.) 


round  factory  chimneys,  it  is  usual  to  make  «  =  4  ;  and  then 
have 


9  0 


\u."^ 
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The  preceding  foirmnlas  are  applicable  not  only  to  brickwork, 
to  ashler  masonry  in  which  the  proixirtions  of  the  dimeusinos  uf 
stones  are  on  an  aveni^fi  npiirly  the  »imG  with  those  of  bricks. 

The  farmulcc  9  and  11  mny  also  be  used  to  find  the  h 

tenacity  of  a  ruhhh  toa/lf  if  bo  taken  to  represent  the 

iion  of  the  fact  of  ike  vxdl  V!/we4  wntHsis  af  the  endt  of 
headfra  or  bond  stones,  etmntding  tJi€  front  and  book  of  tks 

The  principles  of  the  present  Article  may  be  relied  on  aa  a  mt 
of  comparing  one  piece  of  masonry  or  brickwork  with  another, 
far  as  thpir  seciirity  depends  on  tlio  horizontal  tenacity  produced' 
by  the  friction  of  the   courses.      But  inasmuch  a^  the  absoliile 
numerical  res^dts  have  been  arrived  at  by  an  indirect  proceas,  from 
the  tangent  of  the  angle  of  repose  of  masonry  and  brickwork  laid 
with  damp  mortar,  them  renilta  arc  to  be  considered  as  uncertain, 
and  OS  requiring  direct  experiments  for  their  verification  or  correc- 
tion.    No  fiuch  experiments  have  yet  been  made. 

203.    l>*Hciion    of    BcT«w«,  K«T»,    asd    Wmlffcs. — The    plCCes 
structures  in  timber  and  metal  are  often  attached  together  by 
aid  of  keys  or  wedges,  or  of  screws.     The  stability  of  those  faBteife- 
ings  arises  from  friction,  and  rcqoiros  for  its  maintenance  that  the 
obliquity  of  tlie  pressure  between  the  wedge  or  key  and  its  aeat,  as 
between  the  thmid  of  the  screw  and  that  of  its  nut,  shall  notH 
exceed  the  smallest  value  of  the  angle  of  repose  of  the  materials.     H 

304.  Frictloa  oi  Bmi  and  FHctlon  «r  .fi«ttoB. — For  Bome  sub-^^ 
fitanc<>Sf  esprciiilly  those  who.se  stn*faces  aro  .sensibly  indented  by  fr 
moderate  pressure,  such  as  timber,  the  friction  between  a  pair  o£^ 
surfaces  which  have  remained  for  some  time  at  rest,  relatively  toH 
each  other,  is  somewhat  greater  than  that  between  the  same  pair  of 
Bor&cos  when  sliding  on  each  other.     Thift  cxceR.s,  however,  of  the 
JHclion  of  rest  over  the  friclion  ofmotioUf  is  instantly  destroyed  by 
a  sHght  vibi-ation  ;  so  that  the  Jricticfn  of  motion  is  alone  to  be 
relied  on  as  giving  stability  to  a   structure.     In  Article    193, 
accordingly,  the  co-efficients  of  friction  and  angles  of  repose  in  the 
table  relato  to  the  frii^imi  of  jnotzQUf  wliere  there  is  any  sensible 
diiferencc  between  it  and  theyWcfton  of  rest. 


dt 


SECnOH  4. — On  UiO  Stahility  of  Abutments  and  VauUs,  " 

205.  Scabtiiir  ai  a  piaar  Joint. — ^The  present  section  reLites  to 
the  stability  of  stmcturci  composed  of  block-s  such  as  stones  or 
bricks,  touching  each  other  at  joints,  which  are  plane  surfaces, 
capable  of  exerting  pressure  and  friction,  but  not  tension. 

The  cOflcJusions  of  the  present  section  aie  w^^Yu5u^iVi  \«  ft\icviR'wa«fc 
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or  brickwork,  imccmeuted,  or  laid  in  ordinary  mortar; 
ftltSicmgh  ordiiuiry  mortar  Gomctiines  attains  in  the  course  of  jeus 
k  tenacity  eqnal  to  that  of  limestone,  yet,  when  fresh,  its  tenacity  is 
~  to  be  relied  ou  in  pruotico  as  a  me&ns  of  resisting  tousiou  at 
lints  of  the  stnictiire ;  so  th&t  a  stmcture  of  mafiomy  or  brick- 
reqiuring^  as  it  does,  to  possees  stability  while  tbu  morUr  ia 
orught  to  be  doaigned  on  the  snppontioD,  that  the  joints  have  no 
le  tenacity.  The  mortar  udda  somewhat  to  tho  /riciional 
ity,  as  lias  already  been  fftat4Mi  in  tho  table  of  Article  192,  and 
thns  contribates  indirectly  to  the  frictumal  ienaciti/  described  in 

Tliere  are  kinds  of  eemmi  whose  tenacity  beoomes  at  once  equal 
to  that  of  brick,  or  even  to  that  of  stone.  So  for  ns  the  joiuU  are 
•Haented  with  mich  kinds  of  cement,  a  structure  is  to  bo  considered 
■  one  piece,  and  iU  safety  la  a.  question  of  strength. 

A  plane  joint  which  has  no  tenacity  is  incApablo  of  refusting  any 
£irce,  except  a  pressure,  whose  eerUre  qfsirc9!f  falls  within  the  joint, 
and  whoso  obliquity  does  nnt  exceed  the  angle  of  repose. 

If  tlic  resistance  of  the  material  of  the  blocks  which  meet  at  tho 
joiat  to  a  cnishing  foroo  were  intinitely  great,  it  would  be  suffi- 
cient for  stAbihty  that  the  centre  of  pressure  should  fall  anywhere 
wiUiin  the  join^  how  cloau  buever  to  the  edge  ;  but  fur  the  actual 
materials  of  oonatruction,  it  is  necessaiy  that  the  centre  of  pressuro 
should  not  be  so  near  the  nearest  edge  of  the  joint  as  to  produce  a 
pressure  at  that  edge  sufficiently  intense  to  injure  the  materiah 
Hence  it  appears  that  the  exact  determination  of  the  limiting  posi- 
tion of  tho  cenUx!  of  pressure  at  a  plane  joint  is,  strictly  speaking, 

qoeetion  relating  to  the  strength  of  materials.  Nevertheless,  on 
approximation  to  tliot  position  con  be  deduced  from  an  exumina- 
tion  of  tlio  examples  which  occur  in  pnictioe,  without  having 
reconi^  to  an  investigation  founded  on  the  theory  of  the  strength 
of  materials.  Some  of  the  most  useful  results  of  such  an  exumiua- 
tion  ore  expressed  as  follows  : — 

J>t  q  denote  the  ratio  which  the  distance  of  the  centre  qfpre$aure 
of  a  given  plane  joint  irom  its  centre  of  figure  beoi-s  to  the  diameter 
or  breadth  of  the  same  joint,  measured  along  the  fitraight  line 
which  traverses  its  centre  of  pressure  and  centre  of  ligurc  ;  so  that 
if  f  be  that  diameter,  qi  shall  be  tho  distance  of  tho  centre  of  prua- 
sure  from  the  centre  of  figure.  Then  the  ratio  q  is  found  in  prao- 
lice  to  have  the  following  values : — 


3 
In  retaining  toaUs  designed  by  British  engineers,...^,  or  0-375, 

3 

In  fvfaim'/r^ iffeUU deigned  by  French  engineers,... rrrr,  ox  o-^ 


■ 
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Tn  tlie  ahtUments  ofarthen^  Lu  jt«'#r«  and  detadMl  l>utlreMc»j  and 
towers  and  chirmiei/s  exposed  to  t)ie  preSBure  of  the  wind,  it 
been  found  by  experience  to  be  advisable  so  to  limit  tbe  deviat 
of  tlie  centre  of  pressure  from  the  centre  of  figure,  that  the 
mum  intensity  of  the  pressure,  supposing  it  to  bo  an  un}fi 
vamjing  prewiire  (see  Article  94),  fihall  not  exceed  t\\&dcmbte  of  i 
mean  intensity.     As  in  Article  94,  let  P  be  the  total  pressure ; 

p 
tho  area  of  the  joint ;  let  5-  =  ;>,,  l»o  the  mean  intensity  of  tho 

o 

sure,  whicb  ia  also  the  intensity  at  tho  centre  of  figure  of  the  joij 
and  at  each  point  in  a  neutral  axis  tmvenung  that  centre  of  fij^ 
let  X  be  the  perpendiculai*  distance  of  uny  point  from  that  axis, 
let  the  pressure  at  that  point  be  /?  =  7>^  -f*  rt  a;,  so  tlmt  if  a;,  be 
greatest  positive  distance  of  a  i>oint  at  the  e<lge  of  the  joint 
the  neutml  axis,  the  nmximuni  pressrire  wiU  be 

Now,  by  tho  oonttition  statwl  above,  /j,  ;=  ^p^  and,  consequently, 

P 


a  = 


a-'iS* 


(l.) 


If  the  diameter  of  the  joint  is  bisected  by  tho  centre  of  figure, 
and  if  x,  (as  in  Article  94)  be  the  distance  of  tho  centre  of  pressure 
from  the  neutral  axi.s,  we  shall  liave 

-ft. 

and  by  inserting  in  this  equation  the  value  of  x^  as  given  by 
tion  4  of  Article  1*4,  and  having  regard  to  the  value  of  a,  as  giv( 
by  equation  1  of  this  Article,  we  find 

al  I 


9  = 


2PaH~2Sa^'' 


an  expression  whose  value  depends  wholly  on  the  figure  of  the 
joint — that  is,  of  the  transverse  section  of  the  abutment,  pier, 
buttress,  tower,  or  chimney.  ^i 

Referring  to  the  table  at  the  end  of  Article  95  for  the  valaes  of™ 
the  moment  of  inertia  I,  the  following  results  are  obtained  for 
joints  of  diiferent  figures.  In  each  case  in  which  there  is  any 
difference  in  the  values  of  q  for  diflerent  directions,  the  deviation 
of  the  oentre  of  pressure  is  supposed  to  take  place  in  that  direction 
in  which  the  greatest  deviation  is  admissible — that  is  to  say,  at 
right  angles  to  the  neutral  axis  for  wlxich  I  is  a  maximum ;  90  thatj 

i£h  he  the  diameter  in  that  direction,  »v=^  v 
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FiGVBE  OF  Base. 

Rectangle— 

Ltttfetb A) 

BreaJlb, » b^ 

Square — 

Side, h 

EllipRfr— 

Longer  4xit, A^ 

SborUir  mxM, it) 

Circle— 
Diiactcr, h 

Hollow  rectangle — 
OutildQdimeD<iaiu,...A,  i> 
Inside  dimeniioiUi|..,A',  6'/ 

Hollow  square — 

OuUido  diii)«jiHinilft, i\ 

Inside  dimcosioDs, h'j 

Circular  ring — 

Diameter,  0«Uldc, A\ 

Do.       Inside, h'j 


I 

s 

;**6 

u 

hb 

h' 

h- 

12 

min 

xhb 

U 

4 

ir/> 

»A' 

G4 

4 

A*  6 -/*"&' 

12 

hb-UV 

12 

JC-h' 

.(/.*-;;•) 

.{/r-A^ 

04 

4 

1 

6 

J_ 
G 

!_ 
W(hh-h'b) 


When  the  Holid  parts  of  the  hollow  square  and  of  the  circular 
ring  are  very  thin,  the  expressions  for  9  in  Examples  VI.  and  VII. 
become  approximateJ)'  equal  to  the  following  : — 

VIII.  Hollow  squai-e, 7  =  o'i 

o 


IX,  Cii*cular  ring, q  = 


1 

—  • 

4' 


which  values  arc  suiTiciently  accurate  fur  pi-actical  puri>oscd  when 
applied  to  gqunre  and  round  fuctory  chiitmeys. 

The  conditions  of  stability  of  a  block  8Upi>ortcd  upon  another 
block  at  a  plane  joint  may  be  thus  summed  up: — 

Eefcmng  to  fig.  93,  Ax-ticle  I'jl,  let  A  A  represent  the  upper 
block,  B  B  part  of  the  lower  block,  e  K  tlie  joint,  C  its  centre  of 
preasnre,  P  C  the  resultant  of  the  whole  pressure  distributed  over 
the  joint,  whether  ariiilng  from  the  weight  of  the  \ipper  block,  or 
from  forces  applied  to  it  fi*om  without  Then  the  conditions  of  ata- 
bility  are  the  follai^-iug  : — 

L  T/t€  obliquilt/  of  the  j)rcsiure  mtui  not  exceed  Oie  angle  of  repow, 
that  is  to  my, 


IT.  Th£  ratio  which  the  donation  qftJu  centre  o/pre$Matt/rom  the 
centre  o/jitfure  of  t/te  joint  bean  to  the  l«mjth  of  the  diaantUr  of  '■■ 
joiiU  traversing  Uiote  two  centres,  muMt  not  exceed  a  certain  fro  rti  ,,, 
ti^ioae  value  varies^  according  to  circtimatanceSf  from  one^igfuh  to 
t/tree-eig/uJiSf  that  is  to  say, 


«E  — CE 


(4.) 


r:?^* 


Fig.  j>a. 


ich  *     J 

■fthefl 


tfE         — 

The  fii-st  of  these  conditions  is  called  ibui  of  etabOiiy  qffrietiony 
the  second,  that  o(  stabilitt/  of'^toailMU 

!206.    mnblUir  or  a  Bcrie*  of  Blockki  Mao  af  B«sUaUKO{  I.<ac  of 

. — lu  a  atruclure  compoBcd  of  a  sciica  of  blocks,  or  of  a 
Beries  of  courses  ao  bonded  that  cxich  may 
be  conaidorcd  as  one  block,  which  blocks 
or  courses  press  against  each  other  at 
]il.ine  joints,  the  two  conditions  of  sta- 
bility must  be  fuliilled  at  each  joiut. 

Lut  fig.   9i5  represent  ]>art  of  such 
structure,  1,  1,  2.  2, 3,  3,  4,  4,  beiug 
of  its  plane  Joints. 

SupfKKje  the  centre  of  pressure  C,  of  the 
joint  1 , 1,  to  be  known,  and  nUo  the  umoont 
and  direction  of  the  pressure,  as  indicated  by  the  arrow  traTcrsing 
C,,  With  that  prcssui-o  combine  the  weight  of  tlie  block  1,  2,  2,  1, 
together  witli  any  other  external  force  which  may  act  on  that  block  ;  fl 
the  resultaut  will  be  the  total  pre»siu-e  to  bo  resisted  at  the  joint" 
2,  2,  will  be  given  in  magnitude,  dii-cction,  and  position,  and 
will  intersect  tluit  joint  in  the  centre  of  pressure  C^  By  continu- 
ing thU  procc&a  thora  are  found  the  centres  of  prcfisure  C,,  C^,  ic, 
of  any  number  of  successive  joints,  and  the  directions  and  magni^ 
tudes  of  the  resultant  pressures  acting  at  those  joints. 

The  magnitude  and  jwsition  of  the  resultant  pressure  at  any  join* 
whatsoever,  and  consequently  the  centre  of  pressure  at  that  joint, 
may  also  be  found  simply  by  taking  the  resultant  of  all  tlic  forcca: 
whicli  act  on  one  of  the  parts  into  whidi  that  joiut  divides  tlie 
structure,  precisely  as  in  the  "method  of  sections'^  already  described  '^ 
in  its  application  to  framework,  Aiticle  161. 

The  centres  of  pressure  at  the  joints  are  aometimos  called  centrre 
of  reaiistance.     A  line  traversing  all  those  centres  of  rctiistjmcc,  sue 
as  the  dotted  line  K,  R,  in  lig.  05,  Ims  rect-ived  from  Mr.  Muael 
the  noma  q£  OiQ  *' line  of  Tctfisiance  ;^  a.uOL\.\uiXau\.\xOT\aatt\ao 


■» 

I 
I 


A:fALOC]T  OF  BLOCKWOBX  AND   FBAHEWOIIE.  281 

how  In  many  cases  the  eqii&tion  which  oxpreasea  the  foim  of  that 
line  may  be  determined,  and  applied  to  the  fiolutiou  of  u^ol 
problems. 

The  straight  lines  representing  the  Tetniltent  prc»arcs  may  be  all 
pArallel,  or  may  all  lie  in  the  same  straight  line^  or  may  all  intersect 
in  one  point  The  more  common  case,  however,  id  that  in  which 
those  straight  linea  intersect  each  other  in  a  seiiea  of  points,  so  as 
form  a  polygon.     A  corre,  snch  as  F,  F,  in  tig.  95,  touching  all 

le  sides  of  that  polygon,  is  called  by  Mr.  Moscley  the  *^line  of 


prropcrtiee  which  Uie  line  of  rcaistauco  and  line  of  pressiu-ee 
ust  hare,  in  order  that  the  conditions  of  Ktabilify  may  be  fulfilled^ 

the  following : — 
To  insure  stability  of  jwsition,  the  line  of  rtfistaiux  mtuf  no< 
deoiaic  Jiram  tJte  centre  o/Ji^re  of  any  joint  6t/  more  than  a  oeHain 
clion  (q)  of  Uie  diameter  oftJie  joint,  meaaurtd  in  the  disreoUon  of 
viaium. 

To  inture  stability  of  friction,  the  Ttonnal  to  each  joifU  mttel  not 
make  an  angle  greater  tJutn  the  angle  ofrepom  with  a  tangmt  to  tfie 
line  qf  pressures  drawn  throuyh  the  centre  of  resistance  of  thai  joint. 
307.  Aaalogr  •f  BUckwork  and  FnuMcwork.— The  point  of  in- 
wtictiou  of  the  straight  lines  representing  the  resultant  pressures 
t  any  two  joints  of  a  stnicture,  whether  composed  of  blocks  or  of 
mtiiit  be  situated  in  the  line  of  action  of  the  resultant  of  the 
tiro  load  of  the  part  of  the  structure  which  lies  between  the  two 
int«;  and  tho$c  three  resultants  must  be  proportional  to  the  threo 
idea  of  a  trimigli::  paiullcl  to  their  directions, 
Henoe  the  polygon  formed  by  the  iuterscctions  of  the  lines  repre- 
nting  the  pressures  at  the  successive  joints  in  fig.  05,  is  analogous 
»  polygonal  fnuno ;  for  the  aides  of  that  polygon  reprt'seut  tlie 
B  of  reaiatanceft,  which  sustain  loads  acUng  t^^ngh  its 
•DgleSy  8S  in  the  instances  of  Iramework  described  in  Articles  1^0, 
51, 153,  and  l.')4,  and  repre4>ente<l  in  tig.  75.  A  structure  of  blocka 
CaTwcially  analogous  to  an  open  polygonal  fi*ame,  like  those  in 
cles  1^1  aud  154,  rejirestuted  by  lig.  75,  with  the  pieoe  £ 
itted  because  of  the  absence  of  ties. 

Theqnestionof  the  sUbility  ofastinicture  composed  ofbloclcfl  with 
lane  joints  may  thertforu  be  solved  in  the  following  manner : — 
(1.)  Detr-rraine  and  lay  down  on  a  di*awing  of  the  structure  the 
line  of  action  and  t)ie  magnitudo  of  the  resultant  of  the  external 
rcfifl  applied  to  ejioh  block,  including  its  own  weight.     Either  one 
two  of  those  resultants,  as  the  caso  may  be,  will  bo  the  support- 
force  or  fui-oea. 
(2.)  Draw  a  polygon  of  exterttal  forces ^  like  that  in  fig.  76*  ot  *15** . 
'wo  contiguous  sides  of  that  polygon  willrepreseut  t\io  ei[ienia\^Qxe«& 
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acting  on  the  two  extreme  blocVs  of  the  series,  of  wUich  one  may 
be  a  Bupporting  pressure  and  tbe  other  a  load,  or  bt»tli  may  be 
sup[>orting  pressuix».  lu  either  ctu*  their  intersection  gives  the 
point  O,  ft-om  which  radiating  Une«  are  to  be  drawn  to  the  angles 
of  the  polygon  of  extecpal  forces,  to  represent  the  directions  and 
mftgnitudes  of  tbe  resistancea  of  tbe  sevGra)  Joints. 

(3.)  Draw  a  })olygon  having  ita  angles  on  tbe  lines  of  action  of  ^ 
the  external  forces,  as  laid  down  in  step  (1.^  of  the  process,  and  itg  ^ 
sides  parallel  to  the  radiating  lines  of  step  (2).     This  polygon  will 
ivpreeent  tbe  e^titxUeni  polygonal  frame  of  tlio  given  structure, 
and  will  have  a  side  corresponding  to  each  joint;  and  each  side  of  fl 
the  polygon  (produceil  if  necessary)  will  cut  the  corresponding  ]>hine  | 
joint  in  its  centre  of  pressurcj  and  will  sliow  the  du^ection  of  the 
resultant  pressure  at  the  joint. 

Then  if  each  centre  of  pi-essuro  falls  within  the  proper  limits  of  fl 
position,  and  the  direction  of  each  resultant  pressure  within  the  V 
proper  liniita  of  oliliquity,  as  prescribed  in  Article  205,  the  structure 
will  be  balanced  j  and  the  conditions  of  stability  will  l>e  fiiltilled 
under  variations  of  the  distribution  of  the  loail,  which  will  be  the 
greater,  the  greater  is  the  diameter  of  each  joint;  for  eveiy  increase 
lu  the  diameters  of  the  joints  increases  the  limits  within  which  the 
HgTire  of  the  equivalent  polygonal  frame  may  vary,  and  every 
variation  of  that  figure  conv8[>onds  to  a  variation  in  the  distribu- 
tiun  of  the  load. 

208.  TrmuBrormailoH  of  Blorkwork  Ninirmrr*. — Th£OH£M.  /, 
a  tUructure  composed  of  blocks  fune  stahililj/  ofjJosUion  when  act^i  on 
by  forces  represented  by  a  given  system  oflinea^  Uien  wUl  a  atruclure 
^tjfiose  fiffurc  is  a  parallel  projection  of  Oie  original  structure  have 
stability  of  position  vthen  acted  on  by  forces  represented  by  the  corre- 
sponding parallel  projection  of  the  original  system  of  lines ;  also^  the 
centres  of  pressure  and  the  lines  representing  the  resultatU  pressures  at 
the  joints  of  tiic  ne\o  structure  wiU  be  Oie  corresponding  projections  of  the 
centres  of  pressure  and  the  lines  representing  t/ie  renulUmt  pressures  at 
thejointe  of  the  original  structure. 

For  the  relative  volumes,  and  consequently  the  relative  weights, 
of  the  several  blocks  of  which  the  stt-ucture  ifi  composed,  are  not 
altered  by  the  translurmatiun ;  and  if  those  weighta  in  the  new 
structure  be  i-epiiwented  by  lines,  iminllel  projections  of  the  lines 
i*epn3s«.ntiug  the  original  lines,  and  ii"  the  other  forces  applie«l 
externally  to  the  pieces  of  the  new  structure  bo  repreaenteti  by  the 
corresponding  ptn-allel  projections  of  the  lines  representing  the 
corresponfling  forces  aj>plied  to  the  pieces  of  tlie  original  stnicture, 
then  will  t>ach  extemsl  force  acting  on  the  new  structure  be  th» 
]tarallel  projection  of  a  force  acting  on  the  corresponding  point  of 
tlie  original  structure  j  therefore  the  resultant   pressuix's  at  tho 
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noint^  of  tKe  new  structure,  wliicli  balance  the  external  forces,  -wiM 
The  represented  hy  the  ptmJloI  projectioua  of  the  liuea  ruprcfifntiiig 
Mite  resultant  pressures  at  the  coiTesponding  joints  in  the  oinginal 
■stzoctoro;  therefore  (Article  G2,  Imposition  I.),  the  centres  of 
neamre,  where  thone  rcmiltantu  cut  the  joints;,  will  divide  the 
Koumeters  of  the  joints  in  the  Home  ruUos  in  the  new  and  in  the 
hliginal  stioictures;  therefore  if  the  original  structure  have  stahilitj 
nf  poflitioD»  the  new  structure  will  also  have  stability  of  position. 
I  Thia  ifi  the  exteniuon,  to  a  frtnicture  composed  of  blocks,  of  tlio 
prindpU  of  the  trans/ormation  of  structures,  already  proved  for  fnunea 
iu  Aiticle  166,  and  for  conls  and  linear  arches  in  Article  177. 

20£).  FrlcUooal  IHmttUHy  of  a  TmiiBrvrmed  f^iruciurc — The  ques- 
tion, whether  the  new  stnjcture  olitaiued  by  tninsfomuition  will 
posseaa  AtabUity  o/fridion^  is  an  iudrpenilent  pixiblem,  to  be  solved 
by  determining  the  obliquity  of  axh  of  the  tiunaforuied  prcssurea 
|rf-latively  to  the  joint  at  which  it  acts. 

Shoulil  the  preiisure  ut  any  joint  iu  the  tranfifonned  structuiti 
>ve  to  be  too  oblique,  frictiouul  stability  can  in  most  cases  lie 
rred,  without  appivciably  affecting  the  stability  of  |Wfiitiou,  liy 
[altering  the  angidar  f»osition  of  tlie  joint,  ^nthout  shifting  its  centm 
[of  figure,  until  its  plane  lies  sufficiently  near  to  a  normid  to  tho 
UirePMiire  as  originally  determined. 

210.  BCTBctxirc  iMi   Lairraiir  PrrMcd. — If  %.  06  represents  ft 
Itnicture  consisting  of  a  siugle  series  of  blocks,  or 

>ui«cs,  separated  by  plane  joints,  and  h«s  no  lateral 

pri-ssurc  applied  to  it  from  without,  then  the  centre  of 

iistance  at  any  one  of  thiwe  joints,  such  as  D  E,  is 

iply  the  point  G  where  that  joint  is  intei'sected  by 

verticid  let  full  from  tlie  centre  of  gi*avity  G  of  the 

of  the  structure  ABED  which  lies  above  that 

'joint ;  and  the  conditions  of  stability  are, — that  no  joint 

shall  bo  iuclincHi  to  the  horizon  at  an  angle  8ti>eper  than 

^the  angle  of  i-cpoi*c, — and  that  the  point  C  shall  not  at 

ly  Joint  approach  the  edge  of  the  joint  within  a  distance  bearing 
certjiin  proportion  to  the  diameter  of  the  joint, 

211.  The  :nomrni  of  Hinbuiir  of  a  body  or  structure  supported 
a  given  plane  joint  is  the  moment  of  the  coujde  of  forces  wliich 

be  applied  in  a  given  veitical  plane  to  that  body  or  structnni 
Idition  to  ita  own  weight,  in  order  to  transfer  the  centre  of 
ice  of  the  joint  to  the  limiting  position  consistent  with 
B&bility.  The  applied  couple  usually  consists  of  the  thrust  of  a 
frame,  or  an  arch,  or  the  pressure  of  a  fluid,  or  of  a  mass  of  earth, 
against  the  structure,  together  with  the  equal,  opposite,  and  parallel, 
but  not  directly  oppobed,  resistance  of  the  joint  to  that  lateral 
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The  moment  of  stability  may  be  difierent  according  to  the  poaitioa' 
of  the  axis  of  the  applied  coupla. 

The  moment  of  tliat  couple  is  determined  in  the  fbUowing 
manner : — 

Conoeivo  a  line  to  pass  through  all  tbu  limiting  positions  of  the 
centre  of  resistance  of  tlie  joint,  so  as  to  enclose  a  space  beyond 
which  that  centre  must  not  be  found. 

The  product  of  the  ^ceiglU  of  the  structure  into  iht  ftorizojUal  dit- 
tance  ofapoxTit  in  this  Une  Jirofn  a  i^rtii'al  lin»  traversing  the  oenirt 
of  gravity  of  the  structure  is  tJte  mohest  op  STAinurr  oftht  atamO' 
lure,  xofteth  the  applied  tknut  acts  in  a  vertical  piano  ptmUM  to  that 
horizontal  distance,  and  lends  to  overturn  the  etrwiure  in  M«  direc- 
tion oftfte  tjiven  ptnnt  in  the  Una  limititu/  the  poaUion  of  the  centre  of 
resistance;  for  that,  according  to  Article  41,  b  the  moment  of  iha 
co!iplt>,  which,  being  combined  with  a  single  force  equal  to 
weight  of  the  stnicture,  tmnafers  the  line  of  action  of  that  foj 
parallel  to  iteelf  through  a  distonoe  equal  to  the  given  hoTUOn 
distance  of  the  centre  of  resistance  fivm  the  centre  of  graWty 
the  structure. 

To  express  this  symbol ically,  let  t  he  the  length  of  the  diometftp 
of  the  joint  whern  it  is  cut  by  the  vertical  piano  traversing  the 
centre  of  gi*a\ity  of  tho  stnicture  and  parallel  to  the  applied  thrust; 
let  j  be  the  inclination  of  that  diameter  to  the  horiz'^n ;  let  7  <  bo 
the  distance  of  tlio  given  limiting  centre  of  resistance  from  the 
middle  puint  of  that  diameter,  and  g'  t  the  distance  from  the  same 
middle  point  to  the  point  where  the  diameter  is  cut  by  the  vertii 
line  through  the  ceutro  of  gnivity  of  the  sti-ucture,  and  let  W 
the  weight  of  the  structure.     Then  the  moment  of  stability  is 

w  (j  ztz  yv  «>«;; (1.) 

the  sign  ■{  _  >  being  used  according  as  the  centi*  of  rei 
and  the  vertical  line  through  the  centre  of  gi-a^nty,  lie  toi 

{  thH^e^^de  [  ''^  ^'*^  ^^*^«  "^  ^^^  diameter. 

Let  h  denote  the-  height  of  tlie  structure  above  the  middle  of  the 
plane  joint  which  is  its  base,  h  the  breadth  of  that  joint  in  a  direc- 
tion perpendicular  or  conjugate  to  the  diameter  t,  and  to  the  weight 
of  an  uuit  of  volume  of  the  material.     Then  we  shall  have 
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w 


nwhhi, (2.) 


where  n  is  a  numeric  factor  depending  on  tlie  figure  of 
structure,  and  on  the  angles  which  the  dimensions,  A,  h,  t^  mi 
with  each  other;  that  is,  the  angles  of  obliquity  of  the  co-ordinat 


J 


t2ie  fipoe  <tf' tke 

'Tiloe  of  the  weiglii  of  t]ie 
IbUawing  talne  ar  Iba 


ntoOo 


^ 


This  qumntitj  is  ^vided  hj  points  iato  three  ^ctocs^  vis. : — 
(1.)  n  (g  :±^f)  ctmj,  *  ■wcr>wfy&<far,  defMntiwMk  tk*^ptf9 
of  tli«  stracture,  the  oUiqmilim  of  its  oo-ordiiute^  mm  Uw  ^Mnet^am 

m  wkicii  the  applied  force  tesda  to  oTextuni  it, 
(2.)  tc,  tiie  specific  gn-Tity  of  the  nuttenaL 
(3.)  A  6  (*,  a  geometzicftl  iaetor^  dt'pendiDg  ou  the  ^^immtimna  of 

stractme. 
Now  the  fitst  fiictor  is  the  suae  in  all  struotuivs  having  figoiw 
the  amc  dass,  irith  co-otdinateB  of  e<iual  obliquity,  and  «xpoaMl 
aimilariy  applied  exu-mal  forces;  that  is  sat,  to  all  structaxvs 
figures,  together  with  the  lines  of  action  of  the  applied  forces, 
paraiid  jrrqfKiionM  oftnch  oCA«r,  inl4  eo-&rdmaUs  t^'tq^tal  o6li- 
henoe  for  an^r  set  of  structures  vhidi  fulfil  that  ootidition, 
momeats  of  stability  ore  proportional  to 
I.  The  sppoiiic  gravity  of  the  material ; 
XL  TUq  Loigbt ; 

III.  Tho  bm»dtU ; 

IV.  Tlio  square  of  the  thickness;  that  is,  of  the  dimonsiou  of 
tbfi  base  which  is  parallel  to  the  vertical  ]>hLUC  of  the  applied  force. 

312.  AbvioManta  fTlpMiii — III  the  ntlc  of  the  present  section,  the 
word  "abutment"  ia  used  in  an  extended  sense,  to  denote  evory 
structure,  which  by  its  stability  of  position  and  of  friction,  snstAiu4 
some  pressure  wlaiJi  abuts  or  acts  laterally  against  it  Tho  structures 
comprehended  under  this  definition  may  be  classed  as  follows  : — 

I.  ButtrciseSy  wliich  sustain  the  thrust  of  a  frame  or  a  rib,  nt  ouu 
'or  more  definite  points. 

n.  Towers  and  chxnuiryx^  -m-hich  sustain  tbo  lateral  pressure  of 
tlie  wind,  uniformly  or  almost  imiformly  distributed,  and  liable  to 
n£t  in  every  horizontal  direction. 

HI.  Dams  for  sustaining  the  lateral  pressure  of  water,  and 
twining  vxUU  for  sustaining  that  of  earth — tho  intensity  of  Uio 
pRssnre  being  pi*oportional  to  the  depth  beneath  the  surlace. 

IV.  Arch  ahufmcnUt  which  resemble  both  buttresses  and  rotiiin- 
ing  walls,  and  whose  properties  will  be  treated  of  after  ihoae  of 
stone  and  brick  arches  shall  have  first  been  considered  with  I'cfoi'- 
«nce  to  the  stability  at  their  joints. 

213.  ButircMca  In  Gmcnii. — Let  fig.  07  represent  a  TcKicul  sec- 
tion of  a  butti*ess,  against  which  a  strut,  rib,  or  piece  of  frame- 
work abuts  at  C,  exerting  a  given  force  P  in  a  given  direction 
CA     Jji  otxicr  tliat  the  hut  ti  ess  may  be  8taV)\e,  \t.  mvk*A,  tvAW. 
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Fig.  97. 


the  ccinrlitions  of  stability  at  each  of  its  bed-jointK.     Let  D  £  be 
one  of  those  jointa. 

Should  scvcrnl  prefisuree  abut  against  the  buttress, 
the  force  P  acting  in  the  Une  OA  may  be  hold  to 
represent  the  resultant  of  all  tho  forces  which  are 
applied  above  tho  particular  joint  D  E  under  con- 
aidenttion.  ^ 

Jjct  G  be  the  centre  of  gravity  of  that  part  of  ths  V 
buttress  which  is  above  the  joint  D  E,  and  let  W 
denote  the.  weight  of  the  game  pai-t  Through  G 
draw  the  vertical  line  A  G  B,  cutting  the  dii^?ctioa 
of  the  liitei-al  thrustt  in  A,  and  the  joint  D  E  in  B ; 
make  AW  =  W,  A  P  =  P  ;  complete  the  parallolo- 
gi-am  A  P  R  W" :  tlien  A  R  ^^*ill  represent  the  result- 
ant of  all  tho  forces  which  act  on  the  ptirt  of  the  buttress  above 
the  joint  D  E,  and  t<)  which  tlie  resultiuit  of  the  resistance  at  that 
joint  must  bo  equal  and  directly  opposed-  A  R  being  produced, 
cutd  D  E  in  F,  tho  centre  of  i-esistauco  of  that  joint,  which  must  not 
fall  beyond  a  certain  pit-acribed  limit,  that  the  coudiuon  of  stiibility 
of  jHjxition  may  bo  fidiillcd.  In  order  that  tlie  condition  of  stabi- 
lity of  friction  may  be  fulfilled,  the  angle  A  F  B  must  not  be  leas 
thnu  the  complement  of  the  angle  of  repose,  ^1 

The  most  convenient  mode  of  expressing  this  problem  algebrai-^ 
cnlly  dejH'nds  on  the  circumstaacea  of  the  pai'ticular  case,      Tho 
following  example  is  that  wliich  is  most  fi*equent  and  useful  in 
piiictice ;  viz.,  when  the  inner  faee  C  D  of  the  buttress  is  vertical,  fl 
and  the  joint  D  K  horizontal.  V 

In  this  case,  let  tho  point  of  application  of  the  lateral  force,  C, 
be  taken  for  the  orijjin  of  co-oixlinates.     Let 

t  dcnotti  tho  angle  of  inclination  of  the  applied  lateral  pressure 
to  the  horizon ; — 

^  =  CD,  tlie  depth  of  the  joint  in  question  below  C ; — 

t/(,  =  B  D,  the  horizontal  distance  of  the  centre  of  gravity  of  the 
I»u*t  of  the  buttress  above  that  joint  from  tlie  inner  face  ; — 

y  ^  D  F,  the  horizont'd  distance  of  the  centre  of  resistance  of  fl 
the  joint  from  its  inner  edge,  | 

The  resultaiit  resistance,  which  acta  through  F  in  the  direction 
FA,  nuiy  be  resolved  into  two  components,  respectively  parallel, 
equal,  and  opi^sito  to  tlio  weight  W  and  applied  force  P,  Thefl 
couple  of  forces  W  is  right-liauded,  and  has  the  arm  F  B  :=  y— y^  ■ 
The  couple  of  forces  P  is  leftrhanderl,  and  has  for  its  arm  the  per- 
pendicular distance  of  F  from  Uie  line  of  action  C  A  of  the  applied 
J'orce,  \iz, : — 

GC  COS  i  — -  y  an.  %. 
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The  fonaer  of  Uioee  cotipks  tends  to  maintAin  tlie  stability  of  the 
ImtliiM  :  the  latter  t^ida  to  overturn  it.  fiqnating  their  mogni- 
Inilfn,  ve  obtain  for  t^e  ei^ireesioQ  of  the  condition  of  stability  of 
podtia&  the  iblloiring : — 

"W(y-yJ  =  P(xco8»-y8int).,... (1.) 

Ftom  this  fundiimental  equation  the  solutions  of  various  {>n> 
lllems  nuiT  be  deduced,  of  which  the  following  uo  examples  : — 

L  The  buttress  and  the  lat«ral  force  being  given,  to  find  the 
centre  of  resistance  at  a  given  joint. 


y  = 


"W-f  Paini    ' 


..(3.) 


I 


This  is  the  equation  of  the  "  line  of  reaistAnce." 

The  condition  of  stability  is  expressed  in  terms  of  y  thus — 


^-('+^) 


.(3.) 


IL  The  relation  Ix-tween  the  weight  and  the  dimeusions  of  tlio 
part  of  the  buttress  under  conaideration  being  riven  as  in  equations 
2  and  3  of  Article  21 1,  it  is  required  to  tind  the  least  thickness  at 
the  joint  D  E  consistent  with  stability. 

For  this  purpose  we  must  substitute  for  W  (y  -.vj  in  equation  1 
of  this  Article  its  limit ;  that  is  to  say,  the  vtometU  of  siabiltti/,  ns 
expressed  in  equation  3  of  Article  2}  1  ;  and  for  y  we  must  substi- 
tute its  limiting  value  in  terms  of  the  thickneAs,  as  given  by  equa- 
tion 3  of  this  Article.     Thus  we  obtain  the  following  equation : — 


Ln(y  +  ?')«i  A6<*  =  P(aiC08  t- (j  +  ^)  «  Bin  i) 
To  simplify  the  form  of  this  quadratic  equation,  make 
T>  (7  +  o^P«at 

-  P  X  cos  t  ^      y   '  2/ 


.(4.) 


then  equation  4  becomes 
the  solution  of  which  is 


=  A, 


2n(y4-^)wA6 


=  B; 


t'  =  A  — 3B;, 


=  s/A  +  6'  — B. 


(5) 

In  detached  buttresses,  it  is  in  general  desirable  to  give  g  tho 
ra}ue  aaagncd  by  equatioD  2  of  Article  205,  for  the  reason  then- 
ftod 
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lir.  To  find  the  obliquity  of  the  pressare  at  the  joint  DE, 
have  the  cqiiiiUon 

ten  ^  P  A  B  =  ■■-^'^* -.(6.) 

W  -f-  P  am  t  ^    ' 

As  the  resultant  of  the  resistancQ  at  each  joint  mast  act  in  a 
traTcrsing  the  point  A.  tho  locna  of  that  point  is  the  "  line  ofj 
suret,*^  de&ned  in  Article  20G. 

The  greatest  obliquity  of  prassuTe  occura  at  that  joint  irliicK 
immccliHtcly  below  tne  |wint  of  abutment  C.     Let  W^  therefoi 
denoto  the  weight  of  material  above  that  joint,  and  the  conditic 
of  fltttbility  of  friction  will  bo  given  by  the  equation 


P  coei 


W„  +  P  Bin  »  =^ 


ton  9. 


.(T.) 


214.  BocmncnUr  iiaitr«<M.  —  In  a  rectangular  buttress,  the 
breadth  b  and  thickne&s  t  are  constant ;  and  if  A^  be  taken  to  denota 
the  height  of  the  top  of  the  buttress  above  the  point  C, 

•will  be  its  height  above  a  given  joint     Alan,  because  the  centre  of 
gravity  of  the  portion  above  any  bed-joint  ia  vertically  above  the-, 

oentro  of  the  joint,  ^  =  0,  an^l  y^  =  s  ^  J  ^^^  because 


n=  1. 

ITicso  values  being  substituted  in  equations  S,  4,  5,  and  7  o 
Article  213,  give  the  following  reaulta; — 

Equation  of  the  line  of  resristance — 


y  = 


w(/i,  -t-  a:) 5 2*  -f  Px  cosi 


4 


The  least  thickness  compatible  with  stability  (jj,  being  tho  depth  of 
the  boae  of  the  wall  below  C)  ia  found  by  making 


A=: 


Pa:,  cost 


B  = 


(^  +  -2) 


P  sin  ft 


2?to(\-f-x06 


whence  foUowa 


<  =  ,/A.-i-£? 


-B-V 


?T«-r*.>6 


Fmi 


+  ^4 


-<aL) 


•ibove 
wi^  rtabib^  of  fiHttoB;, 


wk^bt  +  Faa 


=  tan*. 


■  to  say. 


(1) 


Tbeeqnatiaal  of  ttefineof 


tkkt  of  A  lecteagolir 


tiaieiaiug  Ae  foint  A  (wliick  »  ia  this  eaae  imywaMtl^ 


luiTij^  a  TcrtMad  asysqitote, 


tile  iimer 


£ice  of  the  bottresau 


2 


(4.) 


beiag  the  limit  which  y  continaaUr  appcoAebes,  but  never  attains, 
as  the  d£|)th  t  izicrcasea  irithoat  limit. 

Afl  the  d«pth  X  incrcaaes  without  limit,  the  thirVnew  required 
for  the  -wall  approadiea  the  foUowing  limit: — 


—   V    \qtob} 


(5.) 


vhich  depends  on  the  boriaontal  component  of  the  lateral  force 
alon& 

Snppoeing  thifi  taIup  to  he  adopted  for  the  thickness  of  the  but- 
tma,  in  order  that  it  may  be  stable^  how  deep  soever  the  bojic  may 
he  heluw  the  point  C, — then  to  insure  stability  of  friotiun^  tho 
height  of  the  tc^  above  C  must  have  the  following  value ;— > 


Ap  =  7^ 


sin  f  COS  I 


.(&) 


Tnsteiul  of  the  rectan^rnliir  mass  h.b  /,  there  may  he  substituted 
jmrnade  of  the  same  roiume,  and  of  any  figure. 
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nay  be  f 


21o.  Towrra  mm^  C'iiiDiH«ra  aro  exposed  to  the  lateral  pi 
of  the  wind,  which,  ^-ithout  sensible  error  iu  practice,  may 
assumed  to  be  horizontal,  and  of  uniform  inteosity  at  ail  heights 
above  the  ground. 

Tlie  surface  exposed  to  the  prosanro  of  tUe  viiid  by  sucli  struc- 
tni*e8  ia  uKually  either  flat,  or  cylindrical,  or  conical,  and  differing 
very  little  from  the  cylindrical  form.  Octagonal  chimneys,  which 
ore  oecawonnlly  erected,  may  be  treated  as  sensibly  circular  in  plan. 
The  inclination  of  the  surface  of  a  tower  or  chimney  to  the  vordcal 
is  seldom  sufficient  to  be  worth  taking  into  account  in  determining 
the  pressure  of  the  wind  against  it 

The  greatest  intensity  of  the  pressure  of  the  wiod  againist  a  flat 
surface  directly  opposed  to  it  hitherto  observed  in  Britain,  has  been 
05  lbs.  per  square  foot ;  and  this  result,  obtained  by  observations 
with  nuemometers,  liaa  been  verified  by  the  effects  of  certain  vio-^| 
lent  storms  in  destroying  factory  chimneys  and  other  stnictures.      ™ 

In  any  other  climate,  before  designing  a  stmcture  intended  to 
resist  the  lateral  pressure  of  wind,  the  greatest  intensity  of  that 
pressure  should  be  ascertained,  either  by  direct  experiment,  or  by 
obsfn-ation  of  the  effects  of  the  wind  on  prcvioxia  structures. 

The  total  pressure  of  the  wind  against  the  side  of  a  cylinder 
about  one-half  of  the  total  pressure  against  a  diametral  plane 
tlittt  cylinder. 

Let  fig.  98  represent  a  cbimncy,  square  or  circular,  and  let  it  be 
required  to  determine  the  conditions  of  stability 
of  a  given  bed-joint  D  E, 

Let  S  denote  the  area  of  a  diametral  vertical 
section  of  the  part  of  the  chimney  above  the 
given  joint;  and  p  the  greatest  intensity  of  pres- 
sure of  the  wind  against  a  flat  surface.  Then 
the  total  i>ressure  of  the  wind  against  the  ohim- 
ney  will  be  sensibly 


1 


P  =:  p  S  for  a  square  chimney ;  \ 
P  ^  p  ^  for  a  round  chiraneyj   i 


(I) 


1 


Fig.  ga. 


and  its  resultant  may,  without  appreciable  error».^ 
be  assumed  to  act  in  a  horizontal  line  throngbjjH 
the  centre  qf  gravity  of  the  vertical  diam^ral  sectiony  C.     Let  11" 
denote  the  height  of  that  centre  above  the  joint  D  £ ;  then  the 
moment  of  the  pressure  is 


H  P  =  H  o  S  for  a  square  chimney ; 
HfS 


HP  = 


2 


for  a  round  chimney 


>} 


(3.) 


CMaufc 


941 


I 


¥ 


ud  to  this  the  hni  wtomtmi  ^$tabXfy  d  tbe  pottioa  of  tbe  dkim* 
avj  abon  the  joint  D  £»  v  ftetamixied  l^  the  wif<hoHii  of  Article 
til.  dkooldbecquL 

For  a  duMincy  vhcee  axis  is  rertkalr  the  moment  of  itabiU^  is 
tbe  seme  in  all  directaoas.  But  fev  dumn«js  have  their  axes 
cxactlr  TCEtkal ;  and  the  leaii  mnramt  of  titabilitj  U  obrioiuly 
thai  which  oppoaes  a  latcsal  pifiuii  aotiag  in  that  direciioa  to- 
mrd  which  the  «himiej  3eaiia. 

Lei  G  be  the  cadre  ofgfwtihf  ^A$fmri  oftke  cMnrmey  which  is 
aiboT«  the  joint  D  E,  and  B  a  point  in  the  joint  D  £  vertically 
helow  it ;  and  let  the  line  DE  ^i  represent  the  diameter  of  that 
joint  which  trmTersea  the  point  B.  Let  9',  as  in  ft.irmcr  example*, 
icprcaent  the  ratio  which  the  de-nation  of  B  from  the  middle  of  the 
diameier  D  £  hears  to  the  len^i^th  (  of  that  diameter. 

Lrt  F  be  the  limiting  position  of  the  centre  of  resistance  of  tlio 
joint  J)  £,  nearest  the  ^dge  of  that  joint  towards  which  the  axis  of 
the  chimner  leanj,  and  let  j,  as  before,  denote  the  ratio  which  th^ 
deriatiDU  of  that  centre  from  the  middle  of  the  diameter  D  £  bears 
to  the  length  t  of  that  diameter. 

Then,  aa  in  equation  3  of  Arlide  21 1 ,  the  least  moment  of  stability 
is  denoted  by 

WBF  =  (?  — ^Wt (3.) 

The  value  of  the  co-efficient  7  is  detennined  by  considering  the 
manner  in  which  chimneys  are  obeerved  to  give  way  to  the  prossoiv 
of  the  wind.  This  is  generally  obser^'ed  to  commence  by  the  opening 
of  one  of  the  bed-joints,  such  as  D  E,  at  the  windward  side  of  the 
ehimuey.  A  crack  Ukos  begins,  which  extends  itdelf  in  a  zig-xog  form 
diagonally  downwards  along  both  side^  of  the  chimney,  tending  tti 
■eparate  it  into  two  partsi  an  upper  leeward  part,  and  a  lower  wind- 
ward part,  divided  from  each  other  by  a  fissmv  extending  obliquely 
downwards  from  wiudward  to  leeward.  The  final  desb-uction  of  tho 
chimney  takes  place,  either  by  tho  horizontal  shifting  of  tho  upper 
division  until  it  loses  its  support  from  below,  or  by  the  crushing  of 
a  portion  of  the  brickwork  at  tho  leeward  side,  from  the  too  great 
concentration  of  prefigure  on  it,  or  by  both  those  causes  combined  ; 
and  in  either  ease  the  upper  portion  of  the  structure  falls  in  a 
abower  of  fragments,  partly  into  the  interior  of  the  ])ortion  loft 
standing,  and  partly  on  the  ground  beside  its  base. 

It  is  obvious  that  in  order  that  the  stability  of  a  chimney  may  bo 
secure,  no  bed-joint  ought  to  tend  to  open  at  its  windward  edge  ; 
that  is  to  say,  there  ought  to  be  some  pressure  at  every  point  of 
each  bed-joint,  except  tho  extreme  isindwai-d  edge,  where  the  in- 
ieaa'ty-  mnjr  diminish  to  nothing ;  and  tbia  couQiWou  Vi  WkJWisA. 

a 


I 


I 
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Trith  mifHciATit  accuracy  for  practical  pnrpoaes,  by  asBiimmg  the 
pi-cssure  to  bo  an  uuiformly  varying  jiressure,  and  so  limiting  the 
pontion  of  the  centre  of  pressure  F,  that  the  intensitj  at  the  lee- 
ward edge  E  shall  be  double  of  the  mean  intensity. 

It  has  already  been  showu,  in  Article  205,  what  values  thin  con- 
dition assigns  to  the  coefficient  q  for  different  forms  of  the  bed-jointa. 
Chimneys  in  geneml  oonsist  of  a  hollow  shell  of  briclrwork,  whose 
thickness  is  small  as  compared  with  its  diameter ;  and  in  that  case 
it  is  sufficiently  accurate  for  practical  put^oees  to  give  to  q  the  fol- 
lowing values : — 


For  square  chinmeys,  g 


3' 


For  round  chimneys,  ?  =  T 


(*) 


The  following  general  equation,  between  the  moment  of  stability 
and  the  moment  of  the  external  prestmre,  expresses  the  condition  of 
stability  of  a  chimney ; — 


HP  =  (j  — y)W< 

This  becomes,  when  applied  to  square  chimneys, 

and  when  applied  to  round  chimneys, 


(5.) 


HpS 
2 


(6.) 


The  following  approximate  formula?,  deduced  from  these  equations, 
are  useful  in  practice : — 

Let  B  bo  the  meaji  thickness  of  brickwork  above  the  joint  D  E 
under  considei-ation,  and  6  the  thickness  to  which  that  brickwork 
would  be  reduced,  if  it  were  spread  out  flat  upon  an  area  equal  to 
the  external  area  of  the  chimney.  That  reduced  thickness  is  given 
with  suilicient  accuracy  by  the  formula 


.b(,-5) 


■ff) 


but  in  most  cases  the  diflerencc  Iwtween  h  and  B  may  be  neglootpd. 

Let  to  bo  t]jo  weight  of  an  unit  of  volume  of  brickwork;  U.'iug, 

em  an  average,  about  112  Iba.  ^er  cwbic  foot,  or,  if  the  bricks  are 


rOIB-WALl& 


213 


^eam,  Kid  Imid  Teiy  dosely^  vith  thm  layers  of  mortAr  in  the  jointly 
hoax  llf  to  120  Ibo.  per  cable  foot     Then  we  liave,  vei7  uead/. 


for  square  cliiameys,  W  =  4  w  6  S ;        ) 
for  nyimd  ctumne^'s,  W  =  3'14w6S;/ 


(&) 


vUdi  TsloiBS  being  rabstitutod  in  the  cquAtion  6,  give  the  following 


Jot  squire  chimneyB,  Hp  =  \-ij  —  i</y^oht; 

For  roand  chimneys,  H^  =  (l*57  —  6*2Sg'Jw6i; 


(9.) 


These  formula)  aerve  two  purposes ;  first,  when  the  pxjatcHt  in- 
tmmty  of  the  jproaiuro  of  the  wind,  /),  and  the  external  form  and 
dimennona  of  a  proposed  chimney  arc  given,  to  find  the  mean  re- 
duced thickness  of  brickwork,  6,  required  almve  each  bed-joint,  in 
order  to  insure  stability  j  aud  secondly,  when  the  dimensions  and  form 
and  the  thickness  of  the  brickwork  of  a  chimney  ai-e  given,  to  find 
the  greatest  intensity  of  pressure  of  wind  which  it  will  sustain  with 
safety. 

The  shell  of  a  chimney  consists  of  a  series  of  divisions,  one  above 
another,  tlie  thickness  being  uniform  in  each  division,  but  diminish- 
ing upwards  from  di^^sion  to  division.  The  bed-joints  between  the 
divisionB,  where  the  tUtckucss  of  brickwork  changes  (including  the 
bed-joint  at  the  ba«e  of  the  chimney),  have  obviously  loss  stability 
than  the  intermediate  bed-joints;  hence  it  is  only  to  the  former  set 
of  joints  that  it  is  necessary  to  apply  the  formulae.  To  illustrate 
the  application  of  the  formula*,  a  table  is  given  in  the  Appendix, 
showing  the  dimensions  and  Hgiii-e,  and  the  stability  against  the 
wind,  of  the  great  chimney  of  the  works  of  Messrs.  Tennant  and 
Company,  at  St.  RoUox,  near  Glasgow,  which  was  erected  from  the 
designs  of  Meiers.  Gordon  und  UiU,  and  is,  with  the  exception  of 
the  spire  of  Strasburg,  the  Gi*eat  Pyi-amid,  and  the  spire  of  St 
Stephen's  at  Vienna,  the  most  lofty  building  in  the  world. 

216.  Danu  or  BeMTToir-vraiu  of  masonry  are  intended  to  resist 
the  direct  pressure  of  water.  A  dam,  when  a  current  of  water 
fails  over  its  upper  edge,  becomes  a  uwir,  and  requires  protection 
for  iia  base  against  the  undermiuiug  action  of  the  falling  stream. 
Such  structures  are  not  considered  in  the  present  Article,  which  is 
confined  to  walls  for  resisting  the  pressure  of  water  only. 

In  fig.  dOj  let  E  D  represent  a  horizontal  bed-joint  of  a  reservoir- 
ns/^  which  wall  bua  a  plane  surface  0  D  esposed  to  Wq  ^t(:;ss<;a^ 


TffBOlT  or  ffTBUCTCRES. 


lane  S 

^^.  1 


of  the  contained  water,  wh»>ao  upper  purface  is  the  horitontal  plan© 
O  T,     Couaider  a  vertical  layer  of  the  wall  of  the  length  uni'' 

sustaining  the  pressure  of  a  ver- 
tical layer  of  water  of  the  length 
tinity  alaa  Then  &om  Axtidea 
89  and  124  it  appears,  that  tlie 
total  pressure  exerted  against 
that  layer  of  the  wall  is  equal 
to  the  weight  of  the  triangular 
prism  of  water  O  D  K,  right 
angled  at  D,  whose  thictneaa 
is  unity,  and  whose  side  D  K  is 
?^g-  *9-  equal  to  the  depth  of  the  joint 

DE  beneath  the  surface  OY;  and  it  also  appears,  that  the  resultant 
of  that  pressure  acts  in  the  line  H  0,  bemg  a  perpendicular  upon 
O  D  from  the  centre  of  gravity  H  of  the  prism  of  water;  so  that 

CD  =  —, —     Let  G  be  the  centre  of  gravity  of  the  \-ertical  layer 

of  masonry  above  D  E,  and  G  B  W  a  vertical  line  drawn  throng 
it ;  produce  H  C,  cutting  that  vertical  line  in  A ;  take  A  W  to 
represent  the  weight  of  the  layer  of  masonry,  and  A  P  to  represent 
the  pressore  of  the  layer  of  water;  complete  the  parallelognua 
A  P  R  W  ;  A  R  will  represent  the  totiil  pressure  on  the  joint  D  E 
for  each  unit  of  lengtli  of  the  wall,  and  F,  where  that  line  cuts 
D  E,  will  be  the  centre  of  ix^siatance  of  tluit  joint,  which  must  fall 
within  the  limits  consistent  with  stability  of  position,  while  at  t]io 
enmc  time  the  angle  A  F  D  must  not  be  less  than  the  complement 
of  the  angle  of  i-epoae. 

To  treat  this  case  algebraically,  k*t  x  denote  the  depth  of  D 
beneath  the  surface  of  the  wator,  «/  the  weight  of  an  unit  of 
volume  of  water,  and  /  the  iuelinatiou  of  O  D  to  the  verticaL 
Then  the  pressure  of  the  vertiail  layer  of  water  is 

"2" 


I 


P  = 


sec  J, 


.(I) 


its  centre  C  being  at  the  depth  -  x. 

o 

This  force,  together  Ti^th  the  equal  and  opposite  oblique  com- 
ponent of  the  resistance  of  the  joint  D  E  at  F,  constitute  a  couple 
tending  to  overturn  the  wall,  whose  arm  is  the  perpendicular  dia-j 
tance  of  F  from  C  P  ;  that  is  to  say, 


RESERVOIR- WALLS. 


2« 


Now  CD  =  — = — ^,  and  if,  as  before,  we  make  ED  =  i,  F  D  = 


I 


( y  -f  ^  j  t;  conBequcnUj  we  have  for  the  arm  of  the  couple  i 

qnestioD, 

ar  ■  sec  J       /     .   1\  ,     .     . 

which  being  maltiplied  by  the  pressure,  gives  the  moment  of  the 
overtumiag  couple  ;  and  this  being  made  eqnal  to  moment  of 
stability  of  the  wall,  v,q  obtain  the  fuUowing  equation : — 


W-FB  =  W(7±?0« 


to'sc* 


Ki^j-w'aft 


(M) 


tan/.. .(2.) 


"When  the  inner  face  of  the  wall  ia  vertical,  sec  j*=  1,  and  tan  j  =  0; 
and  the  above  equation  becomes 

W(?±sO'  =  ^- (3  a.) 

To  obtain  a  couvcuient  general  formula  for  comparing  walla  of 
similar  figures  but  difierent  dimensions,  let  n,  as  in  Article  211, 
denote  the  ratio  of  the  area  of  the  vertical  section  of  the  wall  to 
that  of  the  circumscribed  rectangle,  bo  that  if  u?  be  the  weight  or 
an  unit  of  volume  of  masonry,  the  weight  of  the  vertical  layer  oT 
masonry  under  consideration  is 

^  W  =z  nwhe, 

^B  "where  A  is  the  depth  of  the  joint  D  £  below  the  top  of  the  wall. 
^■Then  equations  2  and  2  A  take  the  following  forms  : — 


n{q±^whf=^-^  »ecy-w'a:"<y  +  -jtany> (3.) 

(3  A.) 


— equations  analogous  to  equation  4  of  Article  213.     To  obtain  a 
fcsmnla  suitable  for  computing  the  requisite  thickness  of  wall  ^  let 


wra? 


secj 


6  n  (g  +  j')  w  A 


=  A 


(In) 


tan 


2n(^+ }')wA 


^B 
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which  quadratic  equation  being  solved,  giTGS 

t  =  JaT^-Bj «...(i.) 

or  for  a  wall  with  a  vertical  inner  face,  for  which  B  =  0, 

<=  ^/A. (4  a.) 

In  most  cases  which  occur  in  practice,  the  sorface  of  the  water 
O  Y  either  ifl,  or  may  occflsionally  be,  at  or  near  the  level  of  the 
top  of  the  wall,  so  that  h  may  be  made  =  ai     In  such  cases,  let 


A 
1? 


W   BCCJ 


6ii(g  +  g^)*o 

m       2n(^  +  ^)to 


=  a. 


ft, 


and  we  hare 


J=„_25!, 


(«•) 


which  being  solved,  gives 

—  =  Ja  +  t^-hi 

and  for  a  wall  with  a  vertical  inner  face, 

i  =  ^/^=\/(««to+aO«') ^^  ^^ 

The  vertical  and  horizontal  oomponcnts  of  the  pressure  of  tha 
water  are  respectively 

to'a? 
Vortical,  P  binj  =  -q—  tan  j, 

Horizontal,  P  oos/  =  -g— ; 

Consequently  the  condition  of  etahUily  o/fridioii  at  the  joint  D  £ 
is  given  by  the  equation 

PCOSJ  «/«'  ^  .        ^  /fiv 

W  +  Psini  ==  aW+w/ar-tanj  t^ ^ ^- W 


OIB-WAIJA 


;47 


If  th©  ratio  -  has  been  detenniuod  by  means  of  equation  6,  then 


W  =  ntoxt 


nvjx'*-  :. 


p.) 


»o  that  hj  cancelliDg  the  common  factor  a',  equation  C  is  brought 
to  the  following  form: — 


2  n  •»'+«?' tan  J 


tan  9. 


.(aj 


£xampU  I.  Redangulax  Wall. — In  this  case  n  =  1 ;  ^'  =  0  ;  j  =  0 ; 

consequently, 

r  W 


Qqw^ 


0 


equation  5  A  becomes 


ff  =  ^^ 


.(9.) 


and  eqnatdon  8, 


qw 
W 


tan  9  J, 


.(10.) 


Oyw 


I 


Irat  it  is  unnecesmry  to  attend  in  practice  to  this  last  equation, 
which  is  ful£Hcd  fur  the  greatest  values  of  q  that  eyer  occur. 
Sxample  IL  Trianffitlar  WtUlf  with  the  apex  at  O. 

In  this  case  -  is  the  same  for  every  horizontal  joint;  so  that  if 

the  thickness  be  just  enfficient  for  stfibility  at  any  joint,  it  will  be 
just  sufficient  for  stability  at  every  other  joint  A  reservoir-wall 
whose  vertical  jwKition  is  triangular,  may  therefore  be  said  toheqf 
um/orm  Btabiliiy. 

The  value  of  n  for  a  triangle  is  -r.     With  respect  to  the  value  of 

^,  that  case  will  be  considered  in  which  the  inner  face  of  the  wall 

ifl  vertical,  so  that  g'  =  -,  j  =  0. 

Then  b^  equation  5  A, 


and  by  equation  8 


This  I&st  equation  fixes  a  limit  to  the  ralne  of  q,  independent!/     , 
of  the  distribution  of  the  pnsore  on  each  bed-joint^  Tir : —  ^j 


=^  3  w*    —  "     6 
The  insertion  of  this  value  of  q  in  equation  1 1  givoa 

m      10 -tan  9 


.(13.) 


.(It.) 


I 


The  value  of  tan  9  for  masonry  being  about  0'74|  w  being  on  an 
average  114  Ibe.  and  w  62-4  lb&  per  cubic  foot,  the  limit  of  ^  is 
found  to  b« 

0-431  -01 67  =  0-254,  or  i,  nearl/, 

and  thai  of -,  by  equation  14,  is 

0-585. 

For  brichoork,  tan  9  is  about  the  same  as  for  muoniy,  and  to  is 
112  Ibft.  per  foot,  nearly;  hence  the  limit  of  g  is 

0-327  -  01 67  =  0-16,  or  l  nearly, 


4 


while  that  of  -  is  0"75. 

/'Example  HI.  Triangular  Wall  with  V&rUoal  Acds. — When  the 
wall  stands  on  a  sol^  fuundution,  it  may  be  deaimblo  in  some  cases 
so  to  fonu  it,  that  the  centre  of  resistance  F  shall  l>c  at  the  middle 
of  each  joint,  and  shall  also  be  vertically  boueath  the  centre  of 
gravity  of  the  part  of  the  wall  above  the  joint  In  this  case,  the 
jwint  of  intci-section  A  of  the  lines  of  action  of  the  pressure  and 
weight  must  ulso  fall  iu  the  middle  of  each  joint.  To  fulfil  theae 
couilitionB,  the  vertical  section  of  the  "vroll  should  be  an  isosceles 
tritmgJef  tbo  outer  and  inner  faces  lonnra^  w^iaX  ui«j^*»  j  ^sa 


tf^ 
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I  opposite  aides  of  the  vertical  axis  of  the  wall,  and  the  angle  j  should 
1>e  8nch  that  a  straight  lino  perpendicular  to  O  D  at  C  shall  bUecC 
lie  Uiee ;  that  is  to  say, 

rk  f  sin  j  _  aeseo/ 

Imt 
2^=  tan/ 
whence  we  have 


3 


tan    = 


a/ I  =  0-707  J 


and 


/=35»i; 


,.(15.) 


80  that  the  bs^e  of  the  wall  is  to  its  height  as  the  diagonal  to  the 
side  of  a  square. 

£qnation  8  in  this  case  becomes 


ton  ^ 


,(1C.) 


This  condition  is  always  fulfilled  so  &r  as  the  frictional  stability 
of  one  course  of  masonry  on  another  is  concerned.  As  the  object, 
however,  of  giving  the  wall  the  figure  now  in  quejition,  is  to  clig- 
tributti  thu  pressure  uniformly  over  a  soft  foundation,  let  it  be 

sappoeed  that  its  base  rests  on  a  material  for  which  tan  ?  =  -7- 


hsiii 


en  we  must  have 


«<V2   _^1. 
2w  +  w  — I' 


anil  consequently 


to 


2^J2-^W  =  2-33  w  ^  U5  Iba  per  cubic  foot; 


and  unless  the  masonry  be  of  this  weight  per  cubic  foot,  its  friction 

on  a  hoi'izontal  base,  of  a  material  for  which  tan  f  =  -,  will  not  bo 

4 

of  itself  sufficient  to  resist  the  thniKt  of  the  water. 

217.    BcuimiM   Wioi..— Figs.    100  and   101  represent  vertical 

sections  of  retaining  wbUs  against  which  baxika  o!  c^vVV  sJow^.,    \Ti. 
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raxoBX  or  stbcgtures. 


each  ilgure  a  vertical  biyer  of  the  masonry  and  of  the  earth 
supposed  to  be  considerefl,  whose  length  is  unity.     D  £  is  the 


Kg.  100.  Tig.  101. 

of  the  layer  of  masonry,  F  the  centre  of  resistance  of  that  ba^e,  B 
a  point  vertically  below  G,  the  centre  of  gravity  of  tho  weight 
■which  rests  on  that  base,  AW  a  line  representing  that  weight,  A 
a  line  representing  the  thrust  of  the  earth ;  A  R,  the  diagonal  of 
jw.mlleIograni  APK  W,  is  a  line  representing  the  resultant 
at  the  boMi  D  E,  and  cutting  that  base  in  the  centre  of  resistance  R 

In  oacli  figure,  D  0  is  a  vertical  plane  traversing  the  inner  edg^ 
D  of  the  base  of  the  whII,  and  cutting  the  plane  of  the  surface 
the  hank  in  O.  In  fig.  100,  the  whole  of  the  wall  lies  in  front 
that  vertical  plane ;  »o  that  tlio  weight,  represented  by  AW  (or  I7 
W  simply),  which  rests  on  the  base  D  E,  consists  of  the  weight  of 
the  masonry  together  with  the  toeighi  of  the  mass  of  eart^tj  \f  any 
(rcpi^esented  by  0  L  M),  which  is  vcHicaUi/  above  that  baee;  and  G  is 
the  common  centre  of  gravity  of  the  compound  mass  of  masonry 
and  earth,  which  is  situated  in  front  of  the  plane  0  D. 

In  fig.  101,  on  the  other  hand,  a  part  of  the  masomy,  represented 
by  DLO,  lies  behind  the  plane  O  D.  If  the  prism  D  L  O  consisted 
of  earth,  its  weight  woiUd  be  supported  by  the  earth  beneath 
therefore  tho  earth  beneath  that  prism  exerts  a  jjressure  vertii 
upwards  sufficient  to  sustain  the  weight  of  a  prism  of  earth 
volume  equal  to  that  of  the  prism  of  maf«)nry ;  tht-refore  the  weight 
represented  by  AW  (or  by  W  simply)  which  rests  on  tho  base  DE» 
consists  of  the  weiglit  of  the  masonry  in  the  vertical  layer  of  the 
uall,  lees  tho  weight  of  earth  which  would  fill  D  L  O ;  ami  G  is  the 

>mjnon  centre  of  gravity  of  the  masonry  EDO  which  lies  before 

le  phine  O  I>,  and  of  the  prism  DLO,  considered  as  having  a 
fipeciijc  gravity  equal  to  the  exceee  o/tJte  specific  gravily  o/masonTy 
aiuve  (Jtal  o/carOu 


JBtedM 
\  itfl 

ofi^ 
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2ffl 


It  bas  already  been  sLown  In  Article  198,  tliat  the  pressure  of 
CArth  agalnHt  the  vertical  plane  O  D  (which  pressure  is  panxliel 
Ufce  sor&ce  of  the  bonk,  and  represented  by  A  P,  or  by  P  Bunply), 
equal  to  the  weight  of  the  pn&m  of  earth  O  O  K,  in  which  I)  K, 
lei  to  the  surface  of  the  bank,  is  equal  to  tliu  vertical  depth 
D  multiplied  by  the  ratio  of  the  conjugate  pressures  at  a  point, 

pg      cos  *  —  J  (cos' t  —  cos  ^) 
p^      COS  '  +  ^  (cos* '  —  cos"  9) ' 

ticb  ratio  depends  on  the  slope  ^  of  the  bank,  and  angle  of 
\Kifie  f,  and  that  the  z*e£ultant  of  that  pressare  traTerses  0,  at  the 


leight 


c^=f 


,  abore  D.     For  the  sake  of  brevity  (m/  being  the  weight  of  unity  of 
olome  of  the  earth),  let 


W'006*—  =«'i; 
equation  3  of  Article  198  becomes 


P  = 


V?iX 


(1.) 


m  force  hn.s  to  be  multiplied,  as  in  previous  Articles,  by  the  |ter- 
adicular  distance  of  F  from  C  P,  to  give  the  moment  of  tlie 
tuple  which  tends  to  overtm-u  the  waU.  Let  t  be  the  thickuL'ss 
lE,  and  i  the  angle  of  inclination  of  D  £  to  the  horizon;  then  tho 
arm  of  tlie  couple  in  question  is 

( -^  -  (  ?  +  g  )  *  sill  M  coa  rf  —  f  y  -f  —  1  i  •  cos  »  •  sin  * 
X  cos  ^       /     ,    1  \ 


i  •  sin  (i  +  i); 

ifliich  being  multiplied  by  the  force  P,  and  equated  to  the  moment 
f  stability  of  the  weight  which  rests  on  the  base  D  E,  gives  the 
llowing  condition  of  stability  of  position  : — 


-W(ff=S=^<'C08t  = 


^.p{,  +  l).ini>  +  i)...(^ 


Tow  suppose  (as  in  Article  211  and  clacwhcre)  that  W  bears  a 
Icfinite  ratio  n  to  the  weight  wxt '  cos  »  of  a  rectangle  of  masonry 
rhose  height  is  O  D  =  or,  and  its  breadth  tho  horizontal  distance 
E  from  O  D,  ?  COS  i*;  tlieVi  the  first  side  of  equation  2,  being  the 
wmtaib  ofetubUitx,  becomCB  aa  follows  : — 
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n  (q  :t  7*)  w  x  f*  cob'  l 
Divide  both  sides  of  the  equadoa  hy 

n  {q  =±=  q')  to  a?  cob'  i, 
and  for  brevity's  sake,  let 

tOi  *  cos  ' 


6  n  (9  -^iz  2')  w  coa'  1 


=  a\ 


Wi  (?  +  2)  sin  {0  H-  i) 


then 


and  consequently 


4  n  ($  ^  ^)  10  COB*  i 


rr=^i 


3  =  a  — 26-^ 


-  =  Ja  +  6'  — J. 


■(*•) 


The  inclination  of  the  resultant  A  R  to  the  vertical  is  given  by 

the  equation 

-»-  .  «  P  cos  /  ^_ , 

tan  ^  W  A  R  =  ^1„   .    ^ (5.) 

W  -+- 1*  sin  *  ^   ' 

When  the  ba8e  BE  is  horizontal,  this  should  not  exceed  the  tangent 
of  the  angle  of  repose  When  that  base  is  inclined,  at  the  angle  v 
the  condition  of  fi-ictional  Btability  is  thus  expressed  : — 

^  WAR  —  i  ^  *•; (6.) 


((^  being  the  angle  of  repose  of  the  foundation  of  the  wait 

The  object  of  giving  the  base  of  the  wall  an  Inclined  position  is 
to  dimimsh  the  obliquity  of  the  pressure  on  it,  and  so  to  enable  the 
condition  of  fi-ictional  fttubility  to  bo  fulfilled. 

3       3 


The  values  adopted  for  q  in  practice  vary  from  •—  to  -. 


218.  ReciHngvbar  ReMJainf  %vaU«. — lu  a  vertical  rectangular 
wall,  n  =  1,  (^'  =  0, 1  ^  0;  so  that,  in  e<iuations  3  and  4  of  Artido 
217, 

ir,  cos  t 


I 

i 


a  = 


£  = 


w, 


^  qw     ' 

(^7  -f  2  j  sin  ^ 


4t  q  to 


(1) 
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ExampU  L  Wlien  the  sur&ce  of  the  bank  is  horizontal,  8o  that 


«  =  0,  then 

and 

Abo 


1  _  Bin  *   ,      - 

*  1  +  fiin  ^'  ' 


—  =  Ja  =  A/    {„ — \,    ,    .  '-;  > (2.) 


BO  that  eq\iation  5  of  Article  217  becomes 


WAE  =  ^  = 


VI  3gto  (1  -sia»)  ) 
I   2w(l+ain?)  J 


^tan^' (3.) 

If  the  mEiterial  on  vhich  the  wall  rests  is  the  same  with  that  of 
the  bank,  we  may  assume  ^  ^  f ;  in  which  case,  by  squaring 
equation  3,  and  attending  to  the  fact  that 

^,  fiin'f  /    sin»    y    l-fim» 

1  -  sin"  f       U  -  sin  f/      1  +  aiu  ^ ' 
we  obtain  the  equation 


Atwiiming  that  the  specific  gravity  of  the  curtli  ia  four-fiilha  of 

tb&t  of  the  mafioniy,  or  —  =  —    we  find  that  this  equation  is  ful- 
m/       4 

3 
filled  for  the  ordinarv  ^•aliie  of  j,  —  ,  so  long  as  ip  exceeds  27 

o 

Example  II.  When  tlie  surface  of  the  Ixaik  slopes  at  the  angle 
of  repose  f,  then  tOj  =  w'  cos  f ,  and 

m/cos^  9 


80  that  equation  4  of  Article  217  becomes 
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ooaf 


i    V    \6  9  tr 


(7  + j)'tg*am*»> 
1 G  5^'  w*       > 


4y  w        i     i 


219.    TwmprwMbai  Walla. — In  %  102,  let  £Q  represent 
vertical  (ace  of  n  rectangular  wall,  snitoci  to 
the  thrust  of  a  given  bank,  aad  let  F  be  the  cent 
of  resistAnco  of  tho  ba«e.     Moke  Q  N  =  3  £  F 
( ;    theu  the  centre  of  gravity  g  of 


ii-<) 


triangular  prism  of  maaoniy  E  Q  N  will  be  Tcrtic 
above  the  centre  of  leaistance  F;  therefore  if 
prism  be  removed,  so  as  to  reduce  the  croas  aectii 

pi-^. of  the  wall  to  a  trapezoid  with  a  sloping  foco  E  N, 

yJ       the  position  of  the  centre  of  resistanoe  V  will  not  be 

altered,  and  the  wall  will  still  fulfil  the  condition  of 
Btabili^  of  position,  the  thickness  t  being  determined 

as  for  a  rectangular  walL     I^  ?  =  ^i  ^c  thickness  of  the  wall  at 


Fig.  102, 


8' 


ralfl 


summit  will  be  -r;  of  the  tluckncss  at  tho  base.    The  iace  of  the  w, 

o 

30  Bald  to  baiter;  tho  rate  of  tho  batter  being  the  ratio  -!|^  — 

EQ 


a-')-:- 


Am  the  vertical  component  of  tho  pressure  on  the  base  of  ^&ib 
II  IB  diminished  by  this  change,  the  obliquity  of  that  preasure 

will  be  increased;  and  it  may  in  some  caaes  be  nooessaiy  to  ma.}^^ 

the  base  slope  backwards,  as  in  fig.  101. 

220.    BRUcrtng  WnUm  of  VnUbrm    ThlcUurn. — Whcn   a   wall   for 

Q      j^  supporting  a  fiorizori£al-topped 

1""\ ; 1   bank  is  of  uniform  t.^i^lrTTftffi^ 

and  has  a  sloping  or  curved  fiwse, 
OS  in  figa  103  and  104,  its  mo- 
ment of  stability  may  be  deter- 
mined with  a  degree  of  accuracy 
Eiufiicient  for  practical  purposes, 
in  the  following  manner  : — 

Let  £  Q  in  each  figure  repre- 
sent tho  vertical  face  of  a  rec- 
tangular wall  of  the  Ramo  height 
X  and  thickness  (  with  the  pro- 
^S'  104.  ^^^  ^^]i^  ^^  let  i7  bo 

centro  ofgraxity  of  that  roctangulai  waVL    TVum 


COUXTERFORTS. 


SSflk 


win  l)c  its  moment  of  stability  per  unit  of  length. 

Diride  the  area  E  Q  N  included  between  the  vertical  face  E  Q 
•ad  the  fiice  of  the  proposed  wall,  K  'S,  by  the  height  x.     Then 

k  ^<=,-o=^. (1.) 


"be  the  distance  of  the  centre  of  gravity  G  of  the  sloping  or 
d  vail  from  that  of  the  rectangular  wall;  and  the  change  nf 


figure  will  iuorease  the  stability  in  tlie  ratio  q  -i-  q' 
mjf  the  moment  of  stability  vill  now  be 


W  (q  +  q')i  =  (7  +  (f)ioxi?. 


that  is  to 


(2.) 


» 


K  £  K  is  a  stmight  line  (6g.  103), 


<it^ 


QK 


If  £  N  is  A  parabolic  arc, 


it 


2QN. 


(3.) 


■  formula  -which  is  also  seniubly  correct  when  £  N  is  an  aro  uf  a 
drde. 

Walls  with  a  "curved  batter**  are  usually 
built  as  shown  in  fig.  105,  "nith  the  bed-joint& 
perpendicular  to  the  face  of  the 'wall.  This 
diminishes  the  obliquity  of  the  prc^ure  on 
tlie  baBe. 

231.    Fmindntlan  l*«ar«CN  of  Rcininiwug  Wnib 

have  their  width  increased  beyond  the  tliick- 

nesB  of  the  wall  by  a  series  of  steps  in  front, 

fts  shown  in  figs.  102  and  105.    The  objects  of 

tiiis  are,  at  unce  to  distribute  tlio  pressure 

OA'cr  a  greater  aroa  tlian  that  of  any  bed-joint 

in  the  body  of  the  wall,  and  to  difiuse  that 

preasure  more  equally,  by  bi*ing:ing  the  centre 

of  resistance  nearer  to  the  middle  of  the  base  ^ff-  ^** 

than  it  ia  in  the  body  of  the  wall.     The  powor  of  earth  to  support 

foundations  has  already  been  considered  in  Article  199. 

S22.  rount«r(M^  are  projections  from  the  inner  face  of  a  retain- 
ing wall.  A  wall  nnd  its  counterfort",  if  the  bond  of  the  masonry 
is  well  presen-ed,  constitute  a  wall  having  successive  divisions 
of  its  length  alternately  of  greater  and  of  ]^fk  thictness.  Tho 
t  ofstAbUity  of&  wai]  witli  count crfoYtR,  ^er  wiat  o^Vix^ii, 
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when   the  wall  h   well  bonded,  may  he  found,  with   saffidi 
accuracy  for  practicul  purponea,  by  adding  togctlier  the  moment 
of  stability  of  one  of  tho  parts  between  two  counterforts,  and 
one  of  the  part«  whose  thicknt^ss  is  augmented  by  the  additton 
a  counterfort,  and  dividing  the  sum  by  the  joint  length  of 
two  parts. 

For  example,  let  fig.  106  represent  a  portion  of  the  plan,  or  hori- 
zontal section,  of  a  vertical  rectangular  retaiuing 
wall  whose  height  is  H,  with  a  row  of  rcctangulur 
counterforts  of  the  same  height  with  the  wall 
Let  «  =  F  E  bo  the  thickness  of  a  part  of  the 
wall  between  two  counterforts,  and  &  =  E  D 
length ;  let  T  =  A  B  be  the  thickness  of  a  co 
terforted  part  of  the  wall,  including  the  counter-' 
fort,  and  c  =  B  C  it8  length. 

Tho  moment  of  stability  of  the  first  part  i 

and  that  of  the  second  part, 
qwkc  T*. 

Adiling  together  those  moments,  and  dividing  their  sum  by 
total  length  i  +  c  —  A  F,  the  mean  moment  of  stability  per  unit 
length  is  found  to  bo 


4 

ter-^ 


r 


Fig.  106. 


gwh' 


6  +  c    ' 


.(l.) 


This  is  the  same  with  the  moment  of  stability  per  unit  of  lenf 
of  a  wall  of  the  uniform  thickness, 


■VC-S?}.' 


which  may  Iw  called  tho  cyutvo/eni  uniform  vyUl. 

The  quantity  of  masonry  in  the  countorforted  wall  is 
quantity  in  the  equivalent  uniform  wall  in  the  ratio 

bt-\-cT  :  (iH-c)/,, 

which  is  always  less  than  unity ;  bo  that  there  is  a  saving  of 
masonry  (though  in  general  but  u  small  one)  by  the  use  of  counter- 
'rrts.  M 

SS3.  ArrbM  of  nuMniT. — An  arcli  of  masonry  consists  of  &  rinjl 
of  wedge-fonned  stones,  called  arfh-sionm  or  voussoirs^  greasing 
ajftt/ust  each  other  at  surfaces  caWftd  bed-jow»U,  -wVw^v  wt,  wt  v)\m^ 


UST.  OF    PRERAC'RES   IS   AX   ARCH. 


t 
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perpendicuUr  or  nearly  peq>endicHlar  to  thn  90^,  or  iniorual 
iTe  surfncc  of  the  arch.  The  outer  or  convex  Burfece  of  the 
of  arch-stones,  which  nmy  be  either  a  curved  surface  pArallel 

tlie  Boffit,  or,  M-hai  is  better,  a  series  of  steps,  sustains  the 
ical  preasore  of  that  part  of  the  load  which  arises  from  the 
vngbt  of  zuAteriahi  other  than  the  arch-stones  themselves ;  and 
tbat  outer  surface  also  exerts  in  nrnny  cases  a  horizontal  or  inclined 
thrust  against  tho  spa-ndnis  and  abutments.  The  abutments  sus- 
tain  also  the  tlimst  of  the  lowest  voussoirs,  vertical  or  inclinetl,  as 
the  case  may  be.  Sometimes  an  arcK  springs  at  once  from  the 
ground,  80  that  its  abutments  ai-e  its  foundations. 

A  wall  standing  on  an  arch,  in  the  plane  of  the  areh-rin^,  is 
called  a  tpa/idril  icafL  The  areh  of  a  bndge  r^lquii-es  a  [wir  of 
tfEtema/  spaiuirU  v:aUs,  one  over  each  face  of  the  arch  ;  the  epace 
between  them  is  filkfl  up  to  a  certain  level  with  solid  lunsonry,  and 
above  that  level  it  is  sometimes  tilled  with  earth  or  rubbish,  and 
Mmetimes  occupied  by  a  series  of  internal  apandril  watU  iMirullel  to 
the  external  spandril  walls,  and  having  vacant  spaces  between 
them — a  mode  of  construction  fuvourablo  both  to  stability  and  to 
lightness.  In  order  to  form  a  continuous  jilatform  for  the  road- 
wjqTf  ihe  spaces  between  the  internal  spandril  walls  arc  sometimes 
covered  with  flags  of  somo  strong  stone  (such  as  slate),  and  some- 
times arched  over  with  small  trans\'erao  arches.  The  eoitcrual 
^nodril  walls  are  the  abutments  of  those  arches,  and  must  have 
Ability  sufficient  to  sustain  their  thrust :  when  the  spandrils  aro 
filled  with  earth  or  nilibish,  the  externa!  spandril  walls  must  liave 
stability  sudicicut  to  withstand  the  pressure  of  tho  lilling  inaturiaL 

In  determining  the  conditions  of  stabiUty  of  an  arch,  it  is  con- 
Tenient  to  consider  only  a  rib,  or  vertical  layer,  of  arch,  abutment, 
and  spandril,  of  the  thickness  unity  (c.  g.,  one  foot).  When  there 
are  spandril  walls  with  \Ticant  spaces  between,  an  ideal  specific 
gravity  is  to  be  adopted  for  the  material  of  the  spaudnls,  found  by 
supposing  the  weight  of  the  material  of  the  spandril  walla  to  be 
uniformly  distributed,  so  as  to  fill  the  vacuities ;  that  b  to  say,  lot 
«j  be  the  weight  of  an  unit  of  volume  of  the  material  of  the  walls, 
S  '  T  tlie  sum  of  the  thicknesses  of  all  the  walls,  aud  S  *  S  the  sum 
of  the  widths  of  the  spaces  between  them  ;  then  in  computations 
respecting  the  stabiUty  of  the  arch,  the  S]»uiidril3  may  be  supposed 
to  be  completely  tilled  with  a  material  who.se  weight  per  uuifc  of 
voliune  is 

«/=«,-^^^-^. (1.) 


224.     Liar   or  Pr«Mnm    In    na    Archt    Candftion    of  fMablllly — 

According  to  the  principles  explained  in  Articles  206  and  207 » if  a 
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^jtnaighi  line  be  drawn  throngh  each  beH-joint  of  tbe  arch-ri 

tresenting  tlie  position  and  direction  of  the  resultant  of  tbe  pi 
■n're  at  that  joint,  the  »tmight  lines  ao  drawn  form  a  |»olygon, 
e»ch  of  the  angles  of  that  polygon  is  ntuated  in  the  line  of  iiicti 
ot'  the  resultant  extenml  force  acting  on  the  an:h*«tone,  whi 
lie«  between  the  pair  of  joints  to  which  the  contignous  sides  of 
jxilygoii  correspond  ;  so  that  the  polygon  is  fiimilar  to  a  p 
gonal  frame,  loaded  at  its  angU^a  with  tlie  forces  wluch  act  <m 
arch-stones  (their  own  weiglit  included).  A  curve  inacribod  in  that 
polygon,  so  as  to  touch  all  its  sides,  ia  the  line  of  preetntret  of  the 
arch.  The  smaller  and  the  more  numerous  the  arch-stones  into 
^hich  the  arch-ring  is  subdivided,  the  more  nearly  docs  the  ixdy- 
gon  coincide  with  the  curve  ;  and  the  curve  or  line  of  pressures 
T^irescnts  an  ideal  linear  arch,  which  would  be  balanced  under  the 

itinuonsly-difitribnted  forces  wliich  act  on  the  real  arch  under 
^Donaideratiou-     Fp^m  the  near  approach  of  this  linear  aroh  to  the 
polygon  whose  sides  traverse  the  centres  of  refrirtanoe  of  the 
joints,  the  points  where  the  linear  arch  cut«  those  joints  may 
taken  without  sensible  error  for  the  centres  of  resistaiioe. 

Now  in  order  that  the  stability  of  the  arch  may  be  secure, 
neoeesary  that  no  joint  should  tend  to  open  either  at  its  ont«r  or 
at  its  inner  edge  ;  and  in  order  that  this  may  be  the  case,  the 
centre  of  resistanoo  of  each  joint  should  not  deviate  from  the  oeutre 
of  the  jcnnt  by  more  than  one-sixth  of  the  depth  of  the  joint ;  thaX 
ifl  to  Bay,  the  centre  of  resistance  should  lie  witliin  the  nUddUihifd 
of  the  depth  of  the  joint ;  whence  follows  this 

Thsoreic.  The  HahUity  of  an  arch  m  «w»£iv,  if  a  UnMr  are4| 
baianeed  under  Oio  fonxa  tthich  ati  on  the  real  archj  cam  he  draum 
within  M«  mi€Uile  third  of  the  depth  of  the  arch-Hiig. 

It  has  already  been  stuted  that  the  tenacity  of  fresh  mcortar  is  not 
milEciently  great  to  be  taken  into  account  in  determining  the  stabi- 
lity of  mnsonry ;  and  hence,  where  cement  is  not  used,  all  horizon- 
tal or  oblique  conjugate  forces  M'liich  maintain  the  equilibrium  of 
the  arch-ring  must  be  pressures,  acting  on  the  areh  from  without 
inwards.  The  linear  arch,  therefore,  is  limited  in  such  cases  to 
.thodC  forms  wliich  are  balanced  under  preMttr&tJrom  vtithout 

kt  is  to  say,  that  tlio  intensity  of  the  horizontal  or  oon 
pressure,  denoted  hy  p^  in  Article  185,  equation  4,  must  not 
point  be  negative. 

It  ia  true  that  arches  have  st<.iwl,  and  still  stand,  in  which  the 

centres  of  resistance  of  joints  fiall  beyond  the  middle  third  of  tiie 

jdepth  of  the  aj-ch-ring ;  but  the  stability  of  such  arches  is  either 

xow  precarious,  or  must  have  been  precarious  while  the  mortar  was 

fresh. 

^Vhon  tenacity  to  resist  horizontal  or  oblique  tension  is  given. 
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idrils  of  iiu  urcfa.  and  Uy  tin?  joints  between  them  and  the 

les,  by  lueans  of  cf-ment,  hoop-iron  bond,  iron  cramps,  or 

;,  the  conjugate  tension  denoted  by  — p,  must  not  at  any 

ejcoeed   a  safe  proportion  of  that  tenacity ;  that  is  to  say, 

it  one-eighth.     By  this  means  stability  may  be  given  to  arches 

smingly  anomalous  fi^^ures;  but  such  Btructurea  &re  safe  on  a 

acftle  only. 

r.    Aasir,  Joint,  and  Potoi  oT  B«pnn¥. — The  first  stcp  towards 

ig  whotUcr  a  pro|KJiiod  arch  -will  he  stable,  is  to  asawne  a^ 

arch  ixiniUel  to  the  intraduu  or  soffit  uf  the  proposed  arch, 

loaded  verticjiily  i^ith  the  eame  weight,  dib-tributed  in  the 

r.     The  tvte  of  this  assumed  linear  arch  is  a  mutter  of 

provided  each  point  in  it  is  considered  rr  subjected  to 

le  U>rcc9  which  act  at  tlie  correapondifig  joint  iu  Uje  real 

.;  that  is,  tJie  joint  at  which  Ute  tTioHfutfum  ^  tivs  r«tf-  arch  to 

i$  the  same  mth  Uuxl  of  the  oMsumtd  arcA  at  the  ifiven, 

le  assumed  arch  is  next  to  be  treated  ax  a  stereostatic  arch, 

ting  to  the  method  of  Article  185;  and  by  equation  4  of  that 

:le  is  to  be  determined,  either  a  genpral  expression  or  a  Beries 

<alues  of  the  intensity  jj^  of  the  eoujugnte  pressure,  horizontal  or 
pe,  as  the  case  may  be,  requirf^d  lo  keep  the  arch  in  equilibrio 
the  given  vertiejil  loud.  If  that  presaiiro  is  nowhere  uegnlive, 
a  carve  similar  to  the  assumed  arcli,  drawn  through  the  middle  of 
(ije  arch-ring,  will  be  either  ejtat-tly  or  very  nearly  the  lino  of  pres- 
vores  of  tlie  proposed  arch ;  p^  will  represent,  either  exactly  or  vt 
DCArly,  the  intensity  of  the  lateral  pressure  which  the  wol  aroh,' 
tending  to  spreiid  outwards  under  its  load,  vnW  exert  at  each  point 
against  its  spaudril  and  abutments ;  and  the  thrust  along  the  linear 
areh  at  each  point  will  be  the  thrust  of  the  real  arch  at  the  corrfr- 
^nding  joint. 

On  the  other  hand,  if  p^  has  some  negative  values  for  the  assumiMl 
linear  arch,  there  must  be  a  ])air  of  points  in  timt  arch  whei'e  that 
quantity  changes  from  positive  to  negative,  and  is  equal  to  nothing 
The  angle  of  inclination  tg  at  that  point,  called  the  angU  o/rupUtre, 
ia  to  be  determined  by  solving  e<iuation  1  of  Article  187.  The 
corresponding  joints  in  the  real  arch  are  called  the  joints  o/rup^are; 
and  it  is  below  those  joints  only  that  conjugate  pKssuro  from  with- 
out is  required  to  sustain  the  arclt. 

In  fig.  107,  let  BOA  represent  one-half  of  a  symmetrical  arch, 
O  T  a  horizontal  axis  of  coordinates  in  or  above  the  spandril, 
K  L  D  £  au  abutment,  and  C  the  joint  of  rupture,  found  by 
the  method  already  described.  The  point  of  rupture,  which  is  the 
centre  of  resistance  of  the  joint  of  rupture,  is  somewhere  within 
the  middle  third  of  the  depth  of  that  joint;  and  Irom  ^iia.^  "^SiA 
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j.down  to  the  springing  joint  B,  the  line  of  preaBuroi  in  a  en 
imilar  to  the  afu^tuued  Uueor  arch,  aud  [mrailcl  to  the  intiiid 

being  kept  in  equilihrio  by  the  lateral 
'  sun;  between  the  arch  and  its  sjBiiiJx'il  a 

abutment. 

From  the  joint  of  rupture  C  to  tlie  cro 
A,  the  fact  thiit  the  assumed  linear  arch  'woul 
require  lateral  teu^iuu  to  kt-ep  it  in  equilibrit 
eliows  that  the  true  line  of  pressures  must 
a  JiaUer  curve  tluui  the  assumed  linear  arch; 
t!ic.  figure  of  tJie  true  line  of  pressures  In-ing 
determined  by  tlie  condition,  that  it  shall  Iw 
a  linear  aroh  balanced   under  vertical  ft 
only;  that  is  to  si\y.  that  the  horizontal 
ponent  of  the  thrust  along  it  at  each  point 
a  constant  quantity,  and  equal  to  the  horizontal  component 
the  thrust  along  the  arch  at  the  joint  of  ruptui*e. 

That  horizontal  thrust,  denoted  by  H(„  is  found  by  means  of  equa- 
tion 2  of  Articio  187,  and  is  the  hoiizoutal  thrust  of  the  entire  arch. 

[If  the  arch  is  distorted,  conjugate  thrust  is  to  be  road  instead 
"fiorhonUU  thrust,*'  wherever  that  phrase  occurs.] 

The  only  point  in  the  line  of  pressures  above  the  joints  of 
ture  which  it  is  imiwrtant  to  dctemiine,  is  tliat  which  is  at  the 
crown  of  the  arch,  A ;  and  it  is  found  in  the  following  manner : — 
Find  the  centre  of  gravitj'  of  the  load  between  the  joint  of  rup- 
ture C  and  the  crown  A  ;  and  draw  through  that  centre  of  gravi 
a  vertical  line. 

Then  if  it  l«  possible,  from  one  ixjiut  in  that  vertical  line, 
draw  a  pair  of  lines,  one  parallel  to  a  tangent  to  the  sotht  at  the  jo; 
of  rupture,  and  the  other  parallel  to  a  taugcut  to  the  soffit  at  the 
crown,  so  that  the  former  of  those  lines  shall  cut  the  joint  of  rup- 
tui-e,  and  the  latter  the  keystone,  in  a  i>air  of  points  which  are  bot^H 
within  the  middle  third  of  the  deptli  of  the  arch-ring,  the  stabilit^| 
of  the  arch  will  be  secure  ;  and  if  tlie  first  |X»lut  be  the  point  of 
rapture,  the  second  will  be  the  centre  of  i-esistance  at  the  crown  of 
the  arch,  and  the  crown  of  the  true  line  of  pressures. 

When  the  pair  of  points  related  as  above  do  not  fall  at  opposite 
limits  of  the  middle  third  of  the  arch-ring,  their  exact  positious 
to  a  small  extent  uncertain  j  but  tliat  uncertainty  is  of  no 
quenoe  in  practice.     Their  most  probable  positions  are  equi 
mtm  the  middle  Hue  of  the  arch-ring. 

Should  the  pair  of  points  fall  beyond  the  middle  third  of  the 
arch-ring,  the  depth  of  the  arch-Jtones  must  bo  increased. 

226.  Tktumt  of  an  Arrfc  of  nuonTT. — The  line  of  pressures,  or 
dyw/iTj/ffrt/ /?V*«ar  arc/*,  of  ai\  arcV  ©"l  m;vaouT^,VvV\i.\\A^ 
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tare  and  total  thrust,  Laviug  been  detemuuetl  by  the  methodA 
described  in  the  two  preceding  Articles,  the  distribution  of  tlmt 
thrust,  au<l  the  Hue  of  Bction  of  its  resoltant,  are  to  be  found  by 
Hue  luelboda  of  Article  187. 

AWainieaia  •f  Archca. — Tlic  abutment  of  an  arch,  when  it 
simply  a  foundation,  is  a  buttress,  or  a  wall  with  or  without 
ooimierforts,  wliich  is  bounded,  or  may  be  considered  as  bounded 
by  a  vertical  face  L  D  (fig.  107)  towards  the  arch. 

Two  external  forces  are  applied  to  the  abutment  of  an  orcli 
beaules  its  own  weight,  viz.,  the  vertical  load  of  the  Imli-orch,  P, 
vbose  ri*sultant  acts  thi*ough  B,  the  centre  of  resistance  of  the 
joint,  and  the  thrust  H,  found  in  amount  and  position  by 
ode  already  referred  to,  whicli  acts  through  B  also  ii'  the  angle 
ture  is  equal  to  or  givater  than  the  inclination  of  the  arch  at 
B;  and  which,  if  there  is  either  no  joint  of  nijiture,  or  a  joint  of 
rupture  aboye  B,  is  distributed  between  B  and  A,  or  B  and  0,  as 
ihe  case  may  be.  The  resultant  of  tho  vertical  load  and  conjugate 
thrust  being  taken  as  the  entire  pressqre  applied  to  tJie  abutment, 
its  conditions  of  stability  and  requisite  iliuieusions  are  to  be  found 
1^  the  methods  described  in  Articles  213,  214,  and  222. 

For  the  abutment  of  an  arch,  as  for  the  arch-i*in<;,  the  centre  of 
resistance  should  fall  within  the  middle  third  of  the  base,  so  that 
the  proper  value  of  q  is  one-sixth. 

Il  tlie  figure  of  au  arch  be  transfomipd  by  pamllcl  projection,  tho 
iper  figures  for  the  abutments  of  the  new  arch  are  the  con't- 
ding  parallel  projections  of  the  original  abutments. 
S.   Nkrw  Arcbrm  are  of  figurcs  dci'ived  from  those  of  symmetric 
arches  by  distortion  in  a  ^  ^ 

tal  plane.  The  eleva- 
tion of  the  face  of  a  skew  arch, 
and  every  vertiad  section  par- 
allel to  its  face,  being  similar 
to  the  corresponding  elevation 
,  and  vertical  section  of  a  sjin- 
I  metrical  arch,  the  forces  which 
act  in  a  vertical  layer  or  rib 
of  a  skew  arch  with  its  abut- 
ments, are  the  same  with  those 
wliich  act  in  an  equally  thick 
vertical  layer  of  a  symmetrical 
arch  with  its  abutments,  of  the 
game  dimensions  and  tigure,  and 
similarly  and  equally  loaded. 

Fig.  108  represents  a  phin 
,Mbatwent& 


'■'— -^^^— *i: 

Fig.  lOfl. 


of  a  skew  arch,  with  counterfortcd 
7%o  a//^le  qfgk&c^  or  obliquityy  is  tho  angle  which  the 


S6S 


TQXORY    OF  fiTHL'CTCBES. 


9xls  of  the  archway,  A  A^  maktss  with  a  peqwndimlar  to  tiie 
the  urch,  B  C  A  B.  The  apati  of  the  archway,  "  on  (A«  wgnan^ 
it  is  c&IIaI  (tliat  is,  th«  perpendicolar  distance  between  the  abi^ 
tents),  is  less  than  the  span  on  the  skeWt  or  parallel  to  the  face  oi 
the  arch,  in  the  ratio  of  the  cosine  of  the  obliqnity  to  unity.  It 
ia  the  span  on  the  skew  which  is  equal  to  that  of  the  corresponding 
rSynimctrical  arch. 

The  best  position  for  the  bed-joints  of  the  arch-stones  is  pe 
dioular  to  the  thrust  aloug  the  arch.  If,  therefore,  there  be  dra 
on  the  soffit  of  a  skew  arch,  a  series  of  parallel  curves,  made  hy 
intersections  of  the  soffit  with  vertical  planes  jiorallcl  to  the 
of  tho  arch,  the  boat  forms  for  the  bed-joints  will  be  a  aeiies 
cnrres  drawn  on  the  soffit  of  the  arch  so  as  to  cut  the  whole  of  the 
former  series  of  curres  at  right  angles,  such  aa  G  C  in  &gA.  108  and 
109.  Joints  of  the  best  form  being  difficult  to  exeoote^  q>irBl 
jointo  are  used  in  pmctico  as  an  approxiuution. 

229.  cav*ia«4  VonUk — A  groined  vault,  represented  in  plan, 
[■looking  upwards,  by  tig.  110,  is  formed  by  the  intersection  of  two 
archwiiva.  The  ribs  at  the  edgee  where 
the  soffits  of  tho  archways  intersect  and 
interrupt  each  otiier,  ore  called  the 
^ruina.  The  portions  of  the  archea 
which  form  tlio  groined  vault,  projiei 
speaking,  abut  against  the  groins ;  tlia 
groins  themsbtvea,  and  the  four  indi 
pendent  poitions  of  the  archways,  abu 
against  four  buttresses  at  the  oomert] 
of  tho  vuult.  The  crown  of  the  vault  is 
tho  jwint  where  the  groins  meet. 

Tho  line  marked  B'  is  the  length  from 
the  crown  to  the  face  of  one  of  the  arch- 
ways; and  B  is  tho  breadth  of  the  jwr- 
tion  of  one  of  the  buttreases  against  which  that  archway  ubuta, 
whether  directly  or  through  tlie  groin.  Tlie  thrust  due  to  tlid 
length  of  ai-chway  B"  is  couceutmted  upon  the  breadth  of  abuU 

B' 

ment  B ;  its  intensity  is  therefore  increased  in  the  ratio  ^  ;  and, 

if  *  be  the  thickness  which  au  abutmcut  requires  to  withstand  the 
thrust  of  the  plain  archway,  the  tliickni'ss  O  required  for  tho  but- 


Fig.  110. 


ti-css,  in  a  direction  perpendicular  to  B,  will  be 


[le 
e«_ 

I 


(1.) 


At  the  Icrt-hand  side  of  the  figure,  the  buttreasee  are  compoond 
anJ  rectaii^'uljtr ; — at  tlie  rigUl-Uauil  ^dc,  a.  sm^  dia^s^ WUs«ai 
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opposed  to- the  thrust  of  aach  groin,  and  to  the  combined  thruats 

»f  tiu)  two  archwuys  wliich  abut  against  it    The  breadth  of  the  dia- 

bottresa  being  the  resultant  of  the  breadths  of  the  compound 

rattrcawSf  its  thickucse  is  simply  equal  to  theirs. 

330,  ciiutcrcd  Arches  ore  arched  riba,  of  which 
several  spring  (roiu  one  buttivas,  as  is  shown  In  plan 
in  fig.  111.  The  thrust  against  the  buttress  is  tlie 
reaoltant  of  the  thi-usts  of  the  ribs ;  the  vertical 
prefigure  is  the  sum  of  their  loads. 

231.  Pirn  cr  ArciMM. — A  pier  is  a  pillar  against 
which  two  or  more  arches  abut,  in  such  a  manner  *  " 
that  their  horizontal  thrusts  balance  each  other,  so  that  the  pier 
boa  only  to  sustain  the  vertical  prcssui-e  of  the  half-arches  which 
rest  on  it  The  piera  of  a  bridge  or  viaduct  are  usually  oblong 
-walls,  of  a  length  equal  to  that  of  the  soffits  of  the  arches,  two  of 
which  spring  i'xnm  the  opposite  sides  of  each  pier.  It  is  customary 
to  make  the  Uiicknus»  ol  a  pier,  at  the  springing  of  the  ai-ches,  from 
oae-fiixth  to  one-ninth  of  the  spun  of  tlie  arches  which  it  nustaina. 
Mr.  Hoeking,  in  his  Trealitte  07t  Bridges^  has  pointed  out,  that  tliis 
thickness  is  usually  greater  than  is  necessary ;  and  tlmt  there  is  in 
general  no  reason  tiiat  the  thickness  of  the  pier  should  be  more  than 

L  u  just  sufficient  to  suppoi-t  the  rings  of  arch-stones  that  spring  from  it 
If  one  of  two  arches  which  abut  against  the  same  pier  fulls,  the 
other  arch,  ha\'iug  iU  thrust  tmbalanoed,  usually  overthrows  the 
pier,  and  const^quently  falls  also ;  so  that  if  a  Waduct  consists  of  a 
series  of  aivhcs  with  piers  between,  the  fall  of  a  single  arch  causes 
the  dcstmctinn  of  the  whole  viaduct  To  lessen  the  damage  catised 
by  accidents  of  this  kind,  it  is  customary  in  long  viaducts,  to 
intro<hice  at  iiiteirals  what  are  called  abutment  pietSf  which  have 
stability  sufficient  to  resist  the  thrust  of  a  single  arch ;  so  that 
■when  an  arch  falls,  the  destruction  is  limited  to  tlie  division  of  the 
viaduct  between  the  two  nearest  abutment  piers. 

In  some  important  bridges  over  large  rivers,  where  it  has  been 
considered  mlvisable  to  sijare  no  ex|>ense  in  order  to  render  the 
structure  durable,  ciich  pier  is  an  abutment  pier. 

232.  OpcB  aad  U*Uaw  PIcn  and  Abnimenia. — In  SOme  Cases  the 

SiepB  and  abutmente  of  bridges,  in  order  to  save  materials,  and  to 
iminish  the  pressure  on  the  foundations,  are  made  with  arched 
openings  through  them,  or  with  rectangular  hollows  in  their  in- 
terior. The  bottoms  of  such  openings  or  hollows  should  be  closed, 
when  they  are  small  by  courses  of  largo  stones,  and  when  they  are 
large  by  inverted  arches,  in  order  that  the  area  of  the  foundation, 
over  which  the  presBure  is  distributed,  may  be  as  large  as  if  the 
building  were  soUd. 
Xbo  moment  of  stability  of  an  abutment,  Nd^li  art^veA.  o\«\iiR^ 
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through  it,  or  holloiA-s  in  its  interioi^  is  less  than  that  of  a  solid 
abutment  ol'  thu  uame  external  diiiieuaious,  very  nearly  in  the  same 
ratio  in  which  t!»e  moment  of  inertia  of  the  horiumUd  tectum  of  the 
abutment  is  diminished  hy  means  of  the  vacuities.  (Seo  Article  9<J.) 
23X  TMnnria. — If  the  depth  of  a  tunnel  beneath  the  surface  of 
the  ground  is  great  compared  with  the  heiHht  of  iU  archway,  the 
proper  form  for  the  line  of  pressureA,  which  must  lie  within  th« 
middle  thii-d  of  the  thickness  of  its  arch,  is  the  elliptic  linear  arch 
of  Article  ISO,  in  which  the  mtio  of  the  hnrixontal  to  the  vertical 
semi-axis  is  the  square  root  of  the  ratio  of  the  horizontal  to  the 
vertical  pressure  of  the  earth,  aa  already  shown  in  Article  18o, 
equation  f>,  and  Article  197,  equation  3;  that  is  to  say, 

horir-ontal  semi-axis  _     _        //?,  _        //I  -  sin  »\        .- 
verticiil  semi-axis    ~     ~    \/  p^  ~    y/   \l  +  am  f)  '**'*  ' 
P  being  the  angle  of  repose. 

If  tlie  earth  is  iirra,  and  little  liable  to  be  disturbed,  the  propor- 
tion of  the  half-span,  or  horizimtal  si^mi-axis,  to  the  rise  or  vertical 
semi-axis,  may  be  made  rfrmter  than  is  given  hy  the  preceding 
equation,  and  the  earth  will  still  resist  the  additional  horijsontal 
thrust;  but  tlmt  pro|x>rtiou  shoidd  never  be  made  less  than  th« 
value  given  by  the  equation,  or  the  sides  of  the  ttmnel  will  be  in 
danger  of  being  foi-ced  iuwurda 

lu  a  drainage  tunnel,  the  entire  ellipse  may  be  used  as  the  figora 
of  the  arch  ;  but  in  a  iiiilway  tunnel,  where  it  is  necessary  to  have  a 
llat  floor,  tlie  mfles  and  roof  nf  the  tunnel  oompriae  in  height  the 
upj>er  two-tliirds,  or  three-fourths,  of  the  elli|>se,  which  is  closed^ 
Inflow  by  a  circular  segmentil  inverted  arch  of  a  slight  curvature,fl 
its  depression  being  oue-ejghth  of  its  span,  or  tliereabouts.    By  this    ' 
mode  of  construction,  the  vertical  pressure  of  the  sides  of  the 
tunnel  is  conocntruted   upon  foimdation   courses   directly  below 
them,  from  which  they  spring.     The  ratio  which  the  entire  width 
of  the  tunnel,  measured  oulitufe  the  masonry  or  brickwork,  bears  to 
the  joint  width  of  that  pair  of  foundations,  must  not  exceed  the 
limit  of  the  ratio  of  the  weight  of  a  building  to  the  weight  of  earth 
<lisplaced  by  it,  as  given  by  Article  109,  equation  3.     The  inverted 
ai-ch  serves  to  prevent  tho  foundations  of  tho  sides  of  the  timnel 
from  imng  forced  inwards  by  the  Iiorizoutal  pressure  of  the  cartL 

Tho  exact  form  for  the  lino  of  pressures  in  the  sides  and  roof 
of  a  tunnel  is  the  ffcostalk  arch  of  Article  184.  This  principle 
requires  attention  wlien  the  roof  of  the  tunnel  is  nortr  tho  surface. 
Let  x^  bo  tho  depth  of  ihe  crown  of  the  tunnel,  and  Xx  that  of  its 
greatest  horixontal  tliameter,  beneatli  the  surtace.  From  thoaa 
<mlinates  as  data,  design  a  hifdrostatic  arch,  either  by  the  exact 
method  of  Ailide  183^  or  by  the  a^V^^^^^^^'^  tmk^iA  cjl  K-i^Ctf^ 
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;  oontmct  the  horizontal  co-onUn&t«s  of  thnt  arch  in  the  ratio 
a/  ^  ,  and  the  result  will  be  the  gcoatatic  arch  required. 

334.  1>«HM«. — A  true  dome  is  a  shell  of  masoniy  or  brictvrorki 
of  the  figure  of  a  solid  of  revolution  with  a  >x>rtical  axis  j  that  is, 
it  is  spherical,  spheroidal,  conoidal,  or  conical,  and  is  circular  in 
plan.  Its  tcndfufv  to  spread  at  its  base  is  resided  by  the  stahility 
of  a  crlindrioal  wnJl,  or  of  a  scries  of  buttresses  surrounding  the 
bow  of  the  dome,  or  by  the  tenacity  of  a  mctAl  hoop  encircliug  the 
baae  of  the  dome. 

The  conditions  of  stability  of  a 

dome  ai'e  ascertained  in  the  fol* 

manner: — Let   fig.    112 

•nt  a  vertical  section  of  a 

>mo,  springing  firom  a  cylindrical 

B  B.     The  shell  of  the  dome 

supposed  to  be  thin  as  ctim|Mtrcd 

rilh  its  oxtemal  and  internal  di- 

lensions.     Let  the  centre  uf  tlie 

)wn  of  the  dome,  0,  be  taken  ns 

of  co-ordinatcfl ;  let  cc  l»e  the  depth  of  anj*  circular  joint 

the  shell,  such  as  C  C,  below  O,  and  */  the  milius  of  tliat  joint, 

t  i  be  the  angle  of  inclination  of  the  shell  nt  C  to  the  hori^.m, 

d  a  the  length  of  an  elementary  arc  of  the  v(»rtical  section  of 

dome,  such  as  0  D,  whose  vertical  height  is  d  x,  and  the  difler* 

ce  of  its  lower  and  upjx^r  rudii  dy.  so  that 

dy         ^      ,    da 

— ^  =  cotant;  — -  =  ooseci 

dm  dx 

Let  P,  be  the  weight  of  the  part  of  the  dome  above  the  circular  joint 
C  C.     Then  the  total  thrust,  in  the  direction  of  a  set  of  tangents  to 

Plome,  radiating  obliquely  downwards  all  round  the  joint  0  0»  ia 
P,  ■  j^  =  P*  •  coaec  ii 
I 


Fig.  112. 


dx 
land  the  total  horizontal  component  of  that  radiating  thi-ust  ia 

P,-^  =  P.-cotant. 


Let  p^  denote  the  intensity  of  that  horizontal  radiating  thrust,  per 
unit  of  periphery  of  the  joint  C  C ;  then  because  the  periphery  uf 
that  joint  ia  2  x  y  (  =  0-2832  y),  we  have 

P.  cotan  i 
P'^  -9,..     CM 


THEORY   OP  STBrCTTBai 

It  bu  bees  iiliown  in  Article  179,  that  if  there  be  an  ini 
niHiAting  prefisnre  upon  a  ring,  of  a  giren  intensity  per  unit  of  i 
there  is  a  thnut  cxertc-d  all  roimd  tlmt  ring,  whose  amount  is 
psoduet  of  that  int^oRitr  into  the  tadins  of  the  ring.     The 
"   >poaition  \&  true,  auhfitituting  an  outvanl  for  an  inward  radlat 

!,  and  a  tension  all  round  the  ring  for  a  tliroat     If^  thpi*- 
ire,  the  horizontal  ladiatiiig  pressure  c£  the   dome  at  the  joint 
C  C  be  resisted  l^y  the  tenacity  of  a  hoop,  the  tenaicm  at  each  point 
of  that  hoop,  being  denoted  by  F^  is  given  by  the  equation 

Tow  conceive  the  hoop  to  be  removed  to  the  cirrular  joint  D 
[distant  by  tlie  arc  d  9  from  C  C,  and  let  its  tfinwon  in  this 
Ltbu  be 

The  diiTemice,  d  P^  when  the  tension  of  the  hoop  at  C  C  is 

)r,  reprewent"*  a  t/irtMt  whicli  must  be  exerted  all  roaud  the 
ig  of  brickwork  C  C  D  D,  and  whoso  intensity  par  unit  of  ttnglk 


Bv9nf  rinrj  0/ brirhoork  fir  which  p,  t!»  either  nothing,  or  ^ 
m$  ttcbUj  indojH^ndvntly  of  the  tenacity  of  cement ;  tor  in  each 
[wig  there  in  no  tennion  in  nny  direction. 

wlicn  p,  becomi'S  ticijative^  tliat  is,  when  P^  has  passed  its  nuud- 
muin,  and  begins  to  (liminiJ^h,  there  is  tenaiun  horizontally  round 
cfich  ring  of  brickwork,  which,  in  order  to  Accure  the  stability  of 
tlio  dome,  must  bo  resisted  by  the  tenacity  of  cement,  or  of  external 
hoofM,  or  by  the  resistance  of  abutments. 

Such  is  the  condition  of  stability  of  a  dome.  The  inclination  to 
tlio  hurizon  of  the  aurlace  of  the  dome  at  the  joint  whore  p,  =  0, 
and  below  which  that  (juttntity  becomes  negative,  is  the  atigU  0/ 
rupture  of  the  dome;  and  the  horizontal  component  of  its  thrust 
at  that  joint,  is  its  total  horizontal  thrust  against  the  abutment^ 
hoop,  or  hoojjs,  by  which  it  is  prevented  from  spreading. 

A  dome  may  have  a  circular  opening  in  its  crown.     Oval  arched 

Zninga  may  also  be  made  at  lower  points,  provided  at  such  point* 
re  is  no  tension ;  and  the  ratio  of  the  horizontal  to  the  inclined 
Axis  of  any  such  opening  should  be  fixed  by  the  equation 

hori.  axis  ^^^  a/~IpL. (4.) 

incUncd  axia  v     i»,«wi^  ' 


DOaCESj  SPnE&XCAL  AND  CONICAL. 


261 


Example  L  Sph^rictU  Dome. — Umform  tliickucss,  t ;  weight  of 
'tnatfrial  per  tmit  of  vol  time,  w ;  nidius,  r. 


x=r(l  — co8i);  y  =  raini;  ds=zrdi. 
P.  =  2irwir'(l-coai);  i 


wtr  cost     —       ui^r'coatBin* 


r"  *''      rdi      ""'  l+coa£ 

The  &ngltf  of  rupture,  for  which  j?,  =  0,  ia 


1  +  coa  i 

«,  =  — J- .  =  w  i  r 


1  H-coa  i 

cos"  i  4-  COB  t  —  1 


.(5.) 


i^  =  «o-oo8  J^fl  =  5VA^;. 
2 


(6.) 


P 


and  from  this  angle  wo  ohtain,  for  the  horizontal  thrust  of  tho 
dome,  per  unit  of  periphery  at  thty  joint  of  ruptm*o, 


K%n<l  ioir  the  tension  on  a  hoop  to  resist  tluit  thrust,  \-  (7.) 
P,  =  0-3wCr». 
Example  II.    TmncaUd  Conical  Dome  (fig.   113). — Apex,  O, 
Depth  of  top  of  dome  below  ai»ei,  x^ ;  of  Uise  of  dome,  Wj ;  ^  uni- 
form inclination ;  /,  uniform  thickness ;  i/  =.x  cotaa  t. 

r 


--  .    coa »  ,  ,      -, 

_wtco&i  /        a;J\ 


tot  cos' t  ,  -       -. 
pgziz  wtxi'  ooten*  C 


,.(8.) 


p,  being  everywhere  positive,  there  is  in  this  dome  no  joint  of 
pture. 

Example  m.    Truncated  Conical  DomSf  auppoHiTig  on  il»  ntmvut 


*--*♦  —  -. 


«•* 


-(9.) 


^    ^_J^ 


Tbe  prittdple 

thfttn^wiiyoffc 

r  wfHTMWiiiitg  tiw 

V  the /r^Mfatf  offv 

in  coQsideiiiig  iho 

«£  thai  x»iiKi|ile,  eoooNve  a  rec- 

ara  XV  jFf  ^  X  bemg  Tertical :  its 

»;^&     Lit  «  be  the  wc^i  of  unitr  of  volame  of 

qf  ^tbiA  tl  is  coBposKl ;  ud  let  Uie  weight  of  the 

fet^ftbMpualUtoa^ofthe  Jength  W;  then 


V=  wjryi. 


.(1.) 


I*  of  Mk  «|mDl  Tntkal  pressure  on  the  base  of  this 
eh  Wlfcwiw  W«  viU  ba  rppriesntcd  by  a  line  eqmJ  and 

t «  -xc, ^^ 


& 


1 


^^^^ 

^M 
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find  the  intetisUj/  of  that  pressure  vill  be 

■ 

1                                                      P 

p  -  —  =  _  f0x 

(3.)           ■ 

Now  let  there  be  a  parallel  projection  of  thia  prism,  whose  diuien-         fl 
BonB,  3tf'  =  ox,  y'  =  6y,  s'  =  c*,  are  oblique  to  each  other.     The         1 

veight  of  the  now  prUm  will  be  represented  \>y  a.  line  paniUcl  to  a^,         1 
of  the  length                                                                                            M 

W  =  a  W (I.)          ■ 

Let                                                                                              ^^ 

^^^M 

^                         0  =  1  —  COS^/s-  —  CObV^  —  C08=;»^                                 ^V 

^H                            +  2oo9y3  'cosfx'-cosai'y 

(5)  ^B 

^^Then  the  volume  of  the  new  prism  is 

fl 

^^K                 V  =  afy'c'  Jir=  V-abc  j'C 

(fi)    ■ 

consequently  the  intensity  of  its  vxitjfU  is 

^ 

■                      .«'.^'_          «W 

(V) 

■                               ^'abcJC'YbcJC 

^B    The  area  of  the  lower  sui-flice  of  the  now  prism  ii 

^H                         ^  :!  'onf/  z  =  y  «  •  6  c  sin  ^ a^ ;.. 

(8) 

^B    The  amount  of  the  stress  on  tliat  area  is 

^k                            -W^F-oPzr  opyr 

(9) 

^neing  represented  by  a  line  P,  which  is  the  projection  of  V,  and 

^B   The  intensiti/  of  this  now  stress  is 

(10.) 

^V                                   f/  s^  'an  1/  sf      bcani/z' 

^knd  if  we  f»nsider  the  relation  between  stress  and  weight. 

H^                                       F=  -  "W, 

p'  y  c:'  sin  y^4'  ^-vfxf/xf  Jc., 

(11-) 

we  End 

(li) 
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CHAPTER  m. 


ErrRENGTH  JUTD  STIFFNSS8. 


fiBcmoN  1. — Summary  of  the  77ieorj/  o/Ehuticity  as  applied  U> 


Tui  aiifft 


tiegs. 


236.  Th«  Tkeorr  •t  EinBiiciiy  relates  to  the  laws  wliicli  connect 
the  atresses,  or  prcssun»  and  tensions,  which  act  at  the  surface  and 
in  the  interior  of  a  body,  with  the  alterations  of  dimensiona  and 
figure  wliich  the  body  and  ita  parts  simultaneously  undergo.  That 
theory,  therefore,  is  the  fniindation  of  the  princii>lo8  of  the  Rtrength 
and  stiilhess  of  materiuls  of  construction.  The  theory  of  chutictty 
has  many  other  upplieations, — to  crystallography,  to  light,  to  sound, 
to  heut,  and  to  other  brandies  of  physics.  Its  full  discnsaion  would 
of  it«elf  reqiiira  a  volumiuciua  work ;  iu  tJic  present  aection,  its 
principles  are  to  bo  briefly  summed  in  so  far  as  they  are  appli- 
cable to  the  strenfictK  and  stilTnesa  of  structures. 

237.  KUwUriiy  is  tho  property  which  borliea  possesB  of  occupying, 
and  tending  to  occupy,  iwrtions  of  space  of  determiuate  vcdiune  and 
figure,  lit  given  pivKsures  and  temperatures,  and  which,  in  a  homo- 
geneous body,  manifctitij  itself  equally  in  every  part  of  appi*eciable 
magniUulo, 

238.  An  Einatio  Porce  is  a  force  exerted  between  two  bodies  at 
their  surface  of  contact^  or  between  two  |)arts  into  which  a  body 
either  is  divided  or  is  capablo  of  being  divided  at  the  surface  of 
actual  or  ideal  Reparation  between  those  parts.  The  intensity  of  an 
elastic  force  is  stated  in  units  of  toeiffh(  per  unit  qf  area  of  the 
surface  at  which  it  acts.  That  kind  of  force  is  in  fact  identical 
with  Hress,  the  statical  laws  of  which  have  already  been  explained 
in  Part  L,  Chapter  V.,  Bections  2,  3,  and  4,  Articles  8G  to  126. 

239.  Finid  Eiuiieiir. — Tlic  elasticity  of  a  per/eei  Jlvid  is  such 
that  its  parts  resiRt  change  of  volume  only,  and  not  change  of 
figure ;  whence  it  follows,  that  tho  pressure  exerted  by  a  perfectly 
fluid  mass  is  wholly  perpenflicular  to  its  sudace  at  every 
principles  which  foiiu  tho  basis  of  hydrostatics  and  hydrodjuamii 
Fluids  are  either  gaseous  or  Hc^uid.  A  ^aseotts  fluid  is  one  whi 
jfiarts  (so  iar  as  is  known  by  experiment^  eic&rt  ^  ^teesuro 


I 


Li<}m>  HJumciTT — HKstDnr. 


271 


each  other  and  against  U»e  veceel  oontainmg  thora,  how  grcftt  aoevor 
the  volume  to  which  they  are  expanded.  Bee  Art&  110|  and  117 
to  124. 

240.  lJ^^mU  Eiucieitr- — The  olosticity  of  a  peifiei  liquid  remsta 
duuige  of  volume  only,  and  dlficrs  from  that  of  a  gaseous  fluid 
chiefly  in  this  :  that  the  greatest  vnriuti'jns  of  the  pivastire  which, 
it  is  ponible  to  apply  to  a  liquid  maaa  produce  reiy  small  variations 
uf  its  volume. 

The  com/yr&mon  undei^ne  by  a  liqnid  miws  in  oonsequenc*  of 
the  application  of  a  given  pressure  over  its  surface,  is  measured  by 
the  ntio  of  the  diminution  of  volume  produced  by  the  give.n  prea- 
sore  to  the  entire  volume  of  the  ma«a  :  a  ratio  vhich  is  always  a 
very  small  fractioo.  The  comprmsibiUti/  of  a  given  liquid  is  the 
compression  produced  by  a  unit  of  elastic  pressure ;  in  other  words, 
the  ratio  of  a  compression  to  the  preasure  producing  it  Tho 
tnodulus  ov  co-efficient  of  daaticity  of  n  liquid  is  the  ratio  of  a  pressuro 
applied  to  and  exerted  by  the  liquid,  to  the  accompanyinfr  compres- 
sion, and  is  therefore  the  reciprocal  <rf  the  compressibility.  The 
following  empirical  formula  fnr  the  compressibility  of  pure  water 
at  any  temperature  between  32''  and  128^  Fahrenheit  has  been 
deduced  from  the  experiments  of  M.  Grassi  {CompUs  Rendus^  XIX.; 
PKU09,  Afaff.,Jnxic,  16dl). — Comjrt^esnbUiti/ per  AtnuMpfiere, 

1 
~40(T  +  4Sl')-j)* 

T,  temperature  in  degrees  of  Fahrenheit  d,  density  of  iiraicr  at 
that  temperature  under  one  atmosphere,  the  maximum  density  of 
water  under  the  pressure  of  one  atmosjjhere  being  taken  as  unity. 
At  the  temperature  of  maximum  density,  39*1  Falir.,  the  corn- 
See  Art  123,  equation  5.  At  the  temperature  of  maximum  density, 
39-1  Fah.,  the  compressibility  of  water  per  atmosphere  is  0*00005, 
and  its  modulus  of  elasticity,  20,000  atmospheres,  or  204,000  lbs. 
per  square  inch. 


Ta 


CompreuUfilitiea  ofBomt  Liquids,  per  J-tmotpIteret/rom 
M.  GrauCs  ai^oeriments. 

tuiatcd  aqueous  solution  of  nitmte  of  potash, 0*0000306565 

Saturated  aqueous  solution  of  carlxiuate  of  potash,.  ...0*0000303294 

Artificial  sea.  water, 0-0000445029 

Saturated  aqueous  solution  of  chloride  of  caJcium,.  ...0-0000209830 

jEther, o'oooiii37  to  0*00013073 

AJcohol, .....0*00008245  to  0-00008587 

The  compressibility  of  sther  and  alcohol  increases  with  the  pressure. 

241.  RitfMirr  •'  Btiff^rm*, — ^A«»/?V/body,WBidesiTWrt2il\n%^wv^Ci 
of  volume  like  a  JJquidj  poescsaea  also  rv^idUyy  or  the  ■^o^x^.'^  'A 


nritttng  cbange  of  figure.  Aa  in  Uie  oue  of  liqmda,  tlie  utmost 
ftltentioiiof  Tolameof  whichftBoUd  bodj*  is  capftUe  hr  urn  piiMimi 
vhich  can  be  applied  to  it,  ia  always  a  Tery  anudl  fraction  of  Hi 
entiis  Yolnme.  llie  strenes  at  the  (mrface  of  a  aotid  body  or  partick 
ate  not  neoeaaarilj  normal,  but  may  bare  any  direction,  from  Dormal 
to  tangential 

242.  &ft§mtm  «»4  yf  «■■»> — In  pofiular  lat^inagie  the  word^  sirauk 
and  tflrMf  are  applied  indiHeT^utlr  to  denote  eitber  tbe  system  of 
forces  at  the  Burface  of  a  solid  body  wbcrebf  ita  volume  a-id  figmv 
are  altered,  or  the  alteration  of  volume  and  figure  of  tbe  hotly  and 
ita  parts  tberebj'  produ»d.  For  tbe  sake  of  cleameea  in  scientific 
lADgnagty,  certain  aitthors  liave  reoentlv  endeavoured  to  appropriato 
tbe  word  Mrain  to  the  alterations,  of  vhat  nature  soever,  in  tbe 
volume  and  figure  of  a  solid  body  and  of  its  parts,  produced  by 
forces  applied  to  it.  and  tho  word  slreta  as  fonnedy  defined.  Thuc 
nomenclature  will  be  used  in  the  pn^wnt  treatise,  /'rttc^ureofa 
solid  oocurs  when  a  strain  is  carried  so  ikr  as  to  cause  actual  division 
of  the  solid  into  parts.  The  strains  and  fractures  to  which  a  solid, 
considered  as  a  whole,  is  subject,  may  be  classified  according  to  the 
following  table.  To  each  kind  of  strain  there  corresjionds  a  kind 
of  stress ;  being  the  external  force  which  produces  tliat  strain,  anil 
iliee(^ual  and  opposite  fort.*!'  wbercwilL  tlu-  solid  resibts  that  strain: — 

Stnuo.  Fracture. 

T       't.    V     I        f  Ejctension    Tearing. 

Longitudma! |  Comprarion Crushing  and  aeftving. 

i  Distortion     Shearing. 

Transverse I  Torsion         Wrenching.  ^^ 

(Bending        Breaking  across.  ^| 

243.  Pprfrci  and  Imperfect  ElnallcllT*     PlaflUcbf. — AbodyisBSid 

to  bo  7>cr/ft7/y  tlaMic,  which,  if  straiuHl  at  a  constant  temperature 
by  the  a])pliaition  of  a  stress,  recovers  ita  original  volume,  or  volume 
and  figure,  when  such  stress  is  withditiwo.  De^'iations  &om  this 
prajierly  constitoto  imperfict  elastieity.  Gases,  and  liquids  perfectly 
free  from  viscosity,  are  perfectly  clastic. 

Tho  elasticity  of  every  solid  ia  sensibly  perfect  when  the  strain 
does  not  exceed  a  certain  limit  Tliia  has  been  proved  to  bo  the 
case  even  for  solids  so  plastic  as  moistened  clay.  For  every  solid 
there  are  limits,  which  if  a  stmin  exceed,  w^,  or  pennanent  altera- 
tion of  volume  or  figure,  is  prodticod ,  and  such  limits  of  elaHieiiy 
are  less,  and  often  considerably  less,  than  tho  stmins  required  to 
produce  fractiuu  It  has  been  proved  by  Mr,  Hodgkinson  that 
theso  limits  depend  on  the  duration  of  tbe  strain,  being  less  for  a 
JoDg-COiitinued  strain  tban  for  aXitiul  ^irai^.  '^Vt  «lasiv:U.y  ofwitunvs 
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in  »o1i<1b  is  in  general  mucK  more  nearly  jwi-fcct  than  tho  elasticity 
ofjigurt.  It  13  true  that  the  deunity  uf  uiaiiy  metuls  is  perma* 
■ntly  increased  by  liammering,  rolling,  and  \nredrawiiig,  and  that 
»mc  other  materials  by  intense  pi-essure  (Fairbairn  ;  Roport  of 
'IrUi^  Asaocwlton,  1854);  but  the  stresses  which  opetuto 
ig  these  processes  are  very  great  A  body  which  is  capable  of 
►tendorgoiiig  gicat  alteratioos  of  figure,  and  whose  elasticity  of  figure 
is  very  iiniwrfect,  is  a  plastic  solid.  The  gradations  are  insensibU^ 
between  plastic  solids  aud  viscotts  liquids,  iu  which  there  is  a  resist- 
»ce  to  change  of  figure,  but  no  tendency  to  recover  any  particulai 
lire. 

Rise  of  teni}xralnra^  so  far  as  we  yet  know,  increases  elasticity  of 
[volume  in  all  substunecs,  aud  at  tho  Kimo  time  diuilniuhes  the 
•mount  and  the  j^-rtV-ctiou  of  elasticity  of  figure,  so  as  to  make 
lolids  more  jtla^jtic  and  liquids  less  viscous. 

244.  The  riuawta  mrcasUi  nf  a  Kolid  is  the  sti-ens  required  to 
produce  fracture  in  some  specified  way.  The  Pr*«f  flirmcth  is  the 
stress  required  to  produce  the  greatest  strain  of  a  specific  Idntl 
consistent  with  safety ;  that  is,  with  the  retention  of  the  strength 
of  the  material  unimpaired.  A  stress  exceeding  the  proof  strength 
of  the  material,  although  it  may  not  produce  iustant  fracture,  ]>ro- 
duces  fracture  eventually  by  long-coutinued  npplicatiou  and  irc- 
quent  repetition.  Strength,  whether  ultimate  or  proof,  is  tho 
product  of  two  quantities,  whieh  may  bci  called  Tvaghncwi  and 
stiiAMH.  Towjhn&s,  ultimate  or  proc>l',  is  here  used  to  denote  tho 
greatest  strain  which  the  body  will  bear  without  fractui-c  or  with- 
out injury,  as  the  case  maybe  :  stiffness^  which  might  also  be  called 
hardnttsSf  is  used  to  denote  the  ratio  borne  to  that  strain  by  tliu 
ijtrcss  required  to  produce  it,— being,  iu  fact,  Kviodtdus  ofdnMicity 
[of  some  specified  kind.  Malleable  and  ductile  solids  have  ultimate 
ighncss  greatly  exceeding  their  proof  toughness.  Brittle  solids 
iliave  their  ultimate  and  proof  toughness  equal  or  nearly  equal. 

Bcailicace  or  Sprlaa  is  the  quantity  of  mec/tanical  work  required 

to  produce  the  proof  strain,  and  is  equal  to  tlie  product  of  that 

strain,  by  the  mean  atrese  in  its  own  direction  which  takes  place 

during   the  production  of  that  strain, — such  strc^sA  being  either 

tactly  or  nearly  equal  to  one-half  of  the  stress  con-csponding  to 

he  proof  strain.     Hence  the  i*esilience  of  a  solid  is  exactly  or 

leaxly  one-half  of  the  product  of  its  pixwf  totighui-ss  by  its  proof 

;ngth  ;  in  other  words,  one-luUf  of  the  product  of  the  square  of' 

prfiof  toughness  by  its  stifiuess. 

Each  solid  has  an  many  different  kinds  of  stiffness,  toughness, 
^Btrength,  and  resilience  as  there  are  difibn^nt  ways  nf  atiuining  it, 
i  tho  following  table  shows.     In  that  table  pUdliliti/  is  used  as  a 
inera]  term  to  denote  the  inverse  ot'  sti^nevit ; — 

T 
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8tn»L 

Stnla. 

Stittatm 

PUaUIU}-. 

Frictarft 

Stntnsth. 

Piia 

8u«tcklngor 
iucteuaioD. 

... 

EztmHOii- 
Uty. 

Twnng. 

Taucky. 

Thnist 

S<)ueediigor 
Compras- 
■ion. 

... 

Comprcttlbl- 
Uty. 

Cnuhis^ 

— 

SbMring. 

Distortion. 

•i< 

>»■ 

Sbeufag; 

... 

Tnbtbg. 

Twlitlngor 
Tonlon. 

... 

... 

Wnoching. 

... 

BnfiDg. 

BouliDg. 

Tniuvcne 

sumivBB. 

FlexEbOity. 

BiuIdBg 
Acraak 

«» 

I 


» 


Those  kJDtlft  of  stiffness  and  strength  which  have  no  single  word  to 
designate  them,  arc  called  resislajtce  to  the  kind  of  strain  or  fnu> 
ture  to  which  they  are  opposed. 

240.    DelermlHaUoB  af  FriMirMlrrKftli. — It  WlUt  formerly  snppOSCd 

that  the  proof  Rtn^ngth  of  any  iDat<.'rittl  wua  the  utmost  stress  cou- 
8i»t6nt  with  perfect  elasticity ;  that  is,  the  utmost  stress  whicli  does 
not  protluco  a  eet,  as  defined  in  Article  243.  Mr.  Hodgkinson, 
liowever,  has  jiroved  that  a  set  Ib  produced  in  many  cases  hy  a 
stress  perfectly  consistent  with  safety.  The  determination  of  proof 
strength  Ly  experiment  is  now,  therefore,  a  matter  of  some  obscu- 
rity ;  but  it  may  ho  considered  that  tJio  best  test  known  is,  the  not 
producing  an  iNUREASLxa  srr  hy  fixated  application. 

2-lG.  Tlie  WorkiBx  mtr^m  on  the  material  of  a  stmctore  is  made 
less  than  the  proof  strength  in  a  certain  ratio  determined  hy  pmo- 
tical  experience,  in  order  to  proiride  for  unforeseen  contingencies. 

247.  Factor*  of  Safinr  are  of  three  kinds,  viz. : — the  ratio  in 
which  the  ultimate  atrengUt,  exceeds  the  proof  ^rcngUiy  the  i-atio  in 
which  the  ultimate  slr&njih  exceeds  the  icorkiug  street  and  the 
ratio  in  which  the  jtroo/  utrenglJi  exceeds  the  vjorki/ig  stre^.  Tho 
following  table  gives  examples  of  the  values  of  those  factors  which 
occur  in  praotioo  : — 

Git  SCnngtb.      Ult  SttaDfUL     rraarSbagOL 


StniDsest  lied, »...„ 

Ordmirystaclandwr.  Iron,  itMidv  loirt, 
"  "  uiovirgliJttJ, 

Wrought  Iron  bcilen, 

Gut  iroo,  stui'lv  loul » » 


nio«-iii^  Io«d, 


Timber,-  avcrago, 
lioue  act]  brick. 


fnotscnuffth. 


2 
2  to3 


WorkiDc  Streu.  WorklugStna. 


3 
4  to  6 


S  (r>4 
CtoS 


10 


H 

StoS 

4 

mboat  1| 

9  (o3 

vf.  alMmt4 
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S4S.     DIrfaloas  o€  «fao   WaiheiBatfcal   Theorr   vf  BlaitflciCr* — Tbo 

licfiry  of  the  elasticity  of  solids  has  been  reduced  to  a  body  of 
untltfjiuUical  prinrtjd':^  applicnblo  to  those  discs  in  which  the 
lins  of  the  particles  of  the  Ixxly  are  so  smidl,  tliat  quantities 
u  the  stix'ssc's  dc'(>c[idiDig  on  the  squares,  products,  and  higher 
(oircra  of  the  Rtrainfl  may  be  n^lccted  •without  appreciable  error, 
hftiid  that,  a^nscqucntly,  Hookas  Lam — "vttensioncvis" — is  aen- 
ibly  true  for  all  relatioos  between  strains  and  Btrcssea  This  oon- 
rdition  is  fulfilled  in  nearly  all  cases  in  which  the  streiises  aro 
"within  the  limits  of  yiroof  strength — the  exceptions  being  a  few 
substances,  vcTy  pliable,  and  at  the  same  time  Tcry  tough,  such  ar 
caoutchouc.  I'he  mathoinatical  theory,  as  thus  liinittid,  consists  of 
three  parts,  viz.,  the  resolution  and  composition  of  stresses,  tbo 

»jiQtk)lutiun  and  composition  of  strains,  and  the  relations  between 
Sttuins  and  f^tresses.     The  resolution  and  composition  of  stresses 
has  already  been  fully  discussed  in  Part  I.,  Chapter  Y.,  Section  3. 
349,   BeaataUoD  and  c:«nip««liloii  of  Scrala*. — lA.'t  a  solid  of  any 
igore  be  conceived  to  bo  ideally  di^^dod  into  a  number  of  inde- 
itcly  small  cubes  by  three  series  of  planes  paraUel  respectiveiy 
three  co-ordinate  plane-s.      IWh  such  elementaiy  cnbc  is  dift- 
^inguished  by  means  of  the  distances,  a;,  y,  j,  of  its  centre  from  the 
co-ordinate  planes.     II'  the  solid  be  strained  in  any  miiimer, 
rU  of  the  elementary  cubical  particles  will  have  its  dinienaiona 
land  figure  chanj^ed,  and  will  become  a  parallelepiped,  which  may 
be  right  or  oblique — ita  size  being  conceived  to  be  so  snuUl,  that 
the  curvature  of  it«  face^  is  inappreciable.    The  simjtlf  or  denientary 
trains  of  which  a  ijarticle,  cubical  in  its  free  stat*;,  is  susceptible, 
ire  six  in  number,  xiz. : — ^three  longitudhtiol  or  direct  strains,  being 
le  three  proportional  variations  of  it^  linear  dimeiLiinns,  which  are 
elongations  when  positive,  and  compressions  when  negative ;  and 
iree  traritverse  strains^  being  the  three  distorti^ynSt  or  variations  of 
the  angles  between  its  faces  from  right  angles,  which  are  considered 

>»3  positive  or  negative  accordiug  to  some  arbitrary  but  fixed  rule, 
and  are  expressed  by  the  proportionB  of  the  arcs  subtending  them 
to  radhuL     When  the  values  of  those  six  strains  for  every  particle 
are  expreoted  by  functions  of  the  co-ordinates,  or,  y,  a,  the  state  of 
j^Mtrain  of  the  solid  is  completely  expressed  mathematically.     Tho 
^psix  olementary  sti-ains,  in  tho  cases  to  which  tho  theory  ia  limited, 
'-   are  very  small  fractinns. 

Tlio  metliod  of  reducing  tho  state  of  strain  of  the  solid  at  a  given 

>int,  aa  exfirensed  \jy  a  system  of  six  elementary  etruins  relatively 

one  system  of  rectangular  axes,  to  an  equivalent  ^stem  of  six 

lement-iry  sti-ains  relntivi'ly  to  a  new  system  of  rectangtdar  axes, 

founded  on  the  following  theoreoL     Let  «,  /9,  y,  be  tlic  longitu- 

rdizuiJ  strains  of  the  dbncDsions  of  a  given  porticVQ  q\o\^  ^I'y)^ 
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ft,  >,  tbe  distortioufl  of  its  angles  in  the  planes  y  »fZXfXy.   Con- 
nive the  surface  of  tho  second  uiiler  whoso  equation  is 

Transform  this  equation  so  a£  to  refer  the  same  surface  to  tho  new 
axes  of  co-ordinates  ;  the  six  co-efEcicuts  of  the  transformed  eqtur 
tiou  will  be  the  elementAry  strains  referred  to  the  new  axe& 
Other  ways  of  resolving  strains  have  been  |)ointed  out  by  Professor 
"W.  Thomson,  CajrArid^^  avid  Dublin  Mathematical  Journal,  Mav, 
1855. 

The  sum  of  the  direct  strains  «  +  jfl  +  y  represents  the  cubic  dila- 
tAtion  of  a  mrticle  when  positive,  and  the  cubic  compression  when 
negative.  The  state  of  strain  of  a  transparent  body  may  bo  ascer- 
tained expe rim DB tally  by  its  action  on  polarized  light.  On  this 
subject  experiments  have  been  nmde  by  Presnel,  Sir  D.  Brewster, 
Werthfim,  and  Mr.  Clerk  Maxwell. 

350.  Vtaptarcmciiis. — Let  S,  u,  ^,  bo  the  projections,  parallel  to 
Xf  y,  z,  respectively,  of  the  difjylacamfmt  of  a  particle  in  a  f^rained 
solid  from  its  position  whfii  the  solid  is  free,  expressed  as  functions 
ofar,  y,  c    Then 


dl      ^      dn 

'^di'  ^  =  d:y 


y  = 


I 


ds' 
^_di      dn         _di      d^ 
di      dz*    '*'dt'^  dx' 
_dfi       rfj 

~  dx       dy 

AhkUit  of  nirrnwM  nnd  strnini. — It  has  been  shown  in 
Article  104,  that  the  elastic  foi'ces  exerted  on  and  by  an  originally 
cubical  particle,  which  eouiititute  the  state  of  stress  of  the  solid  at 
the  ]x>int  where  that  particle  is  sitiiated,  may  be  resolved  into  six 
et^smetUary  stresses,  viz.; — three  Tioniud  stresses,  jxirpendicular  re- 
spectively to  the  tiiree  pairs  of  &oe8,  and  tending  directly  to  alter 
the  tlu'eo  linear  dimonHious  of  the  particle — and  thi-cc  pairs  of 
tangential  stresses  acting  along  the  double  paint  of  ikces  tu  n'hich 
they  are  applied,  ajtd  tending  directly  to  alter  the  angles  made  by 
Buoh  double  pairs  of  faces.  To  reduce  the  state  of  atreaa  at  a  given 
point  expressed  by  a  system  of  six  elementary  stresses  refeiTed  to 
one  system  of  nK^tflngnlar  co-ortlinatcs  to  an  equivalent  system  of 
elomcutaiy  stresses  relerred  to  a  new  system  of  rectangular  co-ordi- 
nates, equations  have  Ix^n  given  in  Articles  105,  lOrt,  107,  lOtf, 
J  09,  and  113.  The  whole  of  those  equations  are  virtually  compre- 
eodod  uiider  the  following  t\\eor«m. ;— 1«A.  -p^  ^p^  -p.,,  bft  tho 
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I  normal  stresacs,  &nt]  p^  p^^,  p^  the  tlireo  tangential  Btresses; 
COoceivQ  tho  Bur&oe  whose  equation  is 

Pms^^  +  PnV^  +  P»^  +  ^PmV^  +  2p„sx  +  2p^xy  =  l, 

Tmn&form  thia  equation  so  as  to  refer  the  same  surface  to  the  new 
art  of  axes ;  the  six  co-efficient«  of  the  transformed  equation  -wil] 
be  tho  six  elementary  stresses  referred  to  the  new  axe*.  For  the 
complete  investigation  of  this  subject,  see  M.  Iaui^'s  Le^tms  aur  la 
Thearic  matJicTnalique  de  V Elasticity  dcs  Corps  solides,  Paris,  1852. 
The  al»ovo  equation  ia  tranfonnetl  into  tho  equation  of  Article  249 
by  substituting  respectively  «,  $,  y,  >.,  /t,  »,  for  p,„  p„,  p^  2p^ 
3j?»rt  ^P»ri  '^^^^  !'>'  making  ocuTtsptmdiiig  subatitutions  in  all  the 
equations  of  Articles  105,  lOG,  107,  lOS,  109,  and  112,  they  are 
made  applicable  to  etnuus  instead  of  stresses. 

252.  The  Potential  Eacrsy  of  EioaticUjr  of  an  originally  cubic 
luirlicle  in  a  given  slate  of  atmin  is  the  work  M'hich  it  is  capalle  of 
performing  in  returning  from  that  state  of  strain  to  tho  fi*ee  state ; 
and  is  the  product  of  the  vulume  of  the  particle  by  tho  following 
function : — 

"C"  =  3  («!?«  +  ^p„  +  yp„  +  A;>n  +  ttv»  +  'i'J- 

This  function  was  firat  employed  by  Mr.  Green,  Cuanhridtfc  Traru' 
actions,  vol  vii 

353.  Co-cfflriomis  of  BiiuiUeitr* — According  to  HoolceV  Law,  each 
of  the  six  elementary  stix'sscs  may,  witliout  Beusible  error,  be 
treated  as  a  linear  fimction  of  tho  six  elementary  strains,  each 
multiplied  by  a  iiai-ticulur  co-effidfrU  or  modulus  of  dasticilT/,  By 
expressing  all  the  stresses  in  terms  of  tho  strains,  the  potential 
eaergy  V  ia  transfoiiued  into  a  homogeneous  quadratic  function  of 
the  six  elementary  strains,  which  must  have  twenty-one  terms, 
and  consequently  twenly-one  co-efficieftlSf  mnltiplj-ing  respectively' 
the  six  half-squares  and  the  fifteen  binary  products  of  the  six  ele- 

mentaiy  strains.     The  co-eiUcient  of  7:  a^  in  XT  is  that  of  «  in 

P09  J  the  co-efficient  of  « /3  in  U  is  tliat  of  »  in  p„  and  also  that  of 
/3  in  p„ ;  and  so  on. 

254.  C'o-Lfflcimta  of  PiiabfUir. — According  to  Hooke's  Law  also, 
each  of  the  fox  elementaiy  strains  may  be  treated,  without  aensiblo 
error,  as  a  linear  function  of  the  six  elementary  stresses^  00  as  to 
tzansform  U  to  a  homogeneous  quadratic  function  of  tho  elemen* 
taiy  stresses  p,„  &c.,  having  twenty -one  terms,  and  twenty-one  co- 
efficients expix»&sing  ditferpnt  kinds  of  pliahility.  The  word  "  plia- 
bility "  is  htre  used  in  au  extended  beuse,  to  include  liability  to 
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alteration  of  figure  of  every  kind^  whether  by  dongation, 
compi-Cfision,  or  distortion. 

Co-efficienta,  whether  of  elasticity  or  of  pliability,  may  be  thus 
{jlggaxfiod : — Direct^  or  hit^ititdinalj  when  they  expren  relationa 
between  longitudinAl  stmiiui,  and  normal  stresses  in  the  samo 
direction ;  lateralj  when  they  cxprc«fl  relations  between  longitn- 
dinal  stmins,  and  normal  stresses  in  directions  at  right  angles  to 
the  strains ;  trati8V€r$e,  when  they  expreas  relations  between  dis- 
tortions, and  tangential  Htresses  in  Uio  same  direction  ;  oblique, 
when  they  express  uuy  other  relations  between  stiuiiif*  and  stresses, 

355.  Am  Axis  •rKiuticiry  i»  any  direction  in  a  solid  body,  with 
respect  to  which  some  kind  of  symmetry  exists  in  the  relatiooB 
between  strains  and  stresses.  An  axis  of  direct  elasticity  is  a  direc- 
tion in  a  solid  body,  such  that  a  longitudinal  strain  in  that  direc- 
tion ])roduce3  a  normal  stress,  and  no  tangential  stress  on  a  plane 
nomud  to  that  direction.  Every  such  axis  is  a  direction  of  nuud- 
nium  or  minimum  direct  elasticity  relatively  to  the  dirccUuns 
adjacent 

By  the  aid  of  the  calculus  of  forma,  and  of  an  improvement  in 
the  geometry  of  oblique  coordinates,  it  has  been  shi>wn  that  every 
homogeneous  solid  must  have  at  least  t^iree  axes  of  direct  elasticity, 
which  may  be  rectangular  or  oblique  with  respect  to  each  other, — 
that  the  number  of  such  axes  inoreases  as  the  symmetry  of  the 
action  of  elastic  forces  becomes  greater, — and  tlrnt  their  various 
possible  armngemeut«  coiTesjxmd  exactly  with  those  of  tlio  normals 
t<i  the  faces  and  edges  of  the  various  primitive  crystalline  Jottm  ^ 
{Phil.  Travis.,  1856-7).  ■ 

35G.  In  an  laacropic  or  Ajaorpboas  ssUd  the  action  of  elastic  ^ 
forces  is  alike  in  all  directions.  Every  direction  is  an  axis  of  elas- 
ticity. The  co-efficients  of  oblique  elasticity  and  oblique  pliability 
are  all  null.  The  number  of  difiereut  co-efficients  of  elasticity,  and 
of  different  co-tjfficients  of  pliability,  is  three.  The  following  nota- 
tion and  equations  show  their  relationa  to  each  other : — 


I 


Elasticities, 


Direct, 


A  = 


a-ft 


a»-ab-2b» 


Lttteral, 


B^ 


Transverse,. 


0  = 


a»-a!i-2fr 
A-B 


3* 


Elasticity  of  volume. 


A  +  2B 
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27& 


IHiahUit%€4. 

a  = 


A  +  B 
A»  +  AB-2BJ' 
{otherwise,  the  extensibility.) 

B 
A»-hAB-3B«' 


Lateral, fi 


Transverse, c  =  ^  =  2(a  +  i)); 

Cubic  comprosribilitj, 1)  =  3a- 6b, 

257.  arednin*  of  Eituiiciir* — The  quantity  to  vhich  the  term 
^•*f7«>rfu/iM  c/  eifistkitt/'*  waa  first  appHed  by  Dr.  Yoxing,  is  the 
iteciprocal  of  the  extensibility,  or  longitudinal  pliability;  that  is 
toeay, 

■  a  A  +  F 

■Thi 
Hver 
■vtn 
■^i 
■To< 
Bevc 

■  stl 

■  2 


This  quantity  expresses  the  ratio  of  the  normal  stress  on  the  traitgP 
veree  section  of  a  bar  of  an  isotropic  solid  to  tho  longitudinal 
vtruBf  oniy  token  the  bar  is  •perftctly  free  to  vary  t»  ite  transverse 
trntneionaj  but  not  under  otiier  circtunstanoes.  The  values  uf 
Young's  modtUus  have  bwn  dt^t^rmined  cxperiinentally  for  ftlmost 
every  solid  substance  of  impurtiiuce,  and  a  table  of  them  is  given 
■t  the  end  of  tho  vohime. 

358.  Bxanipica  «r  co-ciBcicau. — The  only  complete  sets  of  co- 
efficients of  elasticity  and  pliability  which  liave  yet  been  compntod 
arc  Uio3e  for  brass  and  ciyatal,  deduced  Irom  the  experiments  of 
M.  Wertheim  {Anwi/es  de  Chimie,  3d  series,  vol  xxiii.),  and  are  as 
follows — the  unit  of  preaauro  being  one  pound  on  Ui6  square  iiich : — 

Bx&as.  Cxysto]. 

A.... 23,324,000       8,533,600. 

B 11,570,000    4,204,400. 

0 5i337»ooo    a,i59,ioo. 

j 15,121,000    5»643j8oo. 

1  , 

- 14,300,000    5i746,ooo. 

R 0*0000000699 0*0000001740. 

i 0*0000000239 0*0000000575. 

t 0-0000001877 o*oooooo463i. 

i O'ooooooo66i 0*0000001772. 
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259,    The  Cencml  ProblrmeTahc  lalcranl  CqniUbriiUB  of  hb  EU^ 

tic  Solid  is  this  : — Given  the  froe  form  of  u  solid,  the  values  of  its 
co-efficients  of  elasticity,  the  attractions  acting  on  its  particles,  and 
the  stresses  applietl  to  its  surface  :  to  find  its  change  of  form,  and 
the  strains  of  oil  its  particles.  This  problem  is  to  be  solved,  in 
general,  by  the  aid  of  nn  ideal  division  of  tho  solid  (as  already 
described)  into  molecules  I'ectiingular  in  their  free  state,  and  re- 
ferred to  rectangular  co-ordinates.  For  isotropio  eolidd,  Bome  pM^ 
ticiilar  cases  are  most  reailily  solved  by  means  of  spherical,  cylin- 
drical, or  otherwise  cur\'od  co-oriUnatcs.  The  general  equation  of 
internal  equilibrium  iu  a  solid  acted  on  by  its  own  weight,  has 
already  been  given  in  Article  IIG,  equation  2.  If,  in  that  eqim- 
tion,  the  values  of  the  stresses  in  terms  of  the  strains,  expreased,  as 
in  Article  250,  in  terms  of  tho  difplacaiicnU  of  the  juiHiclca,  be 
introduced,  eq\iatious  are  obtained,  which  being  integrated,  give 
the  dlsplnccmeut**,  and  consequently  the  straius  and  stresses.  The 
general  problem  is  of  extreme  complexity ;  but  tho  cases  which 
occur  in  practice,  and  to  wliich  the  remainder  of  this  chapter  re- 
lates, cun  genemHy  bo  solveil  with  sufficient  accuracy  by  comj^tara- 
tively  simple  a])proximate  methods.  Host  of  those  upproximAte 
methods  are  analogous  to  the  **  method  of  sections"  described  in 
its  application  to  liumework  in  Article  161.  The  body  under 
consideration  is  conceived  to  be  divided  into  two  j>artfi  by  an  ideal 
plane  of  section ;  the  forces  and  couples  acting  on  one  of  thosQ 
two  parts  are  computed,  aud  they  must  be  equal  and  opposite  to 
tho  forces  and  couples  resulting  from  tho  entire  stress  at  the  ideal 
sectional  plane,  which  is  so  found.  Then  as  to  the  distrihuiion 
of  that  stress,  direct  and  Hlieanng,  some  law  is  assumed,  which  if 
not  exactly  true,  is  known  either  by  experiment  or  by  theory,  or 
by  both  combiuuj,  to  be  a  sufliciently  close  approximation  to  the 
truth. 

Except  in  a  few  comparatively  simple  cases,  the  strict  method 
of  investigation,  by  mcflns  of  tho  equations  of  iutcrnol  equilibrium, 
has  hithci*to  been  u.sed  only  as  a  means  of  determining  whether  the 
ordinaiy  approximative  methods  aro  sufficiently  cloae^ 

Section  2. — On  delations  betwten  Strain  and  Sli'css, 

360.  KUip»c  mf  Strain — In  Articles  249,  251,  253,  253,  254, 
356,  and  257,  of  the  preceding  section,  certain  Roneral  principle* 
respecting  the  relations  amongst  strains,  and  the  analogies  and 
otlier  relations  between  strain  and  stress,  are  stated  without  a 
detailed  demonstration.  In  tho  pi-esent  section  the  more  simple 
CAses  of  those  principles,  to  which  tliere  will  bo  occasion  to  refer  in 
tlie  s«'qutl.  are  to  bo  demons truted. 
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Let  a  solid  body  be  supposed  to  undergo  a  strain,  or  smnl) 
rilteratiou  of  dimcnsious  and  figitro,  of  such  a  nature  that  all  thu 
di^lilacements  of  its  particles  from  their  „ 

original  positions  arc  ]iarallel  to  one 
plane;  and  let  that  plane  be  repnv 
seated  by  the  piano  of  the  paper  iu 
fig.  IH.  In  the  first  instance,  lot  the 
state  of  strain  of  the  body  be  uoiform 
throughout;  that  is,  let  all  parts  of  tlin 
body  which  originally  were  equal  and 
mmilftr  to  coch  othcr,  continue  cqunl 
And  Rimilar  to  each  otltcr  notwitlistand- 
their  alteration  of  dimensions  and 
figure. 

Kound  any  centre  O,  with  the  radius 
uniti/^  let  a  circle  be  traced  amongst  the 
jmrticles  of  the  body,  B  C  A  F.    Because 
of  the  uniformity  of  the   strain,  this 
circle  will  be  chan^d  into  a  piu-allel 
projection  of  a  circle;  that  is,  into  an 
ellipse.     Let  be  a/ he  that  ellipse,  and  Oft 
and  06  its  semi-axes,  the  body  being  so  placed 
in  its  strained  condition  that  the  centnd  par- 
ticle O  mny  remain  unchanged  in  position,  in 
order  that  tlie  circle  and  ellipse  may  be  the 
more  easily  compared.   Then  the  particle  which 
waa  at  A  is  displaced  to  a,  and  the  particle 
which  was  at  B  is  displaced  to  6 ;  and  particln5^ 
which  were  at  points  in  the  circle,  such  aa  C 
.and   F,  are  displaced  to  corresponding  points 
in  the  ellipse,  such  as  c  aud^ 

In  the  direction  O  A,  the  body  has  undergone  the  extenaioa 

J  Att  =  «; 

and  in  tbe  direction  O  B,  at  right  angles  to  0  A,  the  extennon 

B6=^; 

and  the  combination  of  those  two  extensions  or  elementary  direct 
strains,  in  roctaugular  directions,  constitutes  the  state  of  stmin  of 
the  body  jwirHllel  to  the  given  plane;  that  state  of  strain  being 
completely  known,  when  «,  /9,  and  the  directions  of  the  pair  of 
rectangular  axes  of  strain  O  A,  O  B,  are  known. 

One  or  both  of  the  elementnry  strains  might  have  been  compres- 
sire,  instead  oftensile,  in  which  case  one  or  both  of  the  quantities  do- 
Botijig  thorn  jtvuld  have  been  ne^-ativc,  to  express  diuuuM\iou  oS-^ofc, 
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A  sqnare  whose  sides  arc  unity,  aiid  pamllel  to  O  A  and  0 
Wing  tractict  amongst  the  {ini'ticles  of  Uio  \todj  in  the  free  atftt^ 
convt^rtcU  by  the  stniiu  into  d  rectangle  whose  aides  are  1  H~  ■ 
1  +  4,  and  still  parallel  to  O  A  and  O  B. 

Let  it  now  be  required  to  express  the  stato  of  strain  of  the 
with  rcfereuoo  to  two  new  reetanjarular  axes,  O  0  and  O  F,  that 
to  say,  to  find  the  altorationB  of  dimenaionfl  and  figure  produced 
le  strains  on  a  figure  originally  Bquare,  described  on  O  C  and  0  F. 

Jjet  X  ^  0  X,  y  =  O  Y,  be  the  original  co-ordinates  of  C,  and  a^ 
=  QX\  j/  =  tTY',  those  of  F;  and  let  the  angle  A  O  C  =  90 
AOP  =  /.     Then 

2  =  008^=  —  ^ 


2/  =  Sin  #  =  fr. 

Also,  let  X  +  £  =  ^T^t  y  H-  »•  =  O^  -\-  T>e,  be  the  co-ordinates  of 
c,  the  new  position  of  C ;  and  lot  a;'  +  P  =  Y^,  y  +  *•  =  OY'  + 
Gyj  bo  the  co-ordinatos  ofj\  the  now  position  of  F.  Then  becaun 
of  the  uniformity  of  the  Htrain,  the  comp(menC  displaoemenU  i,  Mj  £'| 
«*,  have  the  following  valuoH  : — 


I 


O  c  and  O/are  the  ddcfl  of  the  oblique  parallelogram  into  which 
the  square  on  OO  and  OF  bus  been  transformed  by  the  straii^H 
The  relations  between  the  new  and  the  original  £gure  are  distiv^ 
giii8he<i  into  two  direct  strains  and  a  distortion,  in  the  following 
manner : — 

*     From  e  let  iall  c  M  jHrpendicular  to  O  0  M ;  and  from/  let  fell 
/N  peipendioolar  to  0  F  N.    Thou 


«^  j=  C  M  ia  the  oxtcnaion  of  O  0; 
jy  =  F  N  is  the  cxtonsion  of  O  F; 


J 


and  »*=  cM+yN  is  the  ditttortton  or  deviation  from  recton- 
^larity;  and  the  values  of  those  threo  new  olementaiy  strains, 
relatively  to  the  pair  of  axes  which  make  the  angje  f  with  the 
jmiicipal  oases  0  A,  O  B,  in  terms  of  the  prindjfal  ehniontarff  $treMUf 
m,  /J,  aj-e  aa  follows ; — 
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fl'  =  f  sin  '  —  i/  cos  '  =  «  sin*  '  -f  (3  cos*  ^; 

»*  =  €  sin  ^  —  «  COS  f -\-  ^  CM  4 -{- if  em  i 

=  2  («  —  ^)  COB  /  Bin  /. 


..(a) 


Those  three  equations  are  exactly  analogons  to  the  oqnationB  3 
and  4  of  Article  112,  Iiyjuj  which  they  may  ho  formed  by  fiulijjiHuting 
«  for  p„  and  ^  for  pp  in  both  equaiionaj  and  then,  in  the  first  place, 

A 

■'  for  p„  and  ^  for  a;  n ;  in  the  second  pUce,  P  for  p^  and  (90"^  —  ') 

for  X  n,  and  in  the  third  phice,  »'  for  j?,,  and  /  for  x  ?». 

This  illustrates  the  general  principle  of  analogy  of  Btreasee  and 
strains  BtAtcd  in  Article  251.  That  pi-inciple  ia  fui-thcr  illustrated 
by  ^e  following  geometrical  construction  of  the  preceding  problem. 
In  fig.  1 15,  make  o  a  ^  a«,  o  6  =  /9,  and  draw  the  ellipse  b  e  af,  and 
the  circiuuacribing  circle  C  a  F,  I^t  .^  o  o  C  =  rf,  and  let  o  F  be 
ff^rpendicular  to  o  C,  so  that  those  lines  represent  the  direction  of 
the  new  rectangular  axes,  to  which  the  ^toiin  composed  of  «  and  3 
ia  to  bo  reff?rrccL  Draw  C  c,  F/,  parallel  to  o  6,  cutting  the  elli]we 
in  c  and/,  from  which  points  respectively  draw  o  m  -U  o  C,  and/IT 
-1-  o  F.    Then 

om  =  «*,  o»  =  *3'j  2cn»  =  %fn  =  »', 

are  ^e  components  of  the  stiuin,  referred  to  the  new  axes ;  and  iho 
^Hp9t  of  tt/roin  h  c  af  is  analogous  to  the  eUip$9  ofstreaa  of  Article 
112. 

The  results  of  the  precefliug  invesUgation  ore  applicable  not  only 
to  an  uniform  state  of  sti-ain,  but  to  a  state  of  strain  varying  from, 
point  to  point  of  the  body,  pro\-ided  the  \'ariation  is  continuous,  so 
that  it  shall  be  possible,  by  diminialiing  the  space  under  considera- 
tion, to  make  the  strain  within  that  space  deviate  from  uniformity 
by  leas  than  any  given  derirttion. 

2G1.  BDJpMid  «r  smiit. — ^A  fitruin  by  which  the  size  and  figure  i 
of  a  body  ore  altered  in  three  dimensions  may  be  represented  in 
manner  analogous  to  that  of  the  preceding  Article,  by  conceiving  a 
epbcffe  of  the  radiua  imity  to  be  transformed  by  the  strain  into  an 
ellipsoid,  and  considering  the  displacement  of  various  particles, 
from  their  original  places  in  the  sjihere,  to  their  new  places  in  the 
ellipsoid.     The  three  axes  of  the  ellipsoid  are  the  principal  axes  of 
stnun,  and  their  extensions  or  compressions,  as  compared  with  the 
coincident  diameters  of  the  sphere,  are  the  three  principal  elementary 
strains  wliich  compose  the  entire  strain.    It  is  by  this  method,  which 
it  ta  unnecessary  here  to  give  in  detail,  that  the  general  principles 
Btated  in  Articles  249  and  251  ai-e  arrived  at 
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263.   TnBBvcTBC   EImUcIit    •€  nm   iMtrvpIc    8«k>Caii«e- — Lei  flw  1 

two  principal  elementary  strains  in  on©  plane  be  of  c<iub1  magmtodft,  1 

but  oppLisite  kiutls;  that  is,  supposing  the  strain  in  tig.  114  along  I 

O  A  to  be  an  extension,  •,  let  the  strain  along  0  B  be  a  corapresdoo,  I 

(5  =  —  M.     The  ellipse  will   fall  l»eyontl  the  circle  at  A,  and  u  I 

much  witliin  it  at  B,  and  will  cut  it  at  an  intermediate  {Mint  near  I 

the  middle  of  each  quadrant  l 

Take  a  pair  of  new  axes  bisecting  the  right  angles  between  the 
original  axes ;  that  is,  let  '  =  45";  then  the  equations  2  of  Article 
S6U  give  the  following  result  ;** 

«'  =  0;  i^^O;  ••^a.; (1.) 

that  is  to  say,  an  exlejision,  and  an  ^jual  com^esdont  along  a  pnir 
of  ndangular  axe^,  are  tqtdralent  to  a  simple  distortion  rdativtly  to 
a  pair  of  axes  maJdng  angles  of  45°  tdUi  t/ie  original  axes;  arid  Oie 
Mnount  of  tfie  distortion  is  double  that  of  either  of  the  two  dind  drams 
v^iieh  compose  it;rL  ]>roposition  which  is  otherwise  evident,  by  con- 
sideling  that  a  distortion  of  a  square  is  equivalent  to  an  elongation 
of  one  dii^jonal,  and  a  shortening  of  the  other,  in  equal  proportions. 
The  botiy  being  isotropic^  or  equally  elastic  in  jUI  directions,  let 
A  be  its  direct  and  B  its  kteral  elasticity ;  then  the  pair  of  principal 
strains  «,  /3  ^  —  «,  ^rill  be  accompanied  by  a  pair  of  principal  streasea 
along  04-  and  OB  respectively,  given  by  the  following  equations : — 

alongOA,j9,  =  A«-|-B^  =  (A -B)«;  ^ 

*  0  B,  J),  =  B  «  +  A  ^  =  (B  -  A)  -  =  -  p,; (3.)  ' 

that  is  to  say,  there  will  be  a  pull  along  O  A,  and  an  aptal  ^trust^ 
along  O  R 

It  has  already  been  proved,  in  Article  111,  that  such  a  pair 
principal   stresses,   of  equal    intensities  and   opposite   kinds, 
equivalent  to  a  pair  of  shearing  stresses  of  the  some  intensity  on 
fpair  of  planes  making  angles  of  45^  with  the  axes  of  prind] 
stress;  or  taking/),  to  represciit  the  intensity  of  the  shearing 
on  each  of  a  pair  of  planes  normal  to  the  new  pair  of  axes, 

^,  ==  p,  =  (A  -  B)  « ; (a) 

but  if  C  bo  the  co-efficient  of  transverse  elasticity  of  the  substance, 
we  have  also 

7'.  =  C.; (4.) 

and  consequently,  for  an  isotropic  substance, 
V  '  C=^; (.) 
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ihe  $mnwav6  ^aaiieiti/  i»  luOf  tfie  dt^erenee  of  (ft4  direct  and  lateral 

is  the  demonstration  of  a  principle  already  fitatcd  in  Ai-ticle 

16.     The  corresponding  principle  for  pliabilities,  viz.  : — that  tho 

^7ltvcrse  jtliability  rtf  tioic*;  the  9am  o/O^e  direct  and  lateral  e^enai- 

XitiUf  is  demonstrated  by  a  similar  process,  of  which  the  steps  may 

hriefly  summed  as  follows : — 

^  =  a/*,  —  hy>,  =  —  (a  4-  h)p,  =  —  «; 
.•.»'  =  2«  =  2(a  +  b)7>,  =  3(a  +  b);).  =  c;>„ 

.•.c  =  2(a4-b).— Q.  ED (6.) 

263.  Cable  ElaaUclcr- — If  the  three  rectangular  dimensions  of  a 
body  or  particle  are  changed  in  the  respective  proiKtrtions  1  +  «, 
"+  fli,  1  -{■  y,  its  volume  is  altered  in  the  proportion 
(l  +  «)(H-^)(H-y); 

•ad  when  the  elementary  strains  «,  ^|  y,  are  very  small  firactiona 
is  sensibly  equal  to 

l+-  +  /3  +  y. 

}nBeqnent]y,  sa  in  Article  249, 

may  be  called  the  cubic  strain^  or  alleraiion  of  volume. 

In  an  isotropic  substance,  the  thrue  rectangular  direct  stresses 
vhich  accompany  those  three  strains  are 

y„  =  A^+B(y  +  «);  I  (I.) 

i^,=Ay  +  B(.  +  /3);  j 

Tbo  thinl  jmrt  of  the  sum  of  those  stresses,  which  may  bo  called  tho 
wean  direct  gtresgy  has  tho  following  value  : — 

p>.-^p,.-^;'«„(A-4.2B)  (,^d^y). (a) 

J  o 

The  co-efficient  contained  in  thia  expression,  being  the  ratio  of  the 
mean  direct  stress  to  the  cubic  strain,  is  the  cu6ic  doMiciti/j  or 
daatieUtf  o/voluvie,  already  mentioned  in  Article  25G,  its  reciprocal 
being  the  cubic  comj/ressibUity, 

204.  vinid  uusocur- — The  diHtincUon  between  solids  and  fluids 
is  well  illustrated  by  applying  to  fluids  tho  equations  of  Articles  2G3 
and  263.  Fluids  oiler  no  resbtauce  to  distortion,  that  is,  they  have 
no  transverse  elusticity ;  therefore  for  them 

C  =  ^^^  =  0;orA  =  B. 
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TTttgft4?""g  tills  into  Uie  equAtioua  1  and  2  of  Article  263,  ve 
Ukd  tbo  culiic  dastici^ 


A  +  2B 


=  B. 


The  eqaality  of  the  precnu'os  in  all  directionB  at  a  given  point  in  i 
fluid  luuB  alrefuly  liera  proved  by  another  process  in  Artiole  110. 

The  equations  of  Articlo  2oG  show  the  fil%ah\litio$  of  ftper'    • 
fluid  to  t)c  iufiuite,  with  tho  exception  of  the  cubic  oompreuibiia; 

vhich  is  ^  • 


SiDcnoy  3. — On  liOsiMance  to  StrfteJiing  and  Tearing. 

205.  BKiffiMtM  oMd  ScMagih  •€  m  Tto-Bar. — If  a  cylindrical  or 
prismatic  bar,  whoso  cross  section  is  S  (as  in  Article  97,  tig.  46), 
Htibjccted  to  a  pull  whose  resultant  acts  along  tlie  axis  of  figuiv 
the  bar,  anil  whose  amount  is  P,  the  intensity  of  the  pull  will  be 
uniform  on  each  cross  section  of  the  barj  and  will  havo  the  ralua 


% 


P 


.(1.) 


This  direct  Btrcss  will  produce  a  stnun,  wliose  principal  element 
will  be  a  longitudinal  extension  of  each  unit  of  length  of  tlie  bar, 
of  the  value 


=  =  ^  =  i 


(2.) 


th« 


where  a  denotes  the  dlreeit  aacteMiififitt/f  and  K  its  reciprocal, 
fnoduiua  of  dasticity^  or  co-ffftriaU  of  resistance  to  str^chinff^ 
explained  in  Articles  2>5G  and  257. 

Let  x  denote  the  length  of  the  bar,  or  of  any  portion  of  it,  in  the 
free  or  unloaded  state;  that  length,  undiT  tho  tcnalou  p,  bcoo 
(1  +  «)  a^ 

Tho  co-efiicicnt 


is  nearly  constant  until  p  jMissra  the  limit  of  tho  proof  stress; 
after  that  limit  has  been  ptsseil,  that  co-efliciont  diminishes ;  that 
2ft  to  say,  the  extension  «  increadtes  ikster  thau  the  intouaity  of  tho 
stretching  force  p,  until  the  bar  is  torn  asunder. 

The  wtimate  strength  of  the  bar,  or  the  total  pnll  required  to 
it  iuatimtly  asvindcc — i\x<ii  proo/  strengUfc,  or  \.\ua  ^^jAas^^*  v^V 
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it  oui  safely  bear  the  long-oontinued  or  repeated  applica- 
the  tDurkiitg  load — are  computed  by  means  of  tUe  fonuuia 

p=/,  or  P=r/S, ^ (3.) 

/represents  tlie  vliwuUe  Uttactli/f  the  proof  lentunii/^  or  tho 
«<i"M»,  fts  tho  ausc  may  be. 
The  toughiiess  of  the  bar,  or  the  extension  corresponding  to  tho 
yfloadf  is  given  by  the  fonuuJa 

-  =  E' (*•> 

where/is  the  proof  tenacity. 

2GG.  The  Rcanimrc*  or  i^iriiis  of  tho  bar,  or  tho  work  performed 
stretching  it  to  tho  limit  of  prcK^f  strain^  is  computed  as  follows  : 
bc-iug  the  length,  as  before,  the  cloug^tiou  of  tho  bar  nnder  tho 
^load  is 


^^rvo^ 


«flB  = 


E  ■ 


the  force  -which  acta  through  this  space  has  for  its  leaat  value  0,  for 
greatest  value  P  =/S,  and  for  ita  mean  value  ^ ;  so  that  the 
rork  performed  in  stretching  the  bar  to  the  proof  stmin  is 

/s  fx_r  8f  f.. 

2   *  E  ~  £  ■  2    ^   ' 

P 
The  co-efficient  -^,  by  which  one-half  of  the  volume  of  the  bar  ia 

multiplied  in  the  above  formula,  is  called  the  Modulus  of  Kesz- 


LICICEL 


/s 


2G7.  i»o4d»n  Pwii, — ^A  pull  of  -^-^  or  oty^idff  of  (he  proof  loadf 
being  suddenly  applied  to  the  bar,  will  produce  the  entire  proof 
tfrotn  oi  =,  which  is  produced  by  tho  gradual  application  of  tho 
prcx>f  loarl  itself;  for  tho  work  jwrformed  by  the  action  of  the  con- 
stant force  -   -  through  a  given  space,  ia  tho  same  with  the  work 

rformed  by  the  action,  through  the  same  space,  of  a  force  increa»- 

^  at  an  uniform  rate  fi-om  0  up  to/S.     Hence  a  bar,  to  resist 

th  safety  the  sudden  application  of  a  given  pull,  rp<juires  to  have 

cw  the  strength  tliat  is  necessary  to  resist  the  gradual  apiiUoi- 

ou  and  steady  actiuu  of  the  same  pull. 

The  principle  here  applied  belongs  to  the  subject  of  dynamics, 
and  is  stated  hy  onticiy^tiou,  on  accouut  of  ila  im^i'tauc^  a& 


\m  in ] 

hidH 

gtoV 
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the  strength  of  mAtenaliL  It  ia  the  chief  reason  for  laak- 
mg  the  &ctor  of  safety  for  a  moviug  load  considerably  greater  than 
for  a  steady  load  (see  Article  247). 

2GS.    A  TmhU   of  ihe  KmInuc*  mf  natrriaU   ««  SirwieliliHt  mi 

TcitH«|,  by  a  direct  pull,  in  pounds  per  Bqiiarc  inch,  is  given  at  ths 
end  of  the  volume. 

The  tenacity,  or  reeistanoe  to  teftHng,  f^ven  in  that  table,  is  in 
each  caso  the  uitim/aie  tenaeUy^  beinir  the  quantity  aa   to  whit 
oipcrimentol  datji  are  most  abundjiut  and  precise.     The  proof 
flcity  and  working  tension,  when  required,  are  to  be  found 
di^ding  the  ultimate  tenacity  by  the  proper  fnctora,  according 
Article  247. 

The  modulus  of  elasticity  in  each  case  is  given  &om  experiment 
made  within  the  limits  of  proof  strain. 

Both  co-efliciunts,  for  iibmus  subetancos,  have  reference  to 
effects  of  tension  acting  cdong  tJie  fibres,  or  "  gruin."  Both  tho  ten- 
acity and  the  elasticity  of  timber  against  forces  acting  across  the 
grain  ore  much  smaller  than  against  forces  acting  along  the  grain, 
and  arc  uUo  of  uncertain  amount,  tlio  i-csulte  of  experiments  being 
few  and  contradictory. 

209.  ArfdiiioMai  Data.  —  The  following  are  a  few  experimental 
results  in  addition  to  thuKc  given  in  the  table  : — 

Welded  joint  of  a  wrought  iron  retort. — UUimate  tena-  ^^ 

city,  by  a  single  experiment,  in  lbs.  per  square  inch,...  30750^1 
Iron  vnT6-r<^te8. — Strength  in  lbs.,  for  each  lb,  weight  per 

fathom Ultimate,    4480' 

Proof,....    2240- 

Working  load  ^  of  ultimate,  or  J  of  proof  strength. 
Ilemtteii  rabies. — Ultimate  8trengtl»=  (girth  in  inches)'  x  448  Ik 
I^eaiAem  hdts. — "Working  tension  in  lbs.  per  square  inch, 

aooording  to  General  Morin 285' 

Chain  cahleSf  when  the  tendency  of  each  link  to  colla{)ee  is 
resisted  by  means  of  a  cross-boi',  as  shown  in  tig.  116, 
have  tt  strength  per  square  inch  of  cross  section  of  the 
link  equal  to  that  of  the  iron  of  which  they  are  made^ 
when  it  is  in  the  form  of  bai-s. 

270.  The  iMnsnsth  of  Bire»«ii  JdImi*  of  LTon  platesj 
is  given  in  tho  table,  in  lbs.  per  square  inch  of  seeftc 
o/tiieplatej  irom  the  experiments  of  Mr.  EWbaim. 
The  strength  of  a  doublc-rivettod  joint  is  noven-tenUiB 
of  that  of  the  iron  j)late,  simply  because  of  three-tenthftj 
of  the  breadth  of  the  pluto  being  punched  out  in 
row  of  rivet-holes.     The  strength  of  a  single-rivettedl 
joiiii  i»  tiiminifihed  not  meve\y  \y^  t\iQ  mmoxa-V  tj^  l\\ft  yccwv  at 


abesH 
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ret-holes,  but  by  the  uueqaal  distribution  of  tiie  streas.    Rivetted 
Jinta  ■will  be  further  considered  iii  the  soqucL 

271.    TbiB   Hollow  CyUnJcra ;  Boilcm;  PlpM.  —  Let     q     denote 
ie  uDifnrm  intensity  of  the  pressure  exerted  by 
ifluid  wliich  is  coutined  witnia  a  hollow  cylin* 
of  the  radios  r,  and  of  a  thickness,  t,  wliich 
small  fts  compared  with  th^t  radius.  [[  *_r■.-^|^ 

The  demonsb:ution  in  Article  179  shows,  that 
we  consider  a  riiuj,  being  a  portion  of  the  cylin- 
of  the  length  unity^  the  tension  on  that  ring 
"be  Fig.  117. 

r  =  9^ (1-) 

ring  the  force  per  unit  of  length  with  which  the  iuLerual  pivstmro 
ida  to  split  the  cylinder  from  end  to  end. 

The  sectional  area  of  the  ring  under  consideration  is  /.     Theii 
Assuiiiint:,  what  is  very  nearly  correct,  that  the  tension  is  uniformly 
^^^biite<l,  the  inten8it7  of  that  tension  is 

■  p-'i- (2) 

The  ratio  of  thickness  to  radius,  which  a  thin  hollow  cylinder 
requires,  to  fit  it  for  a  given  intensity  of  bursting  preesrur^  proof  i 
ire,  or  ujorking  pressure^  is  given  by  the  formula 

H-- w 

■being  the  ultimate  tenacity y  the  proof  ktmon,  or  the  working  ten- 
as  the  case  may  bo. 
It  is  considered  prudent,  in  steam-boilers,  to  make  the  workiiig 
ion  only  one-eigWi  of  the  ultimate  tenacity.  The  joints  of 
plate  iron  boilers  are  sing! e-ri vetted ;  but  from  tlie  manner  iu 
which  the  plates  break  joint,  analogous  to  the  bond  in  uinsonry, 
the  tenacity  of  fiuch  boilers  is  considered  to  approach  more  nearl}' 
ttt  thtit  of  a  double-rive tted  joint  than  that  of  a  single-rivettcd  joint 
Jtv.  Fairl;faii*n  estimatt.«  it  at  3-1,000  Ibat  per  square  inch;  so  tliat 
le  T&lues  of  y  for  wrought  iron  boilers  may  be  thus  statod  : — 

Bursting  tension^ 34,000 

Proof  tension, 17,000 

"Working  tension, 4,250 

For  CAST  IRON  WATER  PIPES,  the  working  tension  may  be  made 
'shih  of  the  bursting  tension,  which  for  cast  iron,  on  an  avi;i-Hge, 
IGjOOO  Iba.  per  squaits  inch  ;  that  is  to  say,  the  values  of/ are 

Bursting  tension,  16,500 

Proof  tension  (one-thini), 6,500 

Working  tension, 2,T50 

n 
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For  stean-pipes,  as  fir  itaiB^boflcn^  Hha  UeUxt  of  sftfety  should  be 

Sn,  «Mb  ■■ii»w  ■»> — Lei  ^  117  now  be  conceit  to 

/  mauKiit »  ^bmetni  aeetiott  of  a  dun  boUow  sphere,  fllied  vith  & 
flmd  wiiidi  yuMLii  fioai  vilhm  -wiik  tlko  inftenaaiy  $.     The  area  of  i 
.  tiiB  Jhbd  cot  bj  the  sectaon  U 

beace  Uw  vbole  fovce  to  he  i  mitt  ml  bj  the  tenacity  of  tbo  »cctiaB{ 
of  the  mihmrd  fihell  is 

P  =  -?r'- (1) 

The  area  of  the  seetatm  of  the  gphcBJcul  shell,  supposing  the  thick- 
oes  f  to  be  miaU  ai  oompaied  vitb  the  mdios  r,  is  very  nearly 

B  =  3  T* ; (1) 

hf^oe  nstrnningr  vhat  is  veiy  nearlj  correct^  that  the  tension  » 

uiuiurm,  its  lutAOisIty  is 

^-l-¥i' (^) 

or,  one-hcUfoi  the  tensioii  lound  a  cylindrical  shell  h&Ting  thei 
interoal  pretture,  and  the  same  proportion  of  thickness  to  radiuf! 
8o  that>  ID  these  circuniBtAnces^  the  sphere  is  twice  as  strong  ss  tlM«| 
cylinder. 

Kqoation  3  g^ves  also  the  longihudinal  tenaon  in  a  thin  hoUov 
cylinder,  which,  being  oTily  one-half  of  the  circumferential  tension      ; 
round  the  cylinder,  doo«  not  require  to  be  considered  in  practice. 

The  proper  ratio  of  thickness  to  radius  in  a  thin  hollow  sphere     ' 
is  given  by  the  formula  , 

'-k <'->l 

/  being  the  bursting,  proof,  or  working  tension,  aocording  as  ^  is 

the  bursting,  proof,  or  working  preaaure. 

273.  Thick  H»uow  Criittd^r. — The  assumption  that  the  circum- 
Inferential  tonaion,  or  ftoop-tension  aa  it  may  be  called,  in  a  hollow 

^ ^^^^  cylinder  is   unifomily    distributed,   is   approxi- 

/^  \.         matoly  true  only  when  the  thickness  is  small  us 

/     /    >.     \       oom]jared  with  the  nulius;  for  if  a  ring  of  tbo 
I      (  o« — jT^*^    cylinder  be  co^cei^'ed  to  be  diWded  into  several 

V      V /      /      concentric  hoops,  one  ^-ithin  another,  the  tension 

V^  /       of  the  innermost  hoop  balances  part  of  the  radial 

^--^ ^  procure  of  the  confined  fiuid,  so  that  a  dimin- 

Fig.  118.  iiihed  radial  prcsduro  is  transmitted  to  the  second 

hoop,  which  has  therefore  a  leas  tension  than  the  first  hoop,  sod 
soon.  ^^^H 
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Kqnation  2  of  Article  271  givea  the  mean  hoop-tension  in  a 
thick  as  well  as  in  a  thin  cj-liudcT ;  but  it  is  not  the  mean,  hut 
tfreatfM  hoon-tcnsion  (tliat  is,  the  tension  round  the  inner  surfac 
ftf  the  cylinuor),  which  is  limited  by  the  strtngth  of  the  mute: 
The  object  of  the  present  investigation  ia  to  show  \rhat  law 
TanAtion  of  hoop-ten&iun  foUowa,  and  thence,  what  reltiUoii.  tlie 
maximnm  tension  bears  to  the  fluid  prefisure; 

To  make  the  solution  ix-'ricctly  general,  it  will  be  supjioscd  that 
cylinder  is  pressed  from  without  as  well  as  from  ^nthin.     Let 
lis  reprvsent  a  cross  section  of  the  c)*linder;  let  R  denote  it« 
^mal  and  r  its  internal  radioB.    Let  ^g  denote  the  fluid  pressure 
viihin,  and  9,  that  &om  without;  p^  the  hoop-tension  at  the 
sizrfiioe  of  the  cylinder,  and  p^  the  hoop-tension  at  the  outer 
ice. 
Consider,  as  before,  a  ring  whose  length,  parallel  to  the  axis  of 
le  cylinder,  is  unity.     The  radial  section  of  that  ring,  from  r  to 
in  fig.  11)?,  has  to  sustain  the  difference  between  the  total  pressures 
from  within  and  without,  in  a  dii-ection  perpend icxilnr  to  the  radius 
_^0  r  R,  ou  a  quadrant  bounded  by  that  radius.     That  diflerence  is 

■  ?or  — *7,R. 

Conceive  the  ring  to  be  divided  into  an  indefinito  nnraber  of  con- 
.centric  hoops,  each  of  the  thickness  rfr,  and  exerting  a  tension  of 
te  intensity  ^;  then  the  total  hoop-tension  will  be 


J    p(/r  =  5er  — j-.R (1.) 


From  the  symmetry  of  the  ring  and  /  the  forces  acting  on  it  in 
directions  round  the  centre  0,  it  is  obvious  tliat  the  axes  of 
of  any  particle  of  metal  must  be  respectively  in  the  direction 
of  a  nulius,  and  per{)endicular  to  that  direction.  The  principal 
stresses  at  any  particle  are  a  radial  preswrCj  q  (which  for  each 
particle  at  the  inner  surfiuse  ia  q^,  and  for  each  jmrticle  at  the  outer 
BuHace,  9,)  and  a  Iu>op-te7mon  p. 

As  in  the  case  of  the  ellipse  of  stress,  Article  112,  wo  may  eon- 
©eivo  this  pair  of  principal  streBSCB  to  be  made  up  of  two  comitoncnt 
pair»,  viz.  : — 

A  pair  of  equal  stresses  of  the  same  kind,  constitnting  a  fluid 
pre&nire  or  tenmon,  whose  common  intensity,  stitod  so  as  to  bo  a 
tepflioD  when  positive,  a  pressure  when  negative,  ia 

P  —  9 


md  a  pair  of  eqnal  stresses  of  contrary  kinds,  whose  oommou 
ieasjiy  is 


A 
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— 2^  =«. 

Tluw  wc  have  /» ^  n  +  «»,  7  =  n  —  m;  and  the  problem  is  to  h 
solved  by  iirst  suppoBing  m  to  act  alone,  then  supposing  n  to 
alone,  nud  lastly  combiuing  their  effects )  obeerring,  that  the  onlj 
solutionfl  of  equation  1  which  are  admissible,  are  those  which 
tine  for  all  values  of  R  and  r. 

Case  1.  Equal  and  simUar  atrfuscs^  or  n  =  0.     In  this  case 

p=:  —  7  =  m, 

showing,  that  instead  of  a  radial  pressure,  there  is  a  radial  tension 
i*«iual  to  the  hoop-tenaiou,  and  const  it  «tii»g  along  with  it  simply 
fluid  tension  of  the  intcw«ity  m  at  each  ]x>iut.     Equation  1  U  t\ 
filled  by  making 

p  =  —  7 1=  m  :=  constant, (3.) 

which  reduces  both  ^des  of  equation  1  to 

7»(Il  — r> 

Oas£  3.  Equal  arid  contrary  eiressea,  or  ni  =  0,     In  this  case 

and  the  solution  of  equation  1  is 

a 


p  —  q^n:= 


(3.) 


a  being  an  arbitrary  constant,  and  W  any  value  of  the  radius,  from 
r  to  B  inclusive;  for  this  reduces  both  sides  of  equation  1  to 


•e-a- 


jn>ni^t 


Case  3.  General  solution.     By  combining  the  two  partial  solu- 
tions of  equations  3  and  3  togetherj  we  £nd 


Radial  pressure, 


q  ^n 


Trt  = 


p  =  n  +  ni  =  - ;  +  m  : 


(4.) 


Hoop-tension, 

To  determine  the  constants  a  and  vi  we  hnro  the  eqiulions 

a  a 

^— m  =  7o;  ^  —  m^qti 

whence  we  obtain  by  elimination 
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_fa-?OR'r-\ 


K*  — r* 


_7o 


R"  — r*      '  J 


(5.) 


pviug,  finally,  for  the  maximum hooptenaionf 


Pt=3  H-rft  = 


g,(R'  +  T^-2y.R' 


R*  — 


(G) 


n 


le  meftu 


hoop-U 


USIOU  13 


^ftT  — ?,R 


R  — 


.(7.) 


wMch  is  exceeded  by  the 


the 


proporti 
go(R-  +  r^  — 29,R» 


ou 


.(&) 


n  projiortioti  which  tends  towards  efj^iiailty,  as  R  and  r  become 
more  nearly  equal 

A  ti-Husposition  of  equation  6  gives  the  following  value  of  the 

Iiutio  of  the  external  to  the  internal  radius,  required  in  order  that 
ffo  vatiy  be  =yj  the  bursting,  proof,  or  working  tension,  as  the  case 
jnay  bo :- 
''■ 
s 


?  =  Vl7:^^fuJ <»■> 


•In  most  cases  which  occur  in  practice,  the  external  fluid  pressure 
^1  18  so  siuall  compared,  with  the  internal,  that  it  may  be  neglected. 

One  important  consequence  of  equation  D  is,  that  i/ihe  inUrnal 
\fr'euuTe  q^  ia  equal  to  or  gretUer  than  the  sum  f  +  2  q,  q/*M«  cO' 
tfieieni  of  strejigth  and  twice  the  external  pressure^  no  lfiichieit;/f  fww 
grtai  sower,  wiU  enabU  tht  cyUnder  to  resist  the  pressure. 

The  following  is  a  goumctrical  representation  of  the 
foregoing  sirtntion.  In  fig.  UU,  let  0  represent  the 
centre  of  the  cylinder  j  O  r  its  inUrmJ,  and  0  R  its 

external  radius.     To  represent  the  value  of  ?»  ^r:— , 

^^draw  two  ordinates  r  A,  R  B,  at  right  angles  to  the 


direction  of  those  radii,  such  that 


rA  :RB  :  :R^:r". 

^tThen  A  and  B  will  be  points  in  a  hyperbola  of  the 
tetxmd  order,  A  B,  which  baa  the  property  that 


Fig.  119. 


t 
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arearABK  arxrA-RxBB; 


flo  that  it  reprosents  case  2. 

Draw  C  D  II  O  r  B>  cutting  off  from  the  ordinates  iLc  pai-ta  C  A, 
D  Bj  which  bear  to  each  other  the  proportions 

Ci  :  DB  : :  J. :  ji. 

Then  r  C  =  R  D  will  represent  i»,  the  soUitioii  of  case  1.  Draw 
E  F  II  O  r  R  at  the  same  distance  r  E  =  r  C  on  the  opposite  side. 
Thcu  if  any  ordinate  be  drawn  across  the  two  straight  lines  £  F 
mnd  C  D,  and  the  curve  A  B,  at  a  mven  distance  ¥  from  O,  the 
■egmeul  of  that  ordinate  between  0  D  and  A  B  will  represent  the 
radial  pressure  7,  and  the  entire  ordinate  from  £  F  to  A  B  will 
represent  the  hoop-tension  p,  at  that  distance  from  0 ;  and  in  par- 
ticular £  A  will  represent  the  maximum  hoop-tension  ^ 

The  fommlte  of  this  Article  are  the  same  with  those  given  hj 
M.  Lam£  in  his  Traite  <U  VElasticiie;  but  they  are  arrived  at  in  a 
difiereiit  manner. 

274.  Cylinder  •f  suwiatpd  Riit||«. — To   obviate,    in   whole   or  in 
part,  the  unequal  distribution  of  the  hoop-tonaou  in  thick  Lollow 
cylinders  for  withstandiug  great  ]>rc&8ure»,  it  has  been  proposed  to 
construct  such  cylinders  of  concentric  hoops  or  rings  buiJt  together, 
the  outer  hoops  being  "sfirutik"  on  to  the  inner  hoops,  in  such  a 
manner,  that  before  any  internal  pressure  is  applied,  the  hoops 
within  a  certain  distance  of  the  centre  may  be  in  a  state  of  cimim- 
ferentiiU  compression,  and  those  beyond  that  distance  in  a  state  ofj 
circumferential  tension.     If  the  stress  thus  produced  by  the  mull 
action  of  the  concentric  hoops  could  bo  adjusted  with  such  aocoiacyJ 
as  to  be  at  each  point  exactly  equal  and  o[tposite  to  the  diffeniMwj 
between  the  aotnal  hoop  tension  at  the  same  point  due  to  tiioj 
internal  presmro,  as  given  by  equations  4,  5,  and  6,  uf  Article  37> 
and  the  mean  hooivtension  as  given  by  equation  7,  then   upoai 
ai)iilying  the  proper  internal  pressure,  tliere  would  result  simply  aal 
miifurm  tension  equal  to  the  mean,  and  the  formulse  of  Article  27L] 
WDtild  become  applicable  to  thick  as  woil  as  to  thin  cylindenvl 
Even  althougli  it  may  be  impracticuble  to  adjust  the  preWous 
witli  the  accuracy  above  described,  any  approacli  to  its  proper^ 
distribution  must   increase  the   strength  of  the  cylinder.      Tnia 
method  of  construction  has  been  oa-rried  into  effect  in  Captain 
Blakely'fl  gun,  Mr.  Mallet's  mortar,  and  some  other  pieces  of  artillery. 

The  only  wuation  which  the  stress  of  the  coiiccntrio  hoona  will 
of  itself  fulfil  IS  ^" 

"p</r=0. 


r 


.^^^^-'9' 


THICK.  HOLLOW   SPHERE. 


992r 


275.  TUck  n«iUw  Hpbcrr. — Let  fig.  118  BOW  reptesent  a  diame- 
tnil  st'ctiuu  of  u  hollow  suhere,  tlio  fluid  pressures  within  and 
without  being  q^  and  g*,,  aft  Wore.  The  preaBore  to  be  resisted  at 
the  section  is 

and  if  the  section  of  the  metal  be  conceived  to  be  divided  into  aa 
indefinite  number  of  concentric  rtnjtirs,  the  breadth  of  one  of  these 
rings  being  dr,  its  radius  r^,  and  the  tension  at  it  p,  it  appears  that 
the  total  resistance  of  the  section  will  be 


2t  j^pi^dr; 


and  hence  the  equation  to  be  fulfilled^  for  all  values  of  q,^  ^j,  r,  and 


fyf^ar=.q,r'-q,W (I.) 


1 


From  symmetiy  it  appears,  that  the  axes  of  stress  at  any  particle 
nin»t  be,  one  in  the  (lii-ectioa  of  a  radius,  with  the  pre&sure  q  along 
it)  and  the  other  two  in  any  two  directions  perpendicular  to  the 
first  and  to  entJi  other,  with  equal  tensions  p  uong  them.  Two 
partial  solutions  are  obtained  in  the  following  manner : — 

I-et  2  ^  —  7 


3         "' 


BO  that 

p^n  +  m;  q^2n  —  m. 

Case  1.   n  =  0,  jp  =  —  q  =  m;  being  the  case  of  a  fluid  teR«ion, 
equal  in  all  directions.   In  this  case,  equation  1  is  solved  by  making 

p=:  —  7  =  m  =  constant,  (2.) 

which  reduces  both  sides  of  that  equation  to 

m(R'  — r") 

Case  2.  m  =  0,  j?=^  =  n;  being  the  case  of  a  pair  of  circumfer- 
ential tensions,  each  equal  to  half  of  the  radial  pressure.  In  this 
:  caaCj  equation  1  is  solved  by  making 


.(3.) 


which  reduces  both  sides  of  that  equation  to 


2a 


G-D 
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Case  3.  Gdieml  aoiuiion. 


2a 
a 


.(*.) 


p  =  n  +  «»  =  ~,4-tn,    J 

The  constants  a  and  m^  deduced  from  the  eqaatioua 
3a  2a 

are  found  l^  elimination  to  have  tho  following  values : — 

2"{R»  — r') 


tf  =*— ' 


m 


g.r'  —  ?i 


R' 


(5.) 


(6.) 


giving  finally,  for  tho  maximum  tension, 

Po-^-l-w-  2(R»  — r») 

A  transformutiou  of  this  equation  gives  the  following  value  of 
mtio  of  the  external  to  the  internal  mdius  of  the  sphere,  requirod. 
in  order  that  p„  may  be  =  ^  the  bursting,  proof,  or  working  tei 
biun,  as  the  case  may  bo  : — 

Thia  equation  shows,  that  if 

no  thickness  will  bo  sulEcicnt  to  enable  the  sphere  to  witkstan 
tlie  preasure. 

The  formulie  of  this  Article  agree  with  those  given  by  M.  Lam€jl 
Uiuuyh  arrivotl  at  by  a  difl'enmt  process. 

*27*>.  Bailrr  Sum. — The  sidea  of  locomotive  fire-boxes,  tho  ends 

of  cyliiidriciil  boilers,  and  tho  sides  of  boilei-s  of  irregular  figures 

like  those  of  murine  steam  engines,  are  often  made  of  tiat  plates, 

, — ,    which  are  fitted  to  resist  the  pressure  from  within 

3     o     o  I  <H    by  being  connected  together  across  the  water-spaco 

o     0     o     A      °^'  steam-s|iace   between   them  by  tie-bars,  callM 

BfiijTi  when  long,  bolts  when  short     For  example, 

tig.  120  represents  port  of  the  flat  side  of  a  loco- 

o    o      motive  tire-1x)x,  and  shows  the  arrangement  of  the 

1:^0.         bolts  by  which  it  is  tied  to  the  flat  plato  at  tho 

otlwt  aide  of  tJio  wattir-ajuice. 


o 
Fig. 


J 
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^Acli  of  these  bolts  or  stays  siistains  the  pressure  of  the  nteam 
against  a  certain  area  of  the  plat«  to  which  it  is  attuchecL  Thus, 
in  fig.  120,  the  bolt  a  resists  the  pressure  of  the  steam  on  the  square 
area  which  surrounds  it,  and  whose  side  ia  equal  to  the  distance 
Irom  centre  to  centre  of  the  bolts. 

Let  »  be  the  sectional  area  of  a  stay ;  A,  that  of  the  portion  of 
flat  plat'^  which  it  holds  j  y,  the  bursting,  pi-oof,  or  working  pres- 
mrr,  and /the  ultimate,  proof,  or  working  tension  of  the  material 
of  the  stay.     Then 

/a  =  7  A. 

The  proper  factor  of  safety  is  «j//*/,  as  for  other  parts  of  boilers. 

]>erience  has  shown,  that  the  plate,  if  its  material  is  as  strong  as 

of  the  stay,  should  have  its  tluckuess  equal  to  lui/f  0t9  dia- 

of  the  stay.     If  the  plate  be  of  a  weaker  material  than  the 

y,  its  thickness  should  bu  proportionally  increased. 

The  Hat  ends  of  cylindrical  boilers  ore  sometimes  stayed  to  the 

indrical  sides  by  meuns  of  triangular  plates  of  iron  called  *^ yus' 
These  plates  are  placed  in  planes  i-adiating  &om  the  axis  of 

e  boiler,  and  liave  one  edge  fixed  to  the  flat  end,  and  the  other 
to  the  cylindrical  body.  Each  gusset  sustains  the  pressure  of  the 
steam  against  a  sector  of  the  Hat  circular  end.  Considering  that 
the  renUtant  tension  of  a  gusset  must  bo  cuncentruted  near  one 
edge,  it  ap]>eai-8  advisable  that  its  sectional  urea  should  be  three  or 
four  times  llmt  of  a  stay-bar  stiited  for  subtoiniug  the  pressure  on 
the  same  area. 

The  best  experimental  datn  respecting  the  strength  of  boilers  are 
doe  to  the  researches  of  Jlr.  Fairbiiim,  eepeoiaJly  tiiose  reoonled  ia 
his  work  called  Useful  InjWmationfor  Engineers. 

177.    Haaprnalon    Rod    of  VitUorm    SUvngth. —  In   fig.    121,  let  W 

a  weight  hung  from  tlie  lower  end  of  a  vertical  rod 
C,  whose  weight  per  unit  of  volomo  ia  w,  and  let  it  be 

uired  to  find  how  the  transverse  section  S  of  the  rod 
list  vary  with  the  height  x  above  B,  in  order  that  the 

sion  may  be  everywhere  of  equal  intensity/ 
The  total  load  at  any  point  is,  W  from  the  weight  hung 

at  B,  w  /   &dx  from  the  weight  of  the  rod  for  a  height  x 

ve  B  j  and  this  must  be  equal  to  the  pull  /S.     Hence 


jbo 


W  +  to  jyda:=:/Q; (1.) 

whicli  being  solved,  gives  for  the  cross  section  of  the  rod. 


Fig.  121. 


TUAUKT  or 


h 


^  tot 


and  &r  ita  wca^fc,  for  a  height  x  above  B, 

/8  — W  =  W  («5L.  1)  (3.) 

The  mort  a»efiU  appliiaticm  of  tliia  i»  to  the  det«nmiuitioii  of  tliB 
dxmeDnonfl  of  the  pamp-roda  of  dem  vaam.  They  are  not  iaa«lfl 
•with  the  eeciion  varying  contmnousfy,  according  to  the  formula  -', 
but  in  a  eeriee  of  divisiona,  each  of  unifonn  scantling ;  nevertho- 
leas  that  formula  will  wrve  to  show  approximately  the  law  which 
the  dimenfiiona  of  those  divisions  should  follow. 


I 


Section  4.— ^i*  Residantx  to  Shearing. 

279.  ComiHiM  ar  Cau^rv  EmttmUn* — The  prcoent  section  refers 
to  those  cases  only  in  which  the  shearing  Rtreaa  on  a  hody  is  uni- 
fonn in  direction  and  in  intensity.  The  cffocts  of  shearing  streai 
varying  in  intensity  will  bo  considered  under  the  head  of  Keaistr 
■nee  to  Bending,  which  is  in  general  acoompanie<l  by  such  a  stz«n; 
and  Uie  effecta  of  shearing  streee  varying  in  direction  as  well  at  ia 
intstudty  under  the  head  of  Beostance  to  Torsion. 

It  haa  been  shown  in  Article  103  that  shearing  stresses  can  only 
exist  in  pairs,  eveiy  shearing  stress  on  a  given  plane  being  neooh 
nriJy  accompanied  by  a  shearing  sti-esa  of  equal  intensity  on 
aoother  plane.  In  Article  112,  Problem  11.,  it  is  shown  that  for 
any  combination  of  stresa  panUlel  to  a  giren  pUue,  the  planes  rda- 
tively  to  which  the  whftaring  stress  ia  greatest  arc  at  right  angles  to 
each  other,  and  niuko  angles  of  iS' with  the  axra  of  principal  atreiL 

When  e(piftl  forcfs  ore  applied  to  the  opposite  aides  of  a  wed|ge^ 
bolt,  rivet,  or  other  iMuly.  in  iiuch  a  manner  ti&  to  tend  to  ahear  it 
into  two  {jartA  at  a  jmrticular  transverse  plane  of  section,  then  at 
any  given  jwiut  in  that  transvoi-se  sectional  plane  the  shearing 
stress  is  of  equal  intensity  relatively  to  that  plane  itfielf,  and  to  a 
longitudinal  plane  traver»Dg  the  aame  point,  perpendicolar  to  the 
direction  of  the  externally-applied  shearing  forces.  If  the  wedge, 
bolt,  or  rivet  is  looee  in  its  hole  or  socket  at  and  near  the  plane  of 
shearing,  there  con  be  no  shearing  stress  on  those  firee  parts  of  ita 
oxtemm  aur&oe  wliich  are  at  ri^t  angles  to  the  direction  of  the 
axtemal  shearing  force  ;  and  htmce  the  intensity  of  the  shearing 
stress  at  the  plane  of  sLoaring,  how  great  soever  it  may  be  in  the 
internal  parts  of  the  body,  mii^  diminiab  to  nothing  at  certain 
parts  of  the  external  edges  of  that  sectional  plane,  and  must  be 
unequally  distributed ;  so  that  the  most  intense  shearing  stress 
must  be  gntatcr  than  the  intensity  of  a  stress  of  equal  amouut  uni- 
formly distributed. 

To  insiire  unifonn  distribution  of  the  stress,  it  is  necessary  that 
the  rivet  or  other  fastening  should  tit  so  tight  in  ita  hole  or  socket, 
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^Hu&t  the  &iction  at  ite  surGico  muy  be  at  \ciisi  of  eqiml  intensity  to] 

^Bie  shearing  stress.     When  thi^  cvmlition  ia  fulHUed,  the  iuU-n^itir^ 

F 
of  that  stress  is  reprosentod  simply  ^  q  i  ^  being  the  shearing 

force,  and  S  the  sectional  area  vhich  resists  it^ 

S79.  A  Table  or  the  BeklMnnce  oC  JJlaicrteU  i*  Skearbm  anil  DIs- 
(orfi«ii,  in  iba.  avoirdapoU  per  square  incli,  is  given  at  the  etid  of 
the  volume.  It  is  of  snuJl  extent,  because  of  the  small  number  of 
snbstances  Tchose  resis+ancps  to  shearing  and  distortion  have 
been  ascertained  by  satisfactory  experiments.  The  resistance  of 
timber  to  nhearing  is  in  each  case  that  which  acts  between  couti- 
gnous  layers  of  fibres. 

280.  EeoBo^r  •f  KiMirriai  la  Bolu  aad  Birou. — There  arc  many 
structures,  such  as  boilers,  wrought  iron  bridges,  and  frames  of  tim- 
ber or  ii-oii,  in  which  the  principal  pieces,  such  as  plates,  links,  or  bars, 
U'JnjT  themselves  milyeeted  to  a  direct  pull,  are  rartnnect^^d  with  eaoha 
uthLT  at  their  joints  by  fastcniugH,  such  as  rivcta,  bolts,  pins,  oH 
keySj  which  are  under  the  action  of  a  shearing  foi-ca  It  is  in  every 
such  cai«  important,  that  the  pieces  connected  aud  their  fastenings 
should  be  of  equal  strength ;  for  if  the  fastenings  be  the  weaker, 
either  the  whole  stmetun^  is  insutliciently  strong,  or  the  material 
which  gives  the  additional  streugtli  to  the  plates  or  bars  is  ^e^asted: 
Mid  if  the  fastenings  be  th«  stronger,  the  plates  and  bars  are  weak- 

led  more  than  is  necessary  by  the  holes  or  sockets ;  aud  as  before, 
ither  the  structure  is  too  weak,  or  material  is  wasted. 

Lety*  denote  the  resistance  per  equai-c  inch  of  the  material  oO 
icipal  pieces  to  tearing ;  S,  the  total  sectional  area,  whether 
piece  or  of  two  or  more  parallel  pieces,  which  must  be  torn 
ider  in  order  that  the  structure  may  be  destroyed;  /*,  the 
resistance  per  square  inch  of  the  material  of  the  fastenings  to  shear- 
ing; S',  the  total  sectional  area  of  fastenings  at  one  joint,  wluoh 
must  be  sheared  across  in  onhr  tliat  the  structure  may  be  destroyed ; 
then,  if  the  conditions  of  uuiforra  distribution  of  sti'ess  arc  fulfilled, 
the  principal  pieces  and  their  fastenings  ought  to  be  so  propor- 
tioned, that 

/S=/S';or|=^ (1.) 

For  wrought  iron  rivetted  plates,  taking  the  Talue  ofy'  from  the 
(as  determined  by  the  experiments  of  Mr.  Doync),  wo  have 

{,—  1  nearly,  and  .-.  8'=  S (2.) 

wrought  iron  bars  connected  by  bolts  or  riveta,  wo  have 

^=i2ieariy>and.-.8'  =  ^  8 (3.\ 
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SmmpU  I.  Plai^jomi  owrtapwd,  tingU-rioetUd,    PSg.  132.  A, 
g       fi'oDt  view  ;  B,  iiid«  view.    Let 
t  ^  thickness  of  plate. 
d  =  diameter  of  rivet 
c  =  distance  from,  centre  to  centre  of  nreta. 
Then 


o  o  o  o   c 


FIf .  1£X. 


i  =  a  = 


Sectional  areft  of  one  rivet 


S       Sectional  area  of  plate  between  two  holes 
07854  rf- 


~  t{c-d)' 

so  that,  d  and  t  being  given,  and  c  required,  we  have 

c= ^^ 


(!•) 


^d 


(5.) 


J  in  practice  is  osualljr  O-om  2i  to  IjC;  and  the  overlap  &vm  sj 

il       to  ItV  c 
!P         Example  II.  PkUejuini  overlapped^  dauU^', 

"  Wrctfec/.     Fig.  123. 


O       o       0      o 

coo 


1  = 


Fig.  123. 
S' 


Sectional  area  of  two  rivets 


a      Sectionxd  area  of  plate  between  two  holes  in  same  line 
1-5708  J' 


c  = 


t(c-d)  • 
1-5708  rf> 


+  U 


(6.) 
(7.) 


Overlap  in  practice  =  l§cto  IJc. 

Examplelll.  Plate  Bitii-jirint^  with  a  j>aU 
of  covering  plates,  aingU-riivUed.    Vif^.  124, 
Here  each  rivet  can  give  way  only  by  Vteingl 
blipared  across  in  two  places  at  once ;  there 
fora 


o     0     o    o     o      dp 
o     o     o     o     o      a  ]> 

.V  B 


Fig.  Ui. 
2  X  Sectional  area  of  rivet 


S 


^  l'57Q8rf' 

Sectional  area  of  plate  between  two  holea         t  (c — t/) 
1*5708  <f' 


;...(a) 


.'.  c  = 


frf 


.(9.) 


Length  of  each  covering  p\ale  ^  '2  x  oNcvXa-^  ==  ^onv  *!i  o  ^  *2.\  «» 


RTVCra — TtlCBEIl   TIBS. 
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Examph  IV.  Plate  BuU~jointj  wUhapair  o/coverinffpltUei,  dovhl&- 
fUtUKi    Fig.  12J. 

B^  4  X  S^tion&l  area  of  riTet 

S        Sectional  area  of  plato  between  two  holes  in  one  row 


31416  d« 


'.  c  = 


-\-d. 


.(10.) 
.(11.) 


Length  of  each  covering-plate  ^  3  x  oy«rl&p 
=  fiora  3J  to  3i  c; 


Ftg.  ns. 


Note. — The  lengUt  of  a  rivets  before  being  clenchetl,  measuring 
from  the  head,  is  about  4^  t  for  orerlapped-joints,  and  5^  t  for 
butt-joints  with  covering-plates. 

Example  V.  Suspension  bridge  diain-joinl.  Tlio  chain  of  a  sus- 
pension bridge  conaista  of  long  and  short  Unka  alternately.  Kocli 
long  link  consists  of  one  or  more,  eay  of  n,  parallel  flat  bare,  of  u 
shape  resembling  fig.  G4,  Article  138,  placed  side  by  side;  eiich  bar 
has  a  round  eye  at  each  end.  Each  short  link  consists  of  n  -f  I 
parallel  flat  ikra,  with  round  eyes  at  their  ends,  which  aro  placed 
Vietween  and  outside  of  the  ends  of  the  parallel  bars  of  the  long 
links;  so  that  the  end  of  each  long  bar  is  between  the  ends  of  a 
pair  of  short  bars.  The  eyes  of  the  long  and  short  bars  at  each 
joint  form  one  continuous  cylindrical  hole  or  socket,  into  which  a 
bolt  or  pin  is  fitted,  to  connect  the  links  toj»ether.  To  break  the 
chun  at  a  joint,  by  the  giving  way  of  the  bolt,  that  bolt  must  l>e 
eheared  acr»«  at  2  n  places  at  once.  Hence,  let  8  denote  the  total 
sectional  area  of  the  bars  in  a  link,  and  d  the  diameter  of  the  bolt; 
then  &  =  2  n  X  07864  d^  =  1-6708  n  rf»;  and  because  S'  should 

be  =  -  S,  we  have 


-Vr 


8 
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381.  Fasirninca  nf  Tiinbrr  Ticfc — In  timber  framing,  a  tie  may 
Ijc  connected  with  the  adjoining  pieces  of  the  frame  either  by  having 
their  ends  abutting  against  notches  cut  in  the  tie  (as  shown  at  A,  A, 
fig.  81,  Article  161),  or  hy  means  of  bolts  or  pins.  In  eith(^  case, 
the  tie  may  yield  to  the  stress  in  two  ways, — by  being  torn  asunder 
at  the  place  where  its  transverse  section  is  least  (that  is,  where  it  is 
notched  or  pierced,  as  the  case  may  be), — or  by  having  the  part 
be^yond  the  notch,  or  beyond  the  bolt-hole,  shcarod.  oiS  ot  ^ta«^s^V 
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Fig.  126. 


\ 


Kg.  127. 


M 


ns.129. 


XL  Crutihing  hjf  Aearimj  or  Ruling  dt  poriloDS  of  the  bloc^  along 

^»cdVliqiie  Biii&£ie8  of  aepaiatioii  is  diaiacteristic  of  sabstanoM  of  a 

^Brauuliir  texture,  like  oast  iron,  and  moat  lands  of  stone  and  brick. 

^^pometimcs  the  ^ding  takes  placo  at  a  single  plane  soi&cc!,  like 

^KA.  B  in  fig.  1 27 ;  sometimes  two  oonee  or  pynunids  are  formed,  like 

^"c,  c,  in  fig.  128,  which  are  forced  towardfl  each  other,  and  split  or 

drive  outwards  a  number  uf  wc-dges  surrounding  them,  like  ir,  ir,  in 

the  same  fignre.     Sometimea  the  block  splits  into  four  wedges,  as 

in  fig.  129. 

Tlie  surfaces  of  shearing  nrnke  an  angle  with  the  direction  of  tJi6 
cmshing  force,  which  Mr.  Hod^kin^on  (who  fii^  fuUy  Investigatad 
those  phennmena)  found  to  have  values  depending  on  the  kind  and 
qoali^  of  material.  For  different  qualities  of  cast  iron,  for  examplay 
uthftt  angle  ranges  from  42°  to  32*.  The  greatest,  intensity  of  shearing 
:ress  is  on  a  plane  makdng  an  angle  of  45°  with  the  direction  of  tho 
crushing  force;  and  tho  deviation  of  the  plane  of  shearing  from  that 
angle  shows  that  the  resasUnce  to  shearing  is  not  purely  a  cohesive 
independent  of  the  normal  pressure  at  the  plane  of  shearing, 
it  consiste  partly  of  a  force  analogous  to  friction,  increasing  with 
the  intenaitv  of  the  normal  pressure. 

Mr.  Hodgkinson  considers  that  in  order  to  determine  the  true 

resistance  of  substances  to  direct  cm^ung,  experiments  should  be 

^^made  on  blocks  in  which  the  projwrtiun  of  length  to  diameter  is  not 

^bess  than  that  of  3  to  2,  in  order  that  the  material  miiy  be  free  to 

^■divide  itself  by  sheariug.     When  a  block  which  is  shorter  in  pro- 

Hportion  to  its  diameter  is  crushed,  the  friction  of  the  fiat  aurUices 

™  Dotwecu  which  it  is  crushed  has  a  perceptible  efiect  in  httlding  its 

parit  together,  so  as  to  resist  their  separation  by  shearing;  and  thus 

the  apparent  strength  of  the  substance  is  inoroased  beyond  its  real 

strength. 

In  all  substances  which  are  crushed  by  BpHtting  and  by  shearings 
the  resistance  to  crushing  considerably  exceeds  tno  tenacity,  as  an 
examination  of  the  tables  will  show.  The  resistance  of  cast  iron 
to  crushing,  for  example,  was  found  by  Mr.  Hodgkinson  to  bo 
aomewhat  more  than  gix  times  its  tenacity. 
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I  IT.  Crttuhing  hy  huigiruj^  or  bkteral  Bwelling  and  s] 
the  block  w}iich  in  crushed,  is  characteristic  of  ductile  and 
KQAtorials,  such  as  wrought  iron.     Owing  to  the  gradual  manof 
in  which  materials  of  thw  nature  give  wny  to  a  crushing  force, 
is  difficult  to  determine  their  r«ri«tance  to  that  force  exactly; 
rfaijttancc  is  in  general  less,  and  sometimes  conaidembly  less,  tl 
the  t^'oacity.     In  wrought  iron,  the  reftiMance  to  the  direct  crasb"] 
ing  of  short  blocks,  as  nearly  aa  it  can  be  asoertaiued,  is 

2      4 

-  to  -  of  the  tenacity. 
•>       u 

IV.  Cmshin/f  by  buciling  cr  crippling  is  characteristic  of  fibrot 

mibdtancefl,  under  the  action  of  a  thrust  along  the  fibres.    It  ooi 

in  a  lateral  bending  and  wrinkling  of  the  Hbre«,  sometimes  aocot 

panied  by  a  splitting  of  them  asunder.     It  takes  place  in  timl 

jti  plates  of  wi*ought  iron,  and  in  bars  longer  than  those  which  pi 

way  by  bulging.     The  resistance  of  fibrous  substances  to  craslui 

is  in  genend  considerably  less  than  their  tenacity,  especially  wbm 

the  lateral  adhesion  of  the  fibres  to  each  other  is  weak  compared 

Willi  their  tenacity.     The  resistance  of  most  kinds  of  timber  to 

1       2 
ishing,  when  dry,  is  from  ^  to  ^  of  the  tenacity.    Moisture  in  the 

timber  weakens  the  latcml  adhesion  of  the  fibres,  and  reduces  ih» 
IttBistaooa  to  crushing  to  about  one-half  of  its  amonnt  in  the  diy 
slat«. 

V.  Crtiskhtg  bjf  cro9$-bredking  is  the  mode  of  fracture  of  columns 
And  stmts  in  which  the  length  greatly  exceeds  the  diameter.  Under 
the  breaking  load,  they  j-ield  .sideways,  and  are  broken  across  like 
bt'auis  under  a  transverse  load.  Tliis  mode  of  crushing  will  be  con- 
sidered after  the  subject  of  rtwstance  to  bending. 

284.    A  Table  of  ibe  ncaUtaaco   vf  IVIaicrlala    lo   Cni«la«B«  by    » 

Dlrrci  Tbna«i,  in  pounds  avoirdupois  per  square  inch,  is  given  at 
tlie  end  of  the  volume.  So  far  as  that  table  relates  to  the  strength 
of  brick  and  stone,  reference  haa  already  been  made  to  it  in  Article 
23t5.  It  is  condeu8«?fi  from  the  experimeatol  data  given  by  various 
nntliorities,  esfK-cially  by  Trodgold,  Mi-.  Fairboini,  Mr.  Hodgkinson, 
and  Captain  Fowke. 

J8d.  ly'ai^Miti  DUtribuUoo  af  ibc  Prramre  on  a  pillar  aiises  from 
<ho  lino  of  action  of  the  i-esulUmt  of  the  load  not  coinciding  wit" 
the  axis  of  figure  of  the  pillar,  so  that  the  centre  of  pressure  of 
cross  section  of  the  pillar  does  not  coincide  with  its  ctrUre  of  fi% 
but  deviates  from  it  in  a  certain  direction  by  a  certain  distant 
which  may  bo  denoted  by  r^ 

In  this  case  the  strength  of  the  pillar  is  diminished  in  the  sai 
ratio  in  whicJi  the  mean  intensity  of  tlie  pressure  is  leas  than 


rNBQUAL  THRUffT. 


^ 


maximum  intensity;  that  is  to  sar,  in  a  ratio  which  may  be 
denoted  by 

mean  intenaaty    _yo 
maximum  intenRity    p^^ 

That  ratio  may  bo  found  witli  a  ])rccision  sufficient  for  practical 
pnqkoses,  by  considering  the  pi-essure  at  any  cross  section  of  the 

Kllar  as  an  uniformly  varying  strenSj  as  defined  in  Artdclo  94. 
>n8equently  the  following  is  the  process  to  bo  pursued  : — 
Find,  by  the  methods  of  Article  9d,  the  princii>al  axes  and 
omenta  of  inertia  of  the  cross  section  of  tlie  pillar  ;  and  thence 
(letermine  the  neutral  axis  conjugate  to  the  direction  of  the  devia- 
i  ion  Tfy  Let  0  bo  the  angle  miule  by  that  axis  with  the  direction  of 
the  deviation  r^ ;  then  the  perpendicular  disUiuoe  of  the  centre  of 

I  pressure  from  the  neutral  axis  will  1>e 
I  ^=^U  sin  '• 

fcnd  the  moment  of  inertia  of  the  cross  section  relatively  to  the 
beutiul  axifi,  and  denote  it  by  I ;  then  from  equations  1,  2,  and  4 
bf  Article  94,  it  a})j)eai-s  tliat  if  X)  bo  the  greater  perpendimdar 
mUtanct  of  the  edge  of  the  cross  section  from  the  neutral  axis  in  tho 
pame  direction  witli  a^  the  greatest  intensity  of  pressure  will  be 

.      ,.,  x,V  S         (1.) 

^^  which  a  =  — =a:bP/  j- ; 

^^T  being  the  total  pressure,  and  S  the  area  of  the  section  of  the 
pillar.     Cimsequeiitly  the  ratio  required  ia 


1  + 


a^asjS' 


.(a) 


IP 


sines  of  S,  for  certain  symmetrical  figures,  and  of  I  for  tliy 

"ncipal  axes  of  these  figures,  have  ali-cady  been  given  in  the  tahlo 

Artido  206,  from  which  are  computed  the  following  values  of  the 

X  H 
iactor  -|—  in  the  denominator  of  the  preceding  formula  : — 

X  8 
Figure  op  Cross  SEcrioy. 


L  Rectangle,  /ti;  6,  neutral  axis, ) 
ir.  Square,  A", j  

III.  Ellipse  :  neutral  axis,  h  ;  other  axis,  h ; 
.XV.  Cirde  :  diameter,  A 


I 

G 

A' 

8 
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V.  Hollow  Hwtungle ;  ontsicle  dimenskmB,  A,  6;  1  6A(Afe — A'g) 
inside  dimennoas,  K,  6' ;  neutnl  axis,  6,...  ]    h*b  —  IC^  ' 

TT.  Hollow  square,  &■  —  A', A»TS»* 

8  A 
VII,  Circular  ring  :  diameter,  outstde,  A ;  iiuide.  A*,        . ,      ,^, 

386.  K.lHilrailona  of  ifao  f*rrcr4bHI  ■'■■■■hii — The  foTmnle  of 
tlie  preceding  A  rtirlo  of  this  soction  have  reference  to  direct  crvah- 
iDg  only,  and  ui^  tltci'cfoix'  Uiiiited  in  their  appUc»tioa  to  those 
kaes  in  which  the  pillars,  blocks,  or  etnits  along  which  the  pns* 
ire  acts  are  not  so  long  in  proportion  to  their  diameter  as  to  ure 

sensible  tendency  to  be  crushed  by  bending.     ThoAe  Cftaes  oom- 
preliend — 

8tone  and  brick  pillars,  and  blocks  of  ordinary  pi-oportions ; 

Pillars  and  struts  of  cast  iron,  in  which  the  length  is  not  mon 
than  five  times  the  diameter,  approximately  ; 

Pillars  and  strata  of  wrought  iron,  in  which  the  length  is  not 
more  than  ten  times  the  diameter,  approximately  ; 

Pillars  and  struts  of  dry  timber,  in  which  the  length  is  not  more 
than  about  twenty  timoa  the  diameter. 

287.  CrasUns  and  roiiap«ins  of  THi»e*. — ^Wheu  a  hollow  cylin* 
der  is  exposed  to- a  prt'ssiire  fivm  without,  there  is  a  circnmfi 
tial  thrust  round  it,  who've  greatest  inteiuiity  takes  plaeo  at  i 
inner  surface  of  the  cylinder,  and  may  bo  computed  by  suitabl 
modifying  the  formulae  of  Article  273.  That  is  to  say,  let  R  and. 
r  douote  respectively  tho  outer  nud  inner  radii  of  the  cylinder, 
9i  the  intensity  of  the  radiiil  pressure  from  without,  q^,  that  of  the 
radial  pressure  from  williin,  uud  let  p^  now  denote,  not  a  feti^on^ 
but  a  thrust,  viz.,  the  maximum  ciitnmifi'rentia!  thrust  which  act* 
round  the  inner  surface  of  the  cylinder.  Then  reversing  the  signs 
of  the  second  side  of  equation  6  of  Article  273,  we  obtain 


^  ^2g.R'-<7.(B'+.-) 


.(1.) 


When  the  pressure  from  within  is  null  or  ineensiblo,  this  becomes 


(2-) 


and  supposing  (he  mtUerial  to  gite  way  by  dircd  cru^jig,  iX\i 
propiT  ratio  of  the  intei*nal  to  the  external  radiua  is  ^en  bi 
the  et^uutiou 


A3a> 


SOT 


R        V   *      /' 


(1) 


tLe  working  pn>o^  or  cmabin^  external  preasare,  4itd  / 
working,  proof,  or  {Tasking  thrust  of  tbe  m&terul,  u  the  cam 
ly  ba 

Thifi  formnlfl  gires  correct  results  for  tMc^  hollow  cylinden.  But 
irhere  the  thirknffw  is  small  (as  in  the  internal  flaca  of  botlers).  the 
_cy Under  gives  var,  not  by  direct  crushing;  but  by  collapsino,  whioh, 
it  conflisU  in  an  alteration  of  fignre,  is  analogous  to  cnisliing  bj 
iding.     According  to  Mr.  Fairbaim^s  experiments,  published  in 
i^kiioeopkieal  TroiiaacHon*  for  Iti^-S,  the  intensity  of  the  pnaiii» 
without  which  makes  a  thin  wrought  iron  tube  collapse  is  in- 
ly as  the  length,  inversely  as  the  i-adios*  and  directly  as  the 
►wer  of  the  thickness  whose  index  i?  219.     In  most  calculations 
)r  pnictical  purposCB,  the  9q\iatr«  of  the  thickness  may  be  used  in- 
'  of  that  power.     For  plate  iron  flues,  let  I  bo  the  length,  d  the 
r,  (  the  thickness,  all  in  the  same  units  of  measiiro,  and  lot 
the  coUapfling  pressure  in  lbs.  on  the  square  inch  ;  then 


J  =  9,672,000/- nearly 
la 


.(4.) 


Mr.  Fairbaim  strengthenB  long  flues  by  meouB  of  rings  of  T-ii-on  ; 
-^  which  caso  I  is  the  distance  between  two  adjacent  riagt. 

fiionox  G.—Chi.  RettiHance  to  Bending  and  Cr<^9-Brcaking. 

S88.  Slirartas  Fcrr«   tm4   Bmillag   7l«HcM  la  Gra«iml. — It  lias 

ly  bwn  shnwTi,  in  Artioios  141  and  H2,  how  to  determine  the 

iroportions  between  the  resultant  of  the  gross  load  of  a  beam  and 

khe  two  forces  which  support  it, — whether  thooc  three  foi-ccs  aro 

erpcudit-ular  or  oblique  to  the  b^ara, — and  whetlicr  they  are  par- 

^mllel  or  inclined  to  each  other.     lu  the  present  section  those  cases 

t^alone  will  be  considorod  in  which  the  loftding  and  supporting  forcea 

IKi'pondicuIar  to  the  beam,  and  pandlel  to  each  other,  and  in  one 

le ;  for  such  forces  nlone  tend  simply  to  l>end  the  beam,  and  if 

iciently  great^  to  break  it  acrosa. 

In  Article  1(11  it  htiR  been  shown  how  to  determine  the  resist- 

ices  exerted  by  the  pieces  of  a  frame  which  are  cut  by  an  ideal 

Ttional  piano,  in  tenns  of  the  forces  and  couples  which  act  on  one 

the  {wrtions  into  wliich  that  plane  of  flection  divides  the  frame*; 

f^d  in  Articles  1G2,  163,  \U,  and  I  Go,  that  vi^thod  ofaecUtrntyaa 

fjfi  w  aiUed,  has  been  applied  to  the  dctcrmiutttvou  o?  ^Q  ^ircsaRi 
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noting  ftlong  the  bars  of  half-tnttice  or  Warren  girdars  aitd  of 

The  method  followtnl  in  det«nuining  the  eBSsct  of  a 
load  on  a  contintious  beam  is  simUar ;  except  t)iat  the 
tlie  plane  section,  which  is  to  be  detciinined,  does  not 
finite  number  of  foroea  acting  along  the  axes  of  certain 
a  distributed  stresn,  acting  with  varioiLH  int4*u»ities,  and,  it 
in  variouB  directions,  at  diffen^nt  points  of  the  section  of  thr 

In  vhat  follows,  the  load  of  the  beam  will  be  conceived  to 
sint  of  woighta  acting  vertically  downwards,  and  the  supj 
forces  will  olao  Ik*  conceived  to  be  vertical     The  longitudinal 
of  the  beam  being  perpendicular  to  the  applied  forces,  will 
iugly  be  horizontal.     Tlio  conclnBion»  arrived  at  will  bo  applicftl 
to  oases  in  which  the  axis  of  the  beam  and  the  direction  of 
applied  forces  are  inclined,  so  long  as  they  are  perpendicular 
cncli  other. 

Let  any  point  in  the  longitudinal  axis  of  the  beam  be  taken 
the  origin  of  co-ordinatea ;  and  at  u  given  horizontal  distance 
from  that  origin,  conceive  a  vertical  gection  jjerpendicular  to  tl 
longitudinal  axis  to  diWdo  the  beam  into  two  |wrt8.     To  6x  the 

I    '  ht  I    ^  coDBiderod  ■ 


acooi 


ideas,  let  horizontal  distances  to  the 


ilKwitive  )  ^ 
negative  J  ' 


negative 
tlircction,  bo  considered  as 


let  vertical  distances  and  forces  in  an  <  doiL««|j  } 


J"  positive  ) 


\  negative  j  '  *"*^  '*'  *^^  moments  M 

-"P^-*-  {S^:}  »-«»-«  as  they  are  {  ^^SJ A^dll  }  •  I 
Let  F  denote  thf>  r*^miltant  of  all  the  vertical  forces,  whethet 
loading  or  supywrting,  which  act  on  tlio  part  of  the  beam  to  the 
left  of  the  vertical  plane  of  section,  and  lot  x'  be  the  hnmonta! 
distance  of  the  line  of  action  of  that  re^sultant  from  the  origin. 

If  the  beam  is  strong  enougli  to  sustain  the  forces  applied  to  it, 
there  will  lie  a  shearing  stress  whose  amount  is  equal  to  F,  distri- 
buted (in  wliat  manner  will  afterwards  appear)  over  the  given 
vertical  8<?ction ;  and  that  shearing  streR-s,  or  vertical  resistance, 
will  constitute,  along  with  tho  applied  force  P,  a  couple  whosi 
moment  is 


M^F{af-x). 


.(...i 


This  is  called  the  bending  moment  or  moment  ofjiexure  of  the  bean 
at  the  vertical  section  in  question  ;  and  it  is  resisted  by  the  norm^ 
fitreea  at  that  section,  in  a  manner  to  be  explained  in  the  sequel.^ 

If  the  bending  moment  is  i  ^^!^l\^A->  ^^  *«»^  ^  «^<^te  tlx< 
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ly  ictnugbt  loiigitudiuol  axis  of  the  beam  become  concave 

'(    upwards    ] 

\  downwards  J  ' 

Tbo  determination  of  the  magmtude  aad  position  of  the  resultant 

oonstBts  simply  in  finding  the  resultant  of  a  number  of  paraltol 

in  one  plane,  as  explained  in  Article  4\,  the  Bupporting 

having  iirst  been  found  by  the  principles  of  Articles  39  and 

rl.     These  processes  are  expressed  by  general  formulae  as  ful- 

Case  1.  The  load  applied  at  detached  points. — Let  W  denote  one 
the  weights  of  which  Che  load  consists ;  x"  its  horizontal  distance 
cim  the  origin  ;  then 
—  3  -  W  is  the  total  load,  mode  negative  as  acting  dovrnwards ; 
'and 

•  X  *  X*  W  is  ita  moment  relatively  to  the  origin. 

Let  X)  and  x,  bt  tlie  horizontal  distance  of  the  points  of  suppoH 

rhe  origin,  and  let  P„  P„  be  the  supporting  forces  ;  then  to 
ine  those  forces  we  have  the  conditions  of  e<|uilibrium 


Pi  +  P,  -  3-W  =  0; 
x.P, +  xaP,  -  ax"W  =  0; 
from  which  follow  the  equaiiona 


P,  = 


P. 


X,3-W  -  2*X"W 


X|  3 


X,  -a:, 

W  -    3  ■  t'  W 

Xi  -  arj 


(2-) 


show  how  the  slicai-ing  force  autl  moment  of  flexure  at  any 
section  are  found,  let  P  ha  applied  to  the  left  of  the  origin, 
and  let  the  plane  of  section,  whose  distance  from  the  origin  is  x,  lie 
between  P,  and  P, ;  then  the  force  acting  on  the  beam  to  the  left 
of  X  will  be 
^  F  =  P,  -  3:-*W 

Bimi 


(3.) 


^K  to    1 

Hlhai 
^^  aho: 


id  the  moment  of  flexure 

M  =  {x,-»)P, -2;».(x--x)W;J 

the  symbol  ^J*  denoting  in  each  case,  that  the  summation  extends 
to  that  part  of  the  beam  only  which  lies  between  the  given  plane 
f  Tertical  section  and  the  point  of  support  (if  any)  to  the  left  of 
t  plane. 

Case  2.  The  load  corUinuoudy  digtribvUd. — On  any  indefinitely 
short  division  of  the  beam  whose  length  is  c^x,  and  distance  fixim 
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the  origin  k",  let  the  intensity  of  the  load  per  ttnit  of  length  bt « 
Then  in  the  equations  2  and  3,  given  above,  it  Is  only  nooeaaaiy  to 

substitute  wdz  for  "W^  and  the  sign   /  for  the  sign  r 

S89.  In  BMima  PiKrd  Ml  Onr  Knd  Oalr*  and  loaded  on  the  pro* 
jecting  portioD,  aa  in  lig.  C7  of  Article  HI,  and  figs.  133  iu  136  of 
a  Kubsoqucnt  Article,  Die  shearing  forco  and  moment  of  flexuro  can 
'he  determined  for  any  vertical  section  of  the  projecting  part  of 
the  beam,  without  considering  the  supporting  pressures. 

Let  the  plane  at  which  the  beam  is  lixcd  lie  taken  an  the  origin ; 
let  c  be  tho  length  of  the  projecting  part  of  the  beam.  The  results 
in  the  cases  most  im}>ortaut  in  practice  are  given  in  tiic  foUuu'iug 
tttblo :— 


F.XAHPLK. 

SuEAxno  Fotss 
F 

u 

Any  wMiii 

V 

Gmtest 

Aaywlunb 
M 

Grvftl^ 

I.   LoMled  at  extrenc 
end  with  W, 

— w 

— w 

-(c-^)W 

-cW 

n.   Unifonn  load  of  in- 
leoflitytc, 

-ir(c-^) 

— «w 

3 

2 

nL   UDllbrm  load  of  ia- 
lenuty  ir,  and  ad- 
ditional    load    at 
extreme  cod  W, 

-W'-«(*«) 

_W— IM 

3 

-we-- 

290.  In  Kctnus  itopporicd  ai  Botii  Bods,  and  loaded  on  the  intcr- 
mediato  jwrtioii,  like  those  represented  in  tig.  60  of  Article  141^ 
and  in  iigs.  138  and  140  of  a  subsequent  Article,  it  is  most  conve- 
nient to  tike  tbo  midJie  of  the  beam  as  the  origin  of  oo-ordiuatea. 
Then  let  c  denote  the  hn//-ipan  of  the  beam,  so  that  2  c  is  the  span, 
or  distance  between  the  |.H>iiitB  of  support ;  the  positions  of  ihoM 
]>oints  will  bo  expressed  by 

jjj  =  c;  zj  =  ~e;  a;,-x,  =  3c; - (I.) 

Vhich  substitutions  convert  equation  S  of  Article  288  into  the 
following : — 


(3.) 


2 


2c 


UOMENTS  OF   FtCXUBK 

If  the  load  is  symmetricaUy  distributed, 
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P.  =  P.  =  ^=»JW. 


.(2  a.) 


(3.) 


^Thc  equatioDs  3  of  Article  288  also  bocomo 

M  =  (c-x)P.-2;-(a;--i)W;J  

md  for  a  aymmctricaUy  distributed  load, 

F  =  iJ-W;  M  =  (o-a:)i^'W-2:(V-a:)W....(3  A.) 

Tlio  result-s  in  the  cases  most  imiioi-tant  in  practice  are  given  ia 

tb«  foUowiDg  table  : — 


Ex*Krt». 

' 

Bnnitn  Moom 
M 

AayvhvTe. 
F 

(;reat«C 
Fl  or  F, 

Anywhere 
M 

Grwtttt 
M.ofM". 

IV.   Sinsle  load,  W,   in 
miildle— 
Left  of  0 

Rigbt  of  0, 

V,  SioKl*  load,  W,  ap- 
plU-d  at  y— 
Ltftof*". 

night  of  2*, 

VL   TTnifomi  1<mu1  of  in- 
tensily,  ir, 

W 

— w 

"2 

(c-T)vr 

2 

^=M. 

(o  +  OW 
2c 

3c 

2c 

(c^x'^(c~j:W 

(c'-y^W 

2e 

2c 

=  M'  at  i^ 

2e 

2c 

irr 

ire 

T=^ 

391.    HfonrMia  or  Fl«ii 


hi  Tcma   of  Ij«a4  niwl  T.«mBlfa. — JC 


ipractical  pur^tofses,  it  is  often  convf-nient  to  express  the  greatest 
klK'udiijg  moment  of  a  beam  in  terms  of  the  tofnl  had,  W,  and  wn^ 


ipported  lengOif  I,  of  a  beam,  by  means  of  a  formida  of  this  kind, 

M,  =  mW/, (1.) 

rhere  m  is  a  uumcrical  factor.     For  be&ioa  fixed  at  oua  end^  l-c 


A 
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for  beama  suppoi-ted  at  both  endH,  /  =  2  c  =  tho  span  ;  for  an  uniform 
load,  W  ■=  wZ.  Heuce,  couiparing  equation  1  with  Kxamplea  L, 
IL,  rV.,  v.,  and  VI.  of  Articles  389  and  290,  we  find  the  foUovf- 
ing  values  of  the  fuctor  m  : — 

m 
L  Beam  6xed  at  oue  end,  loaded  at  the  other, 1. 

IL  Beam  fixwl  at  one  end,  loaded  uniformly, ^ 

IV.  Beam  supported  at  both  ends,  loaded  in  the  1  1 

middle, j  4' 

V.  Beam  support<.Hl  at  both  ends,  loaded  at  x"  ^   1  /       ia:*'\ 
from  the  middle, J    4  \^  ~    i'   )' 

VL  Beam  suppoi-t^d  at  both  ends,  uniformly  loaded,  r> 


293.  Vnirarm  mamcnt  of  Ficxare. — If  a  pair  of  equal  and  oppo- 
Hite  couples,  acting  in  the  same  longitudinal  plane,  bo  applied  at 
or  near  the  ends  of  a  beam,  tlie  part  of  the  beAm  intermediate 
lietween  the  portion:^  to  which  the  couples  are  applied  is  under  the 
influence  of  an  uni/oi-n^  moment,  ofjfexure^  and  of  no  skeanug  J'orr^. 

An  illustratiou  of  this  la  the  condition  of  that  part  of  Uie  axle 

of  a  railway  carriage  which  lies  between  the  pair  of  wheels,  if  tlio 

beannga  are  outside  of  tlic  wheels,  or  between  the  bearings  if  the 

bearings  are  inside  of  the  wheels.     Let  W  be  the  weight  which 

W 
iwts  on  one  pair  of  wheels ;  then  —  is  the  weight  resting  on  each 

wheel,  and  on  each  beiiring.  Let  I  be  the  distance  from  the  centre 
of  each  wheel  to  the  midtUc  of  the  udjolning  K'aring.  Then  a  pair 
of  equal  and  opposite  couples,  each  of  tho  moment, 


I 


-?, 


J 


are  applied  to  the  two  ends  of  the  axle ;  and  this  is  the  uniform 
moment  of  flexure -of  the  portion  of  the  axle  lying  between  the  ^ 
portions  acted  upon  by  tlie  forces  wliich  constitute  the  couples  ;^| 
and  the  sheiiring  force  on  the  same  portion  is  null. 

203.  BcwiManee  of  Ficxarcn  mcuiis,  the  moment  of  the  reaistanoo 
which  a  beam  opposes  to  being  bent  or  broken  across ;  and  if  tho 
beam  is  strong  enough,  that  moment,  at  each  cross  section  of  tho 
beam,  is  equal  and  opi>osite  to  the  moment  of  the  bending  forcea 
at  the  same  cross  section. 


AEStSTANCE  OF   FLEXURE. 
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Fig.  130. 


Tjet  fig.  130  represent  a  side  view^  of  part  of  a  beam  wMch  is  of 
orm  cross  Bectioii,  and  which  is  sub- 
to  an  uniform  moment  of  flexure ; 
d  K't  fig.  130'  represent  the  cross  sec- 
tion of  the  same  beam.  It  ia  delf-evident 
that  the  curvature  produced  Ju  the  part 
of  the  beam  in  question  must  be  uniform  ; 
that  is  to  say,  that  any  longitudimil  lino  iu 
the  beam,  such  as  its  n])pftr  edge  A  A',  or  its  lower 
edge  BB',  which  in  the  free  condition  of  the  beam 
is  straight^  must  be  bent  into  an  arc  of  a  circle  ;  and 
that  any  surface  originally  plane  aud  longitudinal, 
and  perpendicular  to  the  plane  in  which  the  curva- 
txire  takes  place,  sucli  as  tlio  upptr  8m*face  A  A',  or 
the  lower  surface  B  B',  must  be  l>ent  into  a  cylin- 
drical form ;  aud  the  cylindrical  surfaces  so  produced 
will  have  a  common  axis.  Any  two  transverse  sectinna!  planes,  such 
aa  A  B  and  A'  B',  which  in  the  free  state  of  the  beam  ai-e  parallel  to 
each  other,  will  have,  in  the  cur\-ed  state  of  the  beam,  positions 
radiating  from  the  axis  of  cur%'atiu^\ 

Therefore,  if  the  portion  of  the  beam  between  the  transversa 
planes  A  B,  A'  B',  be  conceived  to  be  divided  into  layers,  such  as 
C  C,  originally  plane,  parallel,  and  of  equal  length,  these  layci-s, 
in  the  bent  condition  of  the  beam,  must  have  lengths  proportional 
to  their  disttmccs  from  the  axis  of  curvature.  The  layers  near  tlie 
cave  side  of  the  beam,  A  A',  are  shortened  by  the  bending,  and 
e  layers  near  the  convex  side,  BE',  Icnptheued  ;  aud  there  must 
be  some  intermediate  layer  which  is  neither  lengthened  nor  short- 
ened, but  preserves  ita  free  length.  Let  0  0'  be  the  surface  origi- 
nally plane,  now  curved,  at  which  that  layer  is  situated ;  this 
called  the  rteiUral  gur/ace  of  the  beam,  and  the  line  0  0,  fig.  130* 
in  which  it  intersects  a  given  cniss  sectionj  is  called  the  neutral 
axU  of  that  section. 

The  direct  Ktrairm,  or  proportiomite  elongations  and  compre-ssions, 
pt  the  layers  of  the  beam  are  propoi-tioual  to  their  distances  below 
,nd  above  the  neutral  surface;  and  hence,  within  the  limits  of 
proof  strc3.s,  the  direct  stresses,  or  tt'nsions  and  pressures,  at  tho 
ditfercnt  }>oints  of  the  cross  section  AB,  fig.  130*,  have  intensities 
^^^fensHly  proportional  to  tJieir  distances  frmn  t/te  neutral  axis  O  0. 
^H  Therefore  tlie  direct  stress  at  each  section,  such  &n  A  B,  whose 
^^kaoment  constitutes  the  resistance  to  betiding,  is  an  uniformly'Vary- 
^||njf  «AisUf  as  defined  in  Article  91 ;  and  in  order  that  the  /onf/f- 
'  tudinal  resultant  of  that  stress  may  be  nidi,  the  neutral  axis  (as 
ahown  in  that  Article)  must  traverse  the  cerUrt  of  ffravit'j  of  the 
eruss  sectio/t  A  B. 


AU      Ml 
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The  moment  of  a  hmxdiru^  stream  ban  already  been  giv«a  in  Articl 
92,  equutiuHH  3  and  4  ;  nnd  the  motbodi)  of  det«nmiiixig  tb« 
gnils  I  and  K,  vbicb  occur  iu  those  equattonB,  have  been  explained: 
aud  ilhwtmted  in  Article  95. 

To  apply  tho  eqiiations  of  those  Articles  to  the  present  purpoie, 
let  p  be  the  intensity  of  the  direct  stress  at  a  layer  of  tlxe  bcftm 
wboee  distAnoe  from  the  neutnd  axis  is  y :  bi-^igbt  above  the  nen 
axis  being  cousiden^d  as  positive,  und  depth  l>elow  it  as  ne^ati' 
Then  because  a  moment  of  flexure  tending  to  make  the  beam 
CAVu  upwards  has  been  treated  as  positive,  it  is  couvenieut,  in  ord 
to  avoid  the  imneoefisaTy  use  of  negative  signs,  to  consider  the  con- 
stant ratio  *-  as  positive  when  it  is  such  as  to  give  resistance  to  aa 

upward  moment  of  flexuro  ;  that  is,  when  j>  is  a  thmst  for  positi 
Tolues  of  y,  and  a  pull  for  negative  values;  conseqtieutly,  p  is 

be  considered  us  <  '       ^       >  aecordin;;  as  it  is  a  <       i,     '  > 
}  negative  )  °  |  puU.      ) 

This  being  understood,  we  have,  for  the  moment  of  the  re«ista&c 

opposed  by  the  beam  to  bending, 

M  =  ^^../(I'  +  K'); (1.) 

and  for  the  an^  mftde  by  the  neutral  axis  with  the  directaoa 
the  axes  of  the  bending  couplw, 

fi  =  —  arc  •  tan  -=■ ; (2.) 

I  and  K  being  found  by  the  methods  of  Article  95. 

Iu  some  coses,  a  more  couvenieut  form  of  equation  3  is 
which  gives  ^,  the  angl^^  made  by  the  neutral  axis  with  its  conjh 
gale  axiSf  in  wliieb  the  piano  of  the  bending  forces  cuts  the  plant 
of  section  A  B,  w-  : — 

cotmi  ■  rf  =  J  (3.) 

In  almost  evcny  case  which  occurs  in  practice,  the  plane  of 
bending  forces  cuts  each  cross  section  of  the  beam  in  one  or  oth< 
of  its  priTtcipal  awe»,  far  which  'K.  —  Offi  =  0,i  —  90<* ;  and  then  eqt 
tiou  1  becomes 

M=^ (4.) 

y 

Id  beams  whose  transverse  sections  and  moments  of  flexure  are  not 
umfomiy  no  error  apjireciablc  in  prsctice  is  produced  by  applying 
oquatiou  -i  to  each  cross  secUon,a^A^>a^S^G^avQxa«ni\.QS.^i^fck\a*i■«UiJih. 
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ts  upon  it,  ii&  if  the  givpii  section  and  moment  belonged  to  aal 
imiform  beam  vitli  au  uuilorm  moment  of  flescnre. 

294.  The  Tr«ui«rrr««  »tn-«Biii  of  a  b(!am,  ultimate,  proof,  Or  wort- 

g,  as  the  case  m&y  be,  iij  the  load  reqtiired  to  lu^iflk  it  acroaa,  oi 

produce  the  pixtof  etret*  or  the  working  streiis,  ob  the  case 

It  is  found  hy  equating  the  greatest  moment  of  flexure,  ex* 

in  terms  of  the  load  and  length,  as  in  Article  201,  to  the 

t  0^  resistance  at  the  cross  section  ^Oiere  that  momeot  of 

acts :  sadi  moment  of  ix^sistanoc  i>ciug  found  from  the  vqna- 

of  Articio  3l>3,  by  putting  for  p  the  tUtioiate,  pnx»f,  or 

king  diruct  stress  of  the  muteiiol,  oa  the  uuu  amy  be,  and  for 

diJrtMioo  from  the  neutral  axis  to  the  point  in  the  given 

where  the  limiting  stress  p  ia  first  attained.     That 

vlll  be  at  the  ^  ^^  °         \  side  of  the  beam,  according  as  the  mat 
(  convex   )  /  preasore.  )  ^^ 

gives  way  most  readily  to  |  ^^^^^    | 

Tn  6g.  131,  A  represents  a  beam  of  a  granular  material,  like  cost 
>u,  giving  way  by  the  crushing 


cf  the  concave  fiide,  out  of  which 
a  s«:>rt  of  wedge  is  forced.     B  re- 
rcMenfit  a  Ije-aiii  giving  way  by 
ti'ariug  Uijunder  of  the  con- 
side. 


^=;^ 


Fig.  131. 


In  a  beam  symmotrical  above  and  below,  or  otherwi9e  of  such  a 
that  the  neutral  axis  is  at  the  middle  of  the  depth  of  tha 
seotiini,  if  /a  is  that  depth, 

and  the  limiting  value  ofp  is  the  resistance  to  preasore  or  to  ten* 
fiion,  whichcviT  is  least 

For  other  foiins  of  section,  let 

y  =  y.  for  the  concave  Fide ;  and 
=  yj  for  the  convex  side ; 
and  let  the  limiting  stresses  be 
^H  p  =y^  for  pressure ;  and 

^H  =  Jl  for  tension ; 

^Hp^  tfae  beam  will  give  way  by  •!  ?^^.  "^^  [■  according 

/greater  »^^^  4 

This  point  having  been  dctemiiued,  the  equation  &om  which  the 
trength  of  the  l>eam  may  be  found  is 


asy- 


la 


(1.) 


Tu£OKY  OP  sraucnrttEa. 
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N 
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^ 
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Wlipn  the  hraMruf  load  is  in  question,  tbe  co-efficient/*  is  vhat 

ciillfd  the  rnadtdtut  of  rupture  of  tlm  material.  It  do«a  not  alwajB 
'ttreu  with  the  resistance  of  the  game  material  to  direct  crashing  or 
direct  tearing,  but  hns  a  special  value,  which  can  be  found  b^ 
experimonta  on  crosa-brcaking  only.  One  of  the  cauacs  of  this 
pheuomouon  is  probably  the  fact,  alrenrly  stjited  in  Article  257, 
that  the  resistance  of  a  material  to  a  direct  stress  is  increased  by 
preventing  or  diminishing  the  alteration  of  its  transverse  dimen- 
sions ;  and  another  cause  may  be  the  fact,  that  the  8b*ength  of 
masses  of  metal,  especially  when  cast,  is  greater  in  the  external 
layer,  or  jdiVt,  than  in  the  interior  of  the  mass.  When  a  bar  ia 
directly  torn  asunder,  the  strcugth  indicated  is  that  of  the  weakest 
port  of  th(!  mass,  which  is  in  the  centre  ;  when  it  is  broken  across, 
tlie  strength  indicated  is  that  either  of  the  skin,  which  is  the 
strongest  part,  or  of  some  part  near  the  skin  (See  tlie  Article  296). 

When  Uie  proof  load  or  working  load  is  in  question,  the  co-effi- 
dent/is  the  modulus  of  rupture  divided  by  a  suitable  fador  <^ 
ifcft^j/,  lis  to  wliich  see  Article  247. 

205.  TnuuTorae  MireRsUi  la  Trms  of  Bmtdlli  mmd  Drpth- — From 
the  principles  explained  in  Article  05,  it  is  obvious  that  the 
monienl-t  of  inertia,  I,  of  similar  sections  are  to  each  other  as  the 
breadths,  and  as  the  cubes  of  the  depths.  If,  therefore,  b  he  the 
breadth,  and  fi  the  deptli,  of  the  rectangle  circumscnbing  the  cross 
section  of  a  given  beun  at  the  point  where  the  moment  of  flexuro 
is  greatest,  we  may  put 

I  =  n'6A* (1.) 

n'  being  u  numerical  factor  depending  on  the  form  of  the  sectioa 
It  is  also  evident,  that  for  similar  figures,  tbe  values  of  y  are  as 
the  depths ;  so  that  we  may  put 

tf  =  m'h  (2.) 

m'  being  another  numerical  factor  depending  on  the  form  of  section. 
If  the  section  ia  symmetrical  above  and  below,  m'  =  J.  Thus  it 
appears,  that  the  reaintancea  of  flexure  q/'similar  crv^s  aecUons  an 
tia  their  breadtJta  arul  as  the  squares  of  their  depths,  and  that  equation 
2  of  Article  294,  which  expresses  equality  between  the  greatest 
moment  of  flexure,  ns  stated  in  terms  of  the  load  and  length,  and 
the  resistance  of  the  cross  section  where  that  moment  acts,  is  equi- 
valent to  the  following : — 


I 


M,  =  mWl  =  uj'blJ 


•<?.v 
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wBere  »  =  —  is  a  ntunerical  factor  dependinfr  on  the  form  of  oro89 

section  of  the  beam,  and  m  is  the  nnmerical  factor  depending  on 
tho  luode  of  distribution  of  the  loadiDg  nnd  sujtporting  forees,  of 
which  examples  have  been  given  in  Article  291. 

The  following  table  gii'es  examples  of  the  values  of  the  three 
iiictora.  n',  m\  «,  for  some  of  the  more  uRital  forms  of  cross  seption : 


p 

1 

1 
1 

Form  op  Oboss  Sections. 
L  Rectangle  i  A,  \ 

"-6A^             '* 

I 
ybh' 

1 
12 

1 

2 

1 
G 

(including  square)        J 

II.  Ellipw— 

Vertical  axis  A \ 

Horizontal  axifl  fr,  ...  > 
(including  circle)      J 

III.  Hollow  rectangle,  h  h 

—b'h';  also  I-foiTae<I 
section,  where  6' is  the   - 
Slim  of  the  breadths  of 
the  kteral  hollows,... 

IV.  Hollow  square —           1 

A^-A-* J 

V.  Hollow  elliijse, 

VI.  Hollow  circle, 

w           1 

64  "20-4 
=  0-0491 

I 
"2 

1 
32     10-2 

=   0-0082 

i'2\     buy 

1 

K-^^ 

L(iJ^\     i 

12  V       AV        2 

H'-S 

1 

2 

I    /1-A'A'»\ 

luaV     bhy 

1 
2 

10-2\        A*; 

£ 


In  using  the  ef^untion  3  for  any  of  the  purposes  to  which  it  may 
be  applied — such  aa  computing  the  strength  of  a  beam  of  which 
the  dimensions  and  tigure  are  given,  or  fixing  the  transverse  dimen- 
sions of  a  beam  of  which  the  strength,  length,  and  figure  arc  given 
— «are  is  to  be  token  to  use  the  sajne  unit  of  measure  throughout 
the  calculation;  tliat  is  to  say,  when  the  tmnsverse  diraenwons,  as 
is  usually  the  case,  arc  stated  in  inches,  and  the  co'cfhcient  of 
strength  /in  pounds  on  the  square  inch,  the  length  /  should  bo 
stated  in  inches  also.  This  caution  is  necessary  on  account  of  that 
divonity  of  units  which  is  characteristic  of  British  measures. 

S90.    X    Tmbtr  nf  thr  Kntlalnarr  of  7ln«crtal«  t«  llnnUlK^  Krtwm 

i:/ given  at  tbo  eud  of  thn  voltinie.     I i  pvra  vaW'?.  o^  V\\c.  xawXvXA* 
ntptmv,  hoing  that  ^r  ^v}nri,  ih     ,     el&cieiit / s\aLa!^ Vtt  Ki^itfi 
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29*1,  cxjuation  2,  and  in  Article  295,  equation  3,  when  mWl  ii 
Liffikirig  moment.     It  will  bo  obscn'od,  that  this  modulus  is, 
xuo»t  materials,  intermediate  between  the  tenacity  and  the 
to  direct  crushing. 

2!)7.  t'uMi  Iron  Bcmms. — The  valnefl  of  the  modulus  of  nipt 
for  cost  iron  require  special  remark,  It  had  for  iiomc  Lime 
known,  that  while  the  direct  tenacity  of  caat  iron  (as  determined  hy 
Mr.  Hodgkin!<on)  h  on  an  average  IG^oOO  lbs.  per  square  inch,  the 
xnolulus  of  rupture  of  rectangular  c^ist  iron  beams  is  on  an  averago 
nbuut  40,000  Ibti.  per  d<jUAre  inch,  or  twfi  and  a-half  times  as  great 
This  was  Ruppf>.sf!4l  to  be  nrconnted  for  by  the  a^umptton,  that  the 
stress  on  u  cross  section  of  a  cast  iron  bemii  is  nut  un  uniformly^ 
Tiii-j-ing  stress,  and  that  the  neutnil  axis  <\oif»  not  traTerse 
centre  of  gravity  of  the  section.  But  in  185a,  Mr.  William  Hex 
Barlow,  by  experiments  of  which  an  accomit  is  published  in  tl 
Philosophical  Transactions  for  that  year,  showed, — in  the  first  pla( 
that  the  stress  is  an  uniformly  varying  stress,  and  that  the  ncult 
i,  in  symmetrical  sections  at  all  events,  traverses  the  centre 

kvity  of  tlie  section, — and  in  the  second  place,  that  the  moduli 
^6f  rtiptui-e  htis  vaiioua  values,  ranging  from  the  xwtf.  direct  tcnacil 
of  the  iron  up  to  about  two  and  a-third  times  that  tenacity,  accord- 
ing to  the  figure  of  the  cross  section  of  the  beam. 

Tlio  beams  on  which  the  experiments  oi  Mr.  Barlow,  now  refo 
to,  wure  made,  were  in  some  coses  of  a  solid  rectntigular  suctiot 
and  in  other  cases  of  on  open-work  rectangular  8t?ction,  conaLsting 
equal  rectangular  upper  and  lower  horizontal  ba»,  T^nth  alternat 
open  spaces  and  vertical  connecting  bars  Iwtween.     jXs  for  as  th< 
exix^riments  wont,  they  were  iu  accordance  with  tho   following 
empirical  formula : — 

/=/o+/'-f  , W 

where/  is  the  modulus  of  rupture  of  the  beam  in  question;  ^ 
direct  teoacity  of  the  iron  of  which  it  is  made ;  /*,  a  co-cfficicnt 

determined  empirically ;  and  — ,  th©  ratio  which  the  depUt  <^aol%^ 

metal  H  in  the  cross  section  of  the  beam  bears  to  the  total  depth  qfJ 
aeeti-in  L     The  following  were  the  values  of  tho  constants  for  tl 
cast  iron  experimented  on  : — 

Direct  tenacity,     ^/J  =  18,750  lbs.  per  square  inch  ; 
J*  —  23,000  lbs.  per  sqiuire 
—  liyi  nearly. 

Mr,  Uarlow  has  aincc  nuuVo  iMrlVer  ex.^)cn,Ta«D.\&  csw  ^sufL 


inch  ;^ 

inchi  > 
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of  various  forms  of  section^  and  also  experiments  on  wrought 
iron  beam.?,  showing,  though  not  so  coadusivcly,  variations  in  the 
lodnlus  of  nipture  of  wrought  iron  analogous  to  those  wliich  have 
proved  to  exist  in  the  case  of  cast  ii-on;  but  as  those  further 
lents,  though  communicated  to  the  Royal  Society,  have  not 
)t  bevn  published  in  detail,  it  would  be  premature  to  nu^e  renuirics 
thetn  here. 

Mr.  Barlow  has  proposed  a  theory  of  those  phenomena,  to  the 
feet  that  the  curvaUire  of  the  layera  of  the  beam  produces  a 
:aliar  kind  of  resistance  to  bending,  distinct  from  that  which 
fi-om  the  direct  elasticity;  aud  ho  adduces  in  sui)port  of  tlmfc 
)ry  tho  iact  that  the  ad<Utional  strength  represented  by  the 
^tteeond  term  of  equation  1  increases  with  tho  ultimate  cxirvature  of 
the  beam  j  that  is,  its  cur%'ature  just  before  breaking.  Another 
conceivable  theory  has  tUreudy  been  mentioned  in  Article  294,  \-iz., 
that  the  strength  of  a  metal  bar,  and  in  jKirticular  of  a  cast  iron 
bar,  is  greatest  at  the  tt/iin,  and  diiuiuished  towards  the  interior ; 
that  the  tenacity  found  by  directly  tearing  a  bar  a3\mder,yj^  is  the 
tenacity  of  the  interior;  that  tlie  modulus  of  rupture  of  a  solid 
rectanguLir  beam,/^  +/'i  i^  the  tenacity  of  the  skin,  and  thub  the 
modulus  of  rupture  of  an  open-work  beam  is  the  tenacity  at  a 
distance  from  the  skin  depending  on  the  fomi  of  section.  But  until 
conclusQvo  experimental  data  shal!  have  been  obtained,  all  tlieoriea 
on  the  subject  must  be  considered  as  provisional  only. 

S98.   The   8vrcl«n    or   Cqnnl    HtrrNKlll    r«r    Cn*I    lr«« 

proposed  by  Mr.  Hodgkintion,  in  consec^ueDco 
his  d^covery  of  the  fact,  that  the  resiatanco  of 
iron  to  direct  cnishing  is  more  tlian  six  times 
resistance  to  tearing.     It  consists,  as  in  lig.  1 32, 
a  lower  tlange  B,  an  upper  flange  A,  and  a  vertical    ©- 
reb  connecting  them.     The  sectional  area  of  the 
>wer  flange,  which  is  subjected  to  tension,  is  neaily 
times  that  of  the  upper  flange,  wliich  is  subjected         ^*^*  ^^''^* 
thrust.     In  onler  that  the  beam,  when  cast,  may  not  be  liable 
creek  from  unequal  cooling,  the  vertical  web  has  a  thickness  at 
lower  sde  equal  to  that  of  tho  lower  flange,  and  at  ita  upi>cr 

eqiul  to  that  of  the  uppc^r  flange. 
The  tendency  of  beams  of  this  class  to  break  by  tearing  of  tho 
lower  flange  is  slightly  greater  than  the  tendency  to  break  by 
ishin^  of  the  upper  flange ;  and  their  modulus  of  rupture  is  eqnal, 
nearly  equal,  to  the  direct  tenacity  of  the  iron  of  wbicli  they  are 
ladc,  bi'ing.  on  an  avemge  o£  diflerent  kinds  of  iron,  16,500  lbs. 

square  inch. 
iM't  the  fl/w/rf  antl  tieptha  of  the  iiarts  of  which  the  tiCiCtvou  ia  fi^ 
fSoousistjf  U'  denoted  as  fo/iows  : — 


MB  was 
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Anti.         IVrttuL 

Tipper  flange, Aj,  Aj. 

Lower  flange, ,,,  Aj,  /*» 

Vertical  weh A,,  h^ 

Totob,.. . Aj  +  Aj  +  A3  =  A,  /li  -I-  K  +  /'a  =  /»• 

No  appreciable  error  will  arise  from  treating  the  section  of  llio 
vertical  web  a»  rectangular  instead  of  trapezoidal  The  height  of 
the  neutral  axis  aboTC  the  lower  side  of  this  section  is 


^^4 


(VtMA: 


(^.4-^A, 

'2A. 


(Ag-A-,)  Ag ^j  J 


Then  by  applying  the  formula  of  Article  95,  Example  VT.,  to  thi 
case,  the  moment  of  inertia  of  the  suction  is  found  to  be  as  follows 

+  A.A,(Ai  +  As)'  +  A,A,(Aj  +  /.,)»j; (3.) 

aaJ  the  streugtli  of  die  beam  is  expressed  by  the  equatiou 

/".I 

». 


Mo 


WZ 


(3.) 


It  is  seldom  necessary,  however,  to  use  the  formula  1  and  2  ia 
all   their  complexity  j   the  following  approximate  formiihi  heii 
usually  sufficiently  near  the  truth  for  pi-actioal  purposes,  and  ii 
error  being  on  the  safe  side.     Let  //  be  the  depth  from  the  midt 
of  the  upper  flange  to  the  middle  of  the  lower  flange  ;  then 

V<^*     />,  Mo  =  mW/=/*A'Aa (4.) 

209.  BeamB  •€  Uniforoi  RtrrtiKih  are  thoso  in  which  the  dimei 

sions  of  the  cross  seotioi 
are  varied  iu  such  a  man- 
ner, that  its  ultimate  or 
proof  resistance  bears  at 
each  ]>oint  of  the  beam  the 
same   pi-oportioii    to    the 
moment  of  flexure.    Tha^^ 
resistance,  for  flgiu'es  olH 
the  same  kind,  being  pro- 
portional to  the  breadth 
and  to  the  square  of  th^H 
depth, ean  be  varied  eitho^f 
by  \-arying  the  breadth, 
\\\ft  A»\N\\,  tA-  VwAW    Thu 


Fig.  135. 


1 
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Kw  of  variation  depends  opon  the  mode  of  variation  of  the  moment 
flexure  of  the  beam  from  point  to  jwint,  and  thifl  depends  on  the 


Fig.  110. 


)ation  of  the  load  and  of  the  supporting  forces,  in  a  wuj 

IS  been  exemplified  in  Articles  289  and  290.     Wliou  the" 

the  beam  Ls  made  nniform,  and  the  bi-eadth  varied,  the 

longittidiual  section  ia  rectangular,  and  the  plan  is  of  a 

depending  on  the  mode  of  variation  of  the  breadth.     When 

breadth  of  the  beam  is  made  uniform,  and  the  depth  varied, 

plan  is  rectangulai',  and  the  vertical  longitudinal  section  in  of  a 

depending  on  the  mode  of  variation  of  the  depth.     Thi 

lowing  table  gives  examples  of  the  results  of  those  priuciples 


ModeoflMdlDB 

•Ml  Aui^iMrtliic. 


t  <rjgi.  133,  134). 

Fixed  at  A,  load- 
ed It  B, 


^It  (Fip^  135.  136). 
Itaad  ftt  A,  oni- 

(bnoly  loaded,.. 


lU. 


(Figs.  137,  188). 
Sufiponcd  at  A 
and  D,  loaded  at 
C, 


(lOga  139,  140). 
SupfiTMiM  at  A 
and  U,  uDlfoniily 


proportloiiul  h) 


DlAiaDM  ^nni  B. 


Square  of  distance 
£rom  B. 


DUlAQCQ  from 

adjacent  point  or 

iQpport 


Product  of  dis- 

tanon  rrom  pobila 

of  support. 


PcptTi  A  conatant; 
Ffgut  a  of  Plan. 


Triangle,  apex  at 
B.  fig.  138. 


Pair  of  parabolas, 

vertices  touching 

each  other  aC  U, 

flg.  1S1>. 


Fair  of  triaoglea, 

cotninon  bate  at 

C,  apices  at  A  and 

B,  ag.  137. 


Pair  of  parabolaa, 

verlicea  at  C,  C, 

[n  miiUtlmif  beam; 

common  base  A  ii, 

6g.  139. 


Br«adth  b  oooiitatitt 

Flaaraof 
VertkalXonsltadlaal 


Parabola,  vertex 
at  D,  fig.  134. 


Triangle,  a[icx  at 
B,  llg.  136. 


Fair  of  paraboloa, 

vertkfls  at  A  and 

B,  mcvlin;;  at  C, 

fig.  138. 


ElHpae  A  D  B, 
flg.  140. 
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The  ftmnolfle  and  figures  for  a  ctmstaTU  d^nA  are  applicable 
lir«ailths  of  the  flanges  of  the  x-abaped  giriten  dMcribed  iu 
298.     In  applying  the  principles  of  this  Article,  it  ia  to  be 
in  mind,  that  the  sheariiuj  furce  has  not  yet  been  t&lccn  into 
and  that,  consequently,  the  figures  described  in  the  aborro 
require,  at  and  near  the  places  where  they  taper  to  edges, 
additional  material  to  enable  them  to  withstand  that  force. 
figa  137  and  139,  such  additional  material  is  shown,  disposed 
the  form  of  projections  or  p.ilras  at  the  jxnnts  of  support,  whit 
serve  both  to  resist  the  shearing  force,  and  to  give  lateral  steading 
to  the  beams. 

300.  PrD*r  D«-fl«ctJoB  of  Bcana. — Reverting  to  fig.  130,  it 
evident  that  if  «  represents  the  proportionate  elongation  of  the 
layer  0  C,  whose  distance  from  the  neutral  sur&ce  O  O'  is  ^,  and 
if  r  be  the  radius  of  curvature  of  the  neutral  sur&ce,  ve  must  have 

l:l  +  -::r:r  +  y; 

and  consequently,  the  ladins  of  curvature  is 


and  the  aarvahtrVj  which  is  the  reciprocal  of  the  ladios  of  currat 
is  expressed  by  the  equation 

Let  p  be  the  direot  stress  at  the  layer  C  CT,  and  E  the  modulus 

of  eloBticiiy  of  the  material;  then  «  =  ^  i  and  consequently,  the  car- 
ls 

vaturo  has  the  following  values  : — 

1  =  -^ 
r      Ey 

the  second  value  being  deduced  from  the  first  by  means  of  cquai 
4  of  Article  293.         .     • 

When  the  qiiantity  ?-  =  y  varies  for  different  points  of  the' 

the  curvature  varies  also. 

Suppose  now  that  tho  beam  is  under  its  proof  load,  and  lot  M, 
denote  the  greatest  moment  nf  flexure  arising  from  that  load,  1^  tl 
moment  of  inertia  of  tho  cross  section  at  wliich  that  moment  ac 
and  yo  the  distance  from  the  neutral  axU  of  that  section  to  tl 
Jayer  where  the  liniiUug  iutunsity  /of  the  stress  is  attained.    Tl 
the  curvature  "will  be, 


EI' 
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at  the  section  of  greatest  stress,  -  =  ~-  =  =-—  ; 


3X3 


at  mnj  other  section. 


1  _  M  _   /^    M^ 


(2) 


The  exnct  intc^mtiou  of  this  equation  for  slender  springs,  in 

ontein  cases,  will  be  conRidprcd  in  a  subsequent  Ai-iicle.     For 

facuDS  ifc  is  integrated  approxiamtely  in  the  followinc;  manner  : — 

Let  the  middle  of  the  neutral  axis  of  the  section  of  greatest  stress 

taken  as  the  origin  of  co-ordinates,  and  represented  by  A  in  figs. 


F!g.  HI. 


Fig.  MS. 


[41  and  142.  For  a  beam  supported  at  both  ends  and  symmo* 
rically  loaded,  A  is  in  the  miudle  of  tho  beam  (fig.  HIJ.  For  a 
fixed  at  one  end  and  projecting,  A  is  at  the  fixed  end  (tig. 
[42).  Let  the  beiUn  be  so  ilxed  ur  supported  that  at  this  point  it« 
itral  surface  shall  be  horizontal,  aud  let  a  horizontal  Uingent, 
~A  X  C,  to  that  surface  at  that  point  be  taken  as  the  axis  of  absossoL 
I  Let  A  C,  the  horizontal  distance  from  tho  origin  to  one  end  of  the 
I  beam,  be  denoted  by  cr,  wlticb,  as  in  Articles  280  and  290,  is  the 
length  of  the  projectiug  portiou  of  a  beam  ilxed  at  one  end,  and  the 
L  kftl^^pan  of  a  beam  supported  at  both  ends  and  syraroetrically 
Ljotded.  Let  A  X,  the  abscissa  of  any  other  point  in  the  beam  =  x, 
^Hiet  A  B  D  be  the  curved  Ini'm  assumed  by  the  ucuti*al  surface  when 
^Blle  beam  is  bent,  which  form,  in  a  beam  supported  at  both  ends,  la 
^Koncavc  upwards,  as  in  fig.  1-11,  and  in  a  beam  fixed  at  one  end 
^ftonCKVO  downwards,  as  in  fig.  \A'2.  Let  X  B  ^  v  be  the  ordinate 
^Bf  any  point  B  in  tho  cur%'o  A  B  D ;  being  the  difiference  of  level 
^^Btween  that  point  aud  tlie  origin  A.    Let  C  D  =  Pj  be  the  greatest 

ordinate  :  this  is  what  is  termed  M<  ilffl^^twn. 
I         The  inclination  of  the  beam  at  any  point  B,  is  expressed  by  the 
L     (qufttion 

the  cuttai'Wft,  being  tlie  rate  of  Tariation  of  the  inclination  in 
giveD  }eBgth  of  the  cuxye,  is  expressed  by 


I 
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di 


1  + 


3^ 


V-'.^x- 


But  in  cases  which  occur  in  pmcticc,  the  cun'ature  of  the  beam  is 
BO  Blight,  that  tlie  arc  t  \s>  Bcnsibly  equal  to  its  tangvnt,  the  iiapt 

— — ;  and  the  elwueutary  arc  c/tf  ia  sensibly  equal  to  it«  horizontal 

ax 

projection  c2  x ;  so  that  the  following  equations  may  be  used  without 

aenfdble  error : — 


lope, 


rfv 


\  = 


.(3.) 


di       d^v 
dx~  dj^' 

Therefore,  when  the  curvature  at  each  point  h  given  by  equation 
y  2y  the  alope  and  the  ordinate  are  to  be  found  by  two  successive 
-tntegratiooB,  as  shown  by  the  following  equations  : — 

The  grtaUst  $iopo  t, — that  is,  the  slope  at  D — and  the 
or  great^ist  ordinate  t?,,  are  found  by  performing  the  eompi&te  ml 
gratious  between  the  limits  x  ^0  and  x  ^c 

[Readers  who  are  not  familiar  with  the  inli^ral  calculus 
referred  to  Ai-Ucle  81  for  explanations  of  the  naturo  of  the  pi 
of  integration] 

In  both  the  iutegnda  of  the  formulas  4,  tho  qnantity  -pw^is  a 

maneric^  ratio  depending  on  the  mode  of  distribution  of  (ho  Ioud|l 
ing  and  supporting  forces^  and  the  mode  of  variation  of  the  sectia^l 
of  tho  boom.     Hence  it  is  evident  tliat  we  must  h&ve  the  complete 
int^rula 

where  m"  and  n"  are  two  nitvteri4xU  /acton  depending  on  the 
tnbtjtion  of  the  forces  a,T\d  lV\fe  ft^re  of  the  beam  ;  so  tliat 
greateat  ftloj>e  and  the  deftccliou  «ii  gLv^iuVj  \\\fc  «\^M\wift 
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(a) 


^Tor  bauns  of  lumilar  figures,  aud  similarly  loaded  aud  supported, 
y,  is  as  the  depth,  and  c  as  the  length ;  hence,  for  mich  beams,  the 
frmUU  tlope  under  the  proof  load  is  direcdy  tu  tfu:  lengthy  ami 
tacwsoty  as  the  dftpUi;  and  the  proof  defection  is  diree^i/  as  the 
square  o/Oie  lengthy  arid  inversely  ae  the  depth. 

The  following  table  gives  the  values  of  the  factors  tn''  and  n*  for 
some  of  the  more  ordinary  cases  of  beamii  of  uniform  aection,  in 


Trhich 


MX 


M 


the  ratio  ,    ,  ,  l»eing  simply  equal  to  .-  ,  depenJs  on 


the 


distribation  of  the  load  alone,  and  may  be  found  by  tlie  aid  of  tlie 
tables  of  AHicles  WJ  and  2U0. 


M 

M„ 

m" 

n- 

L  Constant  moment  of  flexure, 

1 

I 

1 
3 

Fixed  at  One  Eiro. 
IL  Loaded  at  extreme  end, 

c 

1 
2 

1 
3 

m.  Uniformly  loaded, 

0-3' 

1 
3 

1 
4 

Supported  at  Corn  Ends. 
IV.  T»nnded  in  the  middle,  ....... 

I-'- 

C 

1 
2 

1 
3 

V.  TTniformly  loaded, 

■-J 

2 
3 

6 
12 

p: 


For  a  beam  (^uniform  Hreii^th  and  unijbrm  deptJt,  the  quantity 
is  constant ;  hence  iu  every  such  beam,  in  what  manner  soever 


maybe  supportoil  and  loaded,  the  cur^'ature  is  uniform,  as  in  the 
of  Example  I.  uf  the  above  table.     For  a  beam  of  unifomk 

M/. 


ttrwgth  and  u-mform  breadth^  the  quantity 
^Hierefure  in  sncli  beams. 


is  constant ;  aud 


<:<\ 
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* 


a 

;.  and     ' 


/i,  "being  tlie  depth  at  the  section  of  greatest  bending  moment, 

/( the  depth  at  any  other  section.     Tlte  follovring  table  shovs  some 

of  tho  consequences  of  these  principles  : — 


VL    Uniform   strength  1 
and  uniform  depth,....  f 

VII.  Uniform  strength, 
uniform bi-cadth ;  fixtd 
at  one  end,  loaded  at 
the  other, 


YIIL  Uniform  strcugtli, 
uniform  brendth  j  sup- 
jwrted  at  both  cntU, 
loaded  in  the  middle,.. 

IX.  Uniform  strength,  "I 
uniform  breadth ;  fixed  I 
at  one  end,  uniformly  | 
loaded, J 

X.  Uniform  strength, 
uniform  breadth  j  sup- 
ported at  both  ends, 
uniformly  loaded, 


MI, 
IM, 

m' 

n"    ■ 

1 

1 

1 
"2 

v~ 

2 

3 

3 

V.L. 

2 

3 
3 

c 

Infinite. 

1 

Vc'— «' 


=  1-5708 


-l  =  0-,'*70i 


It  is  to  be  borne  in  mind,  that  the  values  of  m"  and  n*  for 
tf  uniform  strength,  as  given  in  the  above  tablf,  arc  somewhat 
than  those  which  occur  in  pmcticc,  because,  in  oiimputing  the 
ible,  no  account  has  been  taken  of  tho  oddiiiouol  matcriul  wbi' 
placed  at  the  ends  of  such  beams,  in  onlor  to  give  sufBcie: 
refflstance  to  shearing. 

The  eoTor  thus  arising  applies  chieBy  to  f>»",  the  factor  for 
maximum  slope.     For  the  factor  fur  the  deflection,  »i",  the 
inconsiderable,  as  experiment  has  shown. 

301.    1>cacnlea  fonnd  \tj  CSmphIc  CoaitfnicClaa. — Tho  gVCat  loogtll 

of  the  radii  of  curvature,  which  are  the  reciprocals  of  the  curva^ 
tures  given  by  eq\iation  2  of  Article  300,  and  tho  smallness  of  tho 
ordinates  of  the  cuno  of  the  neutral  suriace,  in  all  caws  vhi 
occur  in  practice,  render  it  neither  practicable  nor  useful  to  diu 
the  figure  of  that  cun'C  in  ita  natural  proportions.  But  the  followii 
process,  invented,  so  far  as  I  am  avare,  by  Mr.  0.  H.  Wild,  onabl 
a  diagram  to  be  drawn,  which  represents,  with  a  near  approach 


ing  the 
I  wbic^ 
ifficien:|H 

for  tbfl 
enoril^l 
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^ 

^DJ 


Moeancy,  tbat  curre,  teith  its  wrtie^tl  dimenaiona  exaggerat^f  so  as 
to  thaw  coDSpicuouBly  the  slopes  and  oitlinatcs 

Oompnte,  by  eqnAtion  2  of  Article  300,  tho  radii  of  curvature 
£3rr  a  series  of  equi-distant  points  in  the  beam.  Diminiali  all  those 
nuiii  in  anj  proportion  which  may  be  convenient,  and  draw  a  curve 
composed  of  small  circular  arcs  with  the  dinmuahed  radii  Then  in 
the  same  ratio  that  the  radii,  as  compared  with  tlio  horizontal  scale 

the  drawing,  are  dirainijihed,  will  the  vertical  scale  of  the  draw- 
Dg,  according  to  which  the  ordinates  arc  shown,  be  exaggerated. 

302.    Tbe  Propartloti  af  Ihc  Ciivalr*!  Drplh  ttf  a  Bmibi  to  Ilic  Spas 

IB  SO  regulated,  tlmt  its  greatest  deflection  shall  not  exceed  a  cer- 
tain proi><:>rtion  of  the  span  which  experience  has  sliown  to  bo  oon- 
fcist^'Ut  with  couTomeaoe.  That  proportion,  from  various  cxamplesj 
itppcars  to  be — 

27  =  *^  600*°  1200- 


For  the  working  load, 


For  the  proof  load, ...  ~-  =  from  ^^  to  ■— =. 


2c 


200       600 


K 


The  determination  of  the  proportion,  ^— ,  of  the  greatest  depth  of 

I  A     C 

iihe  beam  to  the  span,  so  as  to  give  the  required  stlffiicss,  is  effected 
\\]j  the  aid  of  equation  6  of  Article  300,  fh>m  which  we  obtain 

2c~2Eyo' 

Now  yo  =  m'An  m'  being  a  numerical  factor,  which  for  symmetri- 
cal sections  is  r^ ;  and  consequently  the  required  ratio  is  given  by 
the  equation 


2o 


y,  n"/c    _  n"/       U 

2  m'  c     2  in'  E  «|      4  ?/»'  JE  '    V| ' 


.(1.) 


An  expiceaion  consisting  of  three  &ctors :  a  factor,  -- — „  depending 

on  the  distribution  of  the  load  and  the  figui-c  of  the  beam ;  a  factor, 

2c 

— ,  being  the  prescribed  ratio  of  the  span  to  the  deflection ;  and  a 

t&ctor,  -^f  being  the  proof  strain,  or  tiie  vsorking  strain,  of  the 

material,  as  tho  case  may  be. 

To  illiifitnLtc  this,  let  the  beam  be  nnder  its  working  had,  nni- 
fonaJy  distributed,  and  let  it  be  of  uniform  section,  aXVltfti&iKW^MA 
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below.    Then  n"  =  -,,  m'  =  ^.    Let  —  =  1000  be  the  preacribcd 

ratio  of  the  span  to  tbo  workiDg  dcfloctioo.     Let  the  material  bo 

wrought  iron,  for  which  k?^  is  a  safe  value  for  the  working  Ktraiu 

^.    Then 

fit,  _  5     1000  _  5  _     1    . 
2c  ~  24'  5000  ^  71*  ~  U4  ' 


J 


which  is  very  nearly  the  average  proportion  of  depth  to  epdn 
Adopted  for  wrought  iron  girders  in  practice. 

i>03.   The  iUopf   and    Deflccil«n  or  a   Bmm  under  ■■r   Ii««J  aro 

given  by  the  following  formula  : — 


(Uj- 


To  inlcgrate  these  equations,  it  is  only  necessary  to  substitu 

for  the  constant  factor  — ,  in  the  equations  4,  5,  6,  Article  300,  ita 

equivalent  -=-",  M'o  being  now  not  the  proq/" moment  of  flexure,  but 

the  actual  moment  of  flexure  at  the  point  where  the  beam  is  hori- 
zontal ;  that  is  to  say, 


Greatest  slope  * ,  ^^ 


nrM'nC 


deflection  t**, 


n"  M'„c* 


..(2.) 


I 


I 


EIo    ' EIo 

m"  and  n"  being  factors  depending  on  the  distribution  of  the  load, 
and  IiAving  the  values  given  in  the  toble  of  Article  300.  Now  the  M 
value  of  the  moment  of  flexure  ia  given  in  terms  of  the  load  and  f 
length  by  equation  1  of  Article  291,  and  the  ensuing  table,  viz, 
Mo  =  m  W  / ;  and  the  value  of  lo,  in  terms  of  the  duuen^ons  of 
the  rectangle  cii-cumacribiug  the  cross  section,  is  given  by  equation 
1  of  Article  235,  and  the  ensuing  table,  viz.,  I,  =  n'  6  A*  j  hence  tbe 
above  equations  2  become 


fnTrnWlo 


,(3.) 


k 


Moreover,  l  =  e,ov  =  2  c,  according  as  the  beam  is  fixed  at  one  en< 
onl/y  or  supported  at  both  •,  ao  that  if  tii"',  n"',  be  a  vair  of  numm- 
tW  factors,  whose  values  are,  tot  Va.Tft»  ^-x-ci.  aX.  ovwt  »£g\  y^^-^. 


KinamoB  or  bbahs. 


=  n  m 


aoi]  for  beams  sapported  at  both  ends, 


2  m*in :  n' 


2A*m 


Xhe 


I 


equations  3  become 

fa"Wc'              n^Wc*  .  . 

*'  ""^^EiT''  '^^  -^^EU» " ^*'^ 

"Wlieuce  it  appears,  that  the  deflections  of  similar  beams  under 
equal  loads  are  as  the  cubes  of  tJifir  lengtJis,  and  xrwerMly  at  th^r 
hnadtAs  and  the  cubes  ofOidr  depUa. 

The  values  of  n'  =  fj^  for  the  orcUnarj*  forma  of  cross  section,  are 

given  in  the  table  of  Article  295.  Tbe  following  table  gives  the 
^-alaes  of  m"'  and  n*"  for  different  modes  of  luiidiDg  and  support- 
ing, for  beams  of  uniform  cross  section,  and  for  beams  of  uniform 
strength  : — 

]  Factor  for     Factor  for 

A.    UNIFORM  Cross  SeCTIOK.  slope.        Dcdlection, 

L  Fixed  at  one  end,  loaded  at  the  other, *     ?. 

XL  Fixed  at  one  end,  loaded  uniformly, -     ^ 

b  a 

HI.  Supportedatboth  ends,  loaded  in  the  middle,  j     -. 

rV".  Supported  at  both  ends,  uniformly  loaded,.,  -x     t^- 

B,  TJniform  Strexoth  and  TJijifohm 
Depth. 

V,  Fixed  at  one  end,  loaded  at  the  other, 1  -r. 

VI.  Fixed  at  one  end,  loaded  uniformly, -  -, 

VII.  Supported  at  both  ends,  loaded  in  the  middle,  -  -. 

VlIL  Supported  at  both  ends,  loaded  uniformly, . .  -  -. 


330  THEOBY   OP  aTBUC7n;BC& 


C.    UNirOEM   hTHEXOTH   AKD   UMIXHUC        FftCtoT  for     Factor  H* 

BiiEAi>Ta.  siopo. 


IX.  Fixed  at  one  end,  loaded  at  the  other, 2 

X.  Fixed  at  one  end,  uuifonulj  loaded........  inflaue. 


3 
3* 
1 
3' 

'XI.  Supported  at  both  endsjoaded  in  the  middle,  1     -. 

o 
XTT   Suppoi-ted  at  both  end.s,  uniformly  loaded,  0*3937  ...  01427. 

304.  Drar<>iUn  vriUi  tTaiferm  n«meni. — In  Article  292  the  case 

has  already  been  described,  in  ■which  a  beam  or  bar  of  nnif<frni 
Bection  has  a  pair  of  cqiuil  and  opposite  couples  in  the  same  plane 
applied  to  ita  ends,  and  the  same  case  is  the  tirst  given  in  the 
of  Article  300.     In  this  case,  M,  and  I  are  constants,  !»"  =  1, 

n"  =  - ;  and  accordingly,  if  c  bo  the  length  of  the  part  of  the 

under  consideration,  and  t*!  the  slope,  and  v'l  the  deflection,  of  one 
end  relatively  to  a  tuugcnt  at  the  other, 


EI 


SET 


305.  The  BoalllvMee  vr  Spring  of  ■  lBe«M  is  the  ioork  perfc 
in  bt-ndiug  it  to  tlio  pi*oof  deflection.     This,  if  the  load  is  concen- 
trated at  or  near  one  point,  is  the  product  of  half  the  proof  load 
into  the  proof  deflection ;  that  is  to  say. 


W5 
•2  " 


.(1.) 


1 


If  the  load  is  distributed,  the  length  of  the  beam  ia  to  be  divided 
into  a  number  of  Rmalt  elements,  and  half  the  proof  load  on  each 
element  multiplied  by  the  distance  through  wliich  that  element  is 
moved  during  the  proof  deflection  of  the  beam.  Let  u  be  that  dis- 
tance ;  then  for  Imuia  iixed  at  one  end. 


»  =  © 


and  for  beams  supported  at  both  ends. 


V. 


(2.) 


ZfCt  dx  he  the  length  of  an  clement  of  the  beam ;  w  the  intensity 
of  the  load  on.  it,  per  unil  ol\«\i^\ii',  \,\ituftit'«sSCusw»S& 


OP 


S3l 


a 


•d: 


(a) 


The  casca  in  which  the  detcrminAtaon  of  resUience  b  most  naesful 
in  practice  are  tho6e  in  vhxch  the  load  is  applied  at  one  points 

Let  the  beam  be  fixed  at  odo  end  and  loaded  at  the  other,  c 
being  the  length  of  ita  inxijccting  parL      Then  by  Article  295, 
^  equation  3  (observing  that  m=  ],  {  =  c), 

H|r  being  gircn  by  the  table  of  Article  295),  and  by  Article  300, 

^Btation  6j 

^K  n-yV  _  n'fi? 

^^  "'^    Ey,  -m'EV 

(n'  l>eing  given  by  the  table  of  Article  300,  and  m'  by  that  of 
^Article  29d).     Conscqaently, 

■  „    ...  Wr,       nn"    P 

I 


cbh. 


(4.) 


It  vill  be  observed  that  this  expression  consists  of  three  fuctors, 

(1.)  The  Tolame  of  the  prism  circumscribed  about  the  boaiUy 
cbh, 

^p     (2.)  A  ilodvlua  of  Resilience,  y^,  of  the  kind  already  mentioned 


in  Article  2GG. 


nn 


(3.)  A  numerical  factor,  ^j — , ;  in  which  n  and  m'  (Article  295) 

depend  on  the  form  of  cross  section  of  the  beam,  and  n"  (Article 
300)  on  the  form  of  biugitudiiial  section  and  of  plan.  The  follow- 
ing are  raJnes  of  this  compound  dctor  for  a  rectangular  cro89 

aedion,  for  which  n  =^  t,  m'  =  r-,  and  therefore  «  -,  =  tt  : — 

n" 

T 

t  TJnjfonn  breadth  and  depth, r^^ 

XL  Uniform  sti-ength,  uniform  depth, ^ 

Uniform  strength,  imiform  breadth, ^. 
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If  a  "beam  be  supported  at  both  ends  and  loaded  in  tlie  mid 

its  length  being  l  =  '2c  ita  proof  deflection  is  tKe  aame  with  that 

a  beam  of  thu  some  tiiuisvemc  ditueniuous  and  of  the  length 

tixed  at  one  end  and  loaded  at  tlio  other ;  and  its  proof  load  Ia 

douUe  of  that  of  the  latter  beam  ;  therefore  its  resilience  ia  double 

of  tliat  of  the  latter  beam.     Consequently,  for  rectangular  beams  of 

the  half-span  c,  supported  at  both  cuds  and  loaded  in  the  mlddlc^^ 

vo   have   the  following  values   for  the  numerical  factor   of  thoH 

resilience ; —  « 

n 

lY.  XToiform  breadth  and  depth, g« 

V.  TTniform  strength,  uniform  depth, jst] 

2 

VI.  Uniform  strength,  uniform  breadth, s» 

306.     A  mnddt^nlyAfpHt*  TraiMTcrM  l^Mirf.  like   the   suddenl^l 

applied  pull  of  Article  267,  produces  at  first  double  the  maximum 
stress,  and  double  the  Ktmn,  which  the  application   of  a   load^_ 
gradually  incroaaing  from  nothing  to  the  amount  of  the  given^^ 
load  would  produce.     It  is  uimecc-isary  to  demonftrato  this  in^^ 
detail,  the  reasoning  being  the  same  with  that  employed  in  Article 
267. 

The  contingency  of  the  sudden  application  of  a  moving  load  ia 
provided  for  by  the  factor  of  safety,  which  expressefi  the  ratio 
the  proof  loud  to  the  working  loud  (Article  247). 

The  action  of  the  rolling  loatl  to  which  a  railway  bridge  ia  sub- 
jected is  intermediate  between  that  of  an  absolutely  sudden  load 
aud  a  perfectly  gi-a<hial  load  It  has  been  investigated  mathenmti' 
cally  by  Mr.  Stokes,  and  experimt^n tally  by  Captain  Galt<tn,  and 
the  results  are  given  in  the  Keport  of  the  Commisaionci*s  on  the 
A[iplication  of  Iron  to  Kailway  Structurea  The  practical  oon- 
elu.<;ion  to  be  drawn  fi-om  tliem  is,  that  a  moving  load  requires  a 
larger  factor  of  safety  than  a  steady  load. 

307  Bmm  vised  ■!  Both  Knd>. — A  beam  \5  fixed,  as  well  l)& 
__£____^^P  ^   c    ^   supported,  at  both  ends,  when 

^^n^5^::ir:^i::Z^^^^^^^t^  ^   P"^^^   °^  equal   and  opposite 

^T^      1^       couples  are  made  to  act  on  the 

Fie  143  vertical  sectional  planes  at  ita 

pointa  of  support,  of  magnitude 

sufficient  to  maintain  its  ion^vtudiual  axis  horizontal  there,  and  so 

to  c/iiuiijish  Uie  deflectioUi  y\oY*t,  aivX  cvtcvwAMTft  «S.  \\*  vuj^i^  -^wt- 
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This  is  genendly  accoroplished  by  nmking  the  beam  form 

of  one  ooutiiiuouH  girder  witb  seveiul  points  of  support,  or  hy 

dng  it  project  on  either  side  beyond  its  points  of  support,  and 

»o  fAStcning  or  loading  the  projecting  portions,  tlmt  their  loads,  or 

the  resistance  of  their  fastenings,  slmll  give  the  required  pair  of 

conpleai 

In  fia  143,  let  C  B  A  B  C  represent  a  beam  supported  at  the 
'  its  C,  C,  lo;ided  along  its  inten-eniDg  portion,  and  so  fixed  or 
led  beyond  these  points  tliat  at  them  its  longitudinal  axis  is 
borixontol,  instead  of  having  the  slope  t„  which  it  would  have 
if  the  beam  were  simply  supportM  at  C,  0,  and  not  fixed.  At  each 
of  the  vertical  sections  above  the  points  of  suppoit.  C,  C,  there  is 
^— ^  uniforrtdij'varying  horizontal  stress,  being  a  pull  above  and  a 
^Bbrusi  below  the  neutral  axis ;  and  the  moment  of  that  pair  of 
^'■tresses  is  that  of  the  pair  of  equal  and  opposite  couples  which 
maintain  the  beam  horizontal  at  the  points  of  supjwrt  It  is  re- 
JH^uired  to  find, — in  the  first  place,  tliut  resisting  moment  at  the 
^krertical  planes  of  support  (from  which  the  stress  on  the  material 
^■tliore  may  at  once  be  found);  and  secondly,  the  cQect  of  that 
•moment  on  the  cun'ature,  slope,  deflection,  and  strength  of  the 
"beam. 

The  general  method  of  solution  of  this  question  is  as  follows : — 

Compute,  by  equation  3  of  Article  303,  t'l,  the  slope  which  tlie 

,     neutral  surface  of  the  beam  would  have  at  the  points  C,  C,  if  it 

rwere  simply  supported  thei-e,  and  not  fixed.      Then,  by  Article 
3U4,  find  the  ujii/orm  moment  of  tlcxure,  which,  if  it  acted  on  the 
beam  in  such  a  munner  as  to  make  it  become  convex  upwards, 
would  produce  a  slope  at  tho  points  C,  C,  equal  and  contrary  to 
fi.     This  will  be  the  required  moment  of  resistance  at  the  vertical 
|i    sections  C,  C,  from  which  the  greatest  stress  on  the  material  at 
|H|thoae  sections  can  bo  found  by  equation  4  of  Article  1293.     It  will 
^nfterwards  appear  that  this  is  the  greatest  stress  on  the  beam  ;  so 
that  by  putting  it  instead  of  M^  =  m  W  i  in  equations  2  of  Article 
294,  and  3  of  ^Vrtiolc  205,  the  conditions  of  htrength  of  tho  beam 
are  determined.     Denote  this  moment  by  —  M,,  tlie  negative  sign 
^  denoting  that  it  tends  to  produce  convexity  upT*Tirds,  while  the  load 
^■on  tiie  beam  tends  to  produce  convexity  downwards. 
|V     Let  M  be  what  the  moment  of  flexure  at  any  point  of  tho  beam 
vjould  he,  if  it  were  simply  suppoi'ted  at  C,  C.     Then  the  actual 
^^juomont  of  fiexure  is 
■  M-Hi, 

and  by  substituting  this  for  M  in  the  equations  of  Articles  300  and 
303,  the  curvature,  slope,  and  deflection,  with  the  proof  load,  or 
writb  iuijr  JoittJ,  arv  fouud. 
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Where  1^1  i«  the  greater,  aa  at  A,  the  beam  ia  convex  down- 
vuxda  Wlierc  Mi  is  the  greater,  as  at  C,  the  bc-aiu  is  convex  up- 
^rarda  There  are  a  pair  of  pomtB,  B,  B,  at  which  M  =  M„  as 
that  the  moment  of  flexure,  and  consequently  the  curvature,  vaniah, 
and  tho  beam  ia  subjected  to  a  sheanng  force  alone;  th^  are 
called  the  poifits  of  eorUrary  Jtexure :  and  tboy  divide  the  middle 
part  of  the  be&m,  which  is  convex  do%vn'wardSj  from  the  two  end- 
most  parts,  wliich  are  convex  upwaitls. 

In  expressing  the  solution  of  this  problem  by  formulae,  four 
cases  will  be  taken  into  cnnai deration,  viz.: — 

1.  The  case  of  an  unil'orm  beam,  ^-ith  a  symmetrical  load  in 
geoemL 

3.  Beam  of  uniform  section,  loaded  in  the  middle. 

3.  Beam  of  unifnnn  section,  loaded  uniformly. 

4.  Beam  of  umi'onu  strength  and  uniform  depth,  uniformly 
loaded. 

Cass  1.  Symmetrical  load  on  a  beam  of  uniform  aectioH,  By 
Artido  303,  equation  3,  observing  that  l=z2c,yfe  havo 

-  _?_^?L^    We* 

and  by  Article  304, 

*   '  ~     c  e        * 

coniseqnently, 

Ml  =  2Tft''m  W  c  =  wi"  •  m  W;  =  TO"  '  H,... 


I 


...(1.) 

Mo  being  wimt  the  moment  of  flexure  at  A  would  have  been,  had 
the  beam  been  simply  supported. 

The  values  of  m  are  given  in  Article  300. 

Let  M'q  be  the  actual  moment  of  flexure  at  A.     Then 


M'o  =  (1— m")  Mo 


.(2.) 


The  pt^test  moment  of  flexure  must  be  either  at  A  or  0,  or  at 
both,  if  the  moments  at  theae  sections  be  equal  and  opposite.     But 

£oT  beams  of  nmform  section,  to*  is  never  greater  than  -^ }  ther> 

a 

fore  the  greatest  moment  of  flexure  is  at  0,  or  both  at  C  and  A« 
and  never  at  A  alone. 

The  tttrength  of  the  beam  ia  expresse<i  by  the  following  formula, 
obtained  by  putting  M|  instead  of  to  W  ^,  in  equation  3  of  Article 


Mi  =  m"TOWUn/bK^NT='*ll^ .V^^ 


m  'm. 
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;he  limit  of  proof  or  working  stress,  as  the  c&r<}.  may  be, 
luctor  suitable  to  tho  foriu  of  !>t'ctiou  of  tbe  bcum,  us  givea 
by  tho  table  of  Article  295. 

HoDce  it  appcan,  tlut  hyfixivtg  the  ends  of  an  uniform  henm,  so 
that  theif  ahaU  be  horizonlaly  xU  atrengUh  is  increased  in  the  ratio  I :  m". 
The  deflection  is  fotiiicl,  by  subtracting  that  duo  to  Uie  uniform 
moment  M,  from  that  which  the  lojid  would  produce  if  tho  beam 
ver©  aimply  supiwrtcd  at  C  aud  C.  The  former  of  these  quan- 
tities, according  to  Article  304,  is 

3EI~"    aEf  ' 
ftnd  the  latter,  according  to  Article  303,  equation  3,  is 
n"  Mo  c* n"  M,  c" 

l^f  ~  Utei  ' 

hBo  ih&t  the  deflection,  their  difference,  13 

EI  "  V''     2  J  ■  Er 

Prom  the  last  of  those  expressions,  it  appears  that  by  fixing  the 
ends  horizontal,  an  uniform  beam  is  made  stiffor  under  a  given 
load  in  the  zutto 


(4.) 


'*"=("''~^)' 


i 


If,  in  the  first  expression  for  the  deflection,  it  be  conndered  that 
Ml  is  the  moment  of  resistance  corresponding  to  the  proof  or  limit- 
ing stress  at  the  section  C,  we  may  make 

Ml-/ . 

SO  aa  to  obtain  tho  following  expression  for  the  deflection  under  tho 
proof  load  : — 

-(?•-»& ('•> 

being  less  tliun  the  proof  deflection  of  a  beam  simply  supported,  a3 
given  by  equation  6,  Article  3U0,  in  the  ratio 


The  points  of  contrary  flexure  are  to  be  found  in  each  particular 
cane  by  solving  the  equation 

M-M,  =  0 .<^^\ 
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Case  2.   Uniform  aectum,  loadtd  in  the  nUddla. 

>         -      1        .      1 

1     f^ 

The  points  of  coatrary  flexure  are  midway  between  A  and  C 
Case  3. — Uniform  section,  uniformli/  loaded. 


.(7.) 


W 


""  =  8 


2cto 

"3'       ~12' 


«.  = 


8 


Eyo 


(8.) 


The  points  of  contrary  flexure  are  thus  found.     By  tlie  table  q\ 
Article  300^  case  5, 

M=(l-gM.  =  |(,-J)M., 

80  that  in  order  to  have  M  =  M„  we  mu^t  make 

0-577  c: 


(9.) 


1    __  =  .;„„  =  _= 

wliicb  equation  gives  the  dlBtauoe  of  eaoh  of  the  points  of  cont 
llexturc  B,  from  A,  the  middle  of  the  beam. 

Case  4.   Uniform  strength^  uniform  depth,  uniform  load.     In  thiftj 
case  the  uniformity  of  strength  i^  attained  by  makinfj  the  brcoiUh] 

at  each  point  proi>ortioual' 
to  the  moment  of  flexure,  aa 
c  ahown  in  the  plan,  Sg.  1 44, 
preserving,  at  the  pointo  of 
contrary  Hexuro  B,  B,  a 
Fig.  144.  sufficient  tliickncss  ouly  to 

remt  the  shearing  force. 


CKAM   FIXED   AT  BOTH  £XDS. 
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As  shovn  in  Article  300,  case  6,  the  curvature  of  the  beam  ia 

I  uniform  ill  amount,  changing  in  direction  only  at  the  points  of 
eontrary  flexure.     Therei'ore,  in  fig.   U3,  CB  and  BA,  at  each 
tide  of  the  beam,  are  two  area  of  circles  of  equal  radii,  horizontal 
at  A  and  C,  and  touching  each  other  at  B ;  therefore  those  arcs 
•re  of  equal  length  ;  therefore  each  point  of  contrary  flexure  B  is 
midway  between  the  middle  of  the  beam  A  and  the  point  of  sup- 
port C. 
I         It  ifl  evident  also,  that  the  proof  deflection  of  the  beam  must  be 
^bouble  of  that  of  an  nnifonnly  curved  beam  of  half  the  span,  sup- 
B^ported  at  the  ends  without  being  fixed ;  that  is  to  say,  one-half  of 
that  of  an  uniformly  curved  beam  of  the  same  span,  supported  but 
not  fixed;  or  symbolically 


I 


r,  =  -r- 


1  /^ 


(10.) 


i 


The  actual  moment  of  flexure  at  A  must  be  the  same  aa  in  an 

W 
uniformly  loaded  beam,  with  the  same  intensity  of  load  to  ^  ^— , 

supported,  but  not  fixed  at  B,  Bj  that  is  to  say, 

Wc_WZ_M<, 


IC 


32 


.(11.) 


and  therefore,  the  moment  of  flexure  at  C  is 

»/6>*  =  Mi  =  Mo  — Mo  =  -^  =-^^  =-33-;(13.) 


h,  being  the  breadth  of  the  beam  at  C,  which  lb  three  times  the 
bn?ft<Uh  h^  at  A 

To  find  the  breadth  at  any  other  point,  it  is  to  be  observed,  that 
tlie  moment  of  flexure  at  the  distance  x  {torn  A  is 


M  — M, 


w  (c*  —  x^       3  w  c * 


8 


-(s-l5)^--<i3) 


^^Eid  that  conseqiicntly  the  breadth  b,  which  is  proportional  to  the 
^Hmomcnt  of  flexure,  is  given  by  the  equation 


.=i(i-l?).  =  (i-i^a. (u, 


Tn  nsing  this  equation,  the  positive  or  n^ative  sign  of  the  result 
merely  indicatea  the  direction  of  the  cun'ature. 

According  to  equation  14,  the  6gure  of  the  beam  in  plan  (fig. 
24^J  conaisu  of  two  parabolas,  having  their  -vetWcea  aA.  k,  wvSl 

z 
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intenectiiig  each  other  in  the  points  of  contraiy  fioxnre,  B,  B,  for 


which  a=r; 


Urilfl 


m 


The  breadth  which  must  be  left  at  B,  to  resist  sheanqg, 
appear  from  the  next  Article. 
)(  308.  A  B«un  vised  at  Om  End  aad  •apportrd  ■«  BMk  is  senaUy 
in  the  sanio  conditian  with  the  pftrt  C  B  A  B  of  the  beam  in  fig. 
143,  extending  from  one  of  the  &xe<i  points  C  to  the  farther  point 
of  contmry  flexure,  which  now  represents  a  point  sitpportcdf  but  not 
fixed.  Uence  if  a  continuous  girder  be  Bupported  on  a  series  of 
piers,  the  span  of  each  of  the  cndmost  ba^'s  should  be  to  the  spoia 
of  each  iutermodiuto  bay,  in  the  ratio  c  +  fTg :  2  c,  wliere  a-^  is  Um^ 
distance  A  B  from  the  lowest  point  to  a  point  of  contrary  flexure.  ^| 

309.  Shcwlac  mrtM  In  Beaou. — It  has  already  been  showu,  in 
Article  '2HH,  how  to  find  the  amount  F  of  the  shearing  force  at  a 
pven  vertical  cross  section  of  a  beam  ;  and  examples  of  that  fo 
in  particular  cases  have  Ix^u  given  in  Articles  2P*!*  and  290.     T 
ol>ject  of  the  present  Article  is  to  show  the  manner  in  which  tho 
stress  which  re.siats  that  force  La  distributed. 

In  Ai-ticle  10-t  it  has  been  shown,  that  the  intensities  of  the  tai 
gentlal  stresses  at  a  given  jwint,  on  a  pair  of  planes  at  right  ougl 
to  each  other  and  to  the  plane  parallel  to  which  the  gtreases  a 
are  necessarily  eqnal.  Hence,  in  order  to  determine  the  intensity 
the  verlicul  shearing  sU-css  at  a  given  point  in  a  rertioal  section 

a  beam,  such  as  the  poi 
E  in  the  vertical   eectit 
G  E  B  of  tlie  beam  repre- 
fiented    in  fig.    145,_it  is 
sufficient  to  find  thOq- 
...    , .,  intensity  of  tho  horizon 

fiheanng  stress  at  the 
]>oint  E  in  the  horizontal  plane  E  F.     Tho  existence  of  that  Lu: 
zontal  shearing  stress  i«  familiarly  known  by  the  fact,  that  if 
beam,   instead  of  being   one   continuous  mass,   be   divided 
sepjirate  liorixontal  layci-s,  those  layci-s  will  slide  on  each  other  like 
the  hiyera  of  a  coach  spring.     Tho  intensity  of  that  stress  is  fonnd 
as  follows : — 

Let  H  F  D  be  another  vertical  aection  near  to  G  E  R     If  the 
moment  of  flexure  at  H  F  D  dilfers  from  that  at  G  £  B,  there  mualfl 
be  a  corresponding  diflerence  in  the  nmount  of  the  direct  stress  oml 
two  corresponding  parts  of  the  planes  of  section,  such  as  G  £  and 
H  F.     (In  the  case  shown  in  the  ligni-e,  that  direct  stress  is  a  thrus^^ 
and  is  greatest  at  G  Ey     T\\at.  iV\ftVTC\icc  courtitntes  a  horironf 
force  acting  on  tiie  solid  11  ¥  t  O  -,  aftfiL  \u  ot^w  Vi  iMJaj.'ufcssi.' 


1 


SHEARING  STBESS  IV  EEA1I& 


SSft 


cqailibrinm  of  that  solid,  the  amonnt  of  shearing  stress  on  the  plane 
F  £  must  be  equal  and  opposite  to  that  horizontal  force.  That 
amount  being  diWded  by  ^e  area  of  the  plane  F  E,  gives  the 

ricnsity  of  the  shearing  stress. — Q.  E.  I. 
From  the  forgoing  solution  it  is  obvious,  that  the  shearing  stress 
is  nothing  at  the  upper  and  lower  soriaces  of  the  beam ;  because  tl 
entire  direct  stresa  on  eacli  cross  section  is  nothing.     Tills  m 
also  be  proved  by  reafioning  like  that  of  Articlo  278.     It  is 
ribvious  that  the  shearing  stress  in  the  vertical  layer  between 
^■PD  planes  of  section  is  greatest  at  D  B,  where  they  cut  the  neutral 
^fctface  O  C,  at  which  the  direct  horizontal  stress  changes  fr 
thrust  to  pull ;   for  at  that   stirface  the    horizontal   force  to 
biUiuiced  by  the  aheuring  stress  reaches  its  maximum. 

To  expreiis  this  solution  sj^mbolically  in  the  case  of  a  beam  of 
uniform  cross  section  j  let  O  B  =  a:,  0  C  ^  c,  E^  ^  y,  B  G  =  yi, 
B  1>  =  E  F  (sensibly)  =i  dx;  let  the  breadth  of  the  beam  at  any 
point  £  be  denoted  by  Zj  and  at  the  neutral  surface  I7  z^ 

Let  p  be  the  intensity  of  the  direct  horizontal  stress  at  E,  7  that 
of  the  sliearing  stress  at  E,  and  q^  that  of  the  maximum  sheaiing 
btress  at  B.     Then  by  equation  4  of  Article  293j 


M 


^^athe  amount  of  the  direct  stress  on  the  sectional  plane  between' 

G  and  E  is 
^  M 


Tho  horizontal  force  by  wliich  the  solid  H  F  E  G  is  pressed  firom  0 
towards  C,  is  the  excess  of  the  value  of  the  above  quantity  for  G  E 
above  ita  value  for  H  F;  wliicli  excess  aiises  from  the  excess  of  tho 
moment  of  ileiure  M  at  G  E  B  above  tlie  moment  of  flexure  at 
H  FD,  farther  from  the  middle  of  tho  beam  by  tho  distance  dx, 
t  difference  of  the  moments  of  flexure  la  obviously  equal  to 


■pia: 


Fd 


F  being  the  eimtntjU  of  the  slicaring  force  at  the  vertical  layer  in 
question;  consequently,  the  horizontal  force,  which  the  shearing 

Iress  on  tho  plane  F  E  is  to  baliuice,  h 
^' />.-.. 
ividiog  this  by  the  area  of  the  plane  F  E,  wliich  hzdx^  the 
required  iatensity  of  tho  shearing  stress  ia  found  to  W 
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.{!.) 


nnd  the  maximum  value  of  that  intensity,  for  the  given  vertical 
r,  which  act5  at  D  B  in  the  neutral  eur&ce,  is 

''=r7j>'"'^y (2.) 

The  same  results  are  in  eveiy  ca«e  obtained,  -whether  the  upper  or 
the  lower  aoi&ce  of  the  beam  be  taken  as  the  limit  of  integration 


indicated  by  yi ;  the  complete  integral   /  y  z  •  d  y,  for  the  who 


cross  Boction  of  the  beam,  Ixjjng  =  0,  because  of  y  being  meaau: 
from  the  neutral  axis,  which  traverses  the  centre  of  gravity  of  that 
section 

Let  S  ^  I  zdyhe  the  area  of  the  cross  section  of  the  beam. 

Then  the  mean  intensity  of  the  shearing  stress  is 


>ol^ 


S' 


>wiagM 


and  the  maximum  intensity  exceeds  the  mean  in  the  following 
ratio ; — 

^=r^i.y'^y; <3) 

a  ratio  depending  wholly  on  the  figure  of  the  cross  section  of  tlie . 
bttm.     The  following  table  gives  some  of  its  values  : — 

?o8 


Figure  op  Cross  SEcrioy. 
L  Rectangle,  «;,  =  6, 


IL  Ellipse, 


F  ' 

3 

2" 

4 

3' 


UL  Hollow  Rectangle — 

This  includes  I-shaped  acc- 
tions 


3    {bh-b'h')'(b7,^-hh'*^ 

2'     (b-b')-{bh*-b'h'-) 


IV.  Hollow  square,  A»- A", ^^1+^^). 

V,  VL  Hollow  ellipse  and  hollow  circle;  the  numerical  fiictor-  ; 

the  symbolical  factor,  the  liame  as  for  the  hollow  rectangle 
uud  hollow  aquattt  rea\)ecXAS'e\'j. 
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Tor  beams  of  Turiable  cross  section,  the  precwliniGr  resnlte,  tliough 
cot  absolutely  correct,  axe  near  enough  to  the  truth  for  practical 


a  beam  cocsistn  of  strong  upper  and  lower  flanj^  or 
horizontal  bars,  connected  by  a  thin  vertical  web  or  webs,  like  the 
wrought  iron  plate  girdera  to  be  treated  of  in  a  subsequent  section, 
the  shearing  force  is  to  be  treated  as  if  it  were  entirely  borne  by  the 
rertical  web  or  webs,  and  uniformly  disti*ibutcd, 

310.  l.ia««  vf  PriBciral  BtrrM  la  BvKmB> — Let/}  be  the  intensity 
^^  of  the  direct  horixontftl  stress,  and  q  that  of  the  shearing  stn^s,  at 
^■«ny  point,  such  as  £,  lig.  I4d,  in  a  beam.  Then  the  axes  of  pnncipal 
^Vvtresa  at  that  point,  and  the  intensitiesof  the  pair  of  principal  stresse-s, 
^Btmay  be  found  by  Article  112,  Problem  IV.,  case  4.  In  the  equa- 
^K^ions  21,  22,  23,  which  solve  that  problem,  for/?^,  the  normal  corn- 
el ponent  of  the  stress  on  a  vertical  plane,  is  to  li  put  p;  for/;',,  the 
^^  normal  component  of  the  stress  on  a  horizontal  plane,  is  to  l>e  put 
0;  and  for  p^,  the  common  tangential  c>m{H>nent,  is  to  be  put  q, 
'  X  and  (/  having  already  been  t^en  to  denote  tlie  horizontal  and 
I  Tertical  co-ordinates  of  the  point  E,  /?,  and  pa  may  be  taken  to 
^H  represent  the  greatest  and  least  pnncipal  stresses  instead  ofp^  and 
B  j»^  and  i',  the  angle  which  the  axis  of  greatest  stress  makes  with 

the  horiznn,  instcjkd  of  ,r  ?*. 

Then  equation  21  of  Article  112  becomes 


Pi  +ft 


from  which  we  have 


.(1.) 


I 

^■equation  22  becomes 

I 

Tbesa  equations  show,  that  the  greatest  principal  stress  is  of  the 
same  kind  wiUi  the  din^t  horizontal  stress,  and  the  lea^t  principal 

Ehe  contrary  kind.     Fuithcr,  equation  23  becomes 
t^2i.oy (2.) 
her  form 


tan  t, 


V 


'*.7---- 


2? 


^ 
9 


.(a) 
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If  t,  be  the  angle  whicli  the  axis  of  least 
iLOtizon,  then,  be«iuae  «,  —  i,  =  90"*,  we  have 


in*Vpft  witli  tha 


^=^ w 


uiUj  hocAxisB  «,-!,  =  90",  we  havo 

Equations  3  and  4  ahow  that  the  axes  of  greatost  and  least  straa 
aru  incUucd  opposite  ways  to  the  horizon  (aa  indeed  they  must  bo, 
being  perpendicular  to  uach  other),  the  inoUnation  of  the  axia  of 
least  stress  Ijeing  the  steeper. 

If  those  inclinations  be  computed  for  a  number  of  different  points 
in  the  verticjil  section  of  a  beam,  and  the  directions  of  the  axes  of 

fltresa  at  those  points  laid  down  on 
a  drawing,  a  network  of  lines,  ood- 
sisting  of  two  aeries  of  Uoes  initio 
sccting  each  oth&r  at  right  angles^ 
Fig.  Hfl.  ag  in  ^,  146^  may  be  drawn,  so  that 

each  line  shall  touch  the  axes  of  stress  traversing  a  series  of  pointe, 
and  so  that  the  tangents  to  the  pair  of  lines  which  cross  at  any 
given  point  shall  be  tho  axes  of  stress  at  thai  point.  These  lines 
may  bo  called  the  linei  of  principal  arrest.  For  a  beam  supported 
at  the  ends,  the  lines  convex  upwards  arc  lines  of  Uvruaty  and  those 
convex  downwards  linet  q/*  ttTmon.  They  all  intersect  the  neutral 
surfiaco  at  angles  of  45^  The  stress  along  each  of  those  line-s  is 
greatest  where  it  is  horizontal,  and  gradually  diminishes  to  nothing 
at  the  two  eii<Is  of  the  line,  where  it  meets  the  surface  of  the  beaoi 
in  a  vertical  direction. 

311.  Dtrrct  vmimi  strcM. — It  is  to  be  observed,  that  no  account 
lias  yet  been  Wkeu  of  the  direct  rcrlical  utreae  upon  such  planes  as 
FE  (tig,  145}  in  a  loaded  beam,  that  stress  having  been  treated  in 
the  loflt  Article  as  if  it  were  nulL  The  reasons  for  this  are — firsts 
Tliat  the  direct  vertical  stress  is  in  moat  pntotical  cases  of  small 
intensity  cora[)ared  with  the  other  elements  of  stress ;  secondly, 
That  the  mode  of  its  dislnbutiun  can  be  modified  in  an  indefinite 
vaiiety  of  ways  by  the  modej*  of  placing  the  load  on  or  attaching 
it  to  the  beam,  so  that  furmulic  applicable  to  one  of  those  modes 
would  not  be  applicable  to  another— (in  fnirt,  by  a  cerUin  mode  oc 
lending,  it  can  even  be  i-edueed  to  uotliin;^) ;  and  thirdly,  That  its 
intixjduction  would  complicate  the  formula)  Mnthout  adding  mate- 
rially to  their  iiccuracy. 

312.  Small  JBJr«ct  of  WhwiriMg  BCran  !■»•■  DrflecllMt. — A  shearing 

stress  of  the  intensity  7  produces  a  distortion  represented  by  ^, 

C  being  the  trans^'erse  elasticity,  as  already  explained  in  Article 
2G2.     The  slope  of  any  given  originally  horizontal  layer  of  tho 


1 
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lieazn  at  a  given  point  will  be  iacreosed  hy  this  distortioD  to  the 
extent  denoted  by 


=  0  =  c^/>-''^^ ('•) 


vhicK  additional  Blope  ia  to  bo  added  to  the  slope  due  to  the  bend' 
im^  etresst  in  order  to  find  the  tot«l  slope.  The  curvature  of  the 
hyer  will  also  be  increased  bj  the  umotuit 


d^-dxcTJ:y^^'^y* (^> 


ftr  uniform  hcams,  and  to  nearly  the  same  nmonnt  for  other  beama ; 
ami  tlierv  \*iU  be  au  additional  deficctiou  of  the  hiycr  under  con- 
sideration, of  the  amount 

V  1  =:    /     %  dw •**.»«»..».*.a*»«*.(S.) 

Observing  that  /    F  dx  —  'M^  the  above  equation  becomes,  for 
beams, 


Supposing  the  beam  to  be  under  the  proof  load,  we  may  put  for 
-J-  Ita  value  — ,  maVing  the  o(^uatiou. 


(3.) 


■  TJie  fjTfftUft  value  of  this  is  that  for  the  neutral  surface,  for  which 
the  limits  of  integration  are  0  and  t/,.  To  compare  this  additional 
deflection  due  to  dist4>rtion  with  that  duo  to  flexure  proper,  let  ua 

A 
take  the  case  of  a  rectangular  beam,  in  which  ^i  =  g,  a  =  Aj  / '^  y  * 

•rfy=,*4'.     Then 


8  ' 


4  0 


(6.) 


For  the  same  l^eam /according  to  equation  6  of  Article  300,  we  have 
the  proof  deflection  duo  to  flexure  proper, 

5    /V 


Vi 


80  that  the  ratio  of  those  two  partd  of  the  defleciioi)  is 


■■■ 
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30 


E 
C 
E 


(7.) 


^K  For  -WTonght  iron  (for  example)  ■—  =  about  3.      Suppose  -  =s  - 

^m  which  is  an  ordinary  proportion  in  practice ;  then  —  —  ^^  -  — 

I  " 

■  »t] 


e« 

:  about  3. 


Vi    you     la^ 
nearly,  a  qxiantity  practically  inapprociahlc 

It  appears,  then,  that  the  distortion  produced  by  the  uhearing 
stress  in  beams,  even  at  the  neutral  siiifacc,  where  it  is  greatest, 
produces  a  doflection  which  is  very  small  compai-ed  with  thai  due 
to  iho  bending  action  of  the  load ;  and  that  ttic  alteration  of  the 
external  figure  of  the  beaun  muat  be  smaller  still ;  from  which  it 
may  be  concluded,  that  in  ordinary  practical  cases  there  is  no  occsr 
eion  to  compute  the  additional  deflection  due  to  the  flhe&rtng  streaa 

313.  paniallr-i'OMdcd  Utrnm. — In  designing  beams  for  tJiie  sup- 
port of  roads  and  railways,  or  for  any  otlier  situation  in  which  one 
part  of  a  beam  may  be  loaded  and  another  unloaded,  it  is  necesaary 
to  consider  whether  a  partial  load  may  or  may  not  produce,  at  an; 
point  of  the  beam,  a  more  intense  stress  than  an  uniform  load  over 
the  whole  beam. 

The  case  of  this  kind,  whioh  is  most  imnortant  in  practice,  is 
that  in  which  a  beam  supported  at  both  ends  is  uniformly  loaded 
throughout  a  cerUxin  poitiun  of  its  length  and  unloaded  throughout 
the  remainder ;  and  its  solution  depends  on  two  theorems. 

Theorem  I.  For  a  giivrt  intetmly  of  load  per  unit  of  Ungthy  tm 
uniform  load  over  t/ie  whoU  beam  produces  a  greaier  moment  of] 
fieocure  at  each  cross  section  than  a/w/  partial  load. 

Ij«t  the  two  ends  of  the  beam  be  odlcd  C  and  D,  and  any  inter- 
mediate cross  section  £L      Tlicu  for  an  unififrv^  load,  tlie  moment 
of  flexure  at  E  is  an  upward  moment,  being  equal  to  the  upward] 
moment  of  the  auppurtin;;  force  at  either  of  the  ends  relatively  to 
£,  fTimiu  the  downward  moment  of  the  uniform  load  between  that 
end  and  R      A  partial  load  is  produced  by  removing  the  unifomi 
laid  from  part  of  the  beam,  situsited  either  between  E  and  C,  be- 
tween £  and  D,  or  at  both  sides  of  £.     Firet,  let  the  load  be 
removed  from  any  part  of  the  beam  between  E  and  C.     Then  the 
downward  moment,  relatively  to  E,  of  the  load  between  E  and  D  is 
unaltered ;  and  the  upward  moment,  relatively  to  E,  of  tlie  support- 
ing force  at  D  is  diminished,  in  consequence  of  the  diminution  of 
that  force ;  thei-eforo  the  moment  of  flexui'c  is  diminished.   A  similar 
demonstration  applies  to  the  case  in  which  the  load  is  removed  _ 
fix>m  a  part  of  the  beam  between  £  and  B  ;  and  the  combined  cflect  ■ 
of  those  two  operations  takes  place  when  tie  load  is  removed  from  ™ 
poi'tioDS  of  the  beam  lying  at  XiotV  a\»\.ea  tA  ^  %  w^  ^^.x.  Ove  TcinvooC 
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xif  the  load  from  any  portion  of  t/ui  heam  diminutJiea  the  mometU  of 
Jlexure  at  each  point. — Q.  E.  D. 

Hence  it  follows,  that  1/  a  beam  be  strong  eno^ujh  to  bear  an  uni~ 
Jbrm  load  of  a  given  intenaUy^  it  mil  bear  any  partial  load  qf  tJie 
same  intengUy. 

Th£oreu  J  I.  For  a  given  intensity  of  load  per  unit  of  length,  (he 
greatett  shearing  force  at  any  given  cross  section  of  a  beam  takes  plaee 
when  the  longer  of  tfie  two  parts  into  toftich  that  section  divides  </m 
heam  is  loaded  and  the  shorter  unloaded. 

Let  the  ends  of  the  beam,  as  before,  be  called  0  and  D,  and  the 
given  cross  action  £  ;  and  let  C  E  bo  the  longer  fmi-t,  and  E  D  the 
eihortx:^'  part  of  the  beam.  In  the  tirst  place,  let  0  K  be  toadied  and 
E  J)  unloaded.  Then  the  shearing  force  at  E  is  equal  to  the  support- 
ing force  at  D,  and  consists  in  a  tendency  of  E  D  to  slide  upwards 
relatively  to  C  E  The  load  may  be  altered,  either  by  putting 
weight  between  X>  and  E,  or  by  removing  weight  between  0  and  E. 
If  any  weight  be  put  between  D  and  E,  a  force  equal  to  part  of 
that  weight  is  added  to  the  supporting  force  at  D,  and  therefore  to 
the  shearing  force  at  £;  but  a  force  equal  to  the  vihole  of  that 
weight  is  taken  away  from  that  shearing  force  ;  therefore  the  fihear- 
ing  force  at  E  is  diminished  by  the  alteration  of  the  load.  If 
weight  be  removed  from  the  load  between  C  and  E,  the  shearing; 
force  at  E  is  diminished  also,  because  of  the  diminution  of  tho' 
supporting  force  at  D.  Therefor©  any  alteration  from  that  distri- 
butujn  of  the  load  in  vjfiich  the  longer  segment  C  E  u  loaded^  and  the 
shorter  segment  E  D  wUoadedy  diminishes  the  shearing  force  at  £. 
— Q.  E  D. 

In  de>signing  beams  where  the  shearing  force  is  borne  by  a  thin 
vertical  web,  or  by  lattice  work  (as  in  plate,  lattice,  and  other 
compound  girtleis,  to  be  considered  more  ftilly  in  a  subsequent  seo-'^ 
tion),  it  is  necesaaiy  to  attend  to  this  Theorem,  and  to  provide 
strength,  at  each  cross  section,  sufficient  to  bear  the  shearing  force 
which  may  arise  from  the  longer  segment  of  the  beam  being  loaded 
and  the  shorter  unloaded. 

To  find  a  formula  for  computing  that  force,  let  c  be  the  half-span 
of  the  l)cam,  x  the  distaiire  nf  the  given  cross  section,  E,  from  the 
b^oiddle  of  the  beam,  and  w  the  uniform  load  per  unit  of  length  on 


CE  =  c  +  a:; 
'ftnd  the  amount  of  the  load  upon  it, 


tc  (c  +  a;). 

The  centre  of  gravity  of  that  load  lies  at  a  distance  from  the  end, 
C,  of  the  beam  which  is  i-epresented  by 


C  +  it 

and  therefore  tte  upward  sapporting  force  at  the  other  end  of  the 
Ixsam,  D,  which  is  also  the  ahearing  force  at  £,  ia  given  liy  the 
equation 

F  =  U7  (c  -f  a)  •  — ;^  -i-  2  c  =      \  ^      -(L) 


4c 


It  has  already  been  aho\m,  in  Article  200,  that  the  ahe&ring  foroa 
at  a  pVBQ  oroBS  section  with  an  iniiforro  load  is  F  =  u  z ;  hence 
tiie  eaooesM  of  the  greatest  shearing  force  at  a  given  crow  aectiaa. 
with  a  partial  Xoady  above  the  sbeariug  force  at  the 
aecdou  with  an  uniform  load  of  the  aanne  intensity,  is 


F'-F  = 

At  the  ends  of  the  beam  this 


w(c 


40 


I 


(1) 

vanishea.     At  the  middle,  it 

oonaifita  of  the  whole  shearing  force  F  =  j  w  c,  or  one  quarter  of 

the  shearing  force  at  tlie  ends  ;  that  is,  one-eighth  of  the  amount 
of  an  uniform  load. 

314.  AUowaace  tmr  w«i(iK  •f  Wtmrnu — ^When  a  hoam  is  of  gxoat 
span,  its  own  weight  itiay  bear  a  proportion  to  the  load  which  it 
lias  to  cany,  sufficiently  great  to  require  to  be  taken  into  account  in 
determining  the  dimenmons  of  the  beam.  Before  the  wei{^t  of  the 
beam  can  he  knowti,  liowever,  its  dimensions  must  have  been  de- 
termined, so  that  to  allow  for  that  weight,  an  indirect  process  must 
bo  employed. 

As  already  explained  in  Article  302,  the  depth  of  a  beam  is  de- 
tenninod  by  the  deflection  which  it  is  desired  to  allow  ;  and  tha 
breadth  remaina  to  be  dxod  by  conditions  of  strength,  the  sticngth 
being  simply  proportional  to  the  limidth. 

Let  6'  denote  the  breadth  as  computed  by  considering  the  sv- 
lemal  load  alone,  *W'.     Compute  the  weight  of  the  beam  from  that 

TJ' 

provmoTUil  breadth,  and  let  it  bu  denoted  by  B'.     TTu;n  =,  is  tha 

proportion  which  the  weight  of  the  beam  must  bear  to  the  entire  or 

gross  load  which  it  ia  calculated  to  support;  and  ^, — ~ 

proportion  in  whicli   the  gross  load   exceeds  the  external 
Consequently,  if  for  the  propisional  breadth  b'  there  be  sobetit 
the  exact  breadth, 

*  =  wrr5» w 
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be&m  vill  now  be  strong  enough  to  bear  both  the  pi 
i&l  lo&d  W,  aad  its  own  weight,  which  will  now  be 


B  = 


B' W 


W'-B"' 
and  the  true  gross  load  will  bo 
W  = 


.(2.) 


W* 


.(a) 


W-B' 

In  tho  preceding  formtilie,  both  tiie  external  load  and  the  weight 
of  the  beam  are  treated  as  if  uniformly  distributed — a  supposition 
which  is  sometimes  exact,  and  always  suOicicntly  near  the  truth 
for  the  purpoees  of  the  present  Article, 
31J.  K^taaiUBs  Lcnsih  «r  Beam. — The  gross  load  of  beams  of 
milar  figures  and  proportions,  ^-arying  as  the  breadth  and  square 
'  the  depth  directly,  and  inversely  as  the  length,  is  proportioi 
square  of  a  given  linear  dimension.  The  weights  of  such 
are  proportional  to  the  cubes  of  corresponding  Imeor  dimen- 
HcDce  the  weight  increases  at  a  faster  rate  than  the  groM'^ 
;  and  for  each  particular  figure  of  a  l)C&m  of  a  given  mat 
and  proportion  of  its  dimensions,  there  must  be  a  certain  size  at 
vrhicU  the  beam  will  bear  its  own  weight  only,  without  any  addi- 
tional load. 

To  reduce  this  to  calculation,  Ifit  the  gross  working  uniformly- 
distributed  loud  of  a  beam  of  a  given  figure,  as  in  Article  295,  boj 
as  follows  :• — 

w  =  8±/-*lV (1.) 

i,  b,  and  A  being  the  length,  breadth,  and  depth  of  the  beam,  /  tho 
limit  of  working  stres-s,  and  n  a  factor  depending  on  the  form  of 
eeotion.     The  weight  of  the  beam  will  be  expressed  by 


'R  =  ku^lbh;, 


.(2.) 


being  the  weight  of  an  unit  of  volume  of  the  material,  and  k  a 
r  de}}euding  on  the  figure  of  the  beam.     Then  the  ratio  of  tho 


ight  of  the  beam  to  the  gross  load  is 
B  _  kvj'l' 


(3.) 


I 


which  inoreases  in  the  simple  ratio  of  the  length,  if  the  proportion 
—  ia  dxed.     When  this  is  the  case,  the  length  L  of  a  beam,  whose 
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-weight  (treated  as  uniformly  distributed)  is  its  working  loftd,  b 
^ven  by  tli6  condition  ^^  =  1 ;  tliat  is, 


kw'i         B" 


This  limiting  length  having  once  been  determined  for  a  given  cl 
of  beams,  may  be  used  to  compute  the  ratios  of  tho  gross  losdt 
weight  of  the  beam,  and  external  load  to  each  other,  for  a  beam  of 
^the  given  chiss,  and  of  any  smaller  length,  /,  according  to  the  fol* 
lowing  proportional  equation : — 


"11 

I  \<adM 
*&m  of    I 


L  :l  '.L'l  t  :W  iB:  W-B. 


.(5.) 


To  illustrate  this  by  a  numerical  example,  let  the  beomi  in  ques- 
tion be  plain  rectangular  cast  iron  beams,  so  that  n^=  -^  k=\, 

«/  =  0-257  lU  per  cubic  inch ;  let  40.000  Iba  per  square  inch  Iw 
token  as  the  modulus  of  rupture,  and  4  as  the  iactor  of  safety,  bo 

iliaty  =  10,000  lbs.  per  square  inch ;  and  let  y  =  r-=.     Then 

L  =  3,459  inches  =  2S8  feet,  nearly. 

316.  A  Aivpiog  BruM,  like  that  represented  in  fig.  68,  Arti 
142,  is  to  be  treated  like  a  horizontal  beam,  so  far  as  the  ben 
stress  produced  by  that  component  of  the  load  which  is  normal 
tlio  b(^m,  is  concerned.  The  component  of  the  load  vhich  acts 
aloug  the  beam,  is  to  be  considered  as  producing  a  direct  thrust 
along  the  beam,  which  is  to  be  combined  with  the  streas  due  to  the 
bending  com|>oneut  of  the  load. 

317.  Am  Originaih  Owed  Brum,  at  any  given  cross  section  made 
at  right  angles  to  its  neutrul  surtacc,  so  far  us  tlie  bending  stress  is 

;fxmcemed,  is  in  the  sAine  condition  with  an  originally  straight 
Kl>eam  at  a  similoi'  and  equal  cross  section  to  which  the  same 
moment  of  flexure  is  applied.  Beams  are  sometimes  made  with  a 
slight  convexity  upwards,  called  a  camber^  equal  aud  opposite  to 
the  curvature  which  the  intended  working  load  would  produce  in 
an  originally  straight  beam.  The  elTect  of  tliis  is  to  make  the 
l>eam  become  straight  under  the  working  load,  instead  of  curved, 
and  to  diminish  the  additional  stress  due  to  rapid  motion  of  the 
load,  which  additional  stress  arises  ]iartly  irom  the  curvature  of  the 
beam. 

318.  The    Exp«i*t**  <»«4  CMUnKtUn  or   Ijobc  Brnma,    wh 
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^ttrue  frcnn  the  changes  of  atmospheric  tempemtare,  are  usually  pro- 
Tided  for  by  Bnpporting  one  end  of  each  beam  on  rollers  of  attsijl  or 
hardened  cast  iron.  The  followTDg  table  shows  the  proportion  in 
L  which  the  length  of  a  bar  of  certain  materials  is  increased  by  an 
B  elevation  of  temperature  from  the  melting  point  of  ioe  (33°  Fahr., 
^Bvr  0"  Centigrade)  to  the  boiling  point  of  water  under  the  mean 
Hfttmoepheric  pressure  (212°  Fahr,  or  100"  Centigrade);  that  is,  by 
Wux  elevatioa  of  180°  Fahr.,  or  100°  Centigrade  :— 

Metals. 

Brass, ■oo3i6 

Bronze, '00181 

Copper, *ooi84 

Gold, '0015 

Cast  iron, •ooiii 

Wrought  iron  and  steel, *ooii4  to  •00135 

Lead, '0029 

Platinum, -0009 

Silver, "ooa 

Tin "ooa  to  '0035 

Zinc,. *oo394 

Earthy  Materials. 

(The  ezpansibiHties  of  stone  from  the  exporiments  of  ^Ir,  Adi&) 

Brict,  common, *oo355 

„       fire, -0005 

Cement, "0014 

Glass,  average  of  ditferent  kinds, xx»9 

Granite, "oooS  to  "0009 

Marble, 'OO065  to  •ooii 

Sandstone, *ooo9  to  '0013 

Slate, XD0I04 

Timber. 

(Expansion  along  the  grain,  when  drv,  according  to  Mr.  Joule, 
Froceed,  Ray,  Soc.,  Nov.  6,  1857.) 

Boywood, •000461  to  '000566 

D^, -000428  to  -000438 

Mr.  Joule  found  that  moiatura  diminishes,  annuls,  and  even  re- 
verses, the  expansibility  of  timber  by  heat,  and  that  tension  in- 
creases it 

319.  The  EloMic  Cam,  in  the  widest  sense  of  the  term,  is  the 
B^fure  assumed  by  the  longitudinal  axis  of  au  originally  straight 
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har  nnder  &ny  Ryatem  of  bending  forces.     All  Uie  examplea  of  tlw 
curvature,  slope,  and  ddliicLiou  of  beams  in  Article  300  and 
subaequent  Articles,  an  qsms  in  which  the  elojitic  cnrre  haa  ~ 
determined  v-ith  &  degree  of  approximation  sofficiuntly  doee 
the  circumstonoes ;  tbiit  in,  vhen  the  deflection  is  a  very  small 
fraction  of  the  length.     The  {n«Beut  Aiticle  relates  to  the  £gi 
the  elastic  curve  ibr  a  slander  flat  spring  of  uniforw  jecfion, 
acted  upon  either  by  a  pair  of  equal  and  opposite  couple^  or  bjl 
pwr  of  equal  and  opposite  forces. 

The  general  equation  of  Article  300  applies  to  this  case,  vir: — 


M 
EI' 


.(L) 


I  being  the  uniform  moment  of  inertia  of  the  section  of  the  spriog, 
E  the  modulus  of  elasticity,  M  the  moment  of  flexure  at  a  girea 
point,  and  r  the  radius  of  curvature  at  that  point. 

When  a  spring  is  under  the  action  of  a  pair  of  equal  and  oppotiiU 
couples  applied  to  its  two  ouds,  then,  as  in  Article  304,  M  ia  constanty 
r  is  constant,  and  the  elastic  curve  is  a  circular  arc  of  the  radios  f. 

When  a  spring  is  \mdcr  the  action  of  a  pair  of  equal  atidoppot^ 
forces^  let  A  and  B  denote  the  two  points  to  which  those  forces  are 
applied,  and  A  B  their  common  lino  of  action.     The  ligurcs  &oia 


■^^\s:P\a' 


I'lj?.  146  a. 


Tl^.  lis  b. 


'cftP-  -8- 

Tig.  14G  c.  Fig.  HC  if. 


Fig.  146  c 


Fig.  146/ 

146  a  to  146y^  indasirej  represent  various  forms  which  the  ejmng 
may  assume,  vit :— . 

L  When  the  forces  are  ^teotoe^  icwwc^  ewdt.  ^Aiusc — 


ELA8TI0  OUBVE, 


am 


a.  A  &imple  arc^  like  a  bov,  meeting  A  E  at  tbe  points  A  and  B 

h,  e.  An  undalating  figure^  crossing  A  B  at  any  number  of  inter- 
mediate points 

d.  The  poiute  A  and  B  coinciding,  which  may  give,  vith  an 
endless  spring,  a  figure  of  8. 

XL   When  the  forces  are  directed  from  each  other — 

e.  One  or  more  loops,  with  the  ends  and  intermediate  portions 
meeting  or  crossing  A  B. 

/.  The  forces  acting  from  each  other  at  the  points  A,  B,  in  two 
rigid  lerers  A  D,  B  £,  to  which  the  spring  is  iixed  at  D  and  E :  the 
forming  one  or  more  looped  colls,  lying  altogether  at  one  aido 
lino  of  action  A  B. 
Let  P  be  the  common  magnitude  of  the  equal  and  opposite  forces 
)plied  at  A  and  B,  and  x  the  perpendicular  dmtance  of  any  point 
m  the  elastic  curve  from  the  line  of  action  AB.     Then  the  mo- 
kent  of  flexure  at  that  point  is  obviously 


U  =  xV; 


(2.) 


^ 


and  consequently  the  radius  of  cui*vature  at  that  point  is  givou  by 
the  equation 

EI      EI 


M       xP'" 


(3.) 


U 
Ken 


I 


that  is  to  say,  th«  radiiis  o/ctirvature  is  inversidy  proportion^  to  Uie 
perpendictdar  dutance  from  the  line  ofadian  of  the  forces.  At  each 
of  the  points  in  tigs.  H6  o,  6,  c,  rf,  and  e,  where  the  curve  meets  or 
crosses  A  B,  the  radius  of  curvature  is  inlinite ;  that  is,  there  is  a 

int  of  contrary  Jlexure. 

The  above  geometrical  property  is  common  to  all  the  varieties  of 
curveB  formed  by  an  uniform  spring  bent  by  a  pidr  of  forces,  and 
ia  sufficient  to  enable  any  one  of  them  to  be  drawn  apjiroxlmately, 
by  means  of  a  series  of  short  circtilar  arcs.  It  is  suUicient,  also,  to 
eetablish  all  their  other  geometrical  properties,  such  as  the  rela- 
tions between  their  rectangidar  co-ordinates,  and  the  lengths  of 
tlitiir  ai'cs.  These  ore  expressed  by  means  of  elliptic  functions; 
and  it  is  unneceaiaiy  to   give   them  in  detail  in   this  treatise, 

copt  in  one  case,  which  will  be  mentioned  in  the  next  ArticlCj 
19  A 

There  is  one  important  proposition,  however,  which  it  ia  here 
to  jffove  ;  and  that  is  the  following 

Theohem.  Tluit  a  tpriiuf  of  a  giveti  length  and  sedion,  to  the  ends 
ofvihose  neutral  surface  a  pair  of  forces  are  appliod,  will  not  be  bent 
^those  forces  arc  less  than  a  certain  fniU  mafptiiude.  Let  A  and 
JB  in  fig.  146  a  be  tho  two  ends  of  the  spring,  to  whioh  two  equal 


N 
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and  opposite  forces  of  the  mugnittiHe  P  are  applied,  directed  to- 
wards cacH  other ;  the  apriug  Ibnuin^  a  aiugle  arc  A  C  B,  of  tht 
length  L  x  being,  as  before,  the  ordinate  of  any  point  C,  let  y  be 
the  distance  of  that  ordinate  from  A. 

The  smaller  the  foroe  P,  the  more  nearly  will  the  arc  A  C  B 
approach  to  the  straight  line  A  B  ;  and  in  order  to  find  the  sraaU* 
est  value  of  P  which  is  compatible  with  any  bending  of  the  spring, 
that  force  must  be  computed  on  the  supposition  that  the  ordioate 
z  at  each  point  is  imtenmbly  small  oompu^  with  the  lengUi  of  the 
spring,  and  connequently^  that  the  length  of  the  arc  A  C  does  not 
sensibly  differ  from  that  of  ita  abscissa  y.  This  being  the  case,  the 
curvature  at  any  point  C  is  to  be  taken  as  sensibly  given  by  the 
following  equation : — 

1 £« 

r~       rfy"' 

which  value  being  inserted  in  equation  3,  gives 


The  integral  of  this  equation  ia 


P 
£1 


Xt) 


a;  ^  a  •  sin  •  *-» 

c 


where  c 


1 


.(5.) 


In  order  that  x  may  be  ^  0  at  the  points  A  and  B,  it  is  necessary 

that  when  y  ^  Z,  -  should  be  =  n  «■,  n  being  any  whole  number ; 

and  consequently  that 

7 

(6) 


C  =: 


Now  of  all  the  possible  values  of  n,  that  which  gives  the  least  value 
of  P  is  n  =  1  ;  whence  we  find 


f~^l 


V       P  it' 


and  P  = 


(7.) 


and  this  finiie  quaniUy  is  the  ttmali-tst/orra  wMeh  vriU  bend  t/te  ffiven 
gprirtff  in  the  manner  proposed. — Q.  E.  D. 

•   This  investigation  proves  the  Tlieorem  in  question,  and  gives 
the  ieast  bending  foi'cc ;  bul  aa  it.  lea.N«%  the  constant  a  indeter- 
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minate,  it  does  not  give  the  figure  assumed  \yy  the  spring,  vliicU 
innot  bo  fonxirJ  exnetly  cxoept  by  the  nse  of  elliptic  fanctions. 
319  A.  The  HydrMiaUc  Arck.  described  in  Article  183,  is  of  the 
le  figure  with  the  coiJed  and  looped  elastic  curve  represenUsd  iii 
146^;  for  its  radius  of  curvature  at  imy  point  is  inversely  pro- 
>rtioual  to  the  perpendiculai*  distance  of  that  point  irom  a  giveu 
^ht  line.  In  onler  to  transform  all  the  equations  given  in 
it  Article  for  the  hydrostatic  arcli  into  the  corresponding  cqua- 
for  the  coiled  and  looped  clastic  curve  of  fig.  140/,  it  is  only 
to  put  for  the  constant  product  of  the  ordinate  and  radius 
curvature  the  following  value  : — 


xr 


EI 


An  instrument  consisting  of  an  uniform  spring  attached  to  a  pair 
jof  levers,  might  be  use<l  for  tracing  the  figures  of  hydrostatio 
:he3  on  paper. 

This  property  of  the  coiled  and  looped  elastic  curve  is  analogous 
that  discovered  by  James  BemomlU  in  the  simple  bow  of  tig. 
[46  o,  viz.,  that  it  is  the  figui*o  obsumed  by  the  vertical  longitu- 
scction  of  an  indefinitely  broad  sheet,  containing  a  liquid 
whose  upper  horizontal  surface  is  represented  by  A  B. 


fe. 


Section  7. — On  Resistance  to  Twieiing  and  Wrenching. 

320.  The  TwiMing  sioneni.  or  moment  of  torsion,  applied  to  n 
,  is  the  moment  of  a  pair  of  equal  and  opposite  couples  applied 
two  cross  sections  of  the  bar,  in  planes  porpendiciUar  to  tl 

is  of  the  bar,  and  tending  to  make  the  portion  of  tho  bar  bctwc 
ose  cross  sections  rotate  in  opposite  directions  about  tliat  azi& 
tho  following  Articles,  t^h'iBtiug  moments  are  supposed  to  \y6^ 
d  in  irw*/i7>o?/m/*. 

321.  flmagth  ofn  criindricai  Axir.— A  cylindrical  axle,  A  B,  fig. 
147,  being  subjected  to  the  twi.sting 

oment  of  a  pair  of  equal  and  opiw- 

to  couples  applied  to  Uie  cross  sec- 

onA  A  and  B,  it  is  required  to  find 
the  condition  of  stress  and  strain  at 
any  intermediate  cross  section  such 
as  S,  and  also  tho  angidar  displace- 
ment of  any  cross  section  rehitively  to  any  other. 

Fivfm  the  unifonuity  of  tho  figure  of  the  bar,  and  the  uniformit 

©f  the  twisting  moment,  it  is  evident  tluit  the  condition  of  stress 

awd  strain  of  all  cross  sections  is  the  same  ",  aiao,  \>ecawftft  c/t  ^lfta 


Fig.  U7. 
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ciieal&r  fijifriro  of  cAch  cros  Motion,  the  condition  of  Btma  tnd 
stTuin  of  oU  j»rt2clc»  at  the  sane  Uiatanoe  from  the  axis  of  Om 
cylinder  moct  be  alike. 

Snppom  a  ciitmlar  layer  to  be  inehided  between  the  crom  K^ku 
S,  and  another  oroM  eeotion  at  th»  <KwtiiMW  dx  from  it  The 
twisting  monu^nt  caxmt*  one  of  those  chmb  Bections  to  rotate  rd^ 
tively  to  tho  other,  about  the  axis  of  the  cylinder,  throi^h  aa 
angle  wliioh  may  bo  denoted  by  d  C  Then  if  there  be  two  points 
at  the  saiuc  distuuc^*  r  from  the  axis  of  the  cylinder^  one  In  tbe  nuc 
oroBs  aeottOD,  and  the  other  in  the  other,  which  pN>inta  were  origi- 
nally  opposite  to  each  other^  in  a  line  paralK'l  to  tbe  axist  the 
twisting  moment  Rhifbi  one  of  those  poinln  lAtt>ral)y,  relatively  to 
the  other,  through  tlie  distanco  rdi.  Consequently  the  port  of 
the  layer  which  liea  between  those  points  i»  in  a  cuudition  of 
dittortiof^,  in  a  piano  perpondicolar  to  tho  radium  r ;  and  Uu  dijh 
tortion  is  expn^ssed  by  the  ratio 


I 


»  =  r' 


daa 


.(1.) 


which  varies  proporiwnaUy  to  the  dutanoefrom  tlt^  axit.  There  ia 
therefore  a  Aearijiff  Btress  at  each  point  of  the  crosfi  nwjtion  C, 
whose  dii^ection  is  perpendicular  to  tho  radius  drawn  from  tho 
axis  to  that  point,  and  whose  intensity  is  yroporUonal  to  tfuU  raUwt, 
being  represented  by 

7  =  C.  =  Cr.^ - (i) 


dx 


The 


inTiEXGTU  of  the  axle  is  determined  in  tho  following 
manner : — Let  /  Ixj  the  limit  of  tho  shearing  stren  to  which 
the  material  is  to  be  exposed,  being  the  ^iliunaU  i«nstaDce  to 
wrenching  if  it  is  to  l>o  broken,  the  proqf  reaistanee  if  it  is  to 
be  tested,  and  tho  work'uuj  resistance  if  tho  working  moment  tji 
torsion  is  to  be  dctenuiiied.  l^et  r^  be  the  external  mdins  of  the 
nxlc.  Then  /  is  the  vidae  of  q  at  the  distance  r^  &om  the  axii ; 
and  at  any  other  distance  r,  the  intensity  of  the  sheaiiog  stroBB  is 


fr 


.(3.) 


Conoetvo  the  cross  section  S  to  be  ftivided  into  narrow  oonceatne 
rings,  each  of  tlie  brt^tJi  dr.  Let  r  be  the  mean  radiua  of  one  of 
theoe  lingB.  Then  ita  area  is  3  x  rt/r;  the  intensity  of  tbe  sheur- 
12^  t^nm  Ml  it  is  that  given  by  ei^uatiun  3,  and  the  leverage  of  that 
screes  relatively  to  the  axia  of  t^ifc  c^Xuu^Qt  Sa  r  *,  uiaxfin^uB&>X^^>jGA 


or  AX   AXLE, 


va 


It  of  Ae  tbeuJng  lUw  of  Um  nng  in  quattiou,  beii^  tke 
of  tkott  Uiree  ^lOKntifciMr  >> 

iKUig  intc^iuied  for  aO  the  rings  from  the  centre  to  tho 
'ercAce  of  the  ena  aeotion   S,  gives  for  the  moment  of 
•ad  of  rentuiee  to  tonion, 

M=?S^.pr»rfr  =  541 ;^(t) 

(1  =  1^08). 

the  axle  is  hoSmc,  r^  being  the  nuiius  of  the  hollov,  the  integral 

axkd  the  moment  of  toreion 

^ 


to  be  taken  from  r  =  rt,  to  r 


ivaea 


.(5.) 


P 


It  id  in  funeral  more  oonrenicint  to  exprees  the  strength  of  an 
xxle  in  terms  of  the  diameter  than  in  terms  of  the  radius.  Let  A, 
hv  the  external  diamctex*  of  the  axle^  and  Aq  ita  internal  diameter, 
if  hoUow;  then 


for  a  »aiid  axU, 

For  a  hoSow  aadet  K^ 


16 


51' 


K) 


16  A, 


51  A, 


(a) 


if  the 

^gnner 


If  theee  fbrmulaa  be  compared  with  those  applicable  to  aolid  and 

>Uow  cylindrical  beams  in  Article  295,  it  will  be  seen  that  they 

only  in  the  nnmerical  factor,  which,  for  the  momont  uf 

flexure,  ^  ^  =  fTTo*  m**1  ^^^  *^«  moment  of  toreion,  ^  ~  ^. 

Hence  we  have  this  \iaeful  principle,  that  for  equal  values  of  tha 
\  limiting  rirtas  (,  tJie  resi^^fice  of  a  cyliiider,  solid  or  hollow,  to 
,      wrenching,  «  dotihle  of  He  regislance  to  hreaking  aerosi. 

Valnes  of  the  co-efficient  of  ultimate  resistance  to  shearing  for 
!      oast  and  wrought  iron,  are  given  in  a  table  which  has  already  b.xn 

E erred  to.     Tho  co-efficient  for  cast  ima  is  somewhat  doubtful. 
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taWf,  vit,  27,700,  w  adopted  on  Uie  Autliority  of  Mr  n~1i 
sim'rt  work  On  Caai  Iron,  as  thomoui  of  the  ejtp'  ■ 
by  him  tho  must  trustworthy;  but  some  expcrin 
ait  low  HH  24,00(1,  and  others  ft  value  ai  high  as  '.■■ 
With  respect  to  tl»e  woriww;  vaJBcs  of  the  lin 
fullovijig  are  those  adopted  by  Trpdgold  in  his  ]iracticai  rules  ?— 

Forcajit  irou 7,0.50  lbs.  per  square  indL 

For  wrought  iron, 8,570        „  „ 

Tliis  aiuotintA  to  allowing  a  factor  of  nafe^  of  abont  4  for 
ii'on  and  G  for  wrought.     Prsctical  experience  of  the 
wrought  iron  axles  contimiR  the  co-efficient  given  above  for 
iron  very  closely,  it  ha\'iug  been  found  that  such  axles  bear  a 
ing  (ttresii  of  9,000  lbs.  per  square  inch  for  any  length  of  timi;] 
WL'il  manufactured  of  good  material.     The  co-efficient  for  f^--'  •"-" 
ap]H."ar«  to  leave  too  fionall  a  factor  of  safety  for  any  moti 
one  that  is  very  smooth  and  steady,  and  it  may  be  considrrT:<i  ni^. 
^,000  Ibfr  per  sqtiaro  inch  is  a  Hifor  co-eificient  for  gcnexal  oat 
Hcnoe  wo  may  put,  as  the  limit  of  wortdog  stress  in  ehof^. 

For  cast  iron, ./=^  5,000  Iba,  per  square  inch. 

For  wrought  iron, /=t),000         „  „ 

322.   Aaglr  •rXonlMt  ef  a  Cylindrical  Aste. — Sup;> 
diameters,  originally  ^^trtrallcl,  to  Ikj  drawn  aci'txis  tJi 
ends,  A  and  E^  of  a  cylindrical  axle,  solid  or  hollow ;  it  is  piopas^ 
to  find  the  angle  which  the  directions  of  tlioae  lines  make  vnisii 
each  other  when  the  axle  is  twisted,  either  by  the  working 
of  torsion,  or  by  any  other  moment. 

This  question  is  solved  by  means  of  equation  3  of  Article  SS,^ 
wliich  gives  for  the  ar^le  of  torsion  per  unU  qfUfigt/t^ 


dx 


Cr* 


The  condition  of  the  axle  being  uniform  at  all  points  of  its  longtli, 
tho  above  quantity  is  constant ;  and  if  x  be  the  length  of  the  aile, 
and  %  the  angle  of  torsion  sought,  expressed  in  length  of  are  to 

i      eft 

rudlas  I,  we  have  —  =  -r-»  flLiid  therefore, 
'  X     ax 


xq 


■0) 


L  Let  the  moment  of  tor&ion  l*e  the  vorhng  m^mentf  for  wliidi 

r    <r, 
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Then  the  od^Ic  of  toraion  is 


'  c:  A," 


.{2.) 


nni!  is  the  same  whether  the  axle  is  solid  or  hollow. 

A  value  of  C,  the  co-eiticient  of  transveixj  elaaticity  for  cast  iron, 
is  given  in  the  table  ;  but  it  it*  uucertuiD,  aa  exj>ei*imcnt«  are  tlis- 
cord&nt.  For  wrought  iron,  that  constant  has  been  found  witJi 
more  precision,  its  mean  value  being  alx>ut  9.000,000  lbs.  per 
■qoare  inch.  Hence,  for  the  irorkint/  torsion  of  wrought  iron 
fihufts,  wc  may  make 


I 


_1 

l.OO'O' 


.(3.) 


XL  Let  the  moment  of  torsion  have  any  amount  M  consistent 

with  safety.     Then  for  — ,  we  have  t«  p\it  the  equal  ratio  deduced 

from  the  equations  4  and  5  of  Article  321,  by  8u1>8tituting  q 
for/* in  the  numerators  and  r  for  »*,  in  the  denominators;  tliut  i* 
to  say, 


for  ttulid  ajdes. 


for  hoUouJ  axleSf 


—^.'j  and 


•= 


qx 

2Ux 

33  Ma: 

~Cr" 

.CrJ- 

''  rCht' 

9 

2U 

» 

r     a 

rW-r{) 

2Ux 

3 

2Mx" 

=^^:^:=.10-2 


;  and 


gx 


10-2 


Ha; 


C(A'-V) 


(•1.) 


523.  The  Kci»iik»cc  of  ■  Cyiivdrirai  A>i«  is  the  product  of  one- 
of  the  greatest  moment  of  torsion  into  the  corresponding  aii^do 
torsion  ;  and  it  is  given  by  the  following  equation : — 


Mi 


/•/.;ar 


for  a  solid  shaft ;  or 


'  '^  \  VV^ 

-77-  =  — r.  iny/—  'or  a  hoUo'w  fthait.     \ 
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eann^ 


324.  Axle*  ■•!  circBiar  i«  »ccii«h. — VHnin  tlic  cross  secUou 

Bhaft  is  not  circular,  it  is  certain  that  the  ratio  -  of  the  shi 

r 

stress  at  a  given  pomt  to  the  distance  of  that  point  finom  the  axis 

'  the  abaft,  is  not  a  constant  quantity  at  diffeivnt  points  of  the 

Boction,  and  that  in  many  canes  it  is  not  even  approximately 

^oonstont ;  so  that  formula,'  fuimdt'd  on  tlie  aaaumption  of  ita  being 

^oonatant  are  errooeous.     The  mathematical  invesUgationa  of  M.  de 

8t  Yenaut  have  shown  how  the  inteuaity  of  the  ^dudng  stoeea  is 

distributed  in  certain  casea 

The  moat  important  aise  in  practice  to  which  M.  do  St.  Tenant's 

method  haa  been  applied  is  that  of  a  square  ehaft ;  and  it  a] 

that  its  moment  of  torsiun  is  given  by  the  formula 


Lppeau 

i    Khafli^ 


M  =  0-281/A»  nearly. 

325.  Beading  nad  Tfrl«tlBB  c«aiblacd{  Crmok  aad  Axle. — A  sliaft^ 
is  often  acted  upon  by  a  bonding  load  and  a  pair  of  twisting  couples 
at  the  same  time.  In  that  case,  the  greatest  direct  stress  due  to 
the  bending  load,  and  the  greatest  shearing  stress  duo  to  the  momcot 
^of  torsion,  are  to  be  combined  in  the  manner  already  illustrated  for 
flKianw,  in  Article  310. 

That  is  to  aay,  lot  p  be  the  greatest  stress  due  to  bending,  and  q 
it  duo  to  twisting ;  let;;,  \ye  the  intemdty  of  the  greatewt  result- 
ant stress,  and  i  the  angle  which  its  direction  makes  with  the  axis 
of  the  shaft.     Then 


-\/{^W^^ 


(1.) 


taa2t  =  ^; 
P 

One  of  the  most  im}>ortant  examples  of  this  ia  illustrated 
fig.  148,  which  represents  a  shaft  having  a 
at  one  end.     At  the  centre  of  the  cixink-pii 
P,  ia  applied   the  ppossm'e   of  the  counwtii 
rod  ;  and  at  the  bearing,  S,  acts  the  eqiuU  An< 
opposite  resistance  of  that  bearing.     Hepresenl 
ing  the  common  magnitude  of  those  forces  by 
they  form  a  coujdo  whose  moment  is 

M=P    SP. 

Draw  PN  perpeudicukr  to  SN,  the  axis  of  th< 
ahftft  i  and  let  the  angle  P  S  N  =  J.     Then  the 
coaph  M  may  be  resolved  inU) 


Fig.  148. 
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A  Ijending  couple  P  •  N8  =  M  ooaj ;  and 
A  twisimg  couple  1*  •  N  P  ^  M  ein  y. 

y^nal  and  opposite  cx>aples  act  on  the  farther  end  of  the  BhafL 
Let  A  be  iU  diumeter. 

Bj  the  formula}  of  Article  29  J,  the  greatcBt  stress  produced  at  S 
\iy  tlie  beudiug  couple  is 


10-2  M  cos  J 


(2.) 


id  that  produced  hy  the  twisting  couple,  according  to  Article 
,  ia 

5'I  M  ain  j  _  p  tan  j 


ff  = 


(3.) 


oonseqnently,  by  the  equations  1  of  this  Article,  the  resnltant 
greatest  stress  at  S,  &nd  it^iuclination  to  the  axis  of  the  shaft,  arc 


p,  =  ?(Becj  +  l) 


61  M 


(1  +  008  j) 


(*.) 


and' by  making^,  =/'j  tlie  proper  diameter  can  l)e  determined. 

These  rL-sulta  may  bo  represented  p-apliiailly  as  fallows : — Dmvr 

Q  bisecting  the  angle  N  S  P,  and  P  Q  perpendicular  to  S  Q.     S  Q 

)>e  the  direction  of  the  resultant  greatest  stress  at  S,  aud  the 

ntensity  of  that  stress  will  be  the  same  as  if  it  were  caused  by  the 

ending  action  of  a  force  equal  to  P  and  applied  at  Q,  on  an  oblique 

oction  of  the  shait  perpendicular  to  S  Q  ;  luul  also  the  same  as  the 

i-catp-st  intensity  of  the  stress  wliich  would  l»o  produced  nt  S  by 

[ihe  direct  bemliijg  action  of  a  force  equal  to  P  applied  at  M  in  tho 

I  axis  of  the  shal^,  vntk  the  leverage 


W=8pi±^  =  ^tM. 


(5.) 


326.  The  Ttwth  rf  VTheH*  are  made  sufficiently  strong,  to  provide 
against  an  action  analogous  to  combined  twisting  and  bending, 
wliich  may  arise  from  the  whole  force  transmitt<'<!  by  a  pair  of 
wheels  happening  to  act  on  one  comer  of  one  tooth,  such  as  C 
■crD,  fig.  149. 

la  £g.  150,  Jet  tibe  ahaded  part  represent  fit  ^Tl\crtv  o1  %  f9KA& 


3(50 
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P       »•  c 

Fig.  160. 


wction  of  the  rim  of  the  wheel  A  of  6g.  149,  and  let  EHKP 

be  the   fi&ce  of  a  tooth,   on 
ouo  oodner  of  which,  P,  aots 
the     foroe     represented     br 
that  letter.      Coucvive   any 
sectional   piano   E  F  to  in- 
tersect the  tootli   fi*om   the 
sido  EP  to  the  crest  PK, 
and  let  PG  be  perpendicular  to  that  plane. 
heit  h  bo  the  thickness  of  the  tooth,  and  let 
EF  =  ft,  PG  =  /. 

Then  the  moiueut  of  flexure  at  the  sccUoi 
EF  la  P^,  and  the  greatest  stress  pi*oduced  by  that  moment  oi 
ilexoro  at  that  section  ia 

■nliich  is  a  maximum  when  .*=:1  PE F  =  45*,  and  h  =  21,  IultId; 
then  the  value. 


Consequently,  the  proper  thickucM  for  the  tooth  is  given  by 
etjuatiou 

h 


-V'-^- 


This  formula  is  Tredgold^s ;  according  to  whom  the  proper  valiM 
for  the  p-«ittwt  working  stivss  y  is  4,500  lbs.  per  square  inch,  wl 
the  teeth  are  of  cast  iron. 


Section  8. — On  Crushing  by  Baidiiig. 

327.   imr^MiiicwiT  KemmHtfc — Pillars  and  struts  whose  len; 

exceed  their  (Unmuters  in  couaiderable  ]>roi>ortions  (as  ia 
almost  alwap  the  case  with  those  of  timber  and  metal), 
give  way  not  by  direct  crushing,  but  by  bending  sidewayu 
and  breaking  across,  being  cinitihcd  at  one  sido:,  as  at  A, 
fig.  151,  and  torn  u^under  ut  the  other,  as  at  R 

There  does  not  yet  exist  any  complete  theory  of  this 
phenomenon.  The  formula;  which  have  been  provision- 
ally adopttjd  are  founded  on  a  mode  of  investigation 
iMirtly  tbeui-etical  luid  ]>ai-tly  empiricaL  Those  which 
wiM  first  be  explained  are  of  a  form  propoRe<l  by  Tredgold  on  theo- 
ix'.icid  ^tiuuds.     Having  (aUeu.  ?ot  a  \>.vat  VuVja  ^-aMWi, "Ows^  •hum 


A 


Fig.  151. 


t 
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[H'viTctl  \>y  Mr.  Le^vi3  Gonlou,  who  UeU'rmined  tlie  values  of  tho 
rotu»tAnte  contained  in  them  by  a  comparison  of  them  with  Mr. 
Hoti};kmson'a  experiiuontd.  Then  will  be  given  Sir.  Hodgkinson'a 
»wn  empirical  formiibs  for  the  ultimate  strength  of  cast  iron  pillars. 
328.  SirrMcUi  aT  iroM  pHiara  and  strau. — Let  F  be  the  load  which 
on  a  long  pillar  or  Rtnit,  and  S  its  Bcctjoniil  nrcA.  Then  one 
part  of  tht;  intensity  of  the  jj^atest  stress  on  the  material  la  simply 

rtnsity  due  to  the  unifoi'm  distribution  of  the  load  over  tho 
and  may  be  represented  thus  : — 


y-g. 


Another  part  of  the  greatest  ^ttress  is  tliat  which  arises  &om  the 
teral  bonding,  which  will  take  place  in  tliat  direction  in  which 
e  jnllar  is  most  flexible  ;  tliat  is,  iu  the  direction  of  its  least  dia- 
etcr,  if  the  diamet<?rs  are  unequal.  Let  A  be  that  diameter,  and 
6  ihc  diameter  perpendicular  to  it ;  let  I  be  the  length  of  the  pillar, 
and  let  v  be  the  greittest  deflection  of  the  axis  of  the  pillar  from  il4 
original  straight  position.  Then,  as  iu  the  case  of  a  spring,  Articto 
;JUf,  tho  greatest  moment  of  flexure  is  P  r  ;  and  the  grenteijt  stn-^n 
produced  by  that  moment  (which  will  be  denoted  lyy  p")  is  directly 
the  moment,  and  inversely  as  the  breadth  and  square  of  tho 
of  tlie  pillar  (Article  2I}o) ;  that  is, 

ut  the  greats  deflection  consistent  with  safety  is  directly  as  tlie 
juAre  of  the  length,  aod  inversely  as  the  thickness  (Ajticle  300) ; 
is, 

P 

tlie  product  bh^  is  proportional  to  the  sectional  area  S  and  to 
the  thickness  k     Consequently  we  have  the  proportional  equation 

.      FP         .    P 


P  «  « 


S^' 


P-n 


1  > 


\t  \Sfth«  addUional  strass  du^  to  bending  is  to  Hie  ttreas  elite  to 

iired  prtsntrty  in  a  ratio  wfiicJi  increases  as  the  square  of  the  projxtr- 

m  in  trhic/t  tJie  length  of  tie  piUa/r  exceeds  Ote  leoRi  diamder. 

The  whole  intensity  of  the  greatest  stress  on  the  material  of  tho 

being  ma^le  equal  to  a  coefficient  of  strength  yj  is  expressed 

>y  the  following  equation  : — 

/=,/.p-  =  |(l...g; (1.) 


in  which  a  is  a  conBtant  co-eflBdenfc,  to  be  detenninecl  by  expen* 
meut     Hence  the  following  is  the  strength  of  u  long  pqUat  : — 


The  following  ore  the  ralnes  of /and  a  for  tlio  vltimnOi  strm^K, 
OS  computcil  by  Mr.  Goitlou  from  Mr.  HodgkJuaoo'a  tiX2>crinieiiU 
,  pillars  FIXED  at  the  ehi>8,  by  having  flat  ca{>italB  and  baaeaj 
in  fig.  152  ; — 

/  lbs.  per  Indi.         a 

WrougJu  iroTif  solid  rectangular  section,  36,000         ^ 
Cast  mm,  hollow  cylinder, 80,000 


do.,        Molid  cylinder, 80,000 


800 
4U0 


A  \K\hx  BOnM>n>  at  both  ends,  as  in  fig.  154,  is  as  flexible 
ft  pillar  of  the  same  diameter,  6xed  at  both  ends,  and  of  donble  the 

length ;  and  its  strength  might  there- 

Ul        I  II  fore  be  expected  to  be  the  same;  n 

f\  '  i\  '   conclusion  verified  by  the  experiments 

of  Mr.  Hodgkiuson.     Hence,  for  suolH 

-^ (3.) 


J^ 


piUai^ 
P 


rig.  162.        Fig.  153. 


^dr.  Hodgkinson  found  the  strenj 

l-ig.  154.    ^^  ""^  ^^'^  (%    ^^^)»  ^O   b®  ft  HI' 

between  the  Htivngth^  of  two  pi 


le  same  length  and  diameter,  one  fixed  at  both  ends,  and  the  otiior 
Toundud  at  both  ends. 

Taking  the  i>roof  loatl  as  one-half  of  the  breaking  load  for  wrought 
iron,  and  one-third  for  cast  iron,  and  the  working  load  as  from  one- 
fourth  to  one-sixth  of  the  breaking  load  for  Iwth  materiuls,  the 
following  are  the  values  to  be  assigned  to  the  limit  of  stress/ under 
different  circumstances : — 


Load — Bruking. 

Wronght  iron, 36,000 

Cast  iron, 80,000 


ProoC 

\%,ooo 
a(»,Too 


Working. 

^,000  to     q^OOO 


I 


I 


mas  PlLLAItS  AlO)  STRUTS. 


I 
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Ta  UBiog  the  formula;  2  aud  3,  tlic  ratio  -  i&  generally  6xed  before- 
hand, to  a  degree  of  a[iproximatioa  su^clcnt  for  the  purposee  of  tlie 
calculation. 

329.  €o«mccclAc  BWa  of  engines  are  to  be  considered  as  in  the 
condition  of  struts  rounded  at  both  enda ;  PUioa  Bod*,  ns  in  the 
condition  of  struts  fixed  at  one  cmd  and  rounded  at  the  other. 

330.  cvnpnriMin  mtCmmi  mud  WrMmhi  Inb. — AVhcn  the  ultimate 
strength  por  square  inch  of  section  of  pillars  is  computed  by  means 
of  equation  2  of  Article  328,  it  appears  that  for  the  Bmaller  pro- 
portions of  length  to  diameter,  cast  iron  is  the  stronger  material; 
but  that  its  strength  diiiiinislie.s  as  the  proportion  of  length  to 
difimeter  increases,  faster  than  that  of  wrought  iron  ;  bo  that  for 
the  proportiou 

/:/»::  J~&35  :  1  :  :  26^  :  I  nearly, 

those  materials  iu  the  Mliajte  of  solid  pillars,  i-ectangular  for  wrought 
iron,  cyUndrical  for  ca^t,  are  equally  strong,  aud  beyond  that  pn>- 
fiftrtion  wrought  iron  in  the  Rtronger.  This  result  was  pointed  out 
by  Mr.  Gordon.     The  following  tabic  illustrates  it ; — 


Breaking  hNuI, 
llj8.persnuare 

inch,  =  -^i... 


■  Wrought, 
Cast, 


10 

34,840 
64,000 


30 
31,765 

40,000 


36 '4 
29,230 

39,230 


30 
27,700 

24,620 


40 

23,480 

16,000 


P  =  A 


L*-^' 


(L) 


^f       331.    nr,  nod«klasoK'a  V9rmtilm  fmw  Uut  CUIniale  Mrenfftb  sf  C'nM 
Bran  Pillar*,  as  deduced  by  that  author  firom  his  own  experiments, 

I  are  as  follows  : — 
L  When  the  length  is  not  leas  than  thirty  times  the  diameter. 
For  solid  cylindrical  pillars,  A  being  the  diameter,  in  iiic/teSt  and 
L  the  length  infoe£, 
: 


For  hollow  cylindrical  pillars,  /*,  being  the  external,  aud  /ig  the 
internal  diameter,  in  iiu/ics,  aud  L  the  length  in/edj 


P  =  A 


/*r  -  AT 


.(2.) 


The  values  of  the  co-eiBcicnt  A  ore  as  foUo\re  ; — 


364 


THEOBT   OF   STBCCTVRES. 


Ton*. 

l.J  For  solid  pillars  with  rounded  ends, 14*9 

*2.)  „  „  flat  ends, 44*»fi 

[3.)  For  hoUow  pillars  with  rounded  ends, 13-0 

[1)  „  „  flat  ends, 44*3 

II.  When  the  length  is  less  than  thirty  times  the  diameter. 

Let  &  denote  the  breaking  load  of  the  pillar,  as  computed  by  tho 
preceding  formulie.  Let  c  denote  the  cruahing  load  of  a  short  block 
of  the  same  sectional  area  S,  as  computed  by  the  formula 

c  =  49  tons  X  S  in  scjuare  inches (3.) 

Then  the  correct  cnisliiug  load  of  the  pillar  is 

^  =  -^ ^) 

b  +  -r 


CcO 


JL 


332.  In  Wrouibi  ■»■  Vramewarfc.  the  bars  which  act  fts  struts, 
in  ni-der  that  they  may  have  siifticient  stifineas,  are  made  of  various 

figures  in  cross  S4.^'tion, 
of  which  someexamples 
are  j^ircn  in  figs.  155 
(angle  iron),  15G  (chan- 
nel iron),  157  (a  cross- 
Fig.  165.  Fig.  UG.         Fip.  1&7.       Fig.  J58.     ^p^j  a^iou,  used  in 

half-lattice  girders),  and  158  (T-ii-on).  lu  souie  largo  lattice  ginlers, 
the  struts  are  composed  of  a  pair  of  parallel  T-iron  bax-a,  such 
08  fig.  158,  with  their  middle  ribs  turned  towards  each  other, 
and  connected  together  by  a  lattice  work  of  small  diagonal  bars. 
In  applying  to  wi-ought-iron  atnits  the  formuhe  of  Article  328, 

pages  3G1,  3G2,  for -2  there  is  to  be  substituteil    ,^;  Jbeingtho 

feast  moment  o/iaei-tia  of  the  sectinn  (Article  9.5,  pages  77>82). 

333.  Wrvafbi  Iron  Crll*  arc  rectangular  tubes  (generally  square) 
composed  of  four  plate  inm  sides,  rivetted  to  angle  iron  bars  at  tho 

comers,  as  shown  in  the  section,  tig.  159,  This 
mode  of  oonstriictiou  was  designed  by  Mr.  Fair- 
Iwiirn,  to  resist  a  thrust  along  the  axis  of  the  tube. 
The  ultimate  resistance  of  a  single  square  cell  to 
crushing  by  the  buckling  or  bending  of  its  sides, 
when  the  thickness  of  the  plates  is  not  Usb  than 
one-tJiirtietfioft/ie  diatnet^  of  the  eellj  as  determined 
by  Mr.  Fa\rW\r[vau\'Mj:."^o4^Y03iou,S& 

27,000  lbs.  -^et  ftqvvR.TC  *m«^  sftcVlxw*.  ti'v\'«i^% 


I 


fig.  150 


CELLS — SIDES  OF  GIBDERS — TIMBER  POSTl 


3G5 


I 


but  when  a  number  of  cells  exist  side  hy  side  in  one  girder,  their 
Btitfnoss  i&  increased,  and  their  iiltimnte  rc&istauec  to  a  thrust  muy 
"he  taken  at 

33,000  to  36,000  Iba.  per  square  inch  section  of  iron. 

The  latter  co-efficients  applj  also  to  cylindrical  cellR. 

334.  The  Sidos  •r  PtM«  Iiwi  CUrden  are  subjected  to  a  diagonal 
t}iruHt  arising  from  the  ahearing  stress,  and  aro  umially 
etifiened  by  means  of  T-iron  ribs,  in  the  manner  shown 
in  fig.  IGO.     The  entire  depth  across  the  ribs  may  be 
taken  to  represent  h  in  the  funnulce  of  Article  328. 

335.  TiMbrr  pMia  and  sirais. — The  following  for- 
mula is  given  on  the  authority  of  Mr.  Hodgkinson*8 
«xpc!nments,  for  the  tdliTncUe  ivaistance  of  posts  of  oak 
and  red  pine  to  crushing  by  bending  : — 


P=A^S; 


(1-) 


4h 


Fl£.  160. 


I 


^eing  the  sectional  area  in  square  inchoR,  h  :  /  tho  ratio  of  tlie 
diameter  to  the  length,  aud  A  =  3,000,000  lbs.  per  square 

The  factor  of  safety  for  the  working  load  of  timber  being  10,  A 
is  to  be  made  =  300,000  only,  if  P  is  the  working  load. 
For  s<)uare  posts  and  struts,  the  foimula  becomes 


P  =  A 


;** 


(2.) 


If  the  streugtb  of  a  timber  post  be  computed  both  by  this  formula 
and  by  the  formula  for  direct  crushing,  viz.  : — 


P=/S, 


.(3.) 


» 


the  l«mr  ralue  should  be  adopted  as  the  ti-ue  strength. 

Th«  above  formulae  are  for  poets  and  stniti  fixed  at  both  ends. 
Por  those  which  are  freely  jointed  at  both  ends,  the  strength  is 
Tpduced  to  one  fourth. 

Weisbach  applies  to  timber  posts  and  stmt*  a  formula  identical 
with  equation  2  of  page  3G2,  with  tho  following  values  of  the  con- 
stants:— 

/=  7,200  lbs.  on  tho  squai'e  inch. 

230 
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The  reaistanoc  of  timber  to  cmshiug,  while  green,  is  about 
half  of  its  resigtance  after  having  been  dried. 

Sectiom  9. — On  C<»npound  GtrderM,  Frametf  and 


336.  CmnpouMd  (3irdrt»  ■■   Geaciml. — A    compoaud   girder   IS  % 
structure  which,  as  a  whole,  acts  as  a  beam,  resisting  bonding  am 
breaking  by  a  transverse  load  ;  but  whose  parU  are  sabjected 
a  variety  of  stresses  of  diflcreut  kinds,  requiring  to  be  seporatel; 
conmdcred ;  such  as  the  Warren  girder  of  Articles  163  and  16 
and  the  lattice  girder  of  Ai*ticlcs  164  and  165. 

In  Part  IL,  Chapter  II.,  Section  1,  it  has  already  been  abovn 
how  to  determine  the  total  stresses  which  act  on  the  sereral  pieces 
of  a  frame ;  in  section  0  of  the  present  chapter,  it  has  been  shown 
how  the  stn-ss  is  distribnti^  in  a  continuous  beam  ;  and  in  that  and 
other  sections,  the  resistnnce  of  material.s  to  the  various  kinds  ol* 
etress  has  been  conaidcix'd.  The  principal  object  of  the  p: 
flection  is  to  indicate,  by  referring  back  to  previous  Articles,  whe 
the  datii  and  formula  for  determining  the  strength  of  the  diflere 
parts  of  certain  compound  structures  are  to  be  found. 

A  girder  consists  of  three  principal  porta  :  a  lower  rib,  to  reaisl] 
teniuon  ;  an  upjwr  rib,  to  resist  thrust ;  and  a  vertictU  tpo&  or,^iai«M^ 
to  resist  shearing  force. 

337.  Pbue  Iron  Ciirdcr*  nrc  treated  of  in  this  section  rather  than 
in  section  6,  because  the  slender  proportions  of  the  parts  subjected 
to  a  thrust  sometimes  render  it  necessary  to  compute  their  strengt 

according   to   the    laws   of  resistance 
crushing   by   bending,  explained  in  A: 
tick'  328.    Some  of  the  fonns  of  cross  sec- 
tion employed  in  such  beams  are  sh 
in  figs.  IGl,  162,  163,  164,  and  165. 
161  is  a  plain  I-shaped  beam,  rolled  in 
one  piece.     In  fig.  162,  the  upper  and 
lower  ril>8  consist  each  of  a  flat  bar  ori 
narrow  plate  rivetted  to  a  jiair  of  ougla 
irons,  the  two  pain  of  angle  irons  " 
rivetted  to  the  upper  and  lower  edges 
the  vertical  weK      In  fig.   163  the  con- 
struction is  the  same,   latcept   that   the 
Fig.  164.    vertical  web  is  double  :  this  is  the  "6o»- 
beam/*  long  employed  in  the  platforms  of 
blast  farnaccs,  and  first  used  in  a  railway  bridge  by  Andrew  'I'hom- 
son  about  18,*J2,  on  the  Pollok  and  Govan  Railway.      In  fig.  164, 
the  upper  and  lower  ribs  arc  eac\v  buvU  «^  weNftxiA  K-jera  of  narro^r 
plates  or  flat  bars,  rivetUtV  to  ec*\i  oftiw  asi^  Nw  *.  v»s  oS.  «w"- 


i 


JL 


rig.ici.  Fig.]  62. 


p 


'  and 
ar  orH 
ouglaH 
beinff^l 


Fig.  IG3. 
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I ;  thf'  npper  and  lower  pairs  of  angle  irons  are  rivettwl  to  the 
Tipper  and  lower  edges  of  tlio  vertical  web,  and  the  i>iatiia  of  the 
Tcrtiail  web  ai-e  coimect^'d  and  fititfened  at  each  of  their  vertical 
joints  by  a  pair  of  T-iron^  in  the  manner  of  which  a  horizontal 
eection  has  be*n  already  given  in  fig.  160,  Article  334.  The  object 
of  buililiug  the  larger  sizes  of  horizontal  ribs  in  Uyers,  instead  of 
roakiDg  them  in  one  piece,  is  i^  make  them  of  those  sizes  of  iron 
which  can  easily  be  rolled  of  good  quality,  and  which  are  usually 
found  in  the  market  Bearan  resembling  fig.  1G4  are  sometimes 
made  with  a  double  vortical  web,  for  the  sake  of  lateral  stiffiiesa: 

Fi^  165  represents  the  general  form  of  the  cross  section  of  ffreat 
iubuiar  or  celltiiar  girders ^  characterized  by  Mr. 
Stophcnsons  principle,  of  canylug  ihe  railway 
through  the  interior  of  the  beam,  and  by  Air. 
Fairljuini'M  priuciple,  of  giving  stiffness  by  menus 
of  cell.t,  already  described  in  Article  333.  The 
joints  of  Uie  cells  are  connected  and  slififened  by 
covering  plates  outside  as  well  as  angle  irons 
inside ;  iind  the  plates  of  the  two  sides,  which  form 
a  double  vertical  web,  are  stiffened  and  connected 
by  T-irons,  like  those  of  fig.  164:. 

Smaller  cellular  girders  are  somotimos  used,  in 
which  the  top  nlone  consists  of  one  or  t^vo  lines 
of  cell-s,  the  girder  iu  other  respects  being  similar 
to  fig.  1G4,  with  cither  a  single  or  a  double  vertical  web. 

In  all  plate  iit>u  girders,  ttie  joints  expoeed  to  teuaiuu  shoidd  have 
covering  plates,  double  rivetted  if  the  stress  is  great  enough  to 
require  it,  which  is  almost  always  the  case  in  the  lower  rib  (see 
Article  2i*0).  The  joints  exposed  to  thrust  should  be  exactly  planc^ 
exactly  perpendicular  to  the  direction  of  the  thmst,  accurately 
fitted,  and  perlectly  close,  that  the  surfaces  may  abut  equally  over 
their  whole  extent  Should  open  or  irregular  abutting  joints  be 
liiscovored  after  the  girder  has  been  put  together,  they  should  be 
filed  out,  And  a  flat  plate  of  steel  driven  tight  into  each  opening. 
The  plates  or  ban*  of  which  built  ribs  are  composed  should  break 
joint  iu  a  manner  mniilar  to  tlxa  bond  of  brickwork. 

In  ]>late  iron  girdera  generally,  it  is  sufficiently  accurate  for  prno- 
tical  purposes  to  consider  tlie  whole  bending  moment  M  at  any 
Tsrtical  aiMrtion  as  borne  by  the  upjwr  and  lower  ribs,  and  the  whole 
shearing  stress  F  by  the  vertical  web ;  and  also  to  consider  the 
ifMSStance  of  each  of  the  horizontal  ribs  as  concentrated  at  the 
centre  of  gravity  of  its  section.  Let  h  be  the  vertical  depth  between 
the  centres  of  gravity  of  the  sections  of  the  upper  and  lower  ribs  ; 
n  the  common  vtUue  of  the  thi-u.st  uloi^  the  compressed  rib,  and 
teoaion  along  the  stretched  ribj  is 


Fig.  165. 


I 


scd 


let 


Si  be  the  sectional  area  of  the  compressed  rib,^/I  its  reaisti! 
to  crusliing  i)cr  squftre  inch^  S,  tlio  sectional  area  of  the  strcti:! 
rib,^  its  renstanoe  to  tearing  per  square  inch ;  then 

M ^-' 


'■■I 


The  values  of  the  tenacity y«  have  already  been  considered  in  sec- 
tion 3.     For  plate  beam»  with  double-ri vetted  covering  plates,  its 
ultimate  value  may  be  taken  at  abc^nt  45,000  lbs.  per  square  inch 
of  section  of  rib.     The  ultimate  resistance  to  ciiifihing,  /i,  may 
taken  at  its  full  value  of  30,000  lbs.  per  square  inch  in  great  tub 
girders  ;  but  when  the  conipressed  rib  is  narrow  as  comparwl  wv 
its  length,  the  tendency  to  InttJi-al  bending  may  be  allowed  for 
mrans  of  the  following  empirical  formula,  of  the  kind  already  ex 
plained  in  section  8,  Article  328: — 


! 

inch     , 
ulaxB 

AltllH 

rb;^ 


/i  = 


/ 


l+o 


A* 


(3.) 


1 


I 


where/ =  36,000,  a  =  ^j^*  A'  =  the  breadth  of  the  compressed 

rib,  and  I'  =  the  span  of  the  girder,  if  it  is  not  laterally  stiffened 
by  framing.    In  cases  in  which  parallel  beams  are  stifiened  by  hori- 
zontal dia^nal  braces,  I'  may  be  taken  to  denote  the  distance  along 
the  rib  Itetwecu  a  jioir  of  the  points  to  wliich  braces  are  attached,   ^m 
Let  t  be  the  thickness  of  the  vertical  web  if  single,  or  the  sani^| 
of  the  thickueaacs  if  double.     Then  its  sectional  area  ia  ht  neariy  ;^ 
consequently,  ifyi  be  its  resistance  per  unit  of  section  to  the  shear- 
ing force, 

ht  =  rr:  and/=^rT  ; (4.) 


// 


y,A'* 


and  ns  the  shearing  stress  is  equivalent  to  a  pidl  and  a  tlii-nst  in 
directions  peqiendicidar  to  eaoli  other,  and  at  angles  of  45"  to  the 
liorizon.X  should  be  the  resi-stjinco  of  the  vertical  web  to  cnishin^ 
as  determined  by  equation  '2  of  Article  328,  page  362,  in  whidt, 

fur  ^  is  to  be  substituted  p,  h  being  the  depth  of  the  web,  as 

and  h"  the  width  across  the  flanges  of  the  stiffening  ribs. 

The  shearing  force  F  at  each  cross  section  is  to  be  computed 
for  a  partial  load,  extending  over  \ii<i  ^te&^av  t:^  ^Ava  t-wo  aegmen 
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ioto  wbich  tlie  section  divides  the  beam,  as  explained  in  Ai-ticle 
^U3.  The  weight  of  the  beaui  itself  may  be  allowed  for.  eitht-r 
Wr  the  method  of  Article  314,  or  by  the  approximate  method  of 
Tu^icle  315. 

Owing  probiWy  to  the  yielding  of  the  joints,  it  is  fonnd  that  in 
oompnting  the  deflection  of  plate  ginlcra,  when  liiiit  loaded  (Articles 
300  to  303),  a  smaller  modnlim  of  elasticity  ought  to  be  taken  than 
lor  continuous  iron  bars.  Its  value  in  lbs.  per  square  inch  i:*  aU»ut 
two-thii-ds  of  the  value  for  a  continuous  bar,  so  that  the  deflL*ctiou 

t about  one-half  greater.  But  the  part  of  that  deflection  due  to 
c  yielding  of  the  joints  is  permanent;  so  that  after  the  joints 
lijkve  "comt^  to  their  bearing"  the  modulus  uf  olaaticity  becomeft  the 
mane  as  fur  a  contiuuouH  bar. 

B  33S.  For  Hnir-l^Ulcp  Bmiu*  nnd  I..alllre  Bcnnia.  tliti  methods  of 

^bleruiiuiug  the  total  stifsscH  have  been  fully  considered  in  Articles 
HB2,  163,  Ua,  and  IG.'i;  and  it  hnjs  only  to  l>e  added  here,  that 
Ve  shearing  force  should  be  computed  for  a  partial  load,  m 
in  Article  313.  The  ultimate  tenacity  of  the  ties  may  be 
taken  at  /^  =  from  50,000  to  60,000  Iba.  per  square  inch.  Tho 
reujHtance  of  the  struta  is  to  be  computed  m  in  Article  328.  The 
tigiire  of  the  stnit  diagonals  has  been  considered  in  Article  332. 
The  compreseied  rib  may  be  a  T-bar  in  small  beams,  and  in  larger 
beams  a  built  rib  or  a  cell.  The  remarks  made  ia  the  last  Article 
on  abutting  joints  and  on  dcHectiou  are  equally  applicable  in  tho 
present  case.  In  designing  those  jointjj  which  are  connected  by 
means  of  bolts,  rivets,  or  keys,  the  principles  of  Article  3^0  should 
oW'rved. 

33D.    A  Bowvirins  cirdrr  oonrists  of  an  arched  rib  resiating 

;  a  horizontal  tic  retuaUng  tension,  and  holding  together  the 

,t){  the  arcJied  rib;  n  series  of  vertical  suspending  bars,  ly 


Tig.  ICG. 

vhich  the  platform  is  hung  from  tho  luvhcd  rib,  and  a  series  of 
[onal  braces  between  the  suspondiiig  bars.     Such  girders  are 
:uted  in  timber  and  in  iix>n;  sometimes  the  arched  rib  is  made 
cast  iron,  as  being  stronger  against  cnisbiug  than  wrought  iron, 

the  remainder  of  the  gtnicture  of  wrouglit  iron. 
The  arched  rib  may  be  treated  as  uniformly  loaded.     Accoi-d- 
ij7^  to  AHich  17tf,  Ob  condition  ia  like  tb&t,  ot  ilu  >axsJdrtroa.\s- 

2b 
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lodded  clmin  Invcrtccl,  and  ita  proper  form  a  parabola ;  anri  the 
thnist  along  it  at  each  point  is  to  be  found  by  the  ibrmulx  of 
Article  160.  The  tension  along  the  horizontLl  tie  is  equal  to 
the  uniform  horizout^il  coraponeut  of  the  thrust  along  tlie  arched 
rib. 

The  tension  on  each  vertical  suspending  bar  is  the  weight  of  those 
portions  of  the  platform  and  of  the  tie  rod  which  hang  from  it 
To  give  latei-al  Ktability  to  the  girder,  the  euspcnding  bars  are 
iisn&Uy  made  of  considerable  breadth,  and  of  a  fonn  of  horizontal 
section  resembling  figs.  100  and  101,  and  arc  fii-raly  lx)lted  to  the 
cross  beams  of  timber  or  of  vronght  iron  which  carry  the  roa<lway. 

Wlien  the  beam  is  unilbrmly  loaded,  the  arched  rib  is  equilibrated, 
and  M^ns  w  no  stress  on  the  diwjonal^.  The  strength  of  the  two 
diagonals  which  cross  each  other  nt  a  given  plane  of  section  S  S*.  is 
to  be  adapted  to  sustain  the  tfjrwtf  of  tfte  ffmUer  shearing  /wee 
to  a  jtartial  load  above  that  due  to  an  uni/brm  load^  aa  given  by 
formtilie  of  Article  313. 

340.  tMUTrnr^  iiii»i>euaoH  Bridgfs. — The  suftpension  bridge  is  tl 
which  j-cquires  the  lea.st  tuianlity  of  raalcrial  to  support  a  giTcn 
ItHwl.  But  when  it  consist*,  as  in  Article  1C9,  solely  of  cables  or 
cliains,  siLsix'udiiig  nxls.and  platform,  it  alters  its  figure  with  eveiy 
alteration  of  the  distribution  of  the  load;  so  that  a  moving  load 
causes  it  to  oscillate  in  a  manner  which,  if  the  load  is  heavy  azid 
the  speed  grt«it,  or  even  if  the  application  of  a  small  load  takes 
place  by  ropivited  shocks,  may  endangw  the  bridge.  To  diminish 
this  evil,  it  has  long  been  the  practice  poilially  to  stiflcu  sufifieDsioa 
bridges  by  means  of  framework  at  the  ^idea  resembling  a  lattice 
girder. 

It  was  foi*meHy  supposed  that,  to  make  a  snspension  bridge  as 
jtifl*  as  a  girder  bridge,  we  should  use  lattice  girdere  sniHdeall; 
strong  to  V«'ur  the  load  of  themselves,  and  that,  such  being  the  ci 
there  would  be  no  use  for  the  suspending  chaius.     But  Mr.  P. 
Harlow,  having  made  some  cxpcrimfuta  u(»on  models,  finds  t 
very  light  ginl^Ts,  in  comparison  with  what  were  5mppo9ed  to 
iieccs5»iry,  aiv  sufficient  to  stiffen  a  suspension  bridge.     If  mutl 
maticiaiis  ha/1  directed  their  attention  to  the  subject,  tljey 
have  anticipated  this  result 

The  pre^>nt  is  believed  to  be  the  first  investigation  of  its  tbooi 
which  has  appeared  in  print. 

The  wei{*ht  of  the  chain  itself,  being  always  distributed  in  t 
same  manner,  resists  alteration  of  the  fignn*  of  the  lirri'lge 

kving  it  out  of  account,  therefore,  an  error  will  be  made  on  t 

fe  side  as  to  the  stiffiiess  of  the  bridge,  and  the  calenlntion  *-iU 
simplified. 

lict  fig.  167  repreaent  one  siii*s  ol  a.  «»b\«^^^=*^^^'^^>^'^*^'^*^^ 
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M  used  to  stiffen  the  bridge.    In  onier  that  it  may  do  bo 
^7,  an  J  {ttrtial  or  oonoentzmtad  load  on  the  pUtfurm  most^  fay 


Hb^ict. 


of  the  girder,  be  tra&B^ 
mitted  to  the  chain  in  such 
a  mono^  as  to  be  uniformJy 
dbtribnted  on  the  chain. 

The  girder  must  have  its 
ends  so  fixed  to  the  piers  as 
to  be  incapable  of  nauig  or 
falling.  Then  the  forces 
act  i^oa  it  may  be 
cUased  : — dcwrtwardf 
Uie  load  as  applied  ;  down- 


Fig.  170. 


■Ueir 
BWaic 


or  upward,  the  resistances  of  the  fastenings  of  the  ends  to 

eir  Tertical  displacement;  ujupard^  the  uniformly  distributed 
on,  acting  through  the  suspension  rods,  betveeu  the  girder 
and  the  chain. 

The  girder  will  be  supposed  to  be  of  uniform  section  throughout 
itslea^tL 

Two  cases  will  be  considered  : — first,  that  in  whi<ji  a  giren  load 
is  ooDoentrated  in  the  middle  of  the  girder;  and  secondly,  tikat  in 
which  a  given  portion  of  the  length  of  that  girder  is  uniformly 
loaded,  and  the  remainder  unloaded,  like  the  partially  loaded  beam 
of  Article  313.     The  aeoond  case  is  the  most  important  in  pmrtioe. 

In  each  case,  the  hatf-tpan  of  the  bridge  will  be  denoted  by  c, 
and  the  horixoDta]  distanoe  of  any  point  from  the  middle  of  the 
fandgo  bj  ft 

Cabb  1.  A  9ingl6  load  W,  applied  at  tk«  cmtre  o/tJte  girder,  tends 
to  depress  the  chain  in  the  middle,  and  consequently  to  raise  it  at 
tile  sides,  and  along  with  it  to  raise  the  beam  near  the  ends;  but 
tiia  beam  being,  by  its  attachment  to  the  piers,  prevented  from 
^^Kc  st  the  ends,  takes  a  form  like  that  ruprt-'seuted  by  fig.  168  : 
^^Ened  in  the  middle  at  A,  and  concave  upwards;  elevated,  and 
convex  upwards  at  C,  C ;  having  points  of  contrHry  fiexurc  at  B,  B ; 
and  again  depressed  at  I),  I),  the  points  of  Attachment  to  the  piens. 
Now  this  curved  figure  is  ^e  e^et  of  three  downward  forces, 
applied  at  I>,  A,  O,  rei^iectively,  and  of  an  uniformly  distributed 
opwani  force,  acting  on  the  whole  length  o£  the  huAct.    'Sal^^^i 


tUEORT   OF  ifECCttEBi 

of  the  girder,  therofore,  ia  in  the  conditioa  of  the  beam  doscriljwl  in 

I  Article  308,  invcrltU;  that  is  to  say,  tho  half-girder  from  A  to  D, 
if  invertet],  becomes  a  beam  supported  at  D,  supported  and  fixed 
JunrizojUal  ftt  A,  aud  loaded  uniformly  between  A  and  D;  Aod 
lienco  (referring  to  the  formuke  of  Article  307,  case  3»  and  of 
Article  30S)  we  have  the  following  proportions  amongst  the  lengtha 
of  the  parte  into  which  tho  half-girder  is  divided  by  the  higbwt 
point  C,  aud  the  point  of  contraty  tiexure  B, 


ffU  =  C»  =  ^  =  0-577xAC; (1.) 

s/3 


I 


I 


and  consequently,  making  A  C,  tho  distance  between  the  lowest 
and  higltcat  i}oiuta,  =  c',  we  have 

?:  =  £g=      1     =.0034 (3.) 

c      aI)     1*577  ^   ' 

In  order  to  detemiiuo  the  greatest  moment  of  flexuiw,  and  the 
deflection,  of  the  stilTening  girder,  A  C  =  c'  is  to  be  taken  as  the 
hall-flpan  of  a  girder  like  that  considered  in  Article  307,  caae  3, 
iixod  at  both  ends^  and  loaded  with  an  uniform  load  of  the  intensity 

*"  =  27= raeTc ^^'^ 

The  greatest  moment  of  flexure,  as  thus  detenmncd  by  the  for- 

mida;  of  Article  307,  case  3,  is  at  the  point  A,  au(i  lias  the  foUo^ving 

value  : — 

M,  =  '^  =  ~  =  01057  c  W; U.) 

and  to  that  moment  of  flexure  must  the  strength  of  the  Btificning 
girder  be  adapted. 

The  pnwf  deflection  may  be  measured  in  two  ways  :  either 
between  the  highest  and  lowest  points,  0  and  A,  or  between  th« 
ends  and  the  lowest  point,  D  and  A  The  first  may  be  called  Tq 
and  the  second  t-p.     Now  }>y  Article  307,  case  3,  we  have 

The  points  of  support  D  are  at  the  same  Icvd  with  the  points 
of  contrary  flexure  B,  being,  in  fact,  points  of  no  curvature  tliem- 
selves ;  and  irom  this  it  is  easily  fooud  that 
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Cash  2.   The  girder  partially  loaded.     Let  E  B,  in  eitlier  of  tte 

figs.   169,   170,  represent  the  length  of  the  loaded  part  of  the 

stiffeniog  giixlerj  and  B  D  that  of  the  unloaded  part ;  let  xo  be 

^■the  uniform  intensity  of  the  load,  and  x  the  distance  of  the  point 

^Bvhere  the  loud  terminates  from  the  middle  of  the  beam  ;  x  being 

■.conaidered  as  a  positive  quantity  when  the  loaded  part  is  the 

Hlonger,  as  in  fig.  1G9,  and  as  a  negative  quantity  when  the  loaded 

part  is  the  shorter,  as  in  fig.  170. 

The  ends  E  and  D  of  the  beam  being  fastened  so  as  to  be  in- 
capable of  vertical  displacement,  the  loaded  segment  E  B  is  convex 
downwards,  and  the  unloaded  segment  B  T>  cotft^ex  upwards :  the 
loaded  segment  is  in  the  condition  of  a  beam  supported  at  E  and 
B,  and  uniformly  loaded  with  the  excess  of  the  weight  sustained 
above  the  force  exerted  between  the  girder  and  the  chain ;  and  the 
unloaded  a^^ent  is  in  the  condition  of  a  beam  held  down  at  B  and 
D,  and  loaded  with  an  uniformly  distrib\ited  upward  force,  being 
that  exerted  between  the  girder  and  chain.  The  greatest  moment 
of  flexure  of  each  segment  is  at  its  middle  point,  being  A  for  the 
loaded  part,  and  C  for  the  unloaded  part 
The  length  of  the  loaded  segment  being 


E~B  =  c  +  ar, 

W=w(c  +  x); 
'»nd  the  intensity  of  the  force  exerted  between  the  girder  and 


[gross  load  is 


to  = 


\o  (c  +  x) 
2c      ' 


.(1.) 


This  is  the  intensity  of  the  upward  load  on  the  segment  B  D^ 
whose  length  is  B  D  =  c  -  a: ;  and  consequently,  according  to 
Articles  2U0  and  291,  the  greatest  moment  of  flexure  of  that  seg- 
ment, at  C,  is 

_ff/(c.-a;)'_tg(c  +  x)(c-gy 
I  ^«  = 8        -  16"^  ^^^ 


I 


Tho  amount  of  the  upward  force  exerted  between  the  chain  and 
BDia 

W  =  «/ (c-x)  =  -^^TT-  ' 


2c 


(3.) 


and  this  also  is  the  amount  of  the  net  load  on  E  B,  being  the  excess 
of  Uie  gross  load  above  the  part  borne  by  the  cliain.  The  half 
of  this  (quantity. 
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ia  tKe  valae  at  once  of  the  supporting  force  exertad  by  the  pier] 
aguHRt  the  girder  at  £,  of  the  ahearing  force  between  the  twa: 
diviitions  of  the  girder  at  B,  and  uf  the  downward  force  by  which 
the  end  D  of  the  girder  in  held  at  ita  point  of  attachment  to  tha. 
pier. 

The  intensity  of  the  net  load  on  £  B  is 


tg((;-«) 


«— Iff  = 


2e 


m 


and  the  length  of  that  segment  being  c  -{-  ar,  its  greatest  moment 
flexure,  at  A,  according  to  Articles  290  and  291,  ia 


M    _(w-v/){e-\'xy       to    (c-ha:)*-(c 
^*~  8  "  16  c 


^ 


(6.) 


By  the  usual  process  of  finding  nuudina  and  minima,  it  Is  oaaly 
ascei-tained,  that  the  greatest  moment  of  flexm-e  of  the  loaded 

division  of  the  girder  occurs  when  a;  ;=  ^ ;  or  when  ttco-i^irdt  <f 

the  beam  are  loaded;  and  that  the  greatest  moment  of  Hexure  of  thtj^ 

mdoaded  division  of  the  girder  occurs  when  ic  =  —  ^,  or  when 

■J 

tv)o-ihwda  of  tiiA  beam  are  unloaded;  and  fnrtlier,  that  those  two 
greatest  moments  are  of  equal  magnitude '  though  opposite 
direction,  Tia.  ;— 

max.  Mjj  =  -max.  Mo  =  — g=-  y (7.) 


1 


and  the  stifiemng  girder  must  be  made  sufficiently  strong  to  benr 
this  bending  moment  safely  in  either  direction.  Now,  the  greatest 
moment  of  llexuro  which  would  arise  from  an  uniform  load  of  the 
giren  intensity  w  over  the  whole  beam  imsupported  by  the  chain  is 

wc"  J 


therefore  the  transveraR  tlrmgih  of  th^  stiffening  girder  sltotdd  he 
four  tweiUyserenlh  parts  of  that  of  a  simple  girder  of  the  same  span 
)tii«l  to  bear  an  uniform  U>ad  oftlit  mme  intensity. 
The  greatest  vaUie  of  the  shearing  force  F  in  equation  4  occurs 
wiien  Qm-hoXf  of  the  gVvdci*  is  \otxAji4,  ot  x  ^  ^^  -EkiftWva  >&s&»^xa!l;.  vi 


1 


STIffTENXD  SUSFESBIOV  BIUDOE. 


S75 


max,  F  =  -J-. 


.(&) 
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Wl>en  two-tliirdfl  of  the  beam  art'  lomled,  the  proof  deflection  of 
below  a  stroigbt  line  joiimig  E  and  B,  accordiug  to  Article 
300,  U 

5   ./.(c  +  ary       4.  5  ./f  _  5  Jc\     .^. 


4y 


9     13    Ky        27    Ey 


€tt  four~w.nOi8  of  the  proof  deflection  of  a  boftm  of  the  same  fipire, 
uiuformly  loaded,  of  the  tip&n  2  c,  unKHpport*<i  by  a  cliaiu.  At  the 
nme  time,  the  elevation  of  C  above  a  straight  Hue  joining  B  and 

_  5  ,/.(o-^«_l_,_5  ./c"_j^,yv   ^^j 


12    E       4y 


y    1; 


l08 


Ey- 


^e  proof  d^ircssion  of  the  lowest  point  of  the  beam,  A,  bolow 
the  highest,  0,  u  given  by  the  equation 


Va  +  <'o  = 


12    Ey  ^lOi? 


Ey'- 


■01.) 


orJiK'&^ninUiS  of  the  proof  deflection  of  an  uniionnly  loaded  be«in.  * 

*  In  Iho  preccdlDg  folation  of  Com  S,  wbldiTsppaand  In  the  6nt  «dltlon  of  this  work, 
the  eSect  of  tho  rctutanoe  of  tbtrchAin  to  disflgnmneat  tipon  the  figara  of  Ui«  auiSttaiy 
Btderia  D^jlected;  ud  benoo  the  reaoU  i«  in  Alcioot  evetyoaM  u  (^proxinudon  only; 
Sol  it  vmx  w  ihown  tliit  ths  arror  t>  alwajs  on  tb«  ufa  siJo,  foor  twenty-Mvenths  of 
lbs  alnaglh  of  •  limiik  girdar  faoing  wmeiirtMl  inore  thu  Hffieieni  for  tlia  tfnngtii  of 
Iha  ftiflinhic  ^rd«r.  In  ordar  to  maka  the  aolntion  ucaot,  the  axtmnbility  of  tliu 
•hsin  dWQH  M  M  enst  u  tomiks  ila  proof  cmtral  deptitnom  nenrlr  eqail  to  tbo 
jrvty  (fe^iratNNi  of  toe  idffening  ginlttri  out  in  pnctico  th«  proof  dopnuion  of  tho 
ehihi  is  slmys  mocfa  Ins. 

Tba  finfe  ulation  in  wliicli  the*  action  of  tbe  thain  jut  nfenvl  to  is  tnkrn  into 
WDouiit  appouiNl  in  jin  editoriAl  jirtielR  nf  tlie  Gail  Ewjimmrimd  ArrXUac^M  JamrmU 
for  ^CuTciitlxir  atid  December,  IStiO;  luid  thii  U  done  Iit  mtndacine  into  the  oondiUom 
of  tbe  probl«m  u  oqaatlon,  «xnr«ifing  thnt  nnder  ul  the  alterntions  of  tbe  Sgore 
of  tbe  chiin  prodooal  bj  cba  Matiinc  of  tbe  n&Seaing  ^rdcr,  tba  apin  eontioDM 
tt. 


lianng  appGed  tho  prinmpla  jvst  stated  to  tbe  problem  of  Coae  3j  the  mthor  of  tbb 

irk  hia  anTed  at  the  follofHtt^  nsalls,  avpponiic  the  chain  to  be  tucaAnuAlL 

Tba  greatort  benJbj;  moiacot  of  the  ttiw  os  um  adffmin:;  sirdar  takaa  plM*  wban 
0417,  or  aboot  fiTe-twelfUia,  of  the  spin  of  the  bridge  an  loaded,  and  0*583,  or  abont 
nmi-tvelfthx,  unloaded. 

That  momant  is  0*130  of  the  bending  moment  which  wonld  be  pmdneed  by  an  onU'enn 
load  nf  tti«  Hona  tnten^ty  on  a  girder  sapported  at  tbe  aada  oaly. 

Heooe  it  snpem  that  if  the  chjun  be  aappoaed  inextimaible,  the  proportion 
borne  hy  tbe  atrength  of  tbe  stiffening  girder  to  thikt  of  a  simple  prder 
ti  tbt  aame  ■paot  aoited  to  bear  on  nniform  lotid  of  the  tune  iotenaity 
with  the  traTdluig  bad,  onght  to  be. O'lSS:  1; 

vrhW*  if  tbe  clum  Is  rapgoeed  Terr  exteoBible,  as  in  tbe  approximate  sola- 

tion,  that  proportioQ  u  fonnd  to  be  4:27,  or 0*148:1; 

so  thai  in  the  iutcrmffiltate  cases  that  occur  in  prtotice  no  mulerial  error  vill 

bm ammittedif UiMt prafortian  bemads  Li?,  ov>« .^\Vh-.\. 


■ 
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TUEOBT  OP  STRUCTUaES. 


341.  sibbfsi  Archc*. — Bridges  arc  frcqviciitly  cousLi-uctcd  whcm 
nrches  oonsist  of  iron  or  timber  ribft  Rpringing  trom  stone  abntTnent8, 

asiufig.  171.    InsucJi 
it  ought   to  be 


Fig.  171. 


coofiideredf  that  each 
rib  fnltils  at  once  the. 
functions  of  an  equi- 
librated arch,  gastain- 
ing  an  uuifonn  load 
of  a  certain  intensity, 
and  having  a  certain  thnist  along  it,  to  be  computed  by  the  principles 
of  Articles  109  and  178,  and  those  of  a  stiffening  girder,  suited  to 
produce  an  uniform  distribution  of  a  partial  load,  according  to 
jirinciplos  of  Article  340.  Tlitrcfore,  in  designing  the  cross  sectl< 
of  a  rib  for  such  a  bridge,  a  provisional  cross  section  ought  6rat 
l»e  designetl,  suitable  to  bear  a  bending  moment,  upward  or  dow 
■ftTird,  of  four  tionUi/'BeveyitJis  of  that  which  an  uniform  load  of  th« 
given  intensity  would  produce  on  a  straight  girder  of  the  same 
»«pan ;  and  in  the  second  place,  it  should  be  determined  in  what 
proportion  the  thrust  along  the  rib,  coamdered  as  an  equilibrated 
arch,  will  increase  the  intensity  of  the  greatest  stress  on  the  pro- 
\  isioDal  section  already  designed,  and  the  breadths  of  that  section 
should  be  increased  in  that  proportion^  to  obtain  the  finAl  otqm 
i»ection. 


to 
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SscmoN  10. — MisceUansaus  Remarks  on  Sircngth  mid  Stiffh^sa^ 


343.  KflTecto  of  TmiperMtnrc- — At  a  temperature  of  600^  Fahreni 
heit,  the  tenacity  of  iron  was  found  by  Mr.  Fairlwiim  not  to  be 
diminishetL  That  of  copper  and  brass,  at  Uie  same  temperature^ 
is  reduced  to  about  two-thirds  of  its  ordinary  magnitude.  Sadden 
cooling  Irom  a  high  temperature  tends  to  make  most  substances 
hard,  stiS',  and  brittle ;  gradujil  cooling  tends  to  mako  them  soft 
and  tough ;  and  if  often  roj^ited  or  performed  slowly  from  a  vety, 
high  temperatui*e,  to  weaken  them,  vaiious  effects  of  temi>entt 
on  the  elasticity  of  solids  have  been  ascertained  by  Dr.  Joule,  D 
Thomson,  and  Professor  Kripfer ;  but  they  are  more  important 
the  acieuco  of  molecular  physics  than  to  the  art  of  construction. 

343.  The  Kirtctm  of  Rrpracrd  ncltlB|[a  9n  Ciui  Iroa  havo 
ascertained  by  Mr.  Fairbaim.  Up  to  and  beyond  the  fourtce 
melting  the  resistance  to  crushing  increases ;  but  tlie  reshstonce 
cross-breaking  reaches  its  maximum  about  the  twelfth  melting,  an 
aflerwai*ds  diminiahes,  from  the  metal  becoming  brittle  and  crj- 
tallinc. 

34i,  The  Eflccta  of  IkmcUU&T  ou  slt^ixf^iX^  ^cxrav>\v<&  ^t^\<tfft.  ^ 


I 


DCCTILITT — INTERNAL   FRICTION. 
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|«per  by  Professor  Jurnes  Tiiomaoa  in  the  Cambridge  and  Ihiblin 

Jii fiihfmalical  Johmal.      That  author  fOiows,  that  a  bent  bar  or  a 

twistetl  rod  of  a  ductile  uaUriul,  by  beiii^  slowly  and  gmdtially 

strained,  may  be  brought  into  Buch  &  condition  as  to  have  nearly. 

the  vholc  of  its  croBS  section  in  the  condition  of  proof  or  limit 

^^^■k   instead   of  the  outer  layers  only,  and  may  thus  have  il 

^^^Bstli  increuued  much  beyuud  that  jj;ivc-n  by  the  ordinary  farmulie.' 

^^^H5.  ■■■«mai  FricUoH  is  a  torm  which  may  be  used  until  a  better 

fihall  be  devised  to  express  a  phenomenon  recently  observed  by  Dr. 

William  Thomson  in  the  extension  of  copper  wire  by  a  dii'cct  pull. 

The  tension  of  the  wire  is  increased,  step  by  step,  by  successive 

Kgmentations  of  the  load  within  the  limits  of  permanent  elasticity, 
d  the  elongation  is  observed  at  each  step.      Then  by  successive 
diminutions  of  the  load,  the  tension  is  diminished  by  the  same 
series  of  steps  in  the  reverse  order,  and  the  elongation  observed. 
When  the  had  is  completely  removed,  the  wire  recovers  its  origini 
length  without  "  set"  or  permanent  elongation,  but  for  each  degitje' 
of  tension  the  elongation  is  greater  during  the  shoi-tening  of  the 
^wire  than  during  the  lengthening ;  as  if  there  were  some  molecular 
Hbrcc  amdogous  to  friction,  in  so  tar  as  it  impedes  motion  both  ways, 
Snaking  the  elongation  less  than  it  would  otherwise  be  while  tho, 
wire  is  being  elongated,  and  greater  than  it  would  otherwise 
vhile  the  wire  is  returning  to  its  original  length.     It  appears 
that  the  force  in  question  must  depend  in  some  way  on  the 
from  its  disappearing  when  the  teitsion  is  removed. 

346.  It  must  be  obvious  that  much  of  the  subject  of  strength  and 
stiflhess  is  in  a  provisional  state,  both  as  to  mathematical  theory 
and  as  to  experimental  data.  Considerable  improvement  in  both 
these  respects  may  be  anticipated  from  researches  now  in  progress. 

CONDBKSED  SUMMAnY  OF  EXPERIMENTS  BY  MESSRS.  ROBRRT  NaPIF-U 

AND  Sons  on  the  Tenacity  of  Iron  and  Steeu 

I  {For  Ataiif,  tee  TYanMoeliont  of  the  InMtitiUion  of  Eaginto^  m  ScoUand^  1868-60.) 
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Ttij;id  Bodies  or  Systems. 
Pliable  Bodies  and  Fluids. 
Connected  Bodies. 


CHAPTER  I. 


Monoys  OP  pourrs. 


princifLes  of  cinematics,  or  the  comparison  of 

tSIOTlONS. 
347.  iNviaion  vf  Uie  Subject. — The  Bci^Bce  of  Cinematics,  and  I 
0  fundamental  notions  of  rust  and  motion  to  wLicli  it  relates, 
having  already  been  defined  in  the  Introdnction,  Articles  8,  9,  10, 
II ;  it  remains  to  be  stated,  that  the  principles  of  cinematics^  or  the 
comparison  of  motions,  irill  be  divided  and  airanged  in  the  present 

iof  tills  treatise  in  the  following  m&aner 
I.  Motions  of  Pointa 
Section  I. — Motion  of  a  Pair  ofPoiTiU. 

34$.  vtxMi  aad  Jimwiy  Pitrd  Dire«u*M. — From  the  de6nitioa 
of  motion  given  in  ./ijlicle  9,  it  follows,  that  in  order  to  determine 
the  reUtive  motion  of  a  pair  of  points,  which  ronsiftts  in  the  change 
of  length  and  direction  of  the  straight  line  joining  them,  that  line 
must  be  comj»ared,  at  the  bogiauing  and  end  of  the  motion  con- 
sidered, with  some  fixed  or  standard  length,  and  with  at  least  two 
fixed  dii-ectioua.  Standard  leugtlis  have  already  been  considered 
in  Article  7. 

An  absofttt^j/Juoed  dirtction  may  be  ascertained  by  means  whose 

priaciph?s  cannot  bo  demonfrtratefl  until  the  subject  of  dynamics  is 

considered.     For  the  present  it  is  sufficient  to  state,  that  when  a 

solid  body  rotates  free  from  the  influence  of  any  external  fore© 

pending  to  change  its  rotation,  there  is  an  ahsolutely  fixed  directioa 

■Mled  that  of  the  ojas  ofatigular  Tjuxnienhimf  which  bears  oertain 

^nations  to  the  succeasiTe  positions  of  the  body. 


PRINCIPLES   OP  CIXKHATICtL 


of  points  in  two  bodies  whose  distance  from  efich  other  is 
itj  ench  as  the  earUi  and  a  taxed  star. 
A  line  Jurxd  rolaiMy  to  the  eartJt  changes  its  absolute 
(unless  parallel  to  the  earth's  axis)  in  a  manner  depending  on 
earth's  rotation,  and  returns  peiiodically  to  its  original  ahsoU 
direction  at  the  end  of  each  sidereal  day  of  86,164  seconds, 
irate  of  change  of  direction  is  so  alow  compared  with  that  whlc 
trikos  place  in  almost  all  pieces  (^  mechanism  to  which  ciDematic 
and  dynamicul  principles  are  applied,  tliat  in  almost  all  qui 
applied  mechanics,  directions  fixed  relatively  to  the  euth 
treated  as  suilicieutly  nearly  6xed  for  practical  puqxkses. 
When  the  motions  of  pieces  of  mechanism  relatively  to 
other,  or  to  Uie  &ame  by  which  they  are  carried,  are  under  eoi 
leration,  directions  fixed  relatirely  to  the  frame,  or  to  one  of 
lieoes  of  the  machine,  may  be  comddered  provisionally  as  fixed 
»e  purposes  of  the  particular  qucstioik 

349.  notion  ar  n  Pair  of  Poiatfc — In  fig.  173,  let  A,  B,  repre-' 

sent  the  relative  situatioa 

>■  '>        of  a  |iair  of  points  at  om 

instant,   and  At  B,  the 

relative  situation  of  the 

same  pair  of  points  at  a 

later  instontw      Then  Uis 

U/  change  of  the  straight  Um 

A  B  between  those  points, 

,^  from  the  length  and  direc- 

Fifc'.  174.       tion  represented  by  A]Bi 

to  the  lengtli  and  direction 

represented  by  Aj  Bj,  constitutes  the  rtlaiivt  motion  of  the  pair  of 
points  A,  B,  during  the  interval  between  the  two  instants  of  time 
considered. 

To  represent  that  relative  motion  by  one  line,  let  there  be  drawn, 

from  one  point  A^  fig.  173,  a  pair  of  lines,  AB„  AB„  equal  and 
parallel  to  AiB„  AjB,,  of  fig.  172  ;  then  A  represents  one  of  th^H 
]>air  of  points  whose  relativo  motion  is  under  consideration,  ani^H 
B„  B,,  represent  the  two  successive  positions  of  the  other  point  B 
relatirely  to  A ;  and  the  line  ^^  represents  Ote  motimi  of  B  f^Aor 
ivdy  to  A. 

Ch*  otherwise,  as  in  fig.  174.  from  a  single  point  B  let  there 
drawn  a  pair  of  lines,  B  A„  B  Aj,  equal  and  parallel  to  AiB„ 
of  fig.  172;  then  A^,  A„  represent  the  two  successive  positious 
A  rektively  to  B;  and  the  line  A,  A„  equal  and  parallel  to  BiBt 
%  J  73,  butpotTittng  in  tJie  amlTory  dtTtcUon^Tc^reBenta  the 
oj  A  relaiivi^y  to  E. 


Fig.  172. 


Fig.  173. 


COXPOyEST  AlCD  RWTXTAJtT  SIOT!<Mf»— TOflS. 


Vtovdl  P«lai  and  n«rlnx  Polm* — Tn  (ig.  173,  A  is  trOfitcU 
fixed  j)oint,  and  B  aa  the  nioNnng  point ;  and  in  fig.  174,  H 
is  trmtc'l  as  the  Kxeil  point,  and  A  ua  the  inoWng  point  j  and  thew) 
are  simply  two  different  raethoda  of  rGprosonting  to  the  mind  tha 
same  reUtion  bolvreen  the  [wjints  A  and  H  (fie<*  Article  10). 

t    '^5\.     ronpoiirnl   nnd    R«^alinnl    inolUna. —  Let    O    be    a    (loint 

assmnod  as  fixed,  and  A  and  B  two  suc- 
wrssive  positions  of  a  spcond  point  rela- 
tively U)  0.  In  ordtT  to  expresa  mathe- 
xnatically  tho  lunount  and  direction  of 
A  B,  the  motion  of  the  second  point 
relatively  to  O,  that  line  may  be  com- 
jiari-'d  with  three  axes,  or  lines  in  fixed 
djiwtions,  traversing  the  fixed  point  O, 
such  as  O  X,  O  y,  O  Z. 

Through  A  and  B  draw  Rtraight  lineft 
AC,  BD.  parallel  to  the  i.ltino  of  OY 
antl  0  Z,  and  cutting  the  axis  OX  in  C 
and  D.  Then  (JD  is  said  to  bo  the  corn' 
ponmi  of  the  motion  of  the  second  jxiint  relatively  to  0,  ahiiff  or 
in  the  diredion  o/ihe  axis  O  X  ;  and  by  a  similar  process  are  fonnd 
the  componenta  of  tl»e  motion  AB  along  O  Y  and  0  Z.  The  entire 
motion  A  B  ia  said  to  be  the  resuitant  of  these  compommta,  tind  is 
evidently  tho  diagonal  of  a  ]>ai-allelo piped  of  which  tho  com|M;inonts 
are  the  sidua. 

The  three  axes  are  usually  taken  at  riglit  angles  to  each  other ; 
in  wJiich  case  A  C  and  B  D  are  perpendiculars  lt*t  full  from  A  and 
B  ui>on  O  X  J  and  if  «  be  the  angle  made  by  the  direction  of  tho 
motion  ATB  with  O  X, 

CiD  =  AB  •  coa  «i. 

The  relations  between  resultant  and  component   motions   are 
cactly  analogous  to  those  betweim  the  lines  representing  resultant 
id  comiK>nent  couph's,  which  Imve  ab'eady   been   explained   in 
•tides  3:2,  33,  34,  Xi,  30,  and  37. 
3^2.  The  MeaMrMBCBi  «f  Time  is  cfTectod  by  comparing  the  events, 

eqiecially  tho  motions,  which  take  place  in  intervals  of  time 
Eijual  timea  ai-e  the  times  occupied  by  the  same  Iwdy,  or  by  equal 
id  similar  bodies,  under  pi-ccisely  similar  c i re um stances,  in  per- 
Torming  eqxial  and  similar  motions.  The  standajti  unit  of  time  is 
the-  |K.rio<l  of  tho  earth's  rotation,  or  sidereal  day,  which  has  been 
proved  by  Laplaoe,  from  the  records  of  celestial  phcnomcuiiL,  wj\.\m 
have  changed  by  so  Biuch  03  one  eif/Ht-fnillioiilh  \)aiX  ol  \Xa  \exvi^\ 
///!•  rtx/rw?  of  the  l&st  two  thouBand  year*. 
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A  rabordinate  unit  is  the  geeond,  being  the  time  of  one  swing  d 
a  j)ondulum,  60  adjusted  as  to  make  86t400  osciUatioos  in  I  '00273791 
uf  a  Bidcival  day  ;  bo  that  a  Bidcixal  day  is  b6164*09  eococds. 

The  length  of  a  solar  day  is  variable ;  but  the  mean  at^ar  dag^ 
being  the  exact  mean  of  all  its  different  lengths,  is  the  pedod 
ali^eady  mentioned  of  1-00273791  of  a  sidereal  day,  or  86,400 
8eoon(J&  The  divisions  of  the  mean  solar  day  into  24  hours,  of 
each  hour  into  GO  minutes,  and  of  each  minute  into  GO  seconds,  m 
familiar  to  all. 

Fractions  of  a  seoond  are  measured  by  the  oscillations  of  small 
pendulums,  or  of  springs,  or  by  the  rotations  of  bodies  ao  contrived 
a&  to  rot"it«  through  equal  angles  in  equal  times. 

353.  %*ciociiy  is  the  ratio  of  the  number  of  units  of  length 
described  by  a  point  in  its  motion  relatively  to  another  point,  to 
the  number  of  units  of  time  iu  the  interval  occupied  in  dcscnhiDg 
the  lenf(th  in  question  ;  aud  ii*  that  ratio  is  tliu  same,  whether  it  be 
computed  for  a  longer  or  a  shorter,  an  earlier  or  a  lat^'T,  pttri  of  the 
motion,  the  velocity  is  said  to  be  L'NLFoem.  Yeloiity  is  exprsMed 
in  unite  of  distance  jier  unit  of  time.  For  different  purpost-*,  there 
are  employed  various  units  of  velocity,  some  of  •wldch,  ttij^thor  with 
their  projiortions  to  each  other,  are  given  iu  the  following  table  :— 

Compariaon  of  Different  Jfeaswret  of  Tdocity, 


■ 

Miln  Feet  Fwt  Feet 
per  hour.              pereeeond.         per  minute.        pcrlioar. 

1 

I  ..  =1-46  =88  =  5a8o- 
o'68i8,      =  t       .       =1     60          =  3600 

o'oii36.    ^  o*oi6    .  =       I       .  =       60 

nautical  mile  ] 

00001893  ^  0*00027  =      o'oid  =        1 

per  hour,  or 
"knoC J 

-=xiSo7        =  1-6877     =  101-262  =  60757, 

In  treating  of  the  general  principles  of  mechanics,  the  /bof  per 
is  the  unit  of  velocity  commonly  cmployL-d  in  liritaln.     The  oni 
of  time  beiug  the  same  in  aU  civilizwl  countries,  the  proportions 
amongst  their  units  of  velocity  ai-e  the  same  with  those  amongst 
theit-  linear  measures. 

CirmporwTU  atid  re»ul4avt  veiocidea  are  the  velocities  of  compon 
and  resultant  motions,  and  ai-e  relftt<"d  to  each  other  in  the  sai 
wav  with  those  motions,  which  hare  already  bwai  treated  of 
Article  351. 

\    3^4.    tJaifocm  nfoii*M  consists  in  the  combination  of  unjjform. 
Tiplocity  witli  niiifonu  diTectvo^\  •,  that  is,  vrith  motion  along 
stmight  line  whose  dir«cA\oTv  is  ^ulsA. 


IgBt 

4 

no. 

1 


SlOnOXS  OF  POCXTS. 


1. 

Bam  rmntented  in  tUn^itm  and  magni- 

^  Hull  o^  tfie  Okr«R  sides  of  a  triantffe.    Let 

O,  A,  B,  denote  the  three  [loiiiu.    Any 


3sa 


SECTION  2. — Uni/'orm  ifotion  o/Sfveral  Points. 

The  raliUive  moUom 


Fig.  17C 


one  of  them  niiiy  be  taken  a&  a  fixed 
point ;  let  O  bo  so  chosen ;  and  let  0  X, 
O  Y,  O  Z,  fig.  176,  be  axes  traversing 
it  in  fixed  directions  Let  A,  and  Bi 
the  positions  of  A  and  B  relatively 

O  at  the  beginning  of  the  given  interval  of  time,  and  A,  and  B, 
eir  jxwitions  at  the  end  of  lliat  interval.  Then  A,  A,  and  B]  B, 
mrts  the  respective  motions  of  A  aud  13  i-olatively  to  0.  Complete 
the  Tiorallelogram  A,  B,  A  A^;  then  because  A,  6  is  parallel  and 
equal  to  A|  Bj,  b  is  the  ])osation  'which  B  would  have  at  the  end  of 
the  interval,  {/'it  had  no  motion  relniii^y  to  A ;  but  B,  is  the  aotnal 
pofdtion  of  B  at  the  end  of  the  inU-nal ;  therefore,  6B2  is  the  motzoa 
of  B  relatively  to  A.     Thea  in  the  triangle  B,  6  Bx, 


B)  6  =  Ai  A)  in  the  motion  of  A  relatively  to  O, 
6  JB^  ifi  the  motion  of  B  relatively  to  A, 

Bi  B,  .is  the  motion  of  B  relatively  to  O; 

that  those  three  motions  are  represented  by  the  three  sides  of  a 
le.— Q.  E.  X>. 

This  Theorem  might  be  otbenriso  expressed  by  saying,  thai  if 
titree  moving  points  be  considered  in  any  tyrder^  Uie  inotion  of  the  third 
Ttiativdy  to  thejint  is  tJu>  resiUtanl  of  the  motion  iift/ie  thinl  relatively 
to  the  second,  and  0/  the  motion  of  the  second  relatively  to  the  first; 
the  wonl  *^ residtiini''''  being  undcz^tood  as  already  explained  in 
Article  3dl. 

3^6.    9tmkmm%  •(  m  AcHm  «r  Palsto. — OOBOLLAIIT.     2f  a  WTtW   of 

points  he  conJiidereA  in  any  oriIt>r,  and  the  motion  ffeach  point  deter- 
mined rdativdy  to  thai  which  precedes  it  in  the  eerieSf  aatd  jf  the 
relative  motion  oft/te  last  point  and  tlie  first  point  he  also  determined, 
then  will  those  motions  be  represented  by  t/ie  sides  qf  a  dosed  polygon. 
Let  O  be  tlie  first  point,  A,  B,  C,  ttc.,  successive  points  following 
it,  M  the  laift  point  but  one,  and  N  the  last  point;  and,  for  brevity'H 
■alee,  let  the  relative  motion  of  two  points,  such  as  B  and  C,  bo 
denoted  thit.s  (B,  C).  Then  by  the  Theorem  of  Article  355  (0,  A), 
(A,  B),  and  (O,  B)  are  the  tlu-eo  sides  of  a  triangle ;  also  (O,  B), 
(B,  C),  and  (O,  C),  aro  the  three  Bides  o{  &  tnsL&^^*,  >^vxuW<a 


I 


Jfifia. 
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(0,  A),  (A,  B),  (B,  C),  and  (0,  C),  arc  the  four  aides  of  a  quadri- 
lutorftl ;  and  hy  continuing  tin*  Rame  process,  it  is  shown,  that  hov 
great  soever  Uie  uuuibur  of  jxiijite,  (O,  N).  is  the  closing  aide  of  a 
jKilygon,  of  which  (O,  AX  (A,  B),  (B.  C).  (C,  D),  &c.,  (M,  N)»re 
the  other  aidca. — Q.  K.  D.  lu  other  words,  tKe  vwtixni  of  ike  tatt 
jioint  nlativtiy  to  the  first  is  th«  rejtultajit  o/tJie  motions  ofeaehpoud 
of  the  tenet  rdatirdy  to  thU  precvtiifuj  it. 

Tttis  proposition  is  exactly  analogous  to  that  of  the  **  polygon  of 

uplcs, '  Article  IJ7. 


crtn_ 

3/)7.  The  PantUriopipr^i  •€  {ti««i«na  is  a  caso  of  the  polygon  of 

motions,  nnalogons  to  the  parallclopiped  of  forces  in  Ai-ticle  54.  In 
fig.  177,  let  there  be  four  pointe,  O,  A,  B,  C, 
of  which  one,  O,  is  assumed  as  fixed,  and 
is  travei-sed  by  three  axes  in  fixed  direc- 
tions, O  X,  0  y,  O  Z.  In  a  given  intei 
of  time,  let  A  have  the  motion 
along  or  parallel  to  OX ;  let  B  have,  in 
samu  inti^rval,  the  motion  b  Bj  parallel  to 
O  Y,  and  relatively  to  A ;  then  B,  B|,  the 
diagonal  of  the  iHualldogcuni  whose  sidet 
arc  Bi  6  =  A,  A,  and  5  B„  is  the  motion 
Let  C  havc^  relatively  to  B,  the  motion  c 
then 


curoc- 

aTam 

inthe^ 


rely 
•n  0^1 


Fig.  177. 

B  relatively  to  O. 

panUIel  to  OZ:  then  C,  Cj,  the  diagonal  of  the  parallflopi 
whose  edges  arc  A,  A^  &  B;^,  and  c  C,,  is  the  motion  of  C  relatively 
to  O,  being  the  resultant  of  the  motions  repi-eaented  by  those  three 
edges.     This  is  a  meefmnical  explanation  of  the  composition 
motions,  leudiug   to   results   corresponding   with   the  geomeii 
explanation  of  Aitick'  351. 

'S5ii.  Companuire  i*i»mon  IS  the  relation  wMch  exists  betweetf 
the  simultaneous  motions  of  two  points  relatively  to  a  third*  which 
is  assumed  as  fixed.  The  compni-ative  motion  of  two  points  is  ex- 
pressed, in  the  most  general  case,  by  means  of  four  quantities, 
yiz.  : — 

(1.)  Tlie  w^ocity  rtUio^*  or  the  proportion  which  their  velocitiai 
bear  to  eaoh  other. 

(3.)  (3.)  (4.^  The  tJirectiorMf.  rrfa/wm,*  which  requires,  for  its  com- 
plete expression,  three  angles.  Those  three  angles  may  be  measu~"' 
in  diflerent  ways,  and  one  of  thwe  ways  is  the  follo>ving  : — 

(2.)  Hie  angle  made  by  the  directions  of  the  compared  moti 
with  each  other. 

{'.i.)  The  angle  made  by  a  plane  jtarallel  to  those  two  directioi 
with  a  fixed  plane. 

*  Tbe«  tenns  are  ftdopUA  boia ^.  N^iS&itb  ^n vAl  cnxYl^xJiussAsni. 
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(4.)  The  angle  made  by  the  intersection  of  those  two  pianos  witli 
fixed  lUrection  iu  Uie  tixL'd  plane. 

Tb\is,  the  comparative  motion  of  two  paints  relativelj'  to  a  third, 

CKpreatsed  by  meauft  of  cue  of  thoa©  groups  of  four  elements  which 

•Williiim  Rowan  Hamilton  has  called  *^gtuUemio7is"   In  most  of 

pmcticftl  applications  of  cinematics,  the  motions  to  be  coraiwrrd 

limited  by  conditions  which  render  the  comparison  more  simple 

it  is  in  the  general  case  just  deflcribed.     In  machines,  for 

'example,  the  motion  of  each  iK}int  is  limited  to  two  directions, 

ffirwnrfl   or  Hicfcward  in  a  fixed  path ;  so  that  the  comparative 

^motion   of  two  jKiInU  is  sufficiently  expressed  by  means  of  the 

'elocity  iiitio,  together  witli  a  directionul  relation  expressed  by  4-  or 

,  according  oa  the  motioDB  at  the  instant  in  question  are  similar 

contrary. 

Section  3.—  Varied  Motion  of  Points, 

359.   TelacliT  aad   I»irv<Mloii   of  TaricA   flfvtloM. — The   motion   of 
I       one  jtoint  relatively  to  another  may  be 

varied,  either  by  change  of  velocity,  or 
I       by  change  of  direction,   or  by   both 

combined,  which  last  case  will  now  be 

considered,  ns  being  the  most  general. 
In  fig.  178,  let  O  represent  a  i»oint 
^assumed  OS  fixed,  O  X,  O  Y,  O  Z,  fixed 
^BQrectionB.  and  A  B  jiart  of  the  pcUh  or 
^Htrbit  traced  by  a  second  ]>oint  in  its 
^fparied  motion  relatively  to  O.  At  the 
^■instant  when  the  second  point  reaches  a  given  position,  such  as  P, 

in  its  path,  the  direction  of  its  motion  is  obviously  that  of  P  T,  a 

tangent  to  the  path  at  P. 

To  find  the  velocity  at  the  instant  of  passijig  P,  let  ^t  denote  an 

interval  of  time  which  includes  that  instant,  and  a«  the  distance 

traced  in  that  interval.     Then 

r? 

is  an  appropeimation  to  the  velocity  at  the  instant  in  question,  which 
will  approach  continually  nearer  and  nearer  to  the  exact  velocity  as 
the  interval  a  t  and  the  disUnce  a  »  are  made  shorter  and  shoiter ; 

and  the  limU  towards  which  — -  converges,  as  a  a  and  a«  are  inde- 

a  t 


FIff.  178. 


itoly  diminished,  and  which  is  denoted  by 

da 

"^ul 

2o 


.(I.) 
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is  tbe  exact  velocity  at  the  instant  of  poanng  P.    This  ia  Uie 
called  "  differctUuilum.^' 

Should  the  velocity  at  each  infrtant  of  time  be  known,  then 
distance  Si  —  ««,  described  during  an  intcn*al  of  time  I,  —  t^is 
by  int^ffrtUion  (see  Article  81),  as  foIlovH  : — 

^^,-8,^f\di (2.) 

360.    (^npvnrBl*  of  Varied  JTlMloa. — All  the  propositions  of  the 

two  preceding  aectirms,  respecting  the  composition  and  resolution 
of  motions,  are  nppUcablft  to  the  velocities  of  varied  motions  at  n 
given  instant,  each  Buch  velocity  being  represented  by  a  line,  such 
as  F  T,  in  the  direction  of  the  tangent  to  the  path  of  the  point 
which  moves  with  that  velocity,  at  the  instant  in  question.  For 
example,  if  the  axes  OX,  0  Y,  O  Z,  are  at  right  angles  to  each 
other,  and  if  the  tangent  P  T  makes  with  their  directions  respec- 
tively the  angles  «,  fi,  y,  then  the  three  rectangular  compoi^uts  of 
the  velocity  of  the  point  parallel  to  those  three  axes  are 

V  cos  «;  V  coe  fi;  «  oob  y, 

Jjet  ar,  y,  z,  be  the  co-ordinates  of  any  point,  such  as  P,  in  the  pat 

A  P  B,  as  referred  to  tlio  three  given  axes.     Then  it  is  well  knoi 

that 

d  X  ^      dy  dz 

cos  «  ^  -n~  ;  COB  ^  =  ~  ;  cos  y  ^  -J— ; 


d9 


di 


d9 


and  consequently  the  three  components  of  the  vcloci^  v  are 

d:a  »       <^y  dz 

PCoe(i=— -;  ucos/3  =  — ^j  rcosy;^  -— : (3.) 

ai  at  at 

and  these  are  related  to  thcii'  residtout  by  tlio  equation 

m*(Mf  *&--■■■■- «> 

.^61.     rBlfwrmly-Vnrird    Vrlorflr. — Let    tho    VClocIty    of  a    poil 

cither  increaao  or  diminisli  at  itn  uniform  rate ;  so  that  if  e  rep 
aents  the  time  elapsed  fn^ra  a  tixed  instant  when  the  velocity 
Vgf  the  velocity  at  the  end  of  that  time  shall  be 

v=^v^+at; (1.) 

a  being  a  constant  quantity,  which  is  the  nUe  oyvarvUion  of 
velocity,  and  ia  cjilkHl  acceleration  when  positive,  and  retardaii 
when  u^itivc.     Then  the  fuettn  velocity  during  the  time  t  is 


■v^\ 


at 


^>- 


.(1) 


and  the  dibtanct'  described  is 


VABIATIOS  OP  VELOCmr— XkEVUnOX. 
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(3.) 


^. 


To  find  the  velocity  of  a  point,  vhose  velocity  is  uniformly  varied, 
at  a  given  instant,  and  tlie  rate  of  variation  of  that  velocity,  let 
the  distances,  A^j,  As,,  described  in  two  eqnal  intorrala  of  time, 
each  equal  to  A  /,  before  and  after  the  instant  in  question,  be 
observed.  Then  Uie  velocity  at  the  instant  between  those  inter- 
vals is 

--  -A,,  +  A*i     ^^j 


and  its  rate  of  variation  is 


fe 


l».,rii 


2  Ai 


A»,— A«, 


.(5.) 


T^rlMl  Bni«  of  TariaiioB  of  Vclorhr* — "When  the  velocity 
point  is  neither  constant  nor  uniformly -varied,  its  rate  of 
THriatlon  may  still  be  found  by  aj)plying  to  the  velocity  the  same 
operation  of  diffcreniiationj  wluch,  in  Article  359,  was  applied  to 
the  distance  described  in  order  to  find  tho  velocity.  The  result  of 
Ihis  operation  is  expressed  by  the  symbols. 


dy 


d  is  the  limit  to  which  the  quantity  obtained  by  means  of  the 
rmnla  b  of  Article  3G1  continually  approximates,  as  the  interval 

oted  by  A  <  is  indefinitely  diminished. 
•  3G3.  rnifwrm  DrviaiioH  is  thc  change  of  motion  of  a  point  vhich 
ovea  with   uniform  velocity  in  a  circular 
th.     The  rate  at  whicli  uniform  deviation 
takes  place  is  determined  in  the  following 
nujuier. 

Let  C,  fig.  179,  be  the  centre  of  the  cii> 

path  described  by  a  point  A  with  an 

brm  vcloaty  p,  and  let  the  radius  C  A  bo 

denoted  by  r.     At  tho  beginning  and  end  of 

an  interv^  of  time  a  ty  let  A,  and  A3  be  tho 

tions  of  the  moving  point     Then 


nuju; 
^   Le 

■yolar 
^Rinifo 


the  are  A,  A,  =  1)  A  < ;  and 
the  chord  A,  A^  -  v  a  i  * 


Flfi.  179. 


velocities  at  A^  And  Aj  are  represented  Vy  ttift  tjc^oii  \ms» 
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A,  V,  =  ATVf  =  V,  tnuchini;  the  circle  at  Ai  and  A^  respoc- 
tively.  Fxxjm  A,  dmw  A,  v  equal  and  parallel  to  A,  V^  and  jolo 
V,  V.  Thon  the  velocity  ATV,  lu.iy  he  eonmdered  as  comiKninded 
of  A,  V  and  vV, ;  so  that  v  V,  ia  tlie  deviation  of  the  motion  dor- 
iiig  the  interval  a^;  and  because  the  isoaceles  triangles  AxoV^ 
C  A|  A*,  are  similar : — 

-^   _  Ary,-A7A,  _  ^'Al    chord  . 
*    •■  ffA  r 

and  the  approximate  rale  of  tlutt  deviation  ia 

V*    chord 


aro 


arc 


i 


but  the  deviation  does  not  take  place  by  instantaneous  changes  of 
velocity,  but  by  inaensible  degrees ;  so  that  the  true  rate  of  deviation 
is  to  be  found  by  fiudiug  the  limit  to  which  the  approximate  rate 
continually  approaches  as  the  inteiral  ai  ia  diminished  indefinitely. 

Now  the  factor  —  remains  unaltered  b3'  tlmt  diminution ;  and  the 

ratio  of  the  chord  to  the  arc  appi-oximates  continually  to  equality; 
80  that  the  limit  in  tjuestion,  or  true  rate  of  deviation,  is  cxpreased  by 


J 

cma  CJB 
s  stidl 


364.  T«ni«ff  npriBiivM. — When  a  point  moves  with  a  vazTii 

velocity,  or  in  a  curve  not  circular,  or  has  both  these  variationa 
motion  comI>ined,  the  rate  of  deviation  at  a  given  instant  is 
represented  by  equation  1  of  Article  3G3,  provided  v  be  taken  to 
denote  the  velocity,  and  r  the  radius  of  curvature  of  the  path,  of 
the  point  at  tlie  instant  in  question.  ^H 

365.  The  BcMillnHl  Rair  mt  Vnrinllon  of  the    motiou    of  ft  pohl^| 

is  found  by  considering  the  rate  of  variation  of  velocity  and  the 
rate  of  deviation  as  represented  by  two  lines,  the  former  in  the 
direction  of  a  tangent  to  the  path  of  the  point,  and  the  latter 
the  direction  of  the  raditis  of  curvature  at  the  instant  in  questic 
and  takinoj  the  diagonal  of  the  rectjinglo  of  wliich  those  two  liw 
aro  the  sides,  which  has  the  following  ys\mq  ; — 

366.  The  Balr«  ar  VRriallon  of  the  CwmpAiirai  V<>toc-illm  of  a  potnt 

pai^Ilel  to  three  rwtangviVAY  utvcs,  aYfcTft^xvsfc\v\jt\%i^tSiKir«^-. — 


J 
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</<» 


0) 


f»ml  if  a  Toctanfpilfir  pnrallolopippcl  be  corstnictwl,  of  which  the 
edges  rcpref^'ut  tJicsc  (|uuutitiet},  it^i  Uingonalj  wbo9c  length  is 

VKsy+sy-^Q'} 

•will  represfint  the  resultant  rale  of  variation,  already  ^ven  in 
auothor  form  in  wjuatiou  1  of  Article  365. 

307.    The  CMBimrlMB   mt  Ihr  Vnrird  :Tlo«loas  of  a  patf  of  pointft 

relatively  to  a  thinl  point  assvimed  as  lixed,  is  made  by  findiug  the 
ratio  of  their  velocities,  and  tho  directional  relation  of  the  tangents 
of  thdr  piiths,  at  the  same  instant,  in  the  manner  already  described 
in  Article  358  vla  applied  to  uniform  motions.  It  is  evident  that 
the  comparative  motions  of  a  pair  of  points  may  be  so  regtdateil  aa 
to  be  constant,  although  the  motion  of  each  point  is  varied,  pro- 
ided  the  variations  take  place  for  both  points  at  the  same  instant, 
imd  at  rates  proportional  to  their  velocities. 


\ 
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CHAPTER  n. 


VOnOKS   OF   &1QID   BODIES. 


[,  Section  \. ^ Rigid  Bodica^  and  their  TranslaiioTi. 

•  368.  The  tei-m  Bisid  Body  is  to  bo  understood  to  denote  a  body, 
or  an  osaembla^  of  bodies,  or  a  system  of  ]Xtmts,  whose  figuie 
\mdergoes  no  alteration  dui-ing  the  motion  which  is  under  ood- 
sideratioiL 

3G9.  TranBlniion  or  HhiniHs  IS  the  motion  of  a  rigid  body  rela- 
tively to  a  lixed  point,  -when  the  points  of  the  rigid  body  have 
motion  relativdy  to  each  other ;  that  is  to  say,  when  they  all  mo 
with  the  same  velocity  and  in  the  same  direction  at  the  sams 
instant,  so  tliat  no  line  in  the  rigid  body  changes  its  direction. 

It  is  obvious  tliut  if  three  points  in  the  rigid  body,  not  in  the 
^ame  straight  line,  move  in  parallel  directions  with  equal  velocitiee 
jit  each  iiLstaDt,  the  body  must  have  a  motion  of  translation. 

The  paths  of  the  different  points  of  the  body,  provided  they  are 
id]  eqiuU  and  aimihir,  and  at  each  instant  po^lel,  may  have  anv 
tigiire  whatsoever. 


no  J 
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Section  2. — SimpU  JioUUion. 

»  370.  RMniioH  or  xumiag  is  the  motion  of  a  rigid  body  wh< 
lines  in  it  change  theii*  direction.  Any  jwint  in  or  rigidly  attacht 
to  the  body  may  be  assumed  as  a  fixed  [xiint  to  which  to  refer  tl 
motions  of  the  oth^r  |ioint8.    Such  a  point  is  called  centre  ofrotativttA 

371.  Axu  of  Botnfioa. — THEOREM.     In  even/  poseibU  citange 
posUion  of  a  riyid  bodi/j  relaliv^h/  to  a  fixed  cenlret  there  w  a  Hi 

traverning  tJutt  ccTiire  tchose  dit 
tion  M  not  cftanged.     In  fig.  11 
lot  O  be  the  centre  of  rotation, 
let  A  and  B  denote  any  two  ot 
points  in  the  body,  whose  mt 
tioub  i*elatively  to  0  ore,  bcfoi 
the  turning,  A,,  B„  and  tifteT  tl 
turning,    A„  B,      Join   A] 
B,  B^  forming  the  isosceles  trian-^ 
glea  0  Aj  Ai,  0  B]^B:^    Bisect  ^i\:kQ\Asei&cA^;^i'CAA\3^s^^<£&  is.  C  and 
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X)  respectively,  and  throtigh.  the  pointn  of  biaection  draw  two  planes 
perpendlcutur  to  the  res[M*ctive  bases,  iutorsectiiig  each  uther  tu  tho 
8tnii«;lit  line  O  E,  which  uusl  traverse  O.  Let  E  be  any  ]ioiat  in 
thi<  line  OE;  thon  EAiApaml  EBiK^  are  isoeceles  triangles; 
and  E  is  at  the  saue  distauco  &om  0,  A,  and  B,  before  and  after 
the  turning;  therefore  E  is  one  and  the  same  point  in  the  body, 
whoso  place  is  uuclmiiged  by  the  tiimiug;  and  tliis  dcmonstratiua 
applieu  to  ever)'  point  in  the  straight  lino  O  E;  therefore  that  line 
is  unchanged  in  dii*ection. — Q.  E,  D. 

CoROLLART.     It  IS  evident  that  evcxy  liuo  in  the  body,  parallel 
to  the  axis,  lias  its  direction  uncliangwi. 

372.  The  Ptniw  of  Uocniivn  is  any  plane  iH>r]>endicular  to  the 
Bucin     The  Am^Us  ^r  RoutUon,  or  angular  motion,  is  the  anglo 
pfay  the  two  directiun'ii,  before  and  after  the  turning,  of  a  lino 
pentlicuJar  to  the  axis. 

•  373.  The  Awgwlnr  VelociiT  of  a  turning  body  is  tlie  ratio  of  tbe 
allele  of  rotation,  expressed  in  terms  of  radius,  to  the  number  of 
nmts  of  time  in  the  interval  of  time  occupied  by  tlie  augtdar  motion. 
Speed  of  turning  ia  HomeUmes  expressed  also  by  the  number  of 
turns  or  fractions  of  a  turn  in  a  given  time.  The  relation  between 
tht'^e  two  modes  of  expression  ia  the  f<jlIowing  : — Let  a  be  the 
nngtilar  velocity,  as  aboye  detined,  and  T  the  turns  in  the  same  unit 
of  tiiOti;  then 

a  =  2  *  T; 

(2«-  =  C-2S31852> 

S74.  Vniromi  Botntion  consists  in  uniformity  of  the  angular  velo- 
[iy  of  the  turning  body,  and  constancy  of  the  direction  of  its  axis 
if  rotation. 

I  Z75.  Rtfteiion  commaM  to  nil  Paru  of  nady* — Since  the  angular 
motion  of  rotation  consists  in  the  change  of  direction  of  a  line  in 
H  phiuo  of  rotation,  and  since  that  change  of  direction  is  the  same 
how  short  soever  the  line  may  be,  it  is  evident  that  the  condition 
of  rotation,  like  that  of  translation,  is  common  to  every  particle, 
)iow  fvmall  soever,  of  the  turning  rigid  body,  and  that  the  angular 
velocity  of  turning  of  each  particle,  how  Kraall  soever,  is  the  samo 
with  that  of  the  entire  body.  This  is  otherwise  evident  by  con- 
eideriug,  that  each  part  into  which  a  rigid  body  can  be  divided 
tunas  completely  about  in  the  same  time  with  every  other  part,  and 
with  the  entire  body. 

1      oTC.    BiKkt  and  l^ofl-IIantlMl  RoinUoo. — Tlio  ifireclion  of  rotation 
round  a  given  iixis  is  distinguished  in  i\li  avVjiUar^  ■caBAOit'c  \sv\ft 
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rigfdhnnded  And  Xffl.-haniied.  One  end  of  the  axis  ia  cliosen.  M 
that  from  which  an  observer  is  sujipoaed  to  look  along  the  dii^eclion 
of  the  axia  towards  tho  rotating  iKwly.  Then  if  the  body  seems  to 
the  observer  to  turn  in  the  same  direction  in  which  the  sun  eeenu 
to  revolve  to  an  observer  north  of  the  tropics,  the  rotation  is  said 
to  be  right-handed ,-  if  iu  the  contrary  dilution,  U'.fi^/tandad .-  uh) 
it  i&  umittl  to  consider  the  angul&r  velocity  of  right-liandcd  rotation 
to  bo  positive,  and  that  of  left-handed  rotation  to  be  negative; 
hut  tliis  is  a  matter  of  convenience.  It  ia  obvioujs  thit 
jjftme  rotation  wliich  seems  ri^dit-liauded  when  looked  nt  fro 
one  end  of  the  axi^t,  aeoina  left-handed  when  looked  at  fix>ui 
other  end. 

{       377.    BelnllT«  IVIaiion  of  a  Pair  of  Polntit  In  a  BouillHg  B*4t I^t 

0  and  A  denote  any  two  [Kiints  in  a  rotating  body  ;  and  consider- 
ing O  as  fixed,  let  it  In;  required  to  determine  the  motion  of  A 
reiativ*>ly  to  an  axis  of  rotation  drawn  through  O.     On  that  axiA 
let  fall  a  porpcudicular  from  A  ;  let  r  be  the  length  of  that  i^qw 
dicular.     Then  the  motion  of  A  relatively  to  the  axis  traversing 
ia  one  of  ivro/u/wn,  or  trannlatwn  in  a  circular  pal/t-  of  Uia  roaiuft 
r ;  the  centre  of  that  circular  path  being  at  the  iwint  where  t 
periK'ndicular  from  A  meets  the  axis.    If  a  be  the  angular  veloci 
<if  tho  body,  then  the  vdocity  of  A  relatively  to  the  axis  travi 
Oi3 

v^ar\ (L) 

and  the  direction  of  that  velocity  is  at  each  iastant  peq)cn(licuU 
to  the  piano  dmwn  through  A  and  the  axia.  The  rate  o/dcvialic 
of  A  in  ita  motiou  relatively  to  the  given  axia  ia 


[^  V-ar 


7- 


r 


.(2.) 


in  which  the  first  expression  is  that  ali-eady  found  in  Article  36 
and  the  second  is  deduced  from  the  first  by  the  aid  of  equation  I 
thia  Article     It  ia  evident  tliat  for  a  given  rotation  tho  motion 
O  relatively  to  an  axis  of  rotatiou  tmvursing  A  is  exactly  the  samo 
with  that  of  A  relatively  to  a  jMH-allul  axis  travei'sing  O ;  for  it 
depends  solely  on  the  angular  velocity  a,  the  ix-rftendicular  distau 
r  of  the  moving  point  from  the  axis,  and  the  diix^tion  of  the  axis 
all  which  are  the  same  in  either  eu&e. 

r  is  culled  tho  radius-vecU/r  of  the  moving  point. 

378.    tyllMdrlt-nl    Hurlhce    of  Equal    Velocities. —  If  a    CvUndHcal 

surface  of  circular  cross  section  be  described  about  an  axis  of  vAtw 
tion,  all  the  points  in  that  surface  have  equal  velocities  relatively 
to  the  axis,  and  the  direc^on  ot  tcioXaou^A  «u^\*;vQX\uUvic^Iiu« 
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drical  ffurfacc  relatively  to  the  axis  is  a  tangeat  to  tLe  stu'faco  in  ft 
plane  perpoiidiealar  lo  the  axift. 

379.    Cmm^armtlvc  .TIaU«D«  of  Two  P«iMt«  r«lnUvrlr  ■•  ■■  Axf*> — 

Ix;t  O,  A,  B,  denote  three  pointe  in  n  rotating  rigid  body ;  let  O  be 
considered  as  iixed,  and  let  lui  axis  of  rotation  Iw  drawn  throngh 
it  Then  the  eomparativB  mottona  of  A  and  B  relatively  to  that 
ftxis  are  expreased  as  follows  : — the  velocityrtUio  w  Oi<U  o/tJts  radii- 
90etore$  <if  the  poinUf  and  the  direoUanal  reUuion  ctmaiM*  in  the 
angU  hehoeen  wir  tHrectums  of  motion  beijig  Uie  game  v^th  UmI 
hetvxen  their  radii^veetores.  Or  symbolically  :  Lot  r„  rj*  be  the  per- 
pendicidar  distances  of  A  and  B  trom  the  axis  Uuveitiiug  U,  and 
V|  and  Vi  their  velocities ;  then 

«,      r,         ,   A  A 

—  =  -  ;  and  pj  t?,  =  ViT^ 

f  «!  **! 

•     3S0.   CoMpoarata  mf  VclMUr  of  a  Poini  la  u.  Botallnft  Body. — The 

compKtm.'ut  parallel  to  an  axia  of  rotation,  of  the  velocity  of  n  point 
in  n  rritating  body  rolati%'ely  to  that  axis, 
is  nnll.     That  velocity  niny  bo  resolved  v. 

into  components  in  the  plane  of  rotation.  a. 

Thus  let  O,  in  fig.  181,  repre»ont  an  axis  ^^  ^  y 

of  rotation  of  a  body  whose  plane  of  rota- 
tion is  that  of  the  figure ;  and  let  A  be 
any  ix>int  In  the  body  whose  radius-vector 
is  0  A  =  r.      The  velocity  of  that  point  »t "  ^ 

being  v  =  arf  let  that  velocity  be  repre-  vt~^^ 

Kuted  by  the  line  A  V  perpendicular  to  ^' 

O  A  Let  B  A  be  any  direction  in  tlie  plane  of  rotation,  along 
which  it  is  desired  to  liwl  the  component  of  the  velocity  of  A  ;  and 
let  .^iT  V  A  IT  =  '  be  the  angle  made  by  that  line  with  A  V .  From 
V  Ivt  fall  V  U  perpendicular  to  B  A ;  then  A  U  represents  the 
conijwnent  in  question ,  and  denoting  it  by  u, 

u  =  v*cos/  =  ar*oos  / (1.) 

From  O  let  fall  O  B  perpendicular  to  B  A.     Then  .^A  0  B  = 
V  A  TJ  =  '  ;  and  the  right-angled  triangles  0  B  A  and  A  U  V 
&re  similar ;  so  tliat 

AV  :  AU  :  :  UA  :  OB  =  r  cos  0 (3.) 

2fow  the  erUire  velocity  of  B  relatively  to  the  axis  O  is 

ar  cca/=:  u, (3.) 

BO  that  the  cornpon^ty  alomj  a  given  straifjht  line  in  tM  plane  of 
rotation,  of  tiie  vdocUy  of  any  point  in  tluU  line^  ia  equal  to  tJie  tWo- 
c*(y  v//hfijM»fil  w/tere  a  ftrpendxcular  from  tka  axis  niocU  thai  Kiw. 
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BEcnoy  3. — Combiwd  Rotat'umM  and  TTanalatioTis, 

'  381.  propcrir  or  all  himuim  or  Bi«iii  BmUmi^ — The  foregomg  p 
poratiou  may  bo  n'ganled  n.s  a  particular  case  of  tlie  I'olloviug,  vhi 
is  tnie  of  ull  motions  of  a  rigid  botly. 

The  oomponmUf  along  a  given  ttraigkt  line  in  a  rigid  hody,  of  tha 
reloeiti^  qf'tfie  povntt  in  that  UnB  rdaiively  to  any  point,  vjheUurr  in  w 
alki'Oied  to  tltc  body  or  iti/terwite,  are  all  equai  to  eaeh  oUi^r;  t'ur 
othcinrise,  thf!  distances  betwecc  ]X)intB  in  the  given  stiraight  Uxmi 
must  alter,  which  is  iiicoasistcut  with  tlie  idea  of  rigidity. 

«  3r'2.  Helical  niouaa, — Rotation  is  the  only  movement  vhich  a 
rigid  Ixxiy  iis  a  wholu  can  have  relatively  to  a  point  belonging  to 
it  or  attached  to  it  But  if  the  motion  of  the  body  be  determined 
relatively  t/j  a  i>oxiit  not  uttuchcd  to  it,  a  translation  may  be  com- 
bineil  "nTth  the  rt>tation.  When  that  translation  takes  place  in 
the  direction  of  the  axis  of  rotation,  the  motion  of  the  rigid  body  is 
said  to  be  fidical,  or  screw-liJcc,  because  each  point  in  the  rigid  body 
dcscrihos  a  helix  or  screw,  or  a  part  of  a  helix  or  screw. 

Let  Vi  denote  the  velocity  of  tnmslation,  parallel  to  the  axis  of 
rotation,  which  is  common  to  all  poiiitA  of  the  body  ;  tliia  is  called 
the  velocify  of  advance.  The  advance  during  one  complete  turn  of 
the  rot/itiug  body  is  the  pitch  of  each  of  the  helical  or  screw-like 
paths  described  by  ita  particlea ;  that  is,  the  distance,  in  a  direo- 
tiou  parallel  to  the  axiB,  lietween  one  ttirn  of  each  such  helix  and 

2  T 

the  next ;  and  a  being  the  angolar  velocity,  so  that  ^  is  the  time 
of  one  turn,  the  valne  of  the  pitch  is 


3  ff  r,       -  rt  ft 

p  =  -^;  whence  r,=^. 


Let  r,  as  before,  be  the  radius-vector  of  any  point  in  the  body, 
let 

v^  =  aT (2.) 

denote  its  vdoeiti/  of  revoIiUionf  or  velocity  relativ^y  to  the  axii^ 
due  to  the  rotation  aJone.  Tlicn  the  resultant  velocity  of  that 
jwint  id 

''=^/WT^  =  <^•\/{/^.  +  r'} (3.)    f 

The  inclination  of  the  helix  described  by  that  point  to  the  plana  t^ 
rotation  is  given  by  the  equation 


i  =.  arc  •  tan  *  -  =  arc  *  tati 


xoTTO^r  or  a  bioid  bodt. 
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of  that  angle  Iviug  the  ratio  of  the  pitch  to  the  circnm- 
Wthe  circle  deschbcil  by  the  point  rolativoly  to  the  Hxia  of 
station. 

3d3.    PbOELEM.      T«  FUA   tL«  9lMi*a  of  a  Kigld    BiMlr  Snm   the 
7ll»«l«a»  of  TlilT«  of  in  g*olwte.—  ■ 

Let  A,  B,  C,  fig.  1J>2,  be  thrco 
[lointA  ia  a  rigid  budy,  and  at  u 

[iven  instant  let  them  liave  mo- 

ion»  relatively  to  a  point  indepeu- 

lent  of  the  I)ody,  vrbicb  motiona 
represented  in  velocity  and 


PTg.  183. 


Fig.  183. 


tirpction  by  the  three  lines  A  V„ 
[S  Vfc,  C  V^    It  ia  required  to  iind 
le   motion  of  the   entii-e   rigid 
ly  relatively  to  the  same  lixed 

Kill, 

Through  any  point  o,  fig:  183, 
Imw  three  linos  y  a,  o  i,  o  c,  equal 
ind   parallel   to   the   three  lines 
A  V,,  li  Vj,  C  T^     Tlirongh  a,  6,  and  c,  draw  a 
jptane  a  be,  on  which  let  full  a  perf»endiculjir  o  n 
Jtrtrn  o.     Then  o  n  n-preseuts  a  component,  wluch 
tis  rommon  to  the  velocities  of  all  the  three  poinU 
I,  6,  C\  and  must  therefore  bo  common  to  all  the 
lints  in  the  body ;  that  is^  it  ia  a  vdocUy  of 
ticn. 

From  the  points  V„  Vj,  V„  draw  lines  T/U'^  ^70^  V,TJ„ 

[eqiml  and  jwialhd  to  o  n,  but  oppoaite  in  <lirection  to  it ;  and  join 
U^,  B  Uj,  C  17„  which  will  all  be  parallel  to  the  same  plane ; 
lut  is,  to  the  phuie  abc.  The  last  three  lines  will  represent  tlie 
)mponent  velocities  which,  along  with  the  common  velocity  of 
'translation  parallel  to  o  n,  make  up  the  resultant  velocities  of  the 
three  points.  Tlirough  any  two  of  the  points  A,  B,  draw  planes 
perpendicular  to  the  respective  components  of  their  motions  which 
are  parallel  to  a  &  c.  Tliese  two  planes  \^'ill  intersect  each  other  in 
a  line  ODE,  which  will  bo  pai-allcl  to  o»*.  The  perpendicular 
distances  of  that  lino  from  the  paints  A,  B,  being  unchanged  by  the 
motion,  it  represents  one  and  t)io  sume  line  in  or  attached  to  the 
rigid  body,  and  it  ia  therefore  the  axis  of  rotation,  A  plane  drawn 
through  the  third  point  C,  perpendicidar  to  C  U„  will  cut  the  other 
two  planes  in  the  siuno  axis  :  the  three  revolving  component 
relocities 


A  t7„  B  Uj,  C  U, 
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will  be  re-Hpectively  proportional  to  the  perpcmliculflr  distances,  oij 

AD,  BE,CT, 

of  the  three  pointe  firom  that  axis ;  and  Iho  angular  velocity 
will  be  equal  to  each  of  the  three  quotients  made  by  diWding  the 
revoU-ing  component  velocities  of  the  points  by  tueir  respective 
i-adii-vectoresL  This  rotation,  combined  with  a  translation  pflr&llol 
to  the  axis,  with  a  velocity  represented  by  o  n,  constitutes  a  helical 
itwlion,  being  the  required  motion  of  the  rigid  body. — Q,  E.  I. 

384.  SpMtol  Caae*  of  the  preceding  problem  occur,  in  which 
either  a  more  aimjile  method  of  sohition  is  suificient,  or  the  geaenl 
method  fails,  and  a  special  method  has  to  be  employed. 

I.  W7ien  the  jiwlioiis  of  tft«  poinU  of 
the  hotly  are  known  to  be  all  paralld  to 
otie  plane,  it  is  suiiicient  to  know  tltc 
motions  of  two  points,  such  as  A,  B, 
184.  Let  A  0,  B  0,  be  two  planes  t 
versing  A  and  B,  and  perpend ioular  to 
the  respective  directions  of  the  simul- 
taneous velocities  of  those  points;  it  thosi; 
planes  cut  each  other,  the  entire  motiuu 
is  a  rotation ;  the  Line  of  intersection  of 
the  planes  O,  being  tlic  axis  of  rotation, 
and  the  nuyular  velr>city,  are  found  as  in  the  lust  Article.  If  the 
two  planes  are  parallel,  the  motion  is  a  tmnslation. 

II.  1/  Oiree  jtoinU,  7tot  in  tfie  same  plaiuSf  have  paralld  motions^ 
,or  ifthr^  points  in  the  same  plane  lutve  parallel  nwtions  oblique  (o 

plane^  the  uiotinu  is  a  translation. 

III.  If  three  points  in  tJus  same  plane  Tnove  perpendietdarly  to  th9 
plane,  as  A  B  C,  fig.  184  a,  then  if  their  velocities  are  equal,  the 


^ 


Vis-  1B4. 


184  a 


Fig.  184  e. 


motion  is  a  ti-anslatiou',  and  if  tUevr  velocities  are  unequal, 
motion  is  a  rotation  about  tiic  B:xi&-«\0w^'tt>\ia\:ii\toT»»:>:v3\i.v 
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le  of  the  three  points  with  the  plane  drawn  through  tlio  extre- 
mities V„  Vj,  V„  of  the  three  lines  which  represent  their  veloci- 
ties ;  the  angular  velocity  being  found  as  in  Article  383. 

If  the  plane  of  rotation  is  known,  then  the  simultaneous  veloci- 
ties of  two  points,  AS  A  and  B  in  figs.  184  b  and  ISl  c,  arc  tni^jcient 
to  determine  the  axis  O. 
J   S85.    Ronulati  CombiMoil  wUh  Tranalmloa  In  iht;  flame  Plcuic.— 
Ijct  a  body  rotjitc-  abijut  an  axis  0  (Hg.    I8o), 
iixed  relatively  to  the  body,  with  un  angular 
velocity  a,  and  nt  the  siinie  time  let  that  axis 
have  a  motion  of  tiunslation  in  a  straight  path 
perpendicular  to  the  direction  of  the  axis,  with 
the  velocity  w,  reprcyonted  by  the  line  C  U.     It 
is  required  to  find  the  velocity  and  direction  of 
motion  of  any  point  in  the  body.      From  the  _^ 

moving  axis  draw  a  straight  line  C  T  per|>endi-  '       '         ' 

cular  to  tliat  axis  and  to  0  U,  and  in  that  direction  into  which  the 

tation  (as  represented  by  the  feathered  arrow)  tends  to  turn  C  U, 

d  make 


f 


CT  = 


u 


.(1.) 


Then  the  point  T  has,  in  virtue  of  translation  al<mg  xoith  the  axis 
C,  a  forward  motion  with  the  velocity  « ;  and  in  virtue  of  roto- 
Hon  afxml  that  axis,  it  has  a  bachcard  motion  with  the  vclocitv 


y  a-CT  =  «, 

equal  and  opposite  to  the  former  ;  and  its  resultant  velocity  is  0, 
Hence  every  point  in  the  body,  which  comes  in  succeasion  into  the 

position  T,  situated  at  the  distance  —  from  the  axis  C  in  the  direc- 

a 

tion  above  described,  is  at  rest  at  Ute  instuTU  of  ila  arriving  at  tJuU 
pontion;  that  is,  it  has  just  ceased  to  move  in  one  direction,  and 
is  about  to  move  in  another  direction ;  and  this  is  truo  of  every 
point  which  arrives  at  a  line  iraversin/j  T  parallel  to  C.  Conse- 
quently the  resultant  motion  of  the  body,  at  any  given  inst^int,  la 
the  same  as  if  it  were  ix>tating  about  the  line  wliich  at  tlie  instan$\ 
tn  qtteition  oocupies  the  position  T,  parallel  to  C,  at  the  distance 

-;  and  that  line  is  called  the  ikstastaneoits  axis.     To  find  the 

^botion  of  any  point  A  in  the  body  at  a  given  instant,  let  CeJI  the 
perpendicular  AT  from  that  point  on  the  instantaneous  axiB',  then. 
tJje  motJoa  of  A  is  in  the  direction  A  V  perpeivd^c\i\ai  W  xXif^'wi 
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<of  tlie  instnntiLTioons  axU  and  of  the  tntftontanaMtf  nk&'uFMdop 

T,  and  the  velocity  of  that  raotion  is 


r  =  a  •  A  T. 


.(3.) 


'  J  366.  B*m»s  crWaderT  TrociMfd. — ^vcty  straight  lice  -  poitdltd 

to  the  moving  axis  C,  in  a  cyliDdrical  surface  deacnbed  about 

u 
with  the  radius  -,  beoomes  in  turu  the  iugtantoneous  axis. 
n 

the  motion  of  the  body  is  tlio  same  with  that  produced  br  the  to. 
ing  of  such  a  cylindrical  surface  on  a  plane  PT  P  parallel  to  C  and 

^_  w 

to  0  U,  at  the  distance  -. 

The  path  described  by  any  point  in  the  body,  such  as  A,  whii 
is  not  in  the  moving  axis  C,  is  a  curve  well  known  by  the  name 
trochoid.     Tho  particular  form  of  trochoid  called  tiie  cydmd^ 
:ribed  by  eadi  of  the  points  in  the  rolling  cylindrical  suHaoe. 

3S7.    Plane  R«lllnf  «■  Crlindrrt    ApirnI  Paih*. — AnothoF  mode 

of  rt'prcsentiu^'  tlie  conibiimtion  of  rota- 
tion with  tiiuidlutioa  in  the  same  place 
is  as  follows  : — Lot  O  be  an  axis  assumed 
as  fixed,  about  wliich  let  tht^  plane  0  C 
(containing  the  axis  O)  rotate  (right- 
handedly,  in  tho  figure),  with  the  angu- 
lar velocity  a.  Let  a  rigid  body  have, 
reUtlirrhj  to  thu  nUating  planCy  and  in  a 
direction  j>erpendicular  to  it,  a  transla- 
tion with  the  velocity  u.  In  the  pLiuo 
O  C,  and  at  right  angles  to  the  axis  0, 


1 

Am    " 


riff.  isn. 


take  0  T  =  -,  in  such 
a 

the  Telocity 
»  =  a  •  OY. 


a  dii*ection  that 


mm      I 


which  tho  point  T  tti  the  rotating  plane  has  at  a  given  instent,  shall 
be  m  the  contran-  dii-ection  to  tho  etjual  velocity  of  tmnsktioa 
«,  which  the  rigid  body  has  rektively  to  the  rotating  plane.    Tlien ' 
each  point  in  (Jte  rirjid  body  which  airives  at  the  position  T   or  al 
any  i>oaition  in  a  line  traversujg  T  ponUlel  to  the  fixed  axis  0, 
at  reat  at  t/i^  instant  of  its  occupying  that  position  ;  therefore 
line  traversing  T  parallel  to  the  fixwj  axis  0  is  t/te  instanian, 
axts;  the  motion  nt  a  given  instant  of  anv  point  in  the  rigid  body, 
nuch  as  A,  is  at  rigU  angj^ea  \a>  iVt  \-wi:\\ia-N«:\.w  KTL  ^snw\L  \wwj 
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peDdi«ii]*r  to  the  hutantaoeous  axis;  and  the  yclocity  of  that 
motion  is  given  hj  the  eqnatton 

All  the  lines  in  the  rigid  body  vhich  succemvely  occupy  the 

rsitinn  of  instantaneous  axis  ore  situated  in  a  plane  of  that  body, 
T  P,  perpendicular  to  O  C ;  and  all  the  positions  of  the  instan- 
taneous jois  are  situated  in  a  cylinder  described  about  O  with  the 
Tudius  O  T  ;  so  that  the  motion  of  the  ni^d  body  is  such  as  is  pro- 
duoed  by  the  roUifvf  of  the  //a/w  P  P  on  /A«  cylinder  m&om  radius  w 

OT  =  -,     Eodi  point  in  the  rigid  body,  such  as  A,  describes  a 

plane  spiral  about  the  fixed  axis  O.  For  each  point  in  the  rolling 
plane,  P  P,  that  spiral  is  the  involute  of  the  circle  whose  radius  is 
O  T.  For  each  point  whose  path  of  motion  traverses  the  fixed  axis 
U,  th.at  is,  for  each  point  in  a  plane  of  the  rigid  body  traversing  O 
(•itrallel  to  P  P,  the  spiral  is  Archimedean,  having  a  radius-vector 
increasing  by  tlie  length  u  for  each  angle  a  tlm)ugh  which  it 

r«MMiird  Parallel  Romiuiu. — In  figs.  lS7j  IS8,  and  189, 


o 
Fig.  187. 

*t  O  l>e  an  axis  assumed  as  fixed,  and  0  0a  plane  traversing  tliat 
:is,  and  rotiitiug  about  it  with  the  ajagidiix  velocity  a.  Let  C  bo 
\mn  axis  in  that  plane,  parallel  to  the  iixod  axis  O ;  and  alxiut  the 
moving  axis  C  let  a  rigid  body  rotate  with  the  angular  volocity  6 
reUUveily  to  the  plane  O  0 ;  and  let  the  directions  of  the  rotations  a 
and  6  be  distinguished  by  positive  and  negative  signs.  The  body  is 
laid  to  have  the  rotations  about  the  parallel  axes  0  and  0  combined 
or  compounded,  and  it  is  nxjuired  to  find  the  result  of  that  com- 
bination of  parallel  rotations. 

Fig.   167  i-cpre-sents  the  case  in  which  a  and  h  are  similar  in 
tUrecth/j;  fig.  ISSj  that  in  which  a  and  6  are  m  o^YWiv\j*  itoai- 
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tions,  and  b  is  fcho  grcnter  ;  and  fig.  189,  tliAt  in  vhioli  a  and  h  are 
in  oppoaitt.'  directiiins,  and  a  is  the  greater. 

Let  a  I'uumion  perpendicular  O  0  to  the  fixed  and  moving  ax« 
bo  intersected  in  T  by  a  straight  line  mrallel  to  Loth  thoso  axv  .  h 
such  a  manner  that  the  distances  of  T  from  the  tixed  and  nvAiu^ 
fixes  respectively  nhall  !«  inversely  pr(>p<:>rtional  to  tho  angular 
velocities  of  the  component  rotations  about  them,  as  is  ejqix 
by  the  following  propoilion : — 

a  :  6  : :  Cf  :  OT (1.) 

When  a  and  ft  arc  similar  in  direction,  let  T  fall  between  O  and 
ns  in  tig.  187  ;  when  they  are  contrary,  beyond,  as  in  fign.  188 
189.  Then  tho  velocity  of  the  line  T  ofthepiane  O  C  is  a  -OT-ja 
and  the  velocity  jif  the  line  T  of  tho  riffid  bodt/^  rdativ^y  to  ' 
plat)^  O  C,  is  6  ■  C  T,  equal  in  amount  and  coutraiy  in  direction 
the  former ;  therefore  each  line  of  the  rigid  body  which  arrivis 
the  position  T  is  nt  rest  at  tho  instant  of  its  occupyincf  that  posi- 
tion, and  is  then  tJie  \nslantan«oua  axis.  The  liiultutit  at 
vdocity  is  given  by  the  equation 


c^^a-^hy 


regard  being  had  to  the  dii*ections  or  signs  of  a  and  b  ;  tliat  is 
say,  if  we  now  take  a  and  b  to  represent  arithmetical  mugnitudcfl. 
and  affix,  explicit  signs  to  denote  their  directions,  the  direction  of 
c  will  be  the  same  with  that  of  the  greater;  the  case  of  tig.  1S7 
will  be  repi-esented  by  the  equation  2,  already  given;  and  those  of 
figs.  188  and  189  respectively  by 


=  6 


c^a  —  b. 


(2  A.) 


The  relative  propoitiona  of  n,  6,  and  c,  and  of  the  difltan 
between  the  tixed,  moving,  and  inertantaneous  axes,  are  given 
the  equation 

a  :  6  :  c  : :  OT  :  OT  :  OC (3.) 

The  motion  of  any  point,  such  as  A,  in  the  rigid  body,  is  at  each 
instant  at  rip[ht  angles  to  the  radius-vector  A  T  drawn  from 
jioint  jx^rpendiculai-  to  tlje  instantaneous  axis ;  and  the  velocity 
that  motion  is 

u  =  c- AT (4. 

389.    CrUndn-  BollUiV  on  CrUnaert  Eplir»ch«ld». — All   the  liOCS 

in  the  rigid  body  which  successively  occupy  the  poaition  of  in 
taneous  iixia  arc  situated  in  a  cylindrical  tmi&ce  descrilted  alwut 
tvith  tho  radius  CT  *,  aLn^  ^  \^<(^  '^ovAkna  q{  the  instantaneous 
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axU  arc  contained  in  a  cylindrical  surface  described  about  O  wi^h 
tlie  ndins  O  T ;  thorefore  the  restUtant  motion  of  the  rigid  body 
ifl  that  which  is  produced  by  rolling  the  fonner  cylinder,  attached 
to  the  body,  on  the  latter  cylinder,  confiidered  as  fixed. 

In  fig.  187,  a  convex  cylinder  rtiUs  on  a  convex  cylinder;  in  Cg. 

ES,  a  smaller  convex  cylinder  rolla  in  a  larger  concave  cylinder  ; 
fig.   Ib9,  a  larger  concave  cj-liuder  i-oMs  on  a  .smaller  convex 
cylinder. 

Each  point  in  the  rolling  rigid  body,  traces,  relatively  to  the 

fixed  axis,  a  curve  of  the  kind  called  epUrochoidg.    The  epitrochoid 

traced  hy  &  point  in  the  sutfaco  of  the  rolling  cylinder  is  an  epi~ 

cydoid. 

^^  In  certain  cases,  the  epitrochoids  become  curves  of  a  more  simple 

Hkn.     For  example,  each  point  in  the  moving  aads  C  traces  a 

ASTien  a  cylinder,  as  in  fig.  188,  rolls  within  a  concave  cylinder 
double  iU  radius^  each  point  in  the  surface  of  the  i-olUng  cylinder 

loves  backwards  and  forwards  in  a  straight  line,  being  a  diameter 

tiie  fixed  cylinder;  each  point  in  the  axis  of  the  rolling  cylinder 

a  circle  of  the  same  radius  with  that  cylinder,  and  each  other 

)int  in  or  attached  to  the  rolling  cylinder  truces  an  ellipse  of 

(greater  or  less  eccentricity,  having  its  centre  in  the  fixed  axis  O. 
ptis  principle  has  been  mode  available  in  instruments  for  drawing 
jbd  turning  elliiises. 
I  390.  Camtinr*  of  Upiirachoid*. — The  following  being  given  :— 


the  radi\i8  of  the  fixed  cylinder,  O  T  =  r, ; 

the  radius  of  the  rolling  cylinder,  C~T  =  r, ; 

the  instantaneous  radina-vector  of  a  ti*acing- point  A,  A  T  =  r ; 

the  angle  made  by  that  radius-vector  with   the  rotating  plane, 

^  .^CTA  =  rf; 

Hya  Matured  to  find  the  nulius  of  curvatuit>,  p^  of  the  path  of  tho 
HSBBK^Oint  A,  at  the  instant  under  cctusidenition. 

The  ndius  of  a  convex  cylinder  is  to  be  considered  as  positive, 
and  that  of  a  concave  cylinder  as  negative  ;  and  reganl  w  to  be 

paid  to  the  principle,  that  cos  #  i8<  *^^  .      >  according  as  tf  is 

/  acute  I 
(  obtuse  J  * 

hit  dt  Xxi  an  indefinitely  short  interval  of  time;  then  during 
that  interval  the  tracing-point  A  moves  tlirough  the  distance  crdt. 
Ij&t  the  direction  of  the  radius-vector  r,  which  is  pcrpendictdar  to 
the  i>ath  traced  by  A,  alter  in  the  same  time  by  the  angle  du 
Then  the  i-aditis  of  curvature  of  the  path  of  A  ia 

2  D 


* 


F&raciPLKS  or  ccxzAAnca. 


P  — 


erdi 


(1) 


To  determine  the  angular  motion  di  ot  tlie  radiuB-vector,  it  hat  to 
be  coD&iderod,  that  the  absolute  anf^ular  velocity  of  the  rolling 
cylinder  is  c,  which  gives  that  cylinder  an  angidor  motion,  cdtfia 
the  given  interval ;  and  also  that,  in  the  course  of  the  same  inter- 
val, a  new  lirvt  comeH  to  occult  the  position  of  instantaneous  axis, 
distant  from  the  original  line  by  the  length  hr^diy  in  a  direction 
oppMii^  to  that  of  the  rotation  of  the  rolUng  cylinder.  The  effect 
of  this  shiiling  of  the  inatantancoua  axis  ia,  to  turn  the  angular 
position  of  the  radius-vector  r,  in  a  negative  direction  relativdy  to 
the  rolling  cylinder,  tlu'ough  the  tuiglo 

irtcoa/  -dt 


which  being  combined  with  the  angular  motion  of  the  <7ljiidav 
edt,  giyes  as  the  resultant  angular  motion  of  the  radiua-yeotor. 


ii=(cJj^'^dt. 


which  being  substituted  in  equation  1,  gives  for  the  radios  of  cur- 
vature of  the  path  traced  by  A, 


cr 
°  ~      2)  r,  cos  ^ 


.(2.) 


C  — ' 


1-- 


or 


Now, 


(attention  being  paid  to  the  implicit  signs  of  r,  and  r,) ;  and  con- 
aeqaently, 


=  r 


n  +  r. 


Ti  +  r^ 


r,  r,  cos  / 


(3.) 


curve 


The  sign  of  this  result,  when  |  ^^  ^y®  I ,  shows  that  the 
traced  by  A  is  j  ^^^^^J^  ]  towards  T.     The  following  arc  some 


limited 

L  When  the  (racing-poini  is  the  surface  qf  the  rolling  cylinder, 
r  ==  2  r,  COS  #  i  and  Iherelore, 
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p  =  2,.eo,..^^; "••(*•) 

wliich  is  the  radiufl  of  curmture  of  an  epieyeloicL  ^ 

IL    When  a  cylinder  rofU  on  a  pkiTte,  Vi  becomes  inimitielj  gr^l 
as  compared  vith  r^  and  thns  reduces  eqtiation  3  to 

i  "=7-^, <^) 

^  vhioh  ifl  the  radiua  of  uurvaiure  of  a  trochoid.  "i 

B      IIL   When  a  cylinder  rolU  on  a  piane,  and  tiiO  tradng-jmnt  ia 
U  in  the  gurface  of  the  cylinder,  r  =  2  r,  cob  /,  and 

m  y,  =  2r=4r,co8^ (6.) 

which  ia  the  xadius  of  cnn'ature  of  a  cydoid, 

XV,  When  a  plane  rol/e  on  a  cylinder^  r,  becomes  infinitely  great 
I      aa  compared  with  r^  aiid  r ;  and  equation  3  becomes 

L  "^iT^^ ^'-^j 

V  wliich  is  the  radius  of  curvature  of  a  ^ii^  of  the  class  mentioned 
K  in  Article  3S7. 

H      v.    When  a  plane  rods  on  a  cylinder,  <md  the  tractng-poisU  is  in 
ikefilane,  cos  '  =  0 ;  and  equation  7  becomes 

P  =  ^. (8-) 

which  is  the  radius  of  curvature  of  the  involute  of  a  drde.  H 

VT.    WJtcn  »  plane  rolh  on  a  cylinder^  and  the  tradng-poi'ni  « 
at  the  distance  r^  from  tlie  plane  on  tlie  aide  next  the  cylindeTf 

ooe  /  ^  — ■ ',  and  equation  7  takes  tlie  following  form  : — 

^  P  =  ?T^' W 

which  is  the  radius  of  currature  of  an  A  Tchimedean  tpiraL     Let  R 
be  the  distance  of  a  point  in  that  spiral  ixom  the  fixed  axis  0 ;  then 
_r'  =  B"-f-<i»nd 

■  p  =  (51±!3i (9A.) 

"  ^      W^2r\  ^       ' 

As  to  rolling  onrres  in  general,  see  Professor  Clerk  HaxwcU*s  paper 
in  the  Tm/tsactiont  ofUte  Boyal  £ociAy  of  Edi^\h^vr^Jfv^•H^ "S^ 
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1391.   B«Mil   «ad   Otch»«Iu:   P«ndl«l   BattMlM*  Cvmblnnl. — L«t  a 

plane  O  C  rotate  with  au  angular  velocity  a  about  an  axis  O  con- 
tained in  the  plane,  and  let  a  rigid  body  rotate  about  tbe  axis  0 
in  that  plane  parallel  to  0,  with  an  angular  velocity —  a,  eqnal  and 
oppoaiU?  to  that  of  the  plane.  Then  the  angular  velocity  of  the 
rigid  body  is  nothing ;  that  is,  ite  motion  is  one  of  tratislation  only, 
all  its  points  moWng  in  equal  circles  of  the  radius  O  C^  with  the 
velocity  a  •  O  C  This  case  is  not  capable  of  being  represented  by 
a  rolling  action. 

«  392.    BolallffB*  abwBl   latcnectlns  Axes  C^Mblnrd. — In  fig.    190, 

lut  0  A  bo  an  axis  assumed  u 
fixed  ;  and  about  it  let  the  plane 
A  O  C  rotate  with  the  angular 
velocity  a.  Let  0  C  be  &D  axis 
in  the  rotating  plane  ;  and  about 
that  axis  let  a  rigid  body  rotate 
with  the  angular  velocity  h  re- 
latively to  the  rotating  plane- 
Becauae  the  point  0  in  the 
rigid  body  is  fixed,  the  instantaneous  axis  must  traverse  that  point 
The  direction  of  tliat  axis  is  determined,  as  before,  by  considering 
that  each  jwint  which  arrives  at  that  line  must  have,  in  virtue  <rf 
the  rotation  about  O  0,  a  velocity  relatively  to  the  rotating  plane, 
equal  and  directly  opix)8od  to  that  which  the  coincident  point  of 
the  rotating  plane  liaa.  Hence  it  follows,  that  the  ratio  of  the  per- 
jiendtcukr  distances  of  each  point  iu  the  instantaneous  axis  from 
the  fixed  and  moving  axes  respectively — that  is,  the  ratio  of  the 
sines  of  the  angles  which  tbe  instantaneous  axis  makes  with  the 
fixed  and  moving  axes — must  be  the  reciprocal  of  the  ratio  of  the 
component  angidar  velocities  about  those  axes  j  or  symbolically,  if 
O  T  bo  the  instantaneous  axis, 


Fig.  ISO. 


sinAOT  rain  COT  :  :6  :o 


.(1.) 


This  determines  tbe  direction  of  the  instantaneous  axis,  which  may 
also  be  found  by  graphic  construction  as  follows  : — On  O  A  take 
O  a  proportional  to  a ;  and  on  O  C  take  O  6  proiiortional  to  6.  Let 
those  lines  be  taken  in  such  directions,  that  to  an  observer  looking 
from  their  extremities  towards  O,  the  component  rotations  tieem 
both  right-handed.  Complete  the  ]>arallelogram  0£ca;  the  dia- 
goual  0  c  will  be  the  instantaneous  axis. 

The  resultant  angular  velocity  about  this  instantaneous  axis  is 
found  by  conaidoring,  that  if  C  bo  any  point  in  the  moving  axis, 
the  linear  velocity  of  that  ^vat  mttfet,  be  the  same,  whether  com- 
puted from  tbe  angular  \«iVoc\tay  a  c^  \!a»  to\».M\»%  -^vsja  i«S»v^  s^ 
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fixed  axis  0  A,  or  from  the  remiltcmt  angular  velocity  c  of  the  rigid 
body  about  the  instantaneoua  axifl.  That  is  to  say,  let  C  D,  C  E, 
be  perpendiculars  from  0  upon  O  A,  O  T,  respectively ;  then 

a  •  CD  =  c  - C E ; 

butC^  :CE::ain.^AOC:aiii,^COT;  and  therefore 
!■  Bin^:£rOOT  :siii.^AO0  :  :a  :e; 

"  and,  combiuiug  tliis  proportion  with  that  given  in  equation  1,  we 

obtaiu  the  tollowing  prc>portional  equation  :— 

IB^  sin^B^rCOT  :8in.^A0T  :ain 

^^        ::  _a_        :  _^       :  c  } (2.) 

'^^P  Oa      :  06      : 

ibat  is  to  say.  the  angular  velocities  of  the  component  and  resxdtant 
roUtlions  are  each  proportional  to  the  sine  qf  the  angle  beUoeea  U^e  aaoaa 
of  Oie  oUier  two  ;  and  the  diagonai  of  the  paraUdoffram  Oh  c  a,  repre- 

ItenU  both  the  direction  oftlte  ingtarUaneous  axis  and  the  tmgulaT  vela- 
dtt/  about  tfiol  axis. 
•J  393.  B«uiBg  c«Kes. — All  the  lines  which  successively  come  into 
the  positioD  of  instautaucous  axis  are  situated  in  the  surface  of  a 
cone  described  by  the  revolution  of  O  T  about  O  C  j  and  all  the 
positions  of  the  iustautant^ous  axis  lie  in  the  surface  of  a  cone 
oescribed  by  the  revolution  of  0  T  about  O  A.  Therefore  the 
motion  of  the  rigid  body  is  auch  as  would  be  produced  by  the  roll- 
ing of  the  former  of  those  cones  ujK>n  the  latter. 

It  is  to  bo  understood,  that  either  of  the  cones  may  become  a 
flat  disc,  or  may  be  hollow,  and  touched  internally  by  the  other. 
For  example^  shuuld  .^:i  A  0  T  become  a  right  angle,  the  fixed  cone 
wotild  become  a  flat  disc  ;  and  should  ^^AOT  become  obtuse, 
that  cone  would  be  hollow,  and  would  be  touched  internally  by  thfr 
rolling  cone ;  and  similar  changes  may  be  made  in  the  rolling  cone. 
The  path  described  by  a  point  in  or  attached  to  the  rolling  oone- 

I  is  a  spherical  epHrochoid;  but  for  the  purposes  of  the  present  trea- 
tise, it  is  unueccKsai-y  to  enter  into  details  respecting  the  propertiea 
of  that  class  of  curves. 
>i  394.  AuUgr  of  RociiU*nauHiWBgic  Force*. — If  the  proportional 
equation  3  of  Article  388,  which  shows  the  relations  between  the 
component  angular  velocities  of  rotation  about  a  pair  of  parallel 
axes,  the  resultant  angular  velocity,  and  the  position  of  the  instan- 
taneous axis,  be  compared  with  the  proportional  equation  of  Article 
39,  by  means  of  which,  as  explained  in  Article  40,  the  magnitude 
and  position  of  the  resultant  of  a  pair  of  parallel  forces  are  found, 
it  will  be  evident  that  those  equations  are  exactly  analogous. 
The  result  of  the  combination  of  a  rotation  with  a  translation  in 
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the  Bftine  pl&ne,  in  producing  ■  rotation  of  cqnnl  anjf*nlar  velocity 
about  an  uut&ntaneouB  axis  at  a  certain  distance  to  one  side  of  ika 
moving  axis,  aa  explained  in  Article  385,  is  cxactlj  analogoos  to 
the  rusult  of  the  combination  of  a  single  force  with  a  oonple  in  pn>- 
dneing  an  equal  single  force  transfeuired  laterally  to  a  certain  dii- 
tance,  aa  explaiDod  in  Article  41. 

The  result  of  the  combination  of  tvo  equal  and  opposite  rotations 
about  parallel  axes,  in  producing  a  tranahitiuu  witii  a  velocttj 
which  13  the  product  of  the  angular  velocity  into  the  distance 
between  the  axes,  as  explained  in  Article  391,  ia  exactly  analogous 
to  the  production  of  a  couple  by  means  of  a  pair  of  equal  and  oppo- 
site forces,  as  explained  in  Article  2d. 

The  resnlt  of  the  comhiuation  of  two  rotations  about  intersecting 
axes,  as  explained  in  Article  302,  is  exactly  analogous  to  the  result 
of  the  combination  of  a  pair  of  Inclined  forces  acting  through  one 
point,  aa  explained  in  Aiticle  21. 

The  combination  of  a  rotation  about  a  ^vcn  axis  wiUi  a  transla- 
tion parallel  to  the  same  axis,  as  exjilained  in  Article  382,  is  exactly 
analogous  to  the  combination  of  a  force  actiug  in  a  given  line  with 
a  couple  whose  axis  is  parallel  to  the  aame  line,  aa  explained  in 
Article  60,  cases  4  and  5. 

It  thus  appearSj  that  just  aa  tlic  composition  and  resolution  of 
translations  are  exactly  analogous  to  the  composition  and  rcsoludou 
of  couples,  so  the  compostion  and  reoolntion  of  rotations  are  exactly 
analogous  to  the  composition  and  resolution  of  idngle  foroes;  that  is 
to  say,  if  lines  be  taken,  representing  in  direction  axes  of  rotation, 
and  in  length  the  angular  velocities  of  rotation  about  such  axes,  all 
matliematical  theorems  which  are  true  of  lines  representing  single 
forces  are  true  of  such  lines  representing  rotations :  and  if  with  this 
be  combined  the  principle,  that  all  mathematical  theorems  whidt 
ore  true  of  lines  representing  in  direction  the  axes  and  in  lengtii  Uid 
moments  of  couples  are  true  also  of  lines  r^reaanting  the  velocitdes ' 
nnd  directions  of  translations,  all  problems  of  the  resolution  and 
composition  of  motions  may  be  solved  by  referring  to  the  eolntionfl 
of  analogous  problema  of  staticd. 

395.    CemipMnitlre  iTlMlttSB  !■  Compoaad   B«tntft*a* — The  velocity- ' 

ratio  of  two  pointa  in  a  rotating  rigid  body  at  any  instant  is  that  of  ^ 
their  pei-pcndicular  distances  from  its  instantaneous  axis ;  and  the 
angle  between  the  directions  of  motion  of  the  two  points  is  equ<il 
to  that  Iwtween  the  two  planes  which  traverse  the  points  and  the 
instantaneous  axia. 


396. 
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linear  velocity,  by  compavin^  ftkc  cWu^«i  •sAn^\«i»s»  -i^uu:f&  Sa. 
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velocity  of  a  rotating  body,  a  a,  during  a  given  interval  of 
time,  with  the  length  of  that  ii»terval,  a  t,  and  the  raU  qfvariaiion  ia 
the  value  towards  which  the  ratio  of  the  change  of  angular  velocity  to 

the  interval  of  time,  — ,  converges,  aa  the  length  of  the  interval  is 
indefinitely  diminiahed ;  being  represented  by 
^  da 

and  found  by  the  operation  of  differentiation. 

397.  Change  af  ibe  Asia  af  Raiaiiaa  hiis  been  already  cooudercd, 

80  far  as  it  ij  conaistent  vdih  uniform  angular  velocity,  in  the  pre- 
ceding section.  All  the  propositions  of  that  section  are  applicable 
also  to  cases  in  which  the  angular  velocity  is  v€uiedj  so  long  as  the 
ratio  of  each  pair  of  com]X)ncnt  angular  vtdocitics,  such  as  a  :  6,  is 
constant. 

fWTien  that  ratio  varies,  the  propositions  are  true  also,  provided 
it  be  undei-stootl,  that  the  rolling  cylinders  and  cones  with  circidar 
ZaaeSf  spoken  of  in  section  3.  are  simply  the  osculating  ct/Unders  and 
€onea  at  the  lines  of  contact  of  rulliug  cylinders  and  cone^  with  bases 
not  circnlar ;  and  that  rj,  r,,  in  esich  case,  represent  the  values  of 
tho  variable  radii  of  curvature  of  non-circular  cylinders  at  their 
lines  of  contact,  and  .^;  A  O  T»  .^il  C  O  T,  the  variable  angles  of 
obliquity  of  the  osculating  circular  cones  of  non-circular  cones. 

398.  Canpanenta  of  Varied  BaiaUao. — The  most  convenient  w-ay, 
in  most  cases,  of  expressing  tho  mode  of  variation  of  a  rotatory 
motion,  is  to  resolve  the  angular  velocity  at  each  instant  into  three 
component  angular  velocities  about  three  rectangular  axes  fixed  in 
direction.  The  values  of  those  components,  at  any  instant,  show  at 
onoo  the  resultant  angular  velocity,  and  tho  direction  of  the  inatan- 
taneous  axis.  For  example,  let  a«,  a,,  a„  be  the  rectangular  com- 
ponents of  the  angular  velocity  of  a  rigid  body  at  a  given  instaaL 

rotation  about  x  from  y  towards  c, 
^m  about  y  from  z  towards  x. 


I 


L 


and  about  z  from  x  towards  y, 
being  considered  as  positive ;  then 

a=^{al'\-<^^<^ (1.) 

is  the  resultant  angular  velocity,  and 

coa«  =  — ;  co34=  — ;  co3y=-; (3.) 

a  a  a 

are  the  cosines  of  the  angles  which  the  instautaucoua  oxia  mak 
with  the  axes  ofx^  y  and  z,  respectively. 
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399,  DiviUaa  •fibe  Sabjcrf.— The  Subject  of  the  present  chapUr, 
BO  far  as  it  comprehends  the  relative  motions  of  the  points  of 
pliuble  ttolids,  has  been  already  treated  of  in  those  portions  of  the 
Tliird  Chapter  of  Part  II.  which  relate  to  straina.  There  remain 
now  to  be  conpideretl  the  following  branches  : — 

I.  The  Motions  of  Flexible  &rds. 
II.  The  Motions  of  FluiiU  not  alteiing  in  Volume 
IlL  The  Motions  of  fluids  altering  in  Yolumc- 

SscTioN  1. — Motions  of  Flexible  Cords, 

400.  G«acrai  Priscirlcs. — As  those  relative  motions  of  the  points 
of  a  cord  vhich  may  arise  from  its  extensibility,  belong  to  the  sub- 
ject of  rcjustiinco  to  tension,  which  is  a  branch  of  that  of  strength 
and  stifinoss,  the  present  section  is  confined  to  those  motions  of 
which  a  flexible  cord  is  capable  when  the  length,  not  merely  of  the 
whole  wirtl,  but  of  each  part  lying  Iwtween  two  points  fixed  in  the 
cord,  is  invuriabU',  or  sensibly  invariable. 

In  order  ttiat  the  figure  and  motions  of  a  flexible  cord  may  be 
determined  from  cinematical  considerations  alone,  indepcndenuy  of 
the  raagnitudft  and  distribution  of  forces  acting  on  the  oord,  its  weight 
must  be  iusensible  compared  with  the  tension  on  it,  and  it  must 
everywhere  be  ti{/kl ;  and  when  that  ifl  the  case,  each  port  of  the 
cord  which  is  nut  straiglit  is  maintained  in  a  curved  figure  by  ysm^ 
ing  over  a  convex  surface.  The  line  in  which  a  tight  oord  lies  on  a 
convex  surface  is  the  shortest  line  which  it  is  possible  to  draw  on 
that  snriace  between  each  pair  of  points  in  the  conrae  of  the  cord. 
(It  is  a  well  known  pruiciple  of  the  geometry  of  curved  surfaces, 
that  the  osculating  pfaw  at  each  point  of  such  a  line  is  perpendi- 
cular to  the  cur\'cd  surface.) 

Hence  it  appears,  that  the  motions  of  a  tight  flexible  cord  of 
invariable  length  and  insensible  weight  are  regulated  by  the  follow- 
ing principles  : — 

r.  The  Imgth  between  each  pair  of  points  in  the  cord  is  OonstonL 

II.  Tft€U  Ungth  is  tJis  uhtjrUsl  line  which  can  be  draum  bettoesn  Us 
extfemilies  over  the  sur/aces  by  \c1i\eK  Uic  cord  i»  g»wUd- 
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3f  •«!•«■  ciumJ. — Tlio  motionB  of  a  cord  &rc  of  two  kinds — 

I.  TniTellmg  of  a  oord  along  a  track  of  invariable  form ;  in 
"which  case  the  velocitiea  of  all  points  of  the  cord  iiro  equal. 

II.  AltcTutioD  of  the  figure  of  the  track  by  the  motion  of  the 
guiding  Burfikces. 

ThutK  two  kinds  of  motion  may  be  combined. 

The  most  nsnal  problems  in  practice  respecting  the  motions  of 
corda  are  those  in  which  cords  are  the  means  of  transmitting'  mo- 
tion between  two  pieces  in  a  train  of  mechanism.  Such  problema 
will  be  considered  in  Part  IV.  of  this  treatise. 

Ne*t  in  point  of  frequency  in  practice  are  the  problems  to  be 
conBidertl  in  the  ensuing  Aitick'. 

402.    VmrC  Gnidca  by  Barfacen  •f  Kcrolativm. — Let  a  COrd  in  HOmo 

portions  of  its  course  bo  straight,  and  in  others  guided  by  the  sui*^ 
fftoes  of  circular  drums  or  pulleys,  over  each  of  whicli  its  track  is 
A  circular  arc  iu  a  plane  perpendicular  to  the  axis  of  the  guiding' 
sur&ce.  T^et  r  bo  the  radius  of  any  one  of  the  guiding  gurfaoes, 
%  the  angle  of  inclination  which  the  two  straight  portions  of  the 
oord  contiguous  to  that  surface  make  with  e^ch  other,  expressed  in 
length  of  arc  to  radius  unity.  Then  the  length  of  the  portion  of 
the  oord  which  lies  on  that  surface  is  r  i ;  and  if  «  be  the  length  of 
any  straight  portion  of  the  oord,  the  total  length  between  two  given 
points  fijted  iu  the  coi'd  nuiy  be  expressed  thus  : — 

L  =  s  •  «  +  a  •  ti (1.) 

^iet  c  be  the  distance  between  the  centres  of  a  given  adjacent  pair 
f  guiding  surfaces,  s  the  length  of  the  straight  portion  of  cord 
wliich  lies  between  themj  and  r,  t\  tlieir  respective  radii ;  then 
evidently 
P  ,=  Jc'-{r=!=rf (2.) 

the  <  (ii«v.rence  f  ^^  ^^^  ^^  being  employed,  according  as  the  cord 

{crosses 
docs  not  cross 


the  line  of  centres  e. 


Now  let  a  given  point  in  the  cord,  A,  be  considered  as  fixed,  and 
let  L  be  the  constant  length  of  cord  between  A  and  another  point 
in  the  conl,  B.  Let  one  of  the  guiding  surfaces  between  A  and  B 
be  moved  through  an  indefinitely  short  distance,  dx,  in  a  direction 
which  makes  ar^es,  j,/,  with  the  two  contiguous  straight  divisions 
of  the  cord  i-espectively.  Then,  in  order  to  keep  the  cord  tight,  B 
must  be  drawn  longitudinally  through  the  distance, 

tdx  '(cosj'^cosj') ; (3.) 
Dsegnenlly,  if  u  represent  the  velocity  of  tT»iv&\al\cti  ^  ^Xa* 
_'^^m^ 
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guiding  Burfu»  in  the  given  diroction,  and  v  the  longitadinal  Telo 
dtj  of  the  point  B  in  the  cord, 

v=  u  (ccey+OM/)  ; {L) 

and  if  any  number  of  guiding  surfaces  between  A.  ajid  B  be  tcaio- 
lated,  each  in  its  oim  dlreation, 

v  =  3  •«(coBj*  +  coe/) (5.) 

The  case  most  common  in  practice  is  that  in  which  the  plie$^  or 
ight  parts  of  the  oord,  are  all  parallel  to  each  other ;  so  that  i 
'^  180^  in  each  case,  while  a  certain  number,  n,  of  the  goidijig 
bodies  or  pulloya  all  move  simultaneously  in  a  direction  paraUal 
tho  plies  of  the  cord  with  the  same  velocity,  «.    Then  coa/=:oos 
^1 ;  and 


v=2niL. 


SECTiOlf  2, — }fotioM  of  Fluids  o/Constant  fJentUy, 

403.  TcUcifr  and  I'Uw. — The  density  of  a  moving  fluid 
may  be  either  exactly  invariable,  from  the  cuustaucy  or  the  a^jut- 
ment  of  its  temperature  and  pressure,  or  serndbly  invariable,  froB 
the-smallutiss  of  the  ulterutioiis  of  volume  which  the  actual  altov 
tions  of  pressure  and  temperature  are  capable  of  producing.  Th6 
latter  Ls  the  case  in  moiit  problems  of  practical  mechanics  afiecting 
liquids. 

Conceive  an  ideal  surfiice  of  any  figxire,  and  of  the  area  A,  to  be 
situated  svithin  a  fiuid  mass,  the  parta  of  which  have  motion  r^U- 
tively  to  that  suH&ce  ;  and  let  u  denote,  aa  the  caae  may  be,  the  um- 
Jorm  velocity,  or  the  ni£an  value  of  the  ^-arjnng  velocity,  resolved 
in  a  diit-ction  perpendicular  to  A,  vdth  which  the  particles  of  the 
lluid  pass  A.     Then 

Q=«A a) 

the  volume  of  fluid  wliich  passes  from  one  side  to  the  other 
le  surface  A  in  an  unit  of  time,  and  is  called  ihojlow,  or  roM 
How,  thi-ough  A. 

Wlien  the  particles  of  fluid  move  obliquely  to  A,  let '  denote, 
the  angle  which  the  direction  of  motion  of  any  particle  passisg 
makes  with  a  normal  to  A,  and  v  the  velocity  of  that  partade 
then 

«  =  V  •  cos  i, (3.) 

When  the  velocity  normal  to  A  varies  at  different  points^  either 
from  the  variation  of  v,  or  of  6,  or  of  both,  the  flow  may  alao  be 
cxi)rGa8«d  as  follows :— Let  A  be  divided  into  indefinitely 
dements,  each  o£  wHcU  u  ruyi:«»ni\AAV^  d  K-,  'Ooeo. 


^4 


he 
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1 
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Q=  f  U(IX=  f  vooa0-dA 


.(3.) 


if  ve  now  distingmah   the  mean  normal  vdoeity  from  the 
Lty  at  aiiy  porticidar  point  by  the  Bjmbol  u^  we  have. 


Q 

^  =  A  = 


I  dX 


(M 


404ir  Vrtodrle  wf  c««Naalir.— Axiox.    When  ihs  motion  of  a  fluid 
dcn»%ly  is  considered  reUUiv^y  to  an  endoaed  space  of 
volxane  loHich  is  akoays  filled  with  tJte  fluid,  the  flow  into 
space  and  the  flaw  out  of  it^  in  any  one  given  interval  of  time, 
be  ejfutfi— a  principle  expressed  BymboliaUIy  hy 


J-Q  =  0 


(5.) 


»e  preceding  self-evident  principle  regulates  all  the  motions  of 
Lids  of  constant  density,  whea  coDsidere<l  in  a  purely  cliieuiatical 
icr.  Tlie  ensuing  articles  of  this  section  contain  its  most 
applications. 
405.  Flaw  iM  m  tunmrn—A  stream  is  a  moving  fluid  mass,  in- 
litcly  extended  iu  lengtli,  and  limited  transversely,  and  having 
oontinuons  longitudiiuU  motion.  At  any  given  instant,  let  A,  A, 
the  areas  of  uuy  two  of  its  transveme  »ection±},  cousidcred  aa 
ced ;  u,  u',  the  mean  normal  velocities  through  them ;  Q,  Q*.  the 
ttes  of  flow  through  them ;  then  in  order  that  the  principle  of  con- 
loity  may  be  fulElled,  thoso  rates  of  flow  must  be  equal ;  that  is, 

u  A  =  u'  A'  =  Q  =  Q'  =  constant  for  all  cross 

Lions  of  the  channel  at  the  given  instant ; (1.) 

^consequently, 

u'       A 


A' 


.(3.) 


>,  the  normal  velocities  at  a  given  instant  at  tico  fixed  cross  sections 
iavoersdy  as  Uie  areas  of  these  sections. 

40C.  Pipe*.  Ckaavclft.  Camat*,  nnd  Jm. — Wlien  a  stream  of 
fluid  completely  fills  a  pipe  or  ttihe,  the  area  of  each  cross  section 
38  given  by  the  figure  and  dimensions  of  the  pipe,  and  for  similar 
forms  of  section  varies  as  the  square  of  the  diameter.  Hence  the 
mean  normal  velocities  of  a  stream  flowing  in  a  full  pipe,  at  differ- 
ent cross  sections  of  the  pipe,  are  inversely  aa  the  squares  of  the 
diameters  of  those  sections. 

A  c/iannel  partially  encloses  the  stream  flowing  in  it,  leaving  the 
upper  surface  free;  and  this  description  appUea  uoVi  oiA^  ^o  (J^iaxir 
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commonly  so  called,  but  to  pipea  partially  filled-     In  tKu 
16  area  of  a  crosa  aeotiou  of  the  stream  depcuds  not  only  00  Utf^ 
and  dimenaious  oif  the  channel,  but  on  the  figure  and  rien* 
tion  of  the  free  upper  surface  of  the  Htreani. 

A  currvnl  is  a  stream  bounded  by  other  portions  of  fluid  wlion 
motiouH  are  diflerent. 

A  jeC  lA  &  stream  whoee  surface  is  either  free  all  iDund,  or  '4 
touched  by  a  solid  body  in  a  small  portion  of  its  extent  only. 

407.  A  Badlatlag  CMrreat  is  a  paH  of  a  stream  which  mora 
towaids  or  &om  an  axis.  It  is  evident  that  suoli  a  stre&m  cannot 
extend  to  the  axis  itaclf,  but  must  turn  aside  into  a  di&erenc  conne 
at  some  finite  distance  from  the  axis.  Conceive  a  nuUatiDg  cur- 
rent to  be  cut  by  a  cyliudx-ica]  surfftce  of  the  radius  r  dcecril-'-i 
alxiut  tho  axis,  and  let  /*  l>o  the  depth,  porallid  to  the  axis,  of  the 
p<irtiou  of  that  euHaco  wliich  is  traveraed  by  the  current;  then 
the  mean  radial  ctmiponetU,  u,  of  the  velocity  of  the  current  aI 
that  surface  has  the  value, 

Q 


U=: 


2V7X 


408,  A  TmtfUMf  Eddr,  or  wbiri,  18  a  stream  which  either  rei 
into  itself,  or  moves  in  a  spiral  course  towards  or  from  an  axia 
the  latter  case  two  or  more  successive  turns  of  the  same  vortex 
touch  each  other  laterally  without  the  intervention  of  any 
partition. 

40d.  mt^Mif  nsuan  of  a  fluid  relatively  to  a  given  space  considered 

^«s  fixed  is  tliat  in  which  the  velocity  and  direction  of  the  motion  of 

the  fluid  flt  each  Jinced poiJit  is  uniform  at  every  instant  of  the  time 

under  consideration  ;  so  that  although  the  vulocity  and  direction  of 

the  motion  of  a  given  jvirticle  of  the  fluid  may  vary  while  it  ia 

transicri'ed  froDi  one  point  to  another,  that  particle  assumes,  at  each 

fixed   point   at  which   it   arrives,  a  certain   definite  velocity  and 

direction  depending  on  tho  position  of  that  point  alone ;  which 

'Telocity  and  direction  arc  successively  assumed   by  each  particle 

'vhich  sucoesaively  airives  at  the  same  fixed  point. 

The  steady  motion  of  a  stream  is  expressed  by  the  two  condition^ 
that  the  area  of  each  fixed  cross  section  is  constant,  and  that 
flow  through  each  cross  section  is  constant ;  that  is  to  say, 

dA  dQ 

-di-^''dt  =  ^ 

If  u  represents  the  normal  velocity  of  a  fluid  moving  steadily,  at 
a  given  Juced  point,  then 

£  =  0^ (^) 


IU0I1S» 

at  ^^ 


HDTION  or  PIOTOKS — DITFERENTIAL  EQUATIONS.  413 

the  condition  of  steady  motion.    Next,  let  u  represent  the 
xrnml  velocity,  not  at  a  ^vtn  Jiaed  poitit,  hut  of  a  given  identical 
lid^  of  fluid;  then  the  variation  undergone  by  u  in  an  indefi- 
nitely small  interval  of  time,  d  ^,  is  that  arising  from  its  l>eing 
ferred  from  one  crosa  section  to  another,  whose  diiitance  down 
le  stream  from  the  former  is  rf  *  =  -u  •  dt.     Hence,  denoting  by 

~  'dsj  the  indefinitely  small  variation  of  velocity  vrhich  takes 

el  •  M 

from  this  canae,  and  by  -^— ,  the  tat^  at  which  that  variation 
:e8  place,  ve  have 

rf'tt du    d a  d u 

"dt-'d^Ti"^'^'  Tl W 

Most  of  the  problems  respecting  streams  wluch  occur  in  practice 

[luive  reference  to  steady  motion. 

410.  In  iTBaicmdr  notion,  the  velocity  at  each  fixed  point  vanea, 

d  u 
a  rate  denoted  by  -j-  ;  and  the  total  rate  of  variation  of  the 
fit  t 

'Telocity  of  an  individual  paHich  in  a  stream,  being  found  by  adding 

together  the  rates  of  variation  duo  to  lapse  of  time  and  to  cliangc  of 

^rooaition,  is  expressed  by 


d'u du      du    da t^Wi         ^w  ty^ 

'dT~dt'^  ds'Tt~dt~^^'  dl ^*'' 


411.  n*il*H  of  piaiona. — Let  a  mass  of  fluid  of  luvariable 
rolome  be  enclosed  in  a  vessel,  two  portions  of  the  boundary  of 
which  (called  pistoTw)  are  moveable  inwards  and  outwards,  the  rest 
of  the  boundary  being  fixed.  Tlicn,  if  motion  be  transmitted 
between  the  pistons  by  moving  one  inwaixla  and  the  other  outwards, 
it  follows,  from  the  invariability  of  tlio  volume  of  the  enclosed  fluid, 
that  the  velocities  of  the  two  pistons  at  each  instant  will  be  to  eacli 
other  in  the  inverse  ratio  of  the  areas  of  the  respective  projections 
of  the  pistons  on  planes  noi-mal  to  their  directions  of  motion.  This 
is  the  principle  of  the  transmission  of  motion  in  the  hydraulic  pnaa 
and  hydratUic  crane. 

The  flow  produced  by  a  piston  whose  velocity  is  «,  and  the  area 
of  whose  projection  on  a  plane  peritondicular  to  the  direction  of  its 
motion  is  A,  is  given,  as  in  other  cases,  by  the  equation 

I  Q  =  «A (1.) 

412.  Ge«erml  DlffncBtlnl  E^Mitfoas  of  Caatlavlvr. — When  the 
motions  of  a  ihiid  of  jni-anable  ileusity  are  conadfeTC^ii  "vi\  VJKvfe  voLtaiX 
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genenl  way,  ihe  principle  of  continuity  eiated  in  Aitide  404 
«3CpreBse<l  lymbolic&llf  in  the  following  manner.     The  spicB 
somed  as  fixed,  to  which  the  motion  of  the  6uid  is  referred,  ii 
«eiTed  to  be  divided  into  indefinitely  anudl  rectangular 
maces,  each  having  far  its  linear  dunensions,  dXy  dy,dty  and 
ute  areas  of  its  thrc«  pairs  of  faces,  dyds,  dtdse,  dxd^.    ^M• 

XfX  +  dx,  be  the  co-ordinates  of  the  pair  of  faces,  dydt; 
y,y  +  dy,  „  „  „  „  dzdx\ 

«»«  +  rf*,  „  „  „  „  dxdy. 

Let  the  velocity  of  the  particles  of  water  at  any  point  be  i»ol 
into  threo  rectangular  components,  «,  «,  w,  parallel  ro»pectiT«ly 
X,  y,  Zy  with  proper  algebraical  signs.     Let  outward  flow  be  poo-] 
tive,  and  inwurd  ilow  negative.     The  values  of  the  flow  foe  the  a: 
fi^cee  are  as  follows  : — 

Through  the  first  face  of  ^(ix,  ^wdyd%', 

du 
„         „    second  face  c/y(/«,  (u  +  -r-dxjdyda; 

„        „    first  face  <^ 2 {far,   —vdzdx; 

„        „    second  face  dzdz,  (o  +  -r-  dy)  dzdx; 

<*  y 

„         „    Gxat  taoe  d X d yf  —wdxdy; 

d%o 
„        „    second  face  dxdy,  (w  +  -y-  dt)  dxdy. 

Adding  thoso  six  parte  of  the  flow  together,  and  equating  the 
result,  in  virtue  of  the  principle  of  continuity,  to  nothing,  we  find ' 
the  following  equation  : — 

(du      dv      dw\  J     J     J         A. 
—  +  ~~  +  -— )  dxdydz^Q'j 
dx       dy       dz)  " 

and,  striking  out  the  common  factor, 

du      dv      dw      ^ 

j~  +-T-  +  -J-  =0. 

dx      dy       dz 

This  is  the  general  differeniial  elation  of  continuity  in  a  fluid  of 
invariable  volume, 

413.   OrBrral  Olfferrvllal  Kqvntloaa  •ftttrndy  n«Uon If  each 

particle  which  oi-rives  succesyivtly  ut  a  given  {toint  assumes  a  velo- 
citj  and  direction  ol  motwu  dfi^vuiax^  cnx  *Cti«  V9«!L^aRR^  ^  ^iu£  ^Int 
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I,  md  not  on  the  Upse  of  time,  that  state  of  steady  motion  ia 
teented  by  the  equAtions^ 


du 
dt 


0; 


dt 


0; 


dtp 
It 


0;.. 


00 


«  U)  V,  Wj  are  the  component  vtloeUie$  at  a  Jhced point*  Kezt, 
ad  of  the  velocities  at  a  fixed  point,  let  u,  v ,  w,  be  the  campo- 
velocities  qf  an  individual  particle;  then  in  the  indefinitely 
t  interval  di^  the  co-ordinates  of  that  particle  alter  by  the 
'ha  dx  -=  udty  dy  =i.  vdt^  dz  =  wdt  •  and  it  assumes  tlie 
tonent  velocities  proper  to  its  new  position,  differing  from  its 
Dal  velocities  by  quantities,  which,  being  divided  by  dt,  give 
ates  of  variation  of  the  component  velocities  of  an  individual 
efa^  vi&  : — 


d*  u  '       du   ,  du  ,       du 


dx 
dv 


dy 


i 


du  ,       du  .      du  ,      du  ,_  . 

+  «^+»  — +«.^; (1.) 


dv  ,  dv 

ax  dy  d  z 

dv>   ,  du>   ,  dvj 

ax  ay  dz 

4.  GcacvmJ  DUTcrraUal  C4«all«n«  cf  E'MMcadr  nMieii. — When 

aotion  is  not  steady,  each  of  the  thi-ee  rates  of  variation  in  the 
tions  2  of  Article  413  requires  the  addition  of  a  term  represent- 
be  rate  of  variation  of  velocity  due  to  lapse  of  time  indepair 
y  of  change  o/jpositicm,  as  follows : — 

du 
dt        dt  d9  dy 

nmilar  equations  for  -j—  and  —j-  :  the  presence  of  the  dot 

ting  that  the  velocities  are  those  of  an  individual  particle,  and 
bsence,  that  they  are  those  at  a  fixe<l  point 

5.  Kqnaiion>  mf  DiapincrmrM. — In  all  tho  preceding  Articles, 
and  r,  denote  tlie  co-ordinates  of  a  real  or  ideal  Jix&i  point  in 

pace  to  which  the  motions  of  the  fluid  are  reicrred;  and  the 

rentials  -;— ,  ifec,  refer  to  the  diflerences  amongst  tho  condi- 
d  X 
of  the  fluid  at  different  points  in  that  space.     Let  S,  n,  i, 
leent  the  co-ordinates  of  an  individual  piirticlc;  then  the  th]*ee 
KUients  of  tho  velocity  of  that  particle  have  the  values 

di  dn  d{  ... 
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ftnd  tfaf>  three  compouenU  of  tlie  rate  o/variaUon  of  iU  motioii,  i 
dctined  in  Article  3GG,  are 


the  v»lne»  of 


tPJ, 
d'u 


du 

dt 


d'>i 

dt* 

d'w 


J-v    d^ 
'Jt*  df 


d'w 
dt 


•(i) 


and  —77-1  being  taken  from  Article  413  for 


iiiiilii^ 


dv 

-JT' liT' ''''''  dt 

steady  motion,  and  from  Article  414  for  utinteAdy  motion. 

416.  A  Wmve  la  B  sUite  of  uQstoady  motion  of  a  tcuuoi,  ' 
solid  or  fluid,  such,  that  the  state  of  motion  'vhirh  at  a  given 
of  time  takes  \>\Bitx  amongst  the  particles  occupying  a  certain  spoea 
is  transmitttxl  to  otlier  particles  oc:cup\Hng  t\  certain  other  space, 
along  a  continuous  course,  it  may  bo  imchangedr  or  it  may  be 
motliiicatidiift  which  still  leave  a  certain  similarity  betveeo 

lotions  of  the  purticle8  originally  affected,  and  of  thoae  affected  io 

locesaion. 

For  cxaroj»le,  let  a  given  fixed  point  0  be  taken  aa  the  origin, 
and  let  the  (xirticlc  which  in  at  that  point,  at  an  inatant  of  tune 
denoted  by  0,  havi!  a  certain  velocity  and  direction  of  motii 
After  the  lapse  of  the  time  /,  let  another  jjarticlo  which  is  at  a 
A,  difitont  from  O  by  the  length  a*,  have  either  the  same 
and  direction  of  motion,  or  a  velocity  and  direction 
definite  I'elAtion  to  those  of  the  original  particle ;  the  motion  » 
communicated  having  been  tnmsmitted  in  uncceasion  tu  all  the 
particles  ht»tween  O  and  A 

The  velocUjf  of  tntntmimon  or  propagation  of  a  vave,  when  con- 

stant,  is  the  ratio,  - ,  of  the  distance  between  two  points  to  the  time 

which  elapses  between  the  instauta  when  the  motions  at  thoM 
]ioiuts  arc  similar.     Let  a  denote  Uiat  velocity ;  then  the  conditio 
of  motiun  at  any  point  whose  distance  from  the  origin  is  x,  at 
instant  f ,  depends  upon,  or  is  a  function  of,  a  i  —  x',  which  quantit; 
or  a  quantity  bearing  w^mc  d^ifmite  pru[)ortiou  to  it,  ia  culled 
/>AaMof  the  wavo  motion.     Wave  motion  in  Unids  of  invaiiable' 
density  is  regulated  by  the  principle  ofconixnxnty  already  stiitcd. 

417.  OwciUmtian  in  a  fluid,  is  a  motion  in  which  each  indiWduol 
jwrticle  of  the  lluid  returns  over  and  over  again  to  the  same  (Hwi- 
tion,  and  rcjicatH  over  and  over  again  the  same  motiona  The 
jierhd  of  an  oscillation  is  the  interval  of  time  which  elapse* 
between  the  commencement  of  a  series  of  movements,  and  the 
commencement  of  the  repetition  of  the  same  movements.  The 
most  uftual  kind  of  oscillation  in  a  fluid  is  that  of  a  series  of  oteU' 
latory  uyires,  in  which  a  certain  state  of  motion  is  transmitted 
omrard  tit>m  particle  to  TpetrticVi^  \)aBA.  xac^vm  \5ftMv^  cwftillatory. 
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Section  3. — Moiiom  of  Fluulg  of  Varyin/f  Dentity. 

41S.    Flow  of  Talamr  tiiid  Flow  of  HTbm. — lu  the    case  of  a  fluid 

varying  density,  the  volume^  which  in  an  unit  of  time  flows 
rough  a  given  nrea  A,  with  a  normal  velocity  w,  is  still  repre- 
nted,  as  for  a  fluid  of  constant  density^  by 

Q  =  A7i; (1.) 

t  the  abiolute  tjuaiUUj/j  or  mruts  of  fluid  which  so  flows,  bears  no 

ger  a  constant  proportion  to  that  volume,  but  is  proportional 

the  volume  multiplied  by  the  density.     The  density    may  be 

either  in  units  of  weight  per  unit  of  volume,  or  in 

units  suited  to  the  particiilar  case.    Let  (  l>e  the  density ; 

icu  the  JUno  of  mass  may  be  thus  expressed  : — 

fQ  =  f  A« (3.) 

419.  Tlie  Prtaclpir  of  roatiauitr,  as  applied  to  fluids  of  varjing 
density,  takes  the  following  form  : — thejfow  uUnorout  ofanyjixed 
syctce  ofecn^iit  volume  is  that  due  to  the  variation  ofdmmiy  alvitc. 
To  express  this  sjrmboUcally,  let  there  l>o  a  tixod  space  of  the 
natant  volume  V,  and  iu  a  given  interval  of  time  let  the  density 
of  the  fluid  in  it,  which  in  the  first  place  may  be  supposed  uniform 
at  each  instant,  change  from  ^t  to  (j.  Then  the  mass  of  fluid  which 
at  the  beginning  of  the  interval  occupied  the  volume  V,  occupies 


t  the  end  of  the  intemU  the  volume 


and  the  diflcrence  of 


volumes  is  the  volume  which   flows  through  the  surface 
ding  the  space,  o^Uvyard  if  (]  ia  less  than  f^  inxcard  if  (,  is 
then  ft.     Jjet  /,  —  i,  be  the  length  of  the  interval  of  time ; 
then  the  rate  of  flow  of  volume  is  expressed  as  follows  : — 


Q  = 


(^■) 


t,-t, 


(1.) 


If  the  rate  of  flow  is  variable  during  the  instant  iu  question,  the 
ul>ove  erjuation  gives  its  mean  \iilue;  and  in  that  case  the  exftcb 
rate  otflow  ofvofnine  at  a  given  instant  is  the  value  towards  whicli 
the  result  of  equation  1  converges  as  the  interval  of  time  is  inde- 
finitely dirainislicd,  viz.  : — 

Q=^^^ (2.) 


^dt    '" 

Thefiow  ofvuus  at  the  same  instant  is 


2e 


Ydt 


.(3.) 
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Next  let  it  ha  Knppo!W«l  tliat  the  doosity  of  th^  fliiid  rariei  tl 
iffcrent  points  of  tho  fii>aoe.  Thon  on  the  rights bftod  sid«  of 
[untion  3,  ^  is  to  be>  held  to  ivprp.<vint  the  mean  denriiy  tkrov^wtt 
the  fftftce  nt  the  j^ven  instant;  whilo  on  the  lef^tmnd  sirlr,  f  nraH 
be  hp!d  to  repTTSf-nt  thp  main  density  at  the  xurfaee  through  ipAicA  tit 
Jlmo  takes  place.  Let  thnt  Burfkce  be  dinded  into  parts,  over  esoh  flC 
wbich  tho  density  is  uniform  at  a  giv^n  insrtant ;  let  Q'  reprewnt  die 
I>art.  of  llie  flow  of  volume  whicli  takes  plact  through  one  of  those 
pnj-ta  of  the  KiirfAce,  and  f  tho  density  af  thi»  fluid  so  rto-n-inc,  »  tbit 
Q*  p'  is  the  part  of  tho  flow  of  mass  which  takes  pUce  thruiich 
of  the  sor&ce  in  question ;  then  for  equation  3  is  to  bo  eul 

^■0'^=-^' (*■) 

420.  •mwai. — To  Kpl*\y  the  preceding  principles  to  a  gtream 
fluid  of  varying  density,  lot  tho  aw  of  the  stream  be  ft  line,  stmigl 
or  curved,  which  tr.i verses  the  centres  of  gravity  of  ail  the 
sections  of  the  stream  mode  at  ri^ht  angles  to  that  axis,  and  li!t~ 
'<listanccs  fi-om  a  fixed  point  in  that  axis,  measured  dovn^rtvm,  hf 
denoted  by  *,  and  the  ai*eu  of  any  cross  section  by  A*     Let  it,.  -^ 
tho  positions  of  two  cross  sections  of  the  stream  whose  dis;. 
a})art  along  the  axis  is  8^  ~  si]    then  tho  volume  of  the  spux 
between  tiiose  cross  sections  is 

v=/;;Arf. (I.) 

Let  Q,  be  tho  rate  of  flow  of  volume  thi'ouj;h  the  first  cross 
Qj  that  through  the  second ;  «,.  «„  the  corresponding  meui 
! cities  normal  to  the  respective  cross  sections;  ;  the  maa&  danstr 
the  fluid  in  the  space  V;  pi  the  mean  density  at  the  liivtenM        " 
and  f.  that  at  the  second.     Then  equation  4  of  Article  419 

q..-q..  =  ^'  =  -^./:;a... (3) 

The  rate  nt  which  the^otp  of  mass  varies,  in  passing  from  one 
section  of  the  stream  to  another,  is  the  limit  to  which  the  ratio 

oonTerges  as  tlic  distzincc  8%  —  s^  is  indcflnltely  diminish od  j  timt  t 
to  say, 


Tt 


dB 


-*  =  Q 


d9^d$ 


di  ' 


The  mean  normal  veJoeity  at  a  giren  crom  awstion  of 
Uuving  the  value  u  =  -r*^^  subject  to  the  equation 
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''*-*^«^^_:*L^ (4) 


ds  dt 

431.  Bcc«4t  9I«tJ«a. — lu  the  case  of  steady  motion  in  a  fluid  of 

vryins  denaty,  the  density,  velocity,  and  cUrection  of  motion  at 

iCU  6xod  point  of  the  space  to  which  the  motion  la  referred,  aro 

>D9tant,  and  are  assumed  eiiccearavely  hy  each  particle  which  arrives 

the  given  point     Hence  in  thid  case,  equation  4  of  Article  419 

>mGe 

2'Q'«'=:0 (1.) 

of  a  ittream  is  expressed  by  the  forms  assumed  by  equations 
Kud  4  of  Article  420,  viz. :— 

^:^-^ ••-(^) 

lat  is  to  say,  the  faw  of  mass  is  nniformfor  all  cross  sediojis  ofOtA 
;  and  being  also  conatuut  for  all  instants  of  time,  ia  therefore 
tliitely  constant 

422.  PteMM  ■m4  CrUadcn. — Let  a  mass  of  fluid  of  vnriablo 
density  be  enclosed  in  a  space  whose  volume  is  capable  of  being 
▼arie<l  by  the  motion  of  one  or  more  pistons.     Let  A  be  the  area 

[cf  the  projection  of  a  piston  on  a  plane  jteqx'ndiculur  to  its  direction 

motion;  w  its  normal  velocity,  positive  if  outward,  negative  if 

iwani ;  f  tJie  density  of  the  fluid  in  contact  with  it;  V  the  whole 

)Iume  of  fluid  enclosed;  <  its  mean  density.     Then  equation  4 

>me8 

\e  last  expression  l)eing  introdnced  becauae  ^  V  =  the  mass  en- 
losed,  is  constant     If  the  density  is  uniform,  then 

^'^"=W <^  ^> 

as  is  otherwise  oridont 

If  the  space  is  not  completely  enclosed,  but  has  an  opening  whono 
cross  section  is  A",  and  at  which  the  mcun  normal  voloeity  of  the 
stream  is  u"  (positive  outward),  and  the  draisity  /,  then  the  flow  of 
mass  tlirough  that  opening,  A"  u"  (",  is  to  bo  included  in  the  sum- 
mutinn  at  the  left  side  of  equation  1. 

423.  ct«nrmi  DifFrrcMtei  E«oaU««i. — As  in  Article  412  and  the 
lisequent  Articles,  let  «,  r,  and  w,  be  the  rcctangtilar  components 
tho  vtrlocity  of  the  fluid  at  any  given  iixed  point  in  the  s])aoo  to 

I      which  the  motion  is  referred,  and  dx^dy^  dz,  the  dimensions  of  an 
^^adelinitclv  small  fixed  rectangular  portion  of  that  space.     Thfn 


ma 


i20 


PBtKCIFr.A  OP  CDrBSCATICS. 


dydZf  the  flow  of  inaas  ia  at  the  first  faosis  —  U('dt/dcj  and  tha 
floir  of  muB  out  at  the  second  face  is  («e4*  ,  'd:r)  dydSf  the 
roaultaut  of  which  pnir  of  flows  is 

d'  u 

~di 


dxdydz. 


Taking  the  con-eaponding  resultant  for  the  othor  two  pairs  of  fkcet, 
adding  the  threo  quantities  thus  found  together,  observing  tbat 
y  =zdxdydz,  and  dividiug  by  that  common  factor,  the  equation 
4  of  Article  419,  which  expresses  the  i)rincipIo  of  oontiuuitj, 
boconics  the  following  : — 


d'M  i   .d'vj     'd'tc 
dx  dy  dz 


dt' 


0) 


which  is  the  eqtiaiion  of  corUinuily  Jor  a  Jluid  of  varying  deTtmltf, 
This  equation  may  bi*  otherwise  expressed  as  foUown : — 


/du  ,  dv      dvj\    ,   (     d    . 


dz^d 


;)p  =  0;(l) 


or  dividing  by  <, 
du     dv     din 
dx    dy     dz 


(•i 


dx       dy        d£    d 


^Jl»yP-  log.  C  =  0.  (S  A.) 
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The  first  three  terms  of  the  last  equation  are  identical  with  the 
three  terms  of  the  equation  of  continuity  for  a  fluid  of  unifoi 
density. 

The  conditions  of  steady  motion  are  the  following  : 

which  conditions  apply  to  a  Juced  point  in  spa^,  and  not  to 
indi\'idual  particle  of  fluid.    The  rates  of  variation  of  the  oompont. 
VL'lociticfl  and  of  the  density  of  an  indi%ndual  particle  of  fluid  ai 
expressed  as  follows  : — 

d-u      du  ^     du  _^    rf«_j_      du 

dt  "'  "^ 


dt 


4-n^+r^-f«^;. 


dx 


dy 


dz 


.(4.) 


and  similar  equations  for  -j— ,  -^ — ,  and  '^— ^ 
dt      dt  dt 

424.  The  iw»««n»  orciMiwrird  Bodic*  form  the  STibjcct  of  the 
riiwrj-  of  Mechanism,  to  wliich  the  Fourth  Part  of  tins  treatise 
relates. 


PART  IV. 

THEORY  OF  MECHANISM. 
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CHAPTER  I. 
DETINITIONS  AND  QENERAL  PRU;CIPL£& 
•135.    Tkeorr  at  Pare  MerhaaluB  DcilH«4. — }fachineg  aix*  1x)di(.'s, 

uiisciiiblageii  of  bodies,  wbicli  trau^uit  and  modify  motion  and 
force.  The  word  "  machine/*  in  ita  widest  senbe,  may  bo  applied 
to  every  material  substance  and  Bystem,  and  to  the  matcriui  imi- 
Teree  itself ;  hut  it  is  nsiially  restricted  to  works  of  human  art,  and 
in  that  reatricbed  sense  it  13  employed  in  tliia  treatise.  A  machine 
transmiU  and  modiiies  motion  w)ii.-n  it  is  the  meaas  of  making  one 
motion  cause  another ;  ils  when  the  mechanism  nf  a  clock  is  the 
means  of  making  the  descent  ef  the  Wfi>;ht  amso  the  rotation  of 
the  hands.  A  machine  tmnamits  and  motlities  force  when  it  is  the 
means  of  makinj;;  a  given  kind  of  physical  energy  perform  a  given 
kind  of  work  ;  as  when  the  furnace,  boiler,  water,  and  mechanism 
of  a  marine  steam  cu^ie  are  tlio  means  of  making  the  energy  of 
the  chemical  combination  of  fuE^l  with  oxygen  i)erfonn  the  work  of 
overoonuDg  the  resistance  of  water  to  tlie  motion  of  u  ship.  The 
acta  of  transmitting  and  modifj^ing  motion,  and  of  transmitting  and 
motUfying  force,  take  pluce  together,  and  are  connected  by  a  cer- 
tain law ;  and  until  lately,  they  were  always  considered  together 
in  tivatisea  on  mechanics ;  but  recently  great  advantage  in  point 
of  clearness  has  Vn^en  gained  by  first  considenTig  separately  the  act 
of  transmitting  and  modifying  motion.  The  principles  which  re- 
gulate thia  function  of  machines  constitute  a  branch  of  Cinematics, 
called  the  tJuorf/  o/yure  inecftanvmi.  The  principles  of  the  theory 
of  ]iui*o  mechanism  having  been  first  established  and  understood, 
those  of  the  theory  oftiie  work  o/machhiesj  which  regulate  the  act 
of  transmitting  and  modifying  force,  are  much  moi*e  readily  de- 
mouMrated  and  apprehended  than  when  the  two  depai-tmenta  of 
the  theory  of  machines  are  mingled.  Tlie  t'Stablishment  of  the 
theory  of  pure  mechanism  as  an  independent  subject  has  bc*n 
mainly  accomplished  by  the  lalx)urs  of  Mr.  Willis,  whose  no- 
menclature aud  methods  are,  to  a  gnat  extent,  followed  in  this 


i-1'2 


TQ£OBT  or  UCCBAKI8K 


426.  Tb«  Gcaeral  Problem   of  tlio  theory  of  pure  mwhantim 
may  be  stated  &a  follows : — Given  U^  mode  of  amit^ctian  (if  two  or j 
mors  movtable  poirUs  or  bodiet  uM  each  other,  and  wiUi  certain  f 
bodies;  reguirid  the  eomparaUve  motions  of  (he  movoahU  pokdi  vr 
bodies :  and  conrersely,  iMtfn  t/t«  compariUive  mottotu  of  £uw  cf 
nuyrt  inoveabfe  points  are  ^iven,  to  Jmd  tkar  proper  Tnode  o/ wnM>| 
tion. 

The  term  "comparativo  motion"  is  to  be  understood  aa  la 
Article*  358,  307,  379,  and  395,  In  those  Articles,  the  compank 
tivc  motioiis  of  points  belonging  to  one  body  hare  alrcaiiy  been 
considered.  In  order  to  constitute  mechanUm,  two  or  more  bwUei 
must  be  so  connected  that  their  motions  depend  on  each  other 
throngh  cinftrnaticul  principles  aluue. 

427.  FrsMe;  Vtmrtng  PlocMf  Coim«cMff«. — The  Jrame  of  a  UUL- 
chine  i»  a  structure  'n*hich  suppai'ts  t}t«  moving  pitcesj  and  ngulalcs 
the  path  or  kind  of  motion  of  most  of  them  directly.  In  oooadar 
ing  the  movements  of  roachinoti  mathomatioally,  the  frame  is  con- 
sidered as  iixed,  and  the  motions  of  the  moving  pieces  arc  rc-fmr*! 
to  it  The  frame  itself  may  have  (as  in  the  case  of  a  ship  or  of  n 
locomotive  engine)  a  motion  relatively  to  the  earth,  and  in  thflt 
case  the  motions  of  the  moWng  jjiecca  relatively  to  the  earth  ar* 
the  reaiiltants  of  their  motions  relutively  to  the  frame,  and  of  tli*.' 
motion  of  the  fi-ame  relatively  to  the  earth  ;  but  in  all  problems  of 
pure  moohauirtui,  and  in  many  problems  of  tlie  work  of  machinrc, 
the  motion  of  tho  frame  relatively  to  the  earth  docs  not  ix^nurc  t« 
be  cuusidered. 

The  A/wn'rt^ /xV/w  may  be  distini^uislied  into  ;?rtmary  and 
ary;  the  foruur  being  those  wluch  arc  directly  carried  by 
frame,  and   the  hitter  those  which  are  carried  by  other  movin^J 
pieces.     The  motion  of  a  secondary  movin;;  piece  rehitivcly  to  th< 
frame  is  tho  resultant  of  its  motion  relatively  to  the  primary  pioc«i 
which  carries  it,  and  of  tho  motion  of  that  primary  pioco  relatively 
to  the  frame. 

Cminect^yrs  are  those  secondary  moving  pieces,  such  as  links,  bdt 
cords,  and  chains,  wliich  transmit  motion  from  one  moving  pi< 
to  another,  when  that  transmission  is  not  eSected  by  immediat 
cont-xct 

4:3d.  BrariaffB  are  the  sm-faccs  of  contact  of  primary  movii 
pieces  with  the  frame,  and  of  secondary  moving  pieces  ^-ith 
pieces  which  cairy  thoin.  Bearings  guide  the  motions  of  the  pi* 
which  they  support,  and  their  ligiui's  depend  on  the  nature  of  th< 
motions.  The  bearings  of  a  i)iec*  whieh  has  a  motion  of  traunld 
tion  in  a  straight  line,  must  have  plane  or  cyliudrical  surfocf 
exaciit/  ttiraighl  ia  tUe  ^tectVow  o'C  "wxoVwitv.  T\v£  Waova^^  of  total 
lag  pieces  must  liave  aurJacta  accurtt.wV3  \\Yn\^A  Vi  j\cpi.T«  oj  ti 
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auch  u  K^Undcrs,  spheres,  conoids,  and  flat  discs.     The  bearing 
a  pii.-ce  wboee  motiuu  is  helical,  uust  be  an  exact  screw,  of  a 
itch  eqtiol  to  that  of  the  lielical  motion  (Article  3K3).     Those 
irte  of  moving   piecc^s  which    touch  tlie    Wurings,  should    havu 
acoumtely  fitting  those  of  the  bearings.     They  may  \w 
binguished  into  slidtSj  for  pit.>ct.*s  which  move  in  straight  lines, 
juurnaU,  &u«/is»,  and  pinotSj  fur  those  which  rotate,  and 
for  those  which  move  helically. 
The  accumtc  formation  and  flttiug  of  bearing  surfaces  ia  of  primary 
Lportance  to  the  correct  and  efficient  working  of  machines.     &iir- 
of  revolution  are  the  most  ea-^^y  to  form  accumtoly,  screws  are 
more  ditlicult,  and  planea  the  modt  diilicult  of  all.     The  success  of 
[.^r.  Whitworth  in  making  ti-ue  phines,  is  regarded  aa  one  of  the 
btoat  achievements  in  tlie  construction  of  machinery. 
42U.   Thm  MoliMM  ttf  t^nmmrr  Bimwtmg  PAmm  are  Umitetl  by  tlie 
;t,  that  in  order  that  ditl'eient  portions  of  a  pair  of  U^ring  sur- 
'face^  may  accurately  tit  each  other  during  their  retntive  motion, 
■those  siirlaces  must  be  either  straight,  circular,  or  helical ;  Irum 
which  it  follows,  that  tho  motions  iu  question  can  be  of  three  kiiuls 
only,  viz : — 

*i  Straight  traniiation^  or  sfiifling,  which  is  necossarily  of  limited 
extent,  and  which,  if  the  motion  of  tho  machine  is  of  indefinite 
duration,  must  Iw  reciprocating ;  that  ia  to  say,  must  tuke  phice 
altcruately  in  opposite  directions.  (See  J^art  111.,  Chapter  H., 
Section  1.) 

»XL  Simj)i9  rotatioii,  or  turning  about  a  fixed  axis,  which  motion 
may  be   either  continuous  or   reciprocating,  being  called  in  the 
latter  case  oacUlcUion.     (8eo  Vaxi  111.,  Chapter  II.,  Section  2.) 
111.  Helical  or  screw-lil-e  motion,  to  which  the   same  ronmrks 
_^  apply  as   to  straight   tmu&lation.     (See   Part   III.,  Chapt«r  IL, 
■Bectluu  3,  Anicle  3^2.) 

H  430.  The  aiMioaa  «r  itacMidarr  stnwins  piecva  relatively  to  tho 
^tpi^ces  which  carry  them,  are  limited  by  the  same  principles  which 
Apply  to  the  motions  of  primary  pieces  i-elatively  to  the  frame.  But 
the  motions  of  secondury  moving  pieces  relatively  to  the  frame  may 
be  any  motions  which  can  lie  compounded  of  straight  tmn&latious 
and  simple  rotations  according  to  the  principles  lUrcady  explained 
in  Part  J II.,  Chapter  II.,  Section  3. 

431.  An  BieHicMinrr  CauAinaiion  in  mechanism  consists  of  a 
pair  of  primary  moving  pieces,  bo  connected  that  ouo  tninsmitd 
motion  to  tho  other. 

The  piece  whose  motion  is  the  cause  is  called  the  driver  ;  that 
whoso  motion  is  the  elTcct^  tho  J'oiiinoer.     The  o&muxtion,  betweeu 
the  drivt^rand  the  follower  may  be — 
i  lijr  railint/  contact  oi  their  surfaces,  as  Va  toothless  uKo^. 
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II.  By  sliding  contaH  of  their  sar&oeB,  as  in  toothed  vMs^ 
screws,  ■u>&ig€s,  cainSy  and  escapements. 

IIL  By  baiuis  or  wrapping  connedor«t  such  as  beltt^  cords,  ami 

\ring-^fMins. 

lY.  By  link-workt  such  as  oouTtecting  rods,  unttwrm/  JoirUs,  and 

V.  By  reduplieation  qfcordsj  us  in  the  case  of  ropctf  and  pulleys 

VI.  By  ail  itUeriMmng  Jluid,  traofmiittiDg  motion  between  tvo 
pistons. 

The  varioHK  casen  of  the  transmission  of  motion  from  a  driver  to 
a  follower  ore  further  classified,  according  as  the  relation  betwcvn 
thoir  directions  of  motion  is  constant  or  changeable,  and  according 
t\h  the  ratio  of  their  veloeitiea  in  constant  or  vuriable.  This  latter 
principle  of  classification  is  employed  by  Mr.  Willis  as  the  founda- 
tion of  a  primary  di^dsion  of  the  subject  of  elementary  combinations 
in  mechanism  into  classes,  which  aro  subdivided  according  to  the 
mode  of  connection  of  the  pieces.  In  the  present  treatise,  elemen- 
tary  combinations  will  bo  classed  primarily  according  to  the  mode 
of  connection. 

432.  Uoe  of  CvBHcction. — In  every  class  of  elementary  comlana- 
tjons,  except  those  in  which  the  connection  is  made  by  reduplica- 
tion of  cords,  or  by  an  intenoning  liuid,  there  is  at  each  instant 
ii  c<n'tain  straight  line,  c;illed  the  fine  of  oonnediony  or  fine  o/muixud 
aUion  of  the  driver  and  follower.  In  the  case  of  rolling  amtact, 
this  is  any  straight  lino  whatsoever  traversing  the  point  of  contAci 
of  the  sudaccs  of  the  pieces ;  in  the  case  of  sliding  contact,  it  is 
line  perpendicular  to  those  surfaces  at  their  jwiut  of  contact ;  in 
the  case  of  wrapping  connectors,  it  is  the  centre  line  of  that  part 
of  the  connector  by  whose  tension  the  motion  is  transmitted  ;  i 
the  case  of  link-work,  it  is  the  straight  line  passing  through  the 
points  of  attachment  of  the  link  to  the  driver  ami  follower. 

433.  Priacipie  sf  CoNoccUoa. — Tho  line  of  connection  of  the 
driver  and  follower  at  any  instant  lieing  known,  their  comparative 
velocities  are  detci-mined  by  the  following  priudple  : — The  respec- 
tive linear  vdocities  of  a  point  in  Uw,  driver,  and  a  point  in  the  fd* 
loicer,  ead^  silualed  anyiohere  in  the  line  of  ctmrwetiotiy  are  to  enek 
oUier  inversely  an  the  cosines  of  the  respective  angles  made  by  tJte  paths 
ofOic  points  toilh  the  line  of  connection.  This  principle  might  be 
otherwise  statod  as  followa  : — The  components,  along  the  line  ofco^^ 
nectioji,  of  tJie  velocities  vfani/  two  points  situated  in  tftat  lintf  &r^m 
equal.  H 

434.  AdjHAtmrnta  •(  npt^d. — The  velocity-ratio  of  a  driver  and 
its  follower  is  sometimes  made  capable  of  being  changed  at  will,  by 
meflDS  of  apparatus  for  varjwv^.  ^}a(i  \«ii\\Acni  o4  vXvsia  Niw*.  ^C  cAvmoo- 
tion;  afi  when  a  pair  ol  voX&Uti^  touea  mm  t^wCuvwyA.  Xtj 
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"wluch  can  be  shifted  so  as  to  connect  portiona  of  iheir  surfaces  of 
different  diameters. 

435.  A  Traia  vf  BiwhuisM  consists  of  a  series  of  moving  pieces, 
each  of  which  is  follower  to  that  which  drives  it,  and  driver  to  that 
'vhich  follows  it. 

436.  Jt«p«««te  CwMMBattoHB  in  mechanism  are  those  by  which 
compound  motions  are  given  to  secondary  pieces. 


436 
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Section  1. — RoQxng  ContaeL 

437.  Pilch  HttrfarvM  ai'G  tliosQ  surfftces  of  a  pair  of  moving  pieocs, 
which  touch  each  other  when  motion  is  conimuDicated  by  roUiiija; 
coutAct  Tho  LiXE  OF  (X)NTALT  is  that  liuQ  which  ot  each  iustanl 
travei-svtj  all  the  pairs  of  poiuts  of  the  pair  of  pitch  surfaces  which 
ore  in  contact. 

•KJ8.  SnufMith  Wlirclia.  U«ller«.  l9niAoih  Ra<k«. — Of  a  pair  of  Iitt" 
ouuy  moving  piecca  in  rolling  contact,  both  may  rotate*,  or  oiit| 
may  rotate  ivad  the  other  have  a  motion  of  8liding.  or  stnughfl 
translatiou.  A  rotating  piece,  in  rolling  contact,  is  ciiUetl  a  «nooll 
tcfiecl,  und  sometimes  a  roller;  a  uliding  pieoo  may  bo  coUod  m 
smooth  rack,  1 

439.  CKncrnl  Caadlllaas  of  Bollliig  CMimcc. — Tbo  whole  of  tfafl 
principU-a  which  rejfulate  tho  motions  of  a  pair  of  piec<»  in  roIHi^^ 
contact  follow  from  the  sin^^lu  principle,  tJiat  each  pair  ofpoinU  in  CM 
pitch  aitr/ajxs,  tciAio/i  nre  in  contact  at  a  giiten  instant^  mwft  at  tkoR 
inaiant  be  m<nnng  in  the  satiic  direction  with  the  sauie  velocit}/.  I 

Tlie  direction  of  motion  of  n  point  in  a  rotating  body  being  peP-J 
peudicnltir  to  a  plane  passing  tlirougb  its  axis,  the  conditiauj  thrt^ 
each  pair  of  points  in  coutaot  with  each  other  must  move  in  th« 
»amo  direction  leads  to  the  following  conaequenccs : — 

T.  That  when  both  pieces  rotate,  their  axes,  und  all  their  pointu 
of  contact,  lie  in  the  same  plunc.  J 

I I.  That  when  one  piece  rotates  and  tho  other  slides,  the  axis  afl 
the  rotating  piece,  and  ull  the  points  of  contact,  lie  in  a  plane  pfr4 
pendicular  to  the  direction  of  motion  of  the  sliding  piece,  I 

The  condition,  that  the  velocities  of  each  pair  of  poiuta  of  OWM 
tact  must  be  equal,  leads  to  the  following  couaequenwa : — 

III.  Thut  the  angular  rclocitiea  of  a  pair  of  wheels^  in  rblliugg 
contact,  must  be  inversely  as  the  perpendicular  distunocs  of  ann 
I«ir  of  points  of  contact  from  the  respective  axes.  m 

IV.  That  tho  linear  velocity  of  a  smooth  ttick  in  rolling  contaoll 
with  a  whetil,  is  cc\uft\  to  l\i«  v^-oduct  of  the  angular  velocity  of  tM 
wbvv]  by  the  pcqveudVcxAat  ^%taa\cftix»im\\fc«xa\ft^\«rttv»C^5CimlO 

of  contact  m 
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Kcspeeting  the  line  of  eontact^  the  obore  principles  TIL  und  IV. 
Icmd  to  tite  following  conclusions  : — 

V.  That  for  a  pair  of  wbeeln  with  paTallel  axes,  and  for  a  wheel 
&nd  rack,  the  lino  of  contact  is  straight,  and  pAraliel  to  the  axns  or 
axis ;  and  hence  thai  the  pitch  surfaces  are  either  plane  or  cylin* 
drical  (the  term  ^cylindrical"  incluiiing  all  suriacea  generated  by 
the  motion  of  a  stnu^ht  line  parallel  to  itself). 

VL  That  for  a  pair  of  whetL*.  with  intersecting  axoe>  the  Une  of 
oontACt  ia  also  strai^t,  and  IrarerRes  the  point  of  intersection  of 
the  axes;  and  hence  that  the  roLLing  sarfiicca  are  conical,  with  a 
common  apex  (the  term  "conical"  including  all  mirfaees  genemted 
the  motion  of  a  stnitght  line  which  traverses  a  fixed  point). 
440.  ctrrmtmr  Cyilvdriml  nitrvU  are  employed  when  an  uuiform 
itio  is  to  be  communicated  between  parallel  axea.  FigSL 
,  and  180,  of  Article  388,  may  be  t*iken  to  represent  pairs 
buch  wlieoh  ;  O  and  O,  in  cacli  figure,  being  the  parallel  axes  of 
10  whreU,  and  T  a  point  in  their  line  of  contact.  In  fig.  187, 
ith  piloli  surfiice.^  are  convex,  the  wheels  are  aaid  to  bo  in  ouUitia 
iW«(7,  and  their  directiona  of  rotation  are  contrary.  In  d'^  183 
d  189,  the  pitch  siu'face  of  the  lai^r  wheel  is  concave,  and  that 
the  «maller  ctmvex ;  tbi'y  aro  said  to  be  in  inside  fftarinff^  and 
leir  directions  of  rotation  are  the  same. 

Tcprt>sent  the  comparative  moUona  of  such  pairs  of  wheels 
ibtdioally,  let 

OT  =  fj,aT  =  r.. 

tiielr  radii :  let  U  C  =  0  be  the  line  of  ctntra,  or  perpendicular 
loe  between  the  axes,  so  that  for 
outaide 


in«de      S^"^fi:.*^='-i 


=zr^^^U 


,(1.) 


;  0^,  <io,  be  the  angular  velocities  of  the  wheelSf  and  v  the  common 
velocity  of  their  piteh  surfaces  ;  then 


v  =  airj  =  tt3rj; 


J 


(2.) 


c :  Tj :  rj  : :  o^  ==  a^  :  Oj 

1  •       .     i  outside  1 
jUio  sign  =±=  applying  to  ^  ^^^^^  |  gearing. 

441.    A  mmlRht  Rnrk  nnd  Clrcalnr  Wlirol,  which  firO   USed  vhuU 

miiform  velocity-r.Uio  is  to  Ixi  coinmunicat4?d  l»etweon  a  sliding 

»ioce  ftud  a  turning  piece,  may  be  representetl  by  tig.  Ib-j  of  Article 

18.7,  C  being  the  axis  of  the  wheel,  P  T  P  the  plane  surface  of  the 

_?iclc,  and  T  a  point  in  their  line  of  contact     I^t  r  bo  the  nuliuH  of 

Uie  wheel,  a  its  angular  velocity,  and  c  the  linear  velocity  of  the 

^Tttck;  then 
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443.  Bcrei  Whcru,  ivhose  pitch  sorikoes  are  frastrn  of 
roues,  ai-e  used  to  tnuumit  an  uniform  aogiilar  vtlocity-rati* 
ttetwcen  a  ])air  of  axe«  which  intersect  eaoli  other.  Vi^.  190  of 
Articto  392  will  cerve  to  illustrate  this  caae;  O  A  and  O  C  hdi^ 
tI»P  i»njr  of  axes,  int*?r8ecting  each  oUier  in  O,  O  T  the  line  of  coo- 
tact^  and  the  cones  described  by  the  revolution  of  O  T  nbout  0  A 
and  O  0  n^spectlvfly  being  the  pitch  surfaces;,  of  which  narrow  maa 
or  fru£tra  are  usoil  in  pructice. 

I^t  a„  a^,  be  the  angular  velocities  about  the  two  nxes  resji^o* 
tively;  and  let  tj  =  .^  A  O  T,  tj  =  .^  0  O  T.  be  thy  angles  nuule 
by  Uiose  axes  respectively  wth  tlio  line  of  contact ;  then  from 
thoi>rincii>le  III.  of  Article  439  it  follows,  UmL  tlie  aut^hir  velocity- 
ratio  id 

??='^S (1.) 

a,       sin  ij 

"Which  eqtiation  serves  to  find  the  angular  velodty-mtio  whco  the 
axes  and  the  line  of  contact  are  given. 

Con^  ei-sely,  let  the  angle  between  the  axes, 


then  the  position  of  the  line  of 


!}«  given,  and  also  the  ratio  ~; 

contact  is  given  by  eithei-  of  the  two  following  equations  : — 


ainii 


Oa»inj 


(i) 


J  (rt?  4-  a-ii  +  2  a,  a,  cos  j)  ' 
Graphically,  the  same  problem  is  solved  ni*  follows  : — On  the  two 
axes  respectively,  tukc  lengths  to  represent  the  angular  velociUes 
of  their  resi>cctivc  wheels.  Complete  the  paniUelogram  of  which 
those  lengths  ai*e  the  side^,  and  its  diagonal  will  be 
the  line  of  contact  As  in  the  case  of  the  roll 
cones  of  Article  393,  one  of  a  pair  of  bevel  whc 
may  be  a  flat  disc,  or  a  concave  cone 

443.  nran-circuinr  wii«>«i«  are  used  to  tninsmitl 
variable  velocity-ratio  l*etween  a  pair  of 
axes.     In  fig.  191,  let  C,,  C„  repi'caent  the  axes  of 
such  a  pair  of  wheels;  T„  T„  a  pair  of  points  whic" 
at  a  given  instant  touch  each  other  in  the  Hno 
contact  (which  line  is  iiaraUel  to  the  axes  and 
the  same  plane  with  them) ;  and  U|,  U^,  anot 
pair  of  ^intft^  which  touch  each  other  at  anoti 
inalaul  ot  t\ie  u\oUom\  axvA  V^.  ^iBfc  "iwMt  >i««!«fc^' 


%.  191. 
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T.)  U„  U»  be  in  one  plane  perpendicular  to  the  tvo  axes,  and  to 
the  line  of  cxintact  Then  for  even*  such  set  of  four  points,  the 
two  fuUuwiug  equations  must  be  fultilled  : — 


^%&i 


cTu',  4- CTui = CTT,  4- c,  t; = CT^ ; 

arcT,TT,  =  arcT,T7,; 


(1) 


■(3.) 


d  those  equations  show  the  geometiicAl  rclntinnn  which  must 
exist  between  a  pair  of  rotating  surfaces  in  oi-der  that  they  may 
move  in  rolling  contact  round  fixwl  axea 

The  same  conditions  are  expressed  differentially  in  the  following 
manner  : — Let  t„  r„  be  the  radii  veetorei  of  a  pair  of  points  which 
touch  each  other;  d*„  ds^t  a  pair  of  elemcntwy  arcs  of  the  cross 
sections  T,  U],  T,  XJ„  of  the  pitch  sor&oes,  and  e  the  lino  of  centres 
or  distance  between  the  axes.     Then 

tr,  +  r,  =  c;    \ 
dr,  *      du    ) 
If  one  of  the  wheels  be  fixed  and  the  other  be  rollc<I  upon  it,  ft 
int  in  the  axis  of  tlie  i-oUing  wheel  describes  a  circle  of  the  radius 
c  round  the  axis  of  the  Hxed  wheeL 

The  equations  I  and  2  ai-e  made  applicable  to  iimde  gearing  hf 

I  putting  -  instead  of  +  and  +  instead  of  -. 
The  angular  velocity-ratio  at  a  given  instant  has  the  value 


(3.) 

the    following   may  be 


As  examples  of  non'circiilar   wheels, 
mentioned  : — 

I.  An  cUipbe  rotating  about  one  focus  rt»lls  completely  rf'und  in 

I  outside  gearing  with  an  equal  and  similar  clIijkSG  also  rotating  about 
one  focus,  the  distance  between  the  axes  of  I'otatiuu  being  equal  to 
fehe  major  axis  of  the  ellipses,  and  the  velocity-nttio  varying  livni 


excentricity  .     1  +  excentricity 
excentricitv       1 


excentricity 

II.  A  hyperbola  rotating  about  its  farther  focus,  rolls  in  insido 
goaring,  tlirough  a  limited  arc,  with  an  equal  and  similar  hyperbola 
rotating  aliout  its  nearer  focus,  tlie  distuncu  between  the  axes  oi 
rotation  b^ing  equal  to  the  axis  of  the  hyperbolas,  and  the  velocity- 
ratio  varjing  between 

toxcentricitr  +1       , 
T-r-rr T  >uid  unitr. 


430 


TTfCORT  or  KBOHABIIIL 


IlL  Two  logarithmic  Bpixala  of  pquii!  obliquity  rotate  in         ^ 
contact  with  each  other  thjtmgh  an  indefinite  angle.     (For  fuitlurj 
eiftmplea  of  non-circukr  wheels,  so©  Professor  Clerk 
poper  on  Rolling  Curves,  Trann.  Hoy.  Soc  Eelin.,  voL  xvl, 
ProCossor  WilliB'e  work  on  Mechanism.) 

Section  2. — Sliding  Contact 

444.  Hkcw-Bcrcl  VThKvht  aro  employed  to  tra-nsmit  an  noifom  i 
velocity -ratio  tietweon   two   axes  which  are  neither  pamlkl 


Fig.  1 92.  >%.  193. 

intersecting.  The  pitch  snrfacc  of  i 
skew-bevel  wheel  u  a  fnistnim  or 
zone  of  a  hi/perholoid  of  revolulian. 
In  fig.  1D2,  a  pair  of  Urge  portions  of 
Buch  hyperlKiIoids  are  shown,  nitat- 
ing  about  axes  A  B,  C  D.  In  Hg.  11)3 
lire  showii  ft  pair  of  nan>3w  lonft*  of 
the  same  figures,  Ruch  as  are  empluji^ 
ia  practice. 

A  hj-jKrboloid  of  revolution  ia  a^ 
surface  resembling  a  shwif  or  a  die 
box,  generated  by  the  rotation  of  a  straight  Une  round  an  axis 
which  it  is  at  a  constaut  diblaiice,  and  to  which  it  is  inclined  at 
constant  angle.     If  two  such  hyperboloida,  equal  or  unequal, 

laced  in  tlie  closest  possible  contact,  as  in  fig.  192,  they  will  toa< 
"each  other  along  one  of  the  generating  straight  lines  of  each,  whic 
■will  form  theii*  lino  of  contnct,  and  will  bo  inclined  to  the  ai 
A  B,  C  D,  in  opposite  directions.  The  axea  will  neither  be  pai^i 
nor  will  they  intersect  each  other. 

The  motion  of  two  such  hyperboloids,  rotating  in  contact  wit 
each  other,  ha«  sometimes  been  classed  amongst  cases  of  roUi 
contact;  but  that  classification  is  not  strictly  correct;  for  althou^ 
the  component  velocities  of  a  pair  of  points  of  contact  in  a  directi< 
at  right  angles  to  the  lino  uf  contact  are  equal,  srill,  as  the  axes , 
neither  pamllel  to  each  other  nor  to  the  line  of  contact,  the  velocili 
of  a  pair  of  {R>iuts  of  coiitact  b;o{<&  noisk^u^^^  uIqu^  the  line 
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itact)  which  are  unequal,  and  their  difference  constitatcs  a  lateral 

The  directions  and  pofsitions  of  the  axes  being  given,  and  the 
[red  angular  velocity-ratio,  — ,  it  ia  required  to  find  the  oBiir 


of  the  generating  line  to  the  two  axes,  and  its  radii  vedares^ 
^M  least  perpendicular  distances  from  these  axes. 
^B  In  ii^.  104,  let  A  B,  C  D,  be  the  two  axes,  and  G  K  their  commou 
■^krpendicaJ  ar. 

On  any  plane  normal  to  the  oomnion  perpendicnlar  G  K  A,  draw 
a  b  \\  A  h^  e  d  \\  C  T>,  in  which  take  lengchx  in  th&  following  pro- 
portions : — 

Ikzoplete  the paralleloqTum  hpeq,  and  draw  its  diagonal  «hf-j  the 
line  of  rontact  £  H  F  will  be  parallel  to  that  diagonal. 

From  /J  let  full  p  m  pt'rpoudicuUr  to  A  &  Then  divide  the 
cnminou  [>er]}QndicaLir  G  K  in  the  ratio  given  bj  the  proportional 

^ojjjiation  

^^  Ta  :  «m  :  m  A  :  :  G  K  :  GH  :  K^; 

^^Kni  the  two  se^mente  thua  found  will  be  the  least  distanc(»  of 
the  line  of  contact  from  the  axuL 

The  first  pitch  Burfnce  is  generated  by  the  rotation  of  the  line 
E II  F  iil)ont  the  axis  A  B  with  the  radius  vector  G  II  =r,;  the 
^becond.  by  the  rotatioo  of  the  same  line  about  the  axiu  C  B  with 
^V^e  radius  vector  H  K  =  r,. 

To  draw  the  hypi'rholi  which  is  the  longitudinal  section  of  a 
cew-be>'el  wheel  whose  generating  line  lias  a  given  radius  vector 
id  obliquitv,  let  A  G  B,  fig.  195,  re- 
sent the  axis,  G  II  _L  A  G  B,  tlie 
i\is  vector  of  the  generating  line, 
)d  let  the  straight  line  E  G  F  make 
ith  the  axis  an  angle  equal   to  tho 
obliquity  of  the  generating  Une.     H 
will  be  Uie  vertex,  and  E  G  F  one  of  Fig.  195. 

the  asymptotes,  of  the  I'cquired  hyperlwhi.     To  find  any  number  of 
points  in  tliat  hv'perlwla,  proceed  as  follnws  : — Draw  XW  Y  pandh'l 
G  H,  cutting  G  E  in  W.  and  make  XY  =  ^  (^H*  +  X  W^. 

will  Y  be  a  point  iu  the  hyperbola. 
44.1.   Gre«rrd   Wheels. — To   increaso  tho   fi'iction  or  adhe-sion 
between  a  pair  of -nheelfl,  which  is  the  means  of  transmitting  foa-u 
and  motion  from  one  to  the  other,  their  surfaces  of  contact  are 
Bometirocs  formed  into  alternate  circular  ridges  and  grooves,  con- 

ttutiug  what  is  called  frictional  g&xrinQ.     F\^  196  Sa  a.  cswa 
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"1 


Bcotion  illustrnting  the  kind  of  frictional  gearing  in\*enUHl  by 
Robertson.     Tlie  comparative  motion  of  a   pair  of  wheels  th 
ridgod  and  grooved  in  nearly  the  same  with  tl 
of  a  pair  of  smooth  wheels  in   rolling  con 
ha^nng  cylindrical  or  conical  pitch  nurfaces  lyi 
midwity  between  the  tops  of  the  ridges  and  bottoms 
ol  the  grooves. 

The  relative  motion  of  the  faces  of  contact 
the  (xlges  and  grooves  is  a  rotAtory  sliding,  aW 
the  line  of  contact  of  the  ideal  pitch  anrfkces  as  an  inst&ntan 
axis. 

l*he  angle  between  the  sides  of  each  groove  is  about  40*  ;  and  it 
18  stated  that  the  mutual  friction  of  the  wheels  is  about  odoc  and 
n-half  the  force  with  which  their  axes  are  pressed  towards  each  oth 

446.  Trrth  of  Wh Mils. — The   most  usual   method  of  commu 
eating  motion  between  a  pair  of  wheels,  or  a  wheel  and  a  roc, 
and  the  only  method  which,  by  preventing  the  possibility  of  th 
rotation  of  one  wheel  unless  accompanied  by  the  other,  insures  t' 
preservation  of  a  given  velocity-ratio  exactly,  is  by  means  of  ti 
projections  called  twlL 

Tlie  pitch  surface  of  a  wheel  is  an  ideal  smooth  8ur£aee,  in 
mediate  between  the  crests  of  the  teeth  and  the  Iwttoms  of  the 
spaces  between  them,  which,  by  rolling  contact  with  the  pitch  sur-^^ 
face  of  another  wheel,  would  communicate  the  same  velocity-rati^^l 
that  the  teeth  communicate  by  their  sliding  contact     In  designin^^ 
wheels,  the  forms  of  the  iflcil  pitch  surfaces  an>  tirat  determined, 
and  from  them  are  deduced  the  forms  of  the  teeth. 

Wheels  with  cylindrical  pitch  surfaces  are  called  ^pur  wheats; 
those  with  coniceJ  pitch  surfaces,  bevd  wheels;  and  those  wi  ' 
hy]ierboloidal  pitch  surfaces,  akeio-bet^el  wheels. 

The  pitch  line  of  a  wheel,  or,  in  circular  wheels,  the  pitch  eii 
is  a  transverse  section  of  the  pitch  surface  made  by  a  surface 
pendicular  to  it  and  to  tlie  axis  ;  that  is,  in  spur  wheels,  by  a  pi 
I»er|)endiculur  to  the  axis  ;  in  bevel  wheels,  by  a  sphere  de-scribed* 
al>ont  the  apex  of  the  conical  pitch  surface ;  and  in  skew-bevel 
wheels,  by  any  oblate  spheroid  generated   by  the  rotation  of  an 
ellipse  whose  foci  are  the  same  with  those  of  the  hyperbola  that 
genemtea  the  pitch  surface. 

The  ;?ifcA  point  of  a  pair  of  wheels  is  the  point  of  contact  tif  their 
pitch  lines ;  that  is,  the  transverse  section  of  tli©  line  of  contact  of 
the  pitch  surfaces. 

Similar  terms  ore  applied  to  racks. 

That  port  of  the  acting  surface  of  a  tootli  which  projects  beyond 
the  pitcii  surface  is  called  the  face;  that  which  lies  within  the 
pitch  surface,  the/anfc. 
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The  radius  of  the  intch  circle  of  a  circular  wheel  is  called  the 
ffeometrictU  radius  ;  that  of  a  circle  tniiohing  the  crests  of  the  teeth 
is  oalleil  the  tva/ raWiu*/  and  the  diflbrcuce  between  those  radii^ 
the  addendum, 

447.  PkchaMd  iTmnbrr  vr  T««ib. — The  distaDo;,  rocasured  along 
th<»  pitch  lino,  from  the  face  of  one  tooth  to  the  face  of  the  next,  ia 
called  the  pitch. 

The  pitch,  and  the  number  of  teeth  in  circidar  wheels,  are  regu- 
lated by  the  following  principles  : — 

I.  In  wheels  which  rotate  continuously  for  one  revolution  or 
more,  it  ia  obviously  necessary  thai  tha  pitch  should  h^  an  aliquot 
pari  o/the  circum/erence. 

In  wheels  which  reciprocate  withont  performing  a  complete  re- 
volution, this  condition  is  not  necessary.     Such  wheels  are  called 

IL  In  order  that  a  pair  of  wheels,  or  a  wheel  and  a  rack,  may 
work  correctly  together,  it  is  in  all  cases  essential  that  the  pU<^ 
should  he  the  nanui  in  each. 

III.  Hence,  in  any  jiair  of  circular  wheels  which  work  together, 
the  numbers  of  teeth  in  a  complete  circumference  are  directly  as 
the  nidii,  and  inversely  as  the  angular  velocitiea 

IV.  Hence  also,  iu  any  jioir  of  circular  wheels  which  rotate 
fsontinnously  for  one  revolution  or  more,  the  ratio  of  the  numberB 
of  teeth,  and  it,s  reciprocal,  the  angular  velocity-ratio,  must  be  ex- 
pressible in  whole  numbers. 

V.  Let  n,  N,  be  the  respective  numbers  of  teeth  in  a  pair  of 
wliecU,  N  l)eing  the  grpnt4e!r.  Lt't  t,  T,  l)e  a  pair  of  teeth  in  the 
smaller  and  larger  wheel  respectively,  which  at  a  particular  instant 
work  together.  It  is  required  to  find,  first,  how  many  |>air8  of 
teeth  must  pass  the  line  of  contact  of  the  pitch  surfaces  before  t 
and  T  work  together  again  (let  this  number  l»e  called  a);  secondly, 
with  how  many  different  teeth  of  the  fnrger  wheel  the  tooth  t  will 
work  nt  different  times  (let  this  number  be  called  b)  ;  and  thirdly, 
with  how  many  different  teeth  of  the  smaller  wheel  the  tooth  T 
will  work  at  different  times  (let  this  be  called  c). 

Case  1.  Jf ;» is  a  divisor  of  N, 


N;i 


N 


1 


(I.) 


Case  2.  If  the  greatest  common  divisor  of  N  and  n  be  c^,  a  num- 
less  than  n,  so  that  n  =  m  c/,  N  =  M  (/,  then 


=  mN  =  Mn  =  MTO«/;6  =  M;c  =  rth (2,) 


Casb  3,IfN  and  n  be  prime  to  eacU  oilier, 


L 
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(3.) 


itli 


tlie 


Ifc  is  cNWisidered  desirable  ^j  *i**^".*s""> 
preservation  of  tlio  imifomiity  of  shape  of  Uie  teeth  of  a  pair  of 
wheels,  that  each  given  tooth  in  one  wheel  should  work  witla  as 
many  different  teeth  in  the  other  wheel  as  posHble.     They,  there- 
fore, study  to  make  the  numbers  of  teeth  in  eftch  pair  of  wheels 
which  work  together  such  aa  to  be  either  prime  to  each  othex,  or 
have  their  great<ist  common  divisor  as  small  as  in  possible  coi 
sistently  with  tho  puq>ose8  of  the  machine, 

VX  The  smallest  number  of  teetli  which  it  is  practicable  to  ^i 
to  a  pinion  (that  is,  a  small  wheel),  is  regtilated  by  the  principU 
that  iu  ordor  thiit  the  communication  of  motiun  from  one  whet'l 
another  may  be  continuous,  at  loa^t  one  pair  of  teeth  should  alwaj 
be  in  action ;  and  thitt  in  order  to  pro-\'ide  for  the  contingency  of] 
tooth  breaking,  a  second  jmir,  at  least,  ehould  be  in  action  also,! 
For  rcaauus  which  will  appear  when  the  fonns  of  toetli  are 
Ridered,  tliis  principle  gives  the  following  as  the  least  numbera 
teeth  which  can  be  -u-mtalltf  employed  in  pinions  having  t«t?th  of  tli9^ 
threw  classes  of  figures  named  below,  whose  properties  will  be  ex- 
plained in  the  sequtd  : — 

I.  Involute  tpfth, 25, 

n.   Epicycloidal  teeth, „  ISl 

m.  Cylindrical  teeth,  or  viaveSy 6. 

448.  Buniinjc  Cofp — When  the  ratio  of  the  angular  ydocitiev 
two  wheels,  l>eing  reduced  to  itfl  least  terras,  is  expressed  by 
numbers,  less  than  those  wliich  can  be  given  to  wheels  in  pi 
and  it  becomes  necessiuy  to  employ  multiples  of  those  nunibera  by 
a  common  multiplier,  which  becomes  a  common  divisor  of  the 
numbers  of  teeth  in  tJie  wheels,  millwrights  and  en^dne-makers 
avoid  the  evil  of  frequent  coutact  between  the  sajnc  pairs  of  teeth, 
by  giving  one  additional  tooth,  called  a  ht7ifing  roy,  to  the  larger 
of  Uie  two  wheels.  This  exp*:dient  causes  the  velocity-ratio  to  bo 
not  exactly  but  only  approximately  equal  to  that  which  vtaa  at  first 
contemphite<l ;  and  thorofoi*e  it  rruuiot  be  used  where  the  exactnu^a 
of  certain  velocity-ratios  amongst  tho  wheels  is  of  importance,  as 
in  clockwork. 

449.  A  TrniB  of  Wbcclwwk  consists  of  a  series  of  axes,  €«tli 
ha>'ing  upon  it  two  wlieels,  one  of  wliich  is  driven  by  a  wheel  on 
the  preceding  axis,  while  the  other  rfrr^vw  a  wheel  on  the  following 
axis.  If  the  wheels  are  all  iu  uutvside  gearing,  tb»^  dirr-ction  of 
rotation  of  each  axis  is  contrary  to  tliat  of  the  adjoining  axt-s.  In 
some  cases,  a  single  wheel  upon  one  axis  answers  the  puqjose  both^ 
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iDOtion  to  a  wheel  on  the  following  axiH.  Such  a  wheel  ia  called 
an  idle  wheel :  it  afiectfi  the  direction  of  rotation  only,  and  not  the 
velocity- ratio. 

Let  the  series  of  axes  be  distingaiBhed  hj  numbers  1,  2,  3, 
Ac  . . .  .  m ;  let  the  uumbcrs  of  teeth  in  tlic  drictruf  tcfteda  be 
denoted  by  N'b,  each  with  the  number  of  its  axis  afiixefl  ^  thus, 
Ni,  N";,  &.C  ....  N._i ;  and  let  the  uumbci*s  of  teeth  iu  tho  driven 
or  /olioiein^  wheels  be  denoted  by  n's,  each  with  the  number  of  its 
axis  al£xed ;  thus,  n^,  n^  <kc.  ....  n..  Then  the  mtio  of  the 
angular  velocity  o«  of  the  m*  axis  to  the  angular  v(-looity  ffi  of  the 
first  axis  is  the  product  of  the  m—\  velocity-ratios  of  the  succes* 
rive  elementary  combinations,  viz. : — 


(1.) 


^^  Oi  «,-«»•  ic.  ....  n»     ' 

that  is  to  say,  i3xe  velncity- ratio  of  the  last  and  first  axes  is  the 
B  ratio  of  the  product  of  the  numbers  of  teeth  in  the  drivers  to  the 
Hproduct  of  the  numbers  of  teeth  in  the  followers ;  and  it  is  obvious, 
Hrthat  80  loDg  as  the  same  drivers  and  followers  constitute  the  train^ 
Hthe  orcUr  in  which  they  succeed  each  other  does  not  affect  the 
■  Tcsoltant  velocity-ratio. 

'  Bnppn.sing  all  the  wheels  to  bo  in  outside  gearing,  then  as  each 
elcmcDtarir*  eombinatiou  reverses  the  direction  of  rotatitm,  uitd  as 
the  number  of  elementary  combinations,  m  —  1,  is  <me  It 
the  numlx^r  of  axes,  m,  it  is  evident  that  if  ^  is  odd,  tile 

I  of  rotation  is  preserved,  and  if  even,  reversed 
It  is  oflen  a  quefdion  of  importance  to  determine  the  numbers  of 
teeth  in  a  train  of  wheels  best  suited  for  giving  a  determinate 
Telocity-ratio  to  two  axes.  It  was  shown  by  Young,  that  to  do 
this  with  the  leaH  total  nmnbcr  of  terih ,  the  velocity- ratio  of  each 
elementary  combination  should  a]iproximate  as  nearly  as  possible 
3'd9.  This  would  iu  mauy  cases  give  too  many  axee;  and  as  a 
useful  practical  rule  it  may  be  laid  down,  that  ivom.  3  to  6  ought 
to  be  the  limit  of  the  velocity-rutio  of  an  elenieutarj  combination 
in  whet^lwork. 

H     Let  r-  be  tlie  velocity-ratio  required,  reduced  to  its  least  teniu^ 

and  let  6  be  greater  than  C 

K      TS  -\s  not  greater  tlian  6,  and  C  lies  between  the  "^mmAmL 

Diinimum  number  of  teeth  (wliich  may  be  called  J),  and  its  double 
2  t,  then  one  pair  of  wheels  T*-iil  answer  the  purpose,  and  B  and  0 
will  themselves  be  the  numbers  n'quired.  Should  B  and  C  bo 
incoavcuieatly  hirge,  thoy  arc  if  possible  to  \m  t^^aoVtV^m^Ki  ^af^usr^ 
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and  those  factors^  or  if  ihej  are  too  Bznall,  multiples  of  them,  ufed 
for  the  numbers  of  teeth.   Should  B  or  C,  or  both,  be  at  once  icooo- 

n 

veniently  large,  and  prime,  then  instead  of  the  exact  ratio  —  ,8ome 

\j 

ratio  approximating  to  that  ratio,  and  capable  of  resolution  into  cod* 

venient  factors,  is  to  be  found  by  the  method  of  continued  frucdous. 

Should  —  be  greater  than  6,  the  best  namber  of  elemenUiy 

combinations,  w*  -  1,  will  lie  between 

logB 


logC         log  B  -  log  C 
log  6  log  3 


(») 


Then,  if  i>osaible,  B  and  C  themselves  are  to  be  resolved  each 
into  m  —  \  factors  (counting  I  as  a  factor),  which  factors,  or 
multiples  of  them,  shall  bu  not  Jess  tlian  /,  nor  greater  than  6t;  ori 
if  B  and  C  contain  inconveniently  large  prime  factore,  an  approxi- 
mato  velocity-ratio,  found  by  the  method  of  continued  fractions,  is 

Ti 
to  be  substituted  for  -  as  before. 

So  far  as  the  resultant  velocity-ratio  is  concerned,  the  order  of  | 
the  driven}  N  and  of  the  followers  n  is  immaterial ;  but  to  accuro 
equable  wear  of  the  teeth,  as  oxplainetl  in  Arfcicla  447,  Principle  V., 
the  wheels  ought  to  bo  »o  arranged  that  for  each  elementary  com-j 
bination  the  greatest  common  divisor  of  K  and  n  shall  be  eiUierj 
1,  or  as  small  as  i»ossibIe. 

460.    Principle  of  hlldInK  C'onlacl. — Thc  UllS  of  aHion^  Or  of  COH' 

7ieetum,  in  tlio  case  of  uHdiiig  contact  of  two  moving  pieces,  is  thfrj 
common  f>pr|)oiiiHci,ilar  to  their  stiriaces  at  the  jioint  where  theyj 
touch ;  and  the  principle  of  their  comparative  motion  is,  that  tha 
eomponentSf  along  that  perpentHcidaTt  of  Uie  veracities  of  any  two 
points  traversed  by  iij  are  equal,  h 

Case  1.  Two  ihijiing  pieces,  in  sliding  contact,  have  linear  velo*fl 
cities  proportional  to  the  secants  of  the  angles  which  their  directions 
of  motion  make  with  their  line  of  action. 

Case  2.  Ttoo  rotating  pieces,  in  sli<ling  contact,  have  angular 
velocities  inversely  proportional  to  the  perpendicular  distances 
from  their  axes  of  rotation  to  their  line  of  action,  each  multiplied 
by  the  sine  of  the  angle  which  the  lino  of  action  makes  with  the 
particular  axis  on  which  the  perpendicular  is  let  fall.  ^ 

In  tig.  197,  let  CV  C„  i*ppresent  the  axes  of  rotation  of  thc  two^ 

pieces;   A-i,  A„  two  portions  of  their  respective  surfaces;  and  T,, 

Tf,  a  pair  of  points  in  those  surfaces,  which,  ut  the  instant  under 

consideration,  are  in  ccmtact  vrViXv  e^^JVi  o-OaEt.    \iA,  "5  ^^  ^W  -tWs 

common  perpendicular  oi  l\xe  axwrtacea  »iV.  vVe  \w;«  «A  vs«>Sfc^^,'\.v^ 
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that  is,  the  line  of  actum;  and  let  0, 1*„  C,  P„  be  the  common  jier- 

pendictUors  of  the  line  of  action  and  of  the  two  axes  respectivpl^. 

Then  at  the  given  instant,  the  conipononts 

Along  the  line  P,  Pj  of  the  velocities  of  the 

points  P„   Pj,   are  equal.     Let  t„  i^  be  the 

angles  which  that  line  makes  with  the  direo- 

tioufi  of  the  axes  resjwctively.     Let  oi,  Os,  be 

the  respective  angular  velocities  of  the  moving 

pieces;  then 

o,  •  C,  Pj  •  ftin  »,  =  a,  •  C,  Pj  ■  sin  h; 

consequently, 


C,  P,  sin  t, 


(1-) 


Tig.  197. 


Oi      Cg  P,  sin  i, 

which  is  the  principle  stated  above. 

When  the  lino  of  action  is  perjjendicular  in  direction  to  botH" 
axes,  then  sin  t,  »  sia  h  =  1 ;  and  equation  1  becomes 


0| 


cTt 


c,p. 


.(1     A.) 


I 


When  the  axe$  are  parallelf  t,  =  «V  Let  I  l>e  the  point  where 
the  line  of  action  cuts  the  plane  of  the  two  axes ;  then  the  triangles 
Pi  C,  I,  P,  C,  I,  are  similar;  so  that  e<juation  1  a  is  equivalent  to 
the  foUowiug : — 

a-TU, (^  ""-^ 

Case  3.  A  rotating  piece  and  a  ahifitTig  piece,  in  sliding  contact, 
have  their  comparative  motion  regulated  bj  the  foUowiog  prin- 
ciple : — Let  C  P  denote  the  perpendicular  distance  from  the  axis  of 
the  rotatiug  piece  to  the  lino  of  action ;  i  the  angle  which  the  direc- 
tion of  tho  line  of  action  makes  with  that  axis;  a  the  angular 
velocity  of  the  rotating  piece;  v  the  linear  velocity  of  tho  sliding 

Siece;ytho  angle  which  ita  dii-ection  of  motion  mokes  with  the 
ne  of  action ;  then 
[  r  =  o*'CT'mit'Becy (2.) 

When  the  line  of  action  is  perpendicular  in  direction  to  the  axis 
of  the  rotatiug  piece,  sin  i  =  1 ;  and 


«  =  fl*OP'ftec'y=a'IC;. 


.(2  A.) 


'  vhere  I C  denotes  the  distance  from  the  uxia  o{  ^]kie>  tu\a.>jk&%  \v::i£A 


I 


I 
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to  the  pnint  where  tlie  line  of  action  cute  a  perpendiculjir  horn  Uiat 
axis  on  tlic  direction  of  motion  of  the  aliiftiiig  piece 

451.    Tnnh  «f  i4piir-Wlir«aa  and   Barlu.     AeocsHi  PvlMl|i*r. The 

figures  of  the  teeth  of  wheels  are  regulated  bj  the  principle,  <^ 
tJw  teeth  of  a  pair  ofwheds  sJuUl  give  i/te  same  velocity'Talio  by  iMr 
sliding  contact j  uj/iich  the  ideal  smooth  pitch  tnLtfatm  wouid  giim  by 
tJicir  rolling  eoTUaek  Let  B„  Bi,  in  fig.  197,  be  parte  of  the  phdi 
line«  (that  ia,  of  cross  sectiona  of  the  pitch  surfaces)  of  a  |«ir  of 
wheels  with  pomlJel  axes,  und  I  the  pitch  point  (that  is,  a  aectmi 
of  the  line  of  contact).  Then  the  ouguhir  velocities  which  wonld  bo 
given  to  the  wheels  by  the  rolling  contact  of  those  pitch  lines  are 
in\'cr&oly  as  the  segments  I  Cj,  I  C„  of  the  line  of  centres;  and  this 
also  is  the  proportion  of  the  angular  vclocitiea  given  by  a  pair  of 
Buiface-s  in  sliding  contact  whose  line  of  action  travei'ses  the  point 
I  (Article  450,  case  2,  equation  1  B).  Hence  the  condition  of 
correct  working  for  the  teeth  of  wheels  with  parallel  axes  is,  t)wU 
the  line  of  action  of  tfie  teeth  aJiaU  at  every  instant  traverse  the  line 
of  contact  of  iJte  pitch  surfaces;  and  the  same  condition  obvionsly 
applies  to  a  rack  sliding  in  a  direction  perpendicular  to  that  of  tlus 
axis  of  the  wheel  witli  which  it  works. 

4t]i2.    Tcelb  Dnrrlbni  hj  Bvlltofi  Carres. — From  tho  principle  of 

the  preceding  Article  it  follows,  that  at  every  instant^  tho  pobitioa 
of  the  point  of  contact  T,  in  the  cross  section  of  the  acting  sur&ce 
of  a  touUi  (such  as  the  line  Ai  T,  in  fig.  lt'7),  and  tho  corresponding 
position  of  the  pitch  jwint  I  in  the  pitch  line  I  B,  of  tlie  wheel  to 
which  that  tooth  belongs,  arc  so  related,  tliut  tlie  line  I  T,  which 
joins  them  is  normal  to  the  outline  of  the  tooth  A,  T,  at  the  point 
T,.  Now  this  i-s  the  rcJutiun  wliich  exista  between  the  trncin'^ 
point  T„  and  the  iitstantaneoits  axut  oi'  line  rf  contact  I,  in  u  rolling 
curve  of  such  a  fi^piire,  tlmt  being  rolled  u|Xiu  the  pitch  surface  Bi, 
its  tracjnp-point  T,  traces  the  outline  of  the  tooth.  (As  to  rolling 
cim-es,  at-e  Articles  38G,  387,  ^^^^,  390,  353,  396,  397,  and  Pi-ofcssor 
Clerk  Maxwell's  paper  there  referred  to). 

In  order  that  a  jiair  of  teeth  may  work  correctly  together,  it  is 
necessary  and  sitfficient  tliat  the  inMantaTieoiiu  radii  vectored  from 
the  pitch  point  to  the  points  of  contact  of  the  two  teeth  should 
coincide  at  each  instant,  as  expressed  by  the  equation 

TT.  =  IT,; (L) 

and  this  condition  ia  fidfilled,  iftJie  outlines  of  (he  (u?o  teeth  be  traced 
by  the  t/ioliirn  of  the  same  traciny-poiiit,  in  rolling  tlte  same  Tc^aig 
curve  on  the  nattm  side  of  tlte  pitch  surfaces  of  the  ^•espeetive  wheels, 

The^anA-  of  a  tooth  is  traced  while  the  rolling  curve  rolls  inside 
of  tbo  pitch  line;  the  /aoe»  -wXuXb  A  -sviiia  ouXbuU.   ^afisw»TX  S» 
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tt  Uist  the  ^flatika  of  the  teeth  of  the  driring  ^-heel  drive  the 
of  the  teeth  of  the  driven  irheel ;  and  that  the  j'a€ca  of  the 
of  the  driving  wheel  drive  the  Jlanka  of  thc>  teeth  of  the 
tven  vheeL  The  fomer  takes  plue  vliik  the  poiut  of  contact 
the  teeth  is  apfn-ixiching  the  pitdi  point,  as  in  fig.  197,  stippomDg 
["the  motion  to  be  from  P,  towards  J*,;  the  latter^  after  the  |>oin6  of 
•contact  has  passed,  and  while  it  i»  needing  Jran,  the  pitoh  ptiint 
[7be  pitch  point  di%'ides  the  path  of  the  point  of  contact  of  the  teeth 
|into  two  [arts,  called  iho.path  of  approach  and  the  path  qfreceas; 
,ftnd  the  longthjt  of  those  paths  must  be  no  adjusted,  that  two  paira 
of  teeth  tit  Ifost  shall  be  in  action  at  each  instant. 

It  is  eviilpntly  neceasaiy  that  the  8urf:ice«  of  contact  of  a  pair  of 

teeth  should  cither  be  boUi  convex,  or  that  if  one  is  convex  and  the 

othnr  concave,  the  concave  miriace  should  hai^o  the  fiatter  curvature. 

The  equatiouK  of  ArticK'  390  pve  the  n^lations  which  exist 

between  the  radius  of  curvature  of  a  pitch  line  at  the  pitcli  point 

!ri),  (he  mdius  of  curvature  of  the  rolbng  curve  at  the  &amc  fM>int 
r,),  tlie  nidius  vector  of  the  tracing-point  (r  ^  I  T),  the  anglo  mode 
by  that  lino  with  the  line  of  centivs  of  the  &xed  and  rolling;  ciir\'es 
{0  =  .^  T  I  C),  and  the  radius  of  curvature  of  the  curve  tiiicod  by 
the  point  T  (;).  all  at  a  given  insUint. 

WhtJi  a  \ja\r  of  tooth  surfaces  are  both  convex  absolutely,  that 

.which  is  a  fiuse  is  concave,  and  iliat  which  is  a  flauk  is  convex, 

the  pitch  point;  and  ttus  is  in<licated  by  the  \-alu('S  uf  f 

lia\*ing  contrary  signs  fur  tlio  two  teeth,  being  positive  for  the  ikcc 

and  ncpUive  for  the  flank.     The  /ace  of  a  tooth  is  al%vays  i»nvex 

rj^^^BOlutely,  and  concave  towards  the  pitch  jwint,  ^  being  |M>eltive; 

W^'Huit  if  it  works  with  a  njncjivf!  flank,  tlte  vuhie  of  e  for  that  flank 

is  positive  als^*.  and  gn.at<.'r  than  f<)r  the  face  with  which  it  works. 

453.    The  «kiUn«  of  «   Pair  at  Tcelli  on  Kacli  Otkrr.  that  iii,  their 

relative  motion  in  a  direction  perpendicular  to  thcii*  line  of  action, 
is  found  bv  supi>osing  one  of  the  wheels,  such  as  1,  to  be  fixed,  the 
line  of  centres  C,  C,  to  rotiite  liackwardu  rt>und  C,  with  the  angiiUr 
velocity  a,,  aud  the  wheel  3  to  rotate  round  C,  as  before  with  the 
angular  velocity  a,  relatively  to  the  lino  of  centres  0,  Cj,  Ro  as  to 
have  the  same  motion  as  if  its  pitch  surface  r<Uled  on  the  pitch 
surface  of  the  first  wlicel.  Thua  the  relative  motion  of  the  wheels 
is  onehuugcd ;  but  I  is  considcTe*!  as  fixed,  and  2  has  the  resultant 
motion  given  by  the  principles  of  jVrticle  389;  that  is,  a  rotation 
about  the  inst«iutancous  axis  I  with  the  an^ar  velocity  a^  -k-  <h- 
Hence  the  vdoeity  of  gliding  is  thut  due  to  tliis  rotation  about  I, 
with  the  radius  IT  =  r;  that  is  to  say,  its  value  is 

t  (rti  +  a,); (1-) 

K>  that  it  is  greater,  the  fai-thcr  the  point  of  co\sXa*A  ^  tena.  ^iA 


I 
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hue  of  centreA ;  and  at  the  inBtant  when  that  point,  passing  the  line  of  1 
ceutirs,  ooincitlca  with  tlie  pUd^  pointy  the  velocity  of  sliding  i»  niiU, 
and  the  iLction  of  the  teeth  is,  for  the  instAnt.  th&t  of  rolling  cuntut 
The  roots  of  the  teeth  slide  towardft  each  other  during  the  »p- 
profteh,  and  firom  each  other  during  tlie  rece-ss.  To  find  the  amowU 
or  total  distance  through  which  thu  nliding  takoH  place,  let  C|  be  the 
time  occujncd  by  the  approach,  and  ^  that  o<x;upied  hy  the  rooea^ 
then  the  distance  of  sliding  is 


#  =  |''r(aj  +  «,)rf<+J%(a,+a,)rf<;. 


.(2.) 


or  in  another  fonn,  if  ^i  denote  an  element  of  the  change  of  aiij^- 
lar  poaitiou  of  one  wheel  relatively  to  the  other,  t,  the  amoont  of 
that  change  daring  the  approach,  and  tg  during  the  receae,  then 

(ai'{'at)dt  =  di;  and 


rdi. 


(3^) 

(See  abo  Article  455.) 

454.  Th«  Arc  or  C'aMBci  an  th«  Pitch  Uae*  is  the  length  of  that 
|K)rtiou  of  the  pitch  lines  which  paases  the  pitch  ]X)int  during  the 
iLCtion  of  one  (uiir  of  teeth ;  and  in  order  that  two  pairs  of  teeth  at 
least  may  be  in  action  at  each  instant,  its  length  shoidd  be  at  leait 
double  of  the  pitch.     It  is  divide*!  into  two  parts,  the  arc  of  »p- 

fti-oftch  and  the  arc  of  recess.  In  order  that  the  teeth  may  be  of 
cngth  sufficient  to  give  the  require*!  duration  of  contact,  Uie  dis- 
tance moved  over  by  the  point  I  upon  the  pitch  line  during  tlie 
i-oUing  of  a  rolling  cur\'e  to  descril>o  the  face  and  flank  of  a  tooth, 
must  be  in  all  equal  to  the  luugth  of  the  requiixjd  arc  of  contact 
It  i8  usual  to  malce  the  arcs  of  n])pro(ich  and  recess  eqoah 

455.  Th«  Vtmgth  of  a  T*«Ui  may  be  divided  into  two  parts, 
that  of  the  face  and  that  of  the  flank.  For  teeth  in  the  driWng 
wheel,  the  length  of  the  flunk  depends  on  the  arc  of  approach, — th/it 
of  tlie  face,  on  the  arc  of  reccw ;  for  those  in  the  folJo\ving  wheel, 
the  length  of  the  flank  depends  on  the  arc  of  recess, — thai  of  the 
face,  ou  the  ai*c  of  approach. 

Let  y,  be  the  arc  of  approach,  y,  that  of  recess ;  /,  the  length  of 
the  flank,  fj  the  length  of  the  face  of  a  tooth  in  the  driving  wheel 
Let  r,  \ye  tlio  radius  of  curvature  of  the  pitch  lino,  Tq  that  of  the  i-oUiug 
cnrve,  r  the  radius  vector  of  the  tnicing-])oint,  at  any  instant  The 
angular  velocity  of  tlie  rolling  ciir^'o  relatively  to  the  wheel  is 


< 


dq 


at   \r.      tJ' 


J 
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le  positive  aagn  applyiog  to  roUiug  oatAtde,  or  describing  the  face, 
td  the  n^ative  sign  to  rolling  inside,  or  dcscribiug  the  ilauk. 
[euco  the  velocity  of  the  tradng-point  at  a,  given  inst^uit  is 


id  consequently 


.(1.) 


For  the  following  wheel,  y,  and  q,  have  to  bo  interchanged,  so  that, 
'"  Tt  be  the  radius  of  that  wheel, 


'2.) 


The  equations  2  and  3  evidently  give  the  means  of  finding  the  dis- 
tonoe  of  sliding  between  a  jHiii-  of  teeth,  in  a  different  form  from 
that  given  in  Article  453 ;  for  that  distance  is 


^^^B6.  To  in«Me  Crnrins  iiU  the  preceding  principles  apply,  ob- 

^HBnng  that  the  radius  of  the  greater,  or  c<mcave  pitch  surface,  is 

to  be  considered  as  negative,  and  that  iu  Ai-ticle  453,  the  diOcreuco 

■of  the  angular  velocities  is  to  be  taken  instead  of  their  sum. 
I  4^7.  Inrolnie  Tc«tk  for  CIrcalar  WliccU,  being  the  liriil  of  iliu 
three  kinds  mentioned  in  Aiticle  447,  are  of  the  form  of  the  in- 
volute of  a  circle,  of  a  radius  less  than  the  pitch  eu'clc  in  h 
ratio  which  may  be  expressed  by  the  sine  of  a  certain  angle  ^, 
and  may  be  traced  by  the  pole  of  a  logarithmic  spiral  rolling  ou 
the  pitch  circle,  the  angle  made  by  that  spiral  at  each  point  with 
its  own  radius  vector  being  the  complement  of  the  ^vcn  angle  i. 
But  this  mode  of  describing  involutes  of  circles,  being  more  com- 
plex than  the  ordinary  method,  is  mentioned  men-ly  to  show  that 
they  fall  under  the  general  descrii>tion  of  curves  described  by 
roAiwg. 


% 
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In  fig.  198,  let  C„  C„  be  the  ccntro  of  two  ciTcnlar  -wheels 
whose  pitch  circles  ore  B ,  B*.  Tbrcingh  the  pitch  point  I  dnv 
the  intended  line  of  action  P,  P«,  nmkixig  the  aoogle  C  I  P  =  /  vith 
the  line  of  centres.     From  C.  C„  draw 


(1,) 


From  C„  C^ 

CTPi  =  ICi  •  rin  ^, ) 
C^,  =  r^  •  an  *,  j 

perpfindicnlftT  to  P,  P«  with  which  two  perpendiculars  as 
describe  circles  (called  b€uo  drcUa)  I>„  !>«. 

Soppoae  the  ba«e  circles  to  be  a  pair 
circular  pulleys,  connected  bj  means  of 
conl  whose  course  Irom  pulley  to  pulley 
Pj  I  Pf    Aft  the  line  of  connection  of  t) 
pulleys  is  the  same  with  that  of  the  propoaei] 
teeth,  they  will  rotate  with   the   i-oqi 
velocity-ratia    Now  suppose  a  tracing-poi 
T  to  be  fixed  to  the  cortl,  so  rjs  to  be  carri 
along  tlie  iMth  of  contact  P,  I  P^      Thi 
p()int  will  tmoe,  on  a  plane  rotating  aloi 
with  the  wheel  1,  part  of  the  involute 
the  base  eirolf  D,,  Aud  on  a  plane  rotatii 
along  with  the  wheel  2,  part  of  the  involut 
of  the  base  ciirle  D„  and  tlie  two  cun-es 
tmced  will  always  touch  each  other  in 
i-equired  point  of  contact  T,  and  will  therofoi'e  fulfil  the  condil 
required  by  Article  451. 

All  invohite  teeth  of  the  same  pitch  work  smoothly  together. 
To  find  the  length  of  the  path  of  contact  on  either  side  of  the 
pitch  point  I,  it  is  to  be  observed  that  the  distance  between  the 
fronts  of  two  succosaivo  teeth  aa  measured  along  P]  I  P^,  is  lea 
than  the  pitch  in  the  ratio  sin  ^  :  1,  and  consequently  tliat  if  dis- 
tances not  leas  than  the  pitch  x  uiu  i  be  marked  off  either  way  from 
I  toT^-ardH  P,  and  P,  respectively,  ba  the  extremities  of  tlio  path  of 
contact,  and  if  tlio  addendum  circles  be  described  tliroogh  ths  « 
points  so  found,  there  will  always  be  at  least  two  pairs  of  teeth  ia^B 
action  at  once.  In  pmctice,  it  is  usual  to  make  the  path  of  cuutaot 
somewhat  longer,  viz.,  about  2|  times  the  pitch  ;  and  with  this 
length  of  ])ath  and  the  value  of  6  which  is  usual  in  practice^  tjl, 
TOi"",  the  addendum  in  altout  i\i  of  the  jiitch. 

The  teeth  of  a  rack,  to  work  correctly  witli  ^rheels  having  invo- 
lute teeth,  should  have  pluue  surfaces,  perpendicular  to  the  line  of 
connection,  and  coT\fte*\\vnt\^  TaA^dTv^,V\^^KL\\\tt\\iT«^t\Qa  of  motion 
oi'iho  rack,  angles  equai.  W  \.W\>i;ioxft-m«Li'OvOTiR^Mi^t  %. 
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4£a 

ot  mvolirte  to«4k  dide  «» 
the  dirtance  froM  t^pgoafccl' 


ci'''  ""  '        ■*' 


.,.,(L) 


■e^y 


redoces  cqaatiaa  3  of  Article  455  lo  the  laDcnriiig : — 

^•-' w 

distance  msr  aho  be  ez^Kcseed  in  tanns  of  &e  octrane 
of  tlie  point  of  eootaot  fron  tlie  pitcfti  point.     Lot  theee 

^  =  9.sm*;^=ftsin#iM.d*  =  (Uy     |^^,.(3A.) 

mvub  gtaring,  the  difference  of  the  redprocab  of  the  ndii  of 

wheels  is  to  be  taken  instead  of  their  smn. 

The  preceding  formube,  which  are  exact  for  inrolnte  teeth,  lire 

iximatelj  correct  for  all  teeth,  if  '  be  taken  to  represent  the 

TsJne  of  the  an^  C I P  between  the  line  of  centtes  and  tlio 

le  of  actioiL 

31 
The  nsnal  mlae  of  #  being  r5|",  sin  /  =  ^^  nearly, 

459.  The  iHiiiii»i  m€  lavoiHie  TMtli.  that  18,  their  prnjecUon 
pyond  the  pHch  circle,  ie  fonnd  Inr  considering,  tiiat  for  uur  ol'  tlio 
rheds  in  fig.  198,  such  as  the  wheel   1,  the  ttal  tadi%is^  or  rediws 
the  addendum  ciixJe,  is  the  bypothcnuse  of  a  right-nnglcd  tri- 
ple, of  which  one  side  is  the  radius  of  the  base  circle  C  h,  and  tho 
ler  is  P1  H-  the  portion  of  the  pnth  of  contact  beyond  I.     Now 
nn  /J  P I  =  r, .  coe  /.     Let  (,  be  tho  portion  of  tho  jiath 
contact  above  mentioned  (  =  9«  '  &iu  ^),  and  d^  the  addendum  of 
te  wheel  1  ;  then 


(rj  +  d,)*-*^  •  sin'  tf  +  (ri  cos  ^ +  /,)'; 


.(1.) 


«nd  for  the  wheel  2  the  suffixes  1  and  2  are  to  be  interchanged. 

31  I 

The  usual  value  of  sin  6  is  about  -^^  and  that  of  cos  4  about  2> 

same  formulie  apply  to  tetth  of  any  figure,  if  /  be  token  to 
nt  the  exirww  value  of  the  angle  (J  1  P. 
The  AnuilleM  Piaisa  vtitH  larolyte  Tc«lh  of  a  given  pitch  p, 
as  its  size  fixed  by  the  con&ideratiou  that  the  [)ath  of  couUct  of 
tho  llanks  of  its  teeth^  which  must  not  be  less  Uiku.  p  *  sui  4,  Ohs^^^t 
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be  greater  than  the  distance  along  the  line  of  action  &om  the 
^wint  to  the  baae  circle,  fP  =r  t  •  coa  f     Hence  the  Uaat  rouHvM 
r  ^p  tan  fi; (1<) 

which,  for  *  =  75^°,  gives  for  the  radius'  r  =  3*867 /»,  and  for 
circumference  of  the  pitch  circle,  p  x  3*867  x  2  «■  ^  24*3  /> 
which  the  next  greater  int^er  multiple  of /^  is  25  p;  and 
iweniy-five,  as  formerly  stated,  in  Article  447,  is  the  least  uumbrf 
of  intfoluie  UeUi  to  be  employed  in  a  pinion. 

461.  EpicycioUal  TMih. — For  tracing  the  figures  of  teeth,  tlie 
most  convenient  ittUing  curve  is  the  circle.  The  path  of  oontsck 
which  a  point  in  its  circtuufcrcnce  traces  is  identicul  with  thecirdl 
itself;  the  flanks  of  the  teeth  ai-e  internal,  and  their  faces  exteml 
epicycloids,  for  wheels;  and  both  flanks  and  faces  are  cycloida  for 
a  rack. 

Wheels  of  the  same  pitch,  with  epicycloidal  teeth  traced  ly 
same  rolling  circle,  all  work  correctly  lAith  each  other,  whai 
may  bo  the  uuuibors  of  their  teeth;  and  they  are  said  to  beloi^  bo 
ths  tame  Ml, 

Fur  a  pitch  circle  of  twice  the  radius  of  the  rolling  or  dexniitig 
circle  (na  it  is  culled),  the  internal  epicycloid  is  a  Btraight  line, ' 
in  tact  a  diameter  of  the  pitch  circle;  bo  that  the  fhuiks  of  the  t( 
for  such  a  pitch  circle  are  planes  radiating  from  the  axis,     F 
smaller  pitch  cii'cie,  the  flajiks  would  be  convex,  and  incurved 
nntUr-ciUy  which  would  be  inconvenient ;   therefore  the  smalleit 
wheel  of  u  set  should  have  its  pitch  circle  of  twice  the  radius  of 
describing  circle,  so  that  the  6auks  may  be  either  straight  or  conca' 
In  fig.  199,  let  B  be  part  of  the  pitch  circle  of  a  wheel,  C  C 

line  of  centres,  I  the  pitch-poi: 
R  the  internal,  and  R'  the  eq 
external  describing  circlns.  so  placed 
OS  to  touch  the  pitch  circle  and  «fich 
other  at  I ;  let  DID'  be  the  |>aUi 
of  contact,  consisting  of  the  patli  uf 
approach  D  I,  and  tlie  path  of  r»* 
cess  I D'.  In  order  that  there  may 
always  be  at  least  two  pairs  of  teeih 
in  action,  each  of  those  aroe 
be  equal  to  the  pitch. 

Tho  angle  tf,  on  passing  the  line 

centres,  is  90*;  the  least  value  of  that 

un^lc  isrf  =  -^CID  =  .«-:CID'. 

It  appears  from  experience  that 

\>\^  \fA».\.  N«^%3jfe  t;^^  4  should  be  about 

€0";  therefore  the  area  D1="^"C''  ifitojwA^w^N^OTu^'Ko^^^.bi- 
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cumf*'!vuce;   tlicrcforo  the  circiimfcroDce  of  the  detcriliuig  circle 
should  be  trix  times  tJte  pitch. 

It  follows  tlmt  the  smiilk'st  piniou  of  a  sot,  in  which  pinion  the 
flanks  are  straight,  should  have  twelve  teeth,  as  has  already  been 
stated  in  Article  447. 

462.  Tho  A44«b4hm  «h>  BpicTciAMai  TM4k  is  found  from  the 
formula  already  given  in  Article  4^1),  equation  1,  by  putting  for 

the  angle  C  I  D,  and  for  t^  the  chord  ID'  =  2  r^  •  cos ^,  r^  being 
le  radius  of  the  rolling  circle.     Henco 

(n+*/0'  =  ^i  «in**  +  (ri+2r,y-co8«tf (1.) 

3  1 

^or  the  usual  value  of  *,  60*  siu* '  =  7,  and  oos"  ^  =  7  ;  whence 

4  4 

(r,4-rfO"  =  »1  +  nn  +  i^ (2.) 

462  A.  Tho  siui«(  •rKpicyciaidiii  Tr«ih  IS  deduced  &om  equation 
of  Article  405,  by  observing,  that  tliu  nidiua  vector  of  the  point 
:  ODD  tact  is 

r=2ro-8in_^, (1.) 

id  that  the  extreme  valuoa  of  q  are  the  arcs  of  approach  and 

g=j.  =  2r„g-*) (2.) 

rhence  we  have  «] 

-'G,43/:"" 

=  8(l-sinO'^(J;  +  y; (3.) 

rbich,  for  i  =  60**^  bos  the  value 

*  =  1-07  fj  fl  +  -) (3  A.) 

463.  Appraslmal*    Bpiryrlofdnl    Teeth. — Mr.    Willis    lias    sbown 

»w  to  approxinmte  to  the  figure  of  an  epicycloidal  tooth  by  means 
two  circular  arcs,  one  concave,  for  the  flank,  tho  othfr  convex,  for 
le  face,  and  ouch  liaving  for  its  radius,  the  moan  radius  of  cur\"n- 
of  the  epicycloidal  arc.  Mr.  Willia's  formula  are  deduce<l  in 
oTft*n  "Work  from  certain  propositions  respecting  the  transmisaiou 
>f  motion  by  Unkwork.  In  the  prewnt  treatise  they  wU  be 
dt<}aced  from  the  values  alretidy  given  for  tVtfs  nwiu  <A  cwt^^Nko^  «S. 
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epicycloids  in  Article  390,  case  1,  equation  4:  tix,  let  r,,  be  tb 

radiuR  nf  the  pitch  circle,  r^  that  oif  iho  roUlDg  gueIk,  e  ^ 
of  curvntxuv  required;  then 


c  =  3  ro '  COB  rf  -^- — =  s  4  To  *  cos  '  — -_ 


"  "a 


(L) 


the  sign  +  applying  to  on  external  epicydoidj  that  is,  to  the 
a  tooth,  and  the  sign  —  to  an  iniernal  ^cycloid,  that  is, 
^arut  of  a  t-ooth- 

To  find  thft  diKtinces  of  the  centres  of  curmturo  of  the  gifea 
point  in  an  epicycloid  from  the  point  of  contact  I  of  the  pitch  orde 
and  rolliug  circle,  there  is  to  be  subtracted  from  the  radius  of  cn^, 
vatore,  theiustaQtaneoii8nidiu8Tector,r  =  2roOos  4;  tbatistOi 


e  —  r=  2  To  cos* 


m 


ri=±=3r, - 

The  vnlue  to  be  asramed  for  tf  is  its  mean  value,  that  is,  75J°;  iiwl 

COB  *  =r  -  nearly :  ro  is  nearly  equal  to  the  pitch,  p;  andifnbetllo 

number  of  teeth  in  the  wheel, 

6  :  n  :  :  To  :  r^ 

Therefore,  for  the  proportions  approved  of  by  Mr.  Willis,  eqnatiaa. 
2  becomes 


-\ 


nrtr  13' 

used  for  the  face,  and  —  for  the  flank ;  also 


■w 


r  =:  ^  nearly. 


m 


Fig.  9fl0. 


Hence  the  following  con- 
stmction.  In  fig.  200,  let 
B  C  be  part  of  the  pitch 
circle,  A  the  point  when?  ft 
tooth  is  to  cross  it.     Set  off 

AB  =  AC  =  f.  Dmwradti 

at 

of  the  pitch  circle,  D  B,  E  C 


Draw  F  B,  C  G,  making  angles  of  75^  with  those  nulii,  in  whic 
take 


Bl'=?. 
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>und  F,  with  the  Tftdius  F  A,  draw  the  circular  arc  A  H ;  this 
be  tie  face  of  the  tooth.  Round  G,  ^ith  tlie  radius  GA, 
LW  tho  circiilftr  arc  G  K ;  tliia  will  be  tho  ilauk  of  the  tooth. 
To  facilitate  the  application  of  this  nile,  Mr.  Willis  has  published 
iles  of  the  values  of  e  —  r,  and  inventtd  an  iustnmieiit  called  the 
'  oditntograph. 
404.  T(«ih  of  n'hrci  nnd  Traadir. — A  tntndle,  as  in  fig.    201, 

cylimh'ical  pina  called  utates  for  teeth.  The  face  of  tl»e  teeth 
a  wheel  suitable  for  driving  it,  in  outside  gearing,  are  described 
first  tnicing  external  epicycloids  by  rolling  the  pitch  circle  K,  of 

trundle  on  the  pitch  circle  Bi  of  tlie  driving  wheel,  with  the 


Fig.  201.  Ilg.  202. 

centre  of  a  etave  for  a  tracing- point,  as  shown  b^-  the  dotted  lines, 
and  then  dniwing  curves  parallel  to  and  within  the  epicyoloicis,  at 
a  distance  from  them  equal  to  the  mdiun  of  a  stave.  Trundles 
having  only  eix  staves  will  work  with  large  wheela 

To  drive  a  tnmdle  in  inside  geariitg^  the  outlines  of  the  teeth  of 
wheel  should  be  curves  parallel  to  internal  epicycloids.  A 
liar  case  of  this  is  represented  in  fig.  202,  where  the  radius  of 

e  pitch  circle  of  tho  trundle  ia  exactly  one-hnlf  of  that  of  the 
itch  circle  of  the  wheel ;  the  trundle  has  three  cqni-distant  staves; 

d  the  internal  epicycloidR  described  by  their  centres  while  tho 
pitrh  circle  of  the  trundle  is  rolling  within  that  of  the  wheel,  ara 
three  straight  lines,  diameters  of  the  wheel,  nuking  angles  of  G<}P 

,th  each  other.  Hence  the  surfaces  of  the  teeth  of  the  wheel 
three  straight  grooves  intersecting  each  other  at  tlie  centre, 
each  being  of  a  breiulth  equal  to  the  diameter  of  a  stave  of  the 
trundle. 

465.  Dimnnrfoav  •€  TecA. — Toothed  wheels  being  in  geneml 
2nt<Hided  to  rottite  either  way,  the  hacks  of  the  teetii  are  made 
similar  to  the  fronts.  The  space  between  two  teeth,  measured  ou 
the  ]>itch  circle,  is  made  about  one-fifth  paii  wider  than  the  thick- 
ness of  Uie  tooth  on  the  pitch  circle;  that  is  to  say, 

thickuesa  of  tooth  =  —  pitch, 
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^iJth  of  s(»aco  ^  -r  pitch. 

diHercnce  of  —  of  the  pitub  is  caUed  the  back4a$h. 

The  cleamncc  ftlloweU  betwot»n  the  points  of  teeth  and  the 
uf  the  Bpaces  between  the  teeth  of  the  other  wheel,  is  about 
tcuth  of  the  pitch. 

The  thickness  of  a  tooth  is  fixed  according  to  the  principles  already 
Ktuted  in  Article  336;  and  the  breaM  is  eo  &djast«d,  thut  vhen 
multiplied  by  the  pitch,  the  product  bltall  contain  ojie  square  imek 
for  each  1 00  lbs,  of  force  transmitted  by  the  teeth. 

406.  Mr.  Mass's  I'rocrs*. — Mr.  Saug  lias  published  an  eJabo 
work  on  the  teeth  of  wheels,  in  which  a  prooess  is  followed  dideri 
in  some  respects  from  any  of  those  before  deacribed.     A  form 
selected  for  the  patli  of  the  point  of  contact  of  the  teeth,  and  fro 
that  form  the  figures  of  tlie  t^eth  are  deduced.     Kor  details,  th 
i-cnder  is  rcfen'cd  to  Mr.  Sang's  work. 

407.  Tb«  Tccih  of  n  Bcrri-vTiirei  havo  acting  fluifftces  of  t 
conical  kind,  generated  by  tho  motion  of  a  line  traversing  the  a 
of  the  conicid  pitch  surface,  while  a  jKiint  in  it  ia  carried  round  t 
outlines  of  the  croKt  section  of  the  teeth  made  by  a  sphere  described 
jiboiit  tiiat  apex. 

The  operationfl  of  describing  the  exact  figures  of  the  teeth 
Itcvel-wheels,  whether  by  involutes  or  by  rolling  curves,  ai-e  in  eve 
i-cspect  analogous  to  those  for  describing  the  figures  of  the  teeth 
spur-wheels,  except   that  in   the  case  of  bevel-wheels,  all  thoss 
operations  are  to  be  {)erformed  on  the  surface  of  a  sphere  described 
about  the  apex,  instead  of  on  a  plane,  substituting  jx>£0s  for  cmttrm^ 
and  great  cirdes  for  sfraighl  lines. 

In  consideration  of  the  practical  difficulty,  especially  in  the  case 
of  large  wheels,  of  obtaining  an  accurate  spherical  surface,  and  of 
drawing  ujion  it  when  obtained,  the  following  approximate  meth 
proposed  originally  by  Ti-edgold,  is  generally  used  : — Let  O, 
203,  be  the  apex,  and  0  C  the  axis  of 
pitch  cone  of  a  bevel- wheel ;  and  let 
largest  pitch  circle  be  that  whose  radius  is 
C  R    Perpendicular  to  O  B  draw  B  A  cut- 
ting the  axis  produced  in  A,  let  the  ou 
rim  of  the  pattern  and  of  the  wheel  l>e 
a  portion  of  the  surface  of  the  cone  wh 
a|!ex  is  A  and  side  A  B.    The  narrow  a>: 
ol'  that  cone  thus  employed  will  app 
suflicietttly  near  to  a  zone  of  the  sphe 
r/ftjcribed  about  0  witH  iVio  Tadi\\v&  O  "ft,\»N«i  ^wR&.'xa.'-'&fc  ^^«^wl. 


ea 


Fig.  208. 
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pluie  suHkce,  with  tbc  radius  A  B,  draw  n  circular  arc  B  D ;  a 
rtor  of  that  circle  will  represent  a  portion  of  the  surface  of  the 
me  A  B  0  developed,  ov  synad  out  JleU.  Describe  the  Bgures  of 
•th  of  the  required  pitch,  suited  to  the  pitch  circle  B  D,  as  if  it 
rere  that  of  a  spur-wheel  of  the  radius  A  B ;  those  figures  will  be 
10  required  cross  sectiuuB  of  the  teeth  of  Uio  bevel'whecl,  made  by 
ic  conical  zone  whose  ftpex  is  A. 

468.  Tc^ili  •f  skc  w-Bevcl  WbeeU. — The  cfoss  scctioDS  of  the  teoth 
of  a  skew-Viftvol  wlieel  at  a  given  pitch  cii-ole  ore  siinihir  to  those  of 
Iwvel  wliwl  wltose  pitch  surface  is  a  cone  touchiug  the  hyperbo- 
>idal  pitch  surface  of  the  skew-bevel  wheel  at  the  giv(.'ii  pitcli 
;Ie;   and  the   sui-faccs   of  the  teeth  of  the   skew-bevel   wheel 
generated  by  a  straight  line  which  move«  round  the  outlines 
tlie  cross  section  and  at  the  f*ame  time  is  kept  always  in  the 
ition  of  tlie  genemtinjr  line  of  a  h}7>erbo]oT(lal  surface  similar  to 
le  pitch-surface  (see  Article  444,  fiages  430,  431). 
4t>0.   TiM  Trctb  •r  jvea-circainr  Wbefiia  arc  described  by  rolling 
circles  or  other  curves  on  the  pitch  snrl'acos,  like  the  teeth  of  cir- 
.cuUr  wheels;  and  when  they  are  small  compared  witli  the  wheels 
which  they  belong,  each  tooth  is  nearly  siuiilar  to  the  tooth  of  it 
ircular  wheel  having  the  same  radius  of  cun-atnre  with  the  pitch 
surface  of  the  actual  wheel  at  the  point  where  the  tooth  is  situiitod. 
470,  A  Cam  or  n'ii»rr  is  a  single  tooth,  either  rotating  continu- 
ously or  oscillating,  and  driving  a  slidiiig  or  turniug  piece,  either 
>uatantly  or  at  intervals.     All  the  principles  which  have  been 
ktcd  in  Article  4<'>0,  as  txang  applicable  to  slitling  cont^ict,  arc 
'ap]>licable  to  cams ;  but  in  designing  cams,  it  is  not  usual  to  deter- 
mine or  take  into  considenUiou  the  form  of  the  ideal  pitch  surfaco 
wrhich  would  give  the  same  comparative  motion  by  rolling  contact 
that  the  cam  gives  by  eliding  coutitct 
^K    471.  Brrewa.     Fitcit. — The  figuft  of  a  screw  is  that  of  a  convex 
^Bdt  concave  cylinder  with  one  or  more  helical  projections  culletl 
^Ktkreadi  winding  round  it.     Convex  and  concave  screws  are  dis- 
^P%ingtiished  technically  by  the  rcs]>ective  names  of  mal«  vi.ndjhitale, 
J      or  eaUernal  and  internal;  a  sliort  intenial  screw  is  called  a  ntU;  and 
when  a  screw  is  not  otherwise  sptciiied,  extental  is  understood, 
Tho  relation  between  the  advance  and  the  rotation,  which  com- 
'      pose  the  motion  of  a  screw  working  in  contact  writh  a  fixed  nut  or 
helical  guide,  has  already  been  demonstrated  in  Ailicle  382,  eqiui- 
Liou  1 ;  and  the  same  notation  exists  between  tlic  rotation  of  a 
screw  s.bt>ut  an  axis  fi^xed  longitudinally  relatively  to  the  frame- 
work, and  the  lulvance  of  a  nut  in  wiiich  tliat  screw  rotates,  the 
nut  being  free  to  shilt  longitudinally,  but  not  to  turn.   The  advance 
of  the  nut  in  the  latter  CAf»  is  in  the  direction  opposite  to  that  of 
the  advnnce  of  the  screw  in  the  fonner  case 


^wcon 


1. 


Fig.  206. 


Tina>RY   OF  XECHAinSlI. 

^crew  is  called  rifffd-ftajuUd  at  Uft-handed,  according  w  its 
advance  in  a  fixed  nut  is  aooanipaniiii 
hy  right-handed  or  left-haoded  rotfttioaf 
when  vit^wed  by  an  obuBrr^Jrmn  whom 
the  adviiuce  takes  place.     Fig.  204  rv- 
pTPsenta  a  right-handed  acreir,  and  fi^ 
205  u  leli-hauded  screw. . 
*    The  pitcA  of  a  screw  of  one  t2mad, 
and  the  total  pitch  of  a  ecrev  of  any 
number  of  threads,  is  the  pitch  of  tha 
helical   motion  of  that   screw,  as  ex- 
plained in  Article  382^  and  is  the  dis- 
tance (marlcod  p  in  Bgs.  201  and  205J  measured  panUlel  to  the  axis 
of  the  screwj  l«2twpcn  the  correfciponaing  points  in  two  consecatiTe 
turns  of  the  same  thread. 

In  ft  screw  of  two  or  more  threads,  the  distance  mesrared  parallel 
to  tho  axis,  between  the  corresponding  points  in  two  asfiltemi 
threads^  may  l>e  called  the  divided  pitch, 

472.  Kr«mtiii  an*  c^irratnr  PMrh.—'W'hen  tlie  piteh  of  a  screw  is 
not  otherwise  specified,  it  is  always  xuideretood  to  bo  measured 
immllel  to  the  axis.  But  it  is  sonieiimcs  courenient  for  particular 
puqKJses  to  measure  it  in  other  direotionfl;  and  for  that  purpose  a 
ciflindrical  pitch  attrfnce  is  to  be  conceived  as  described  aboat  th« 
axis  of  the  screw,  intermediate  between  tlie  crests  dt  Ute  threads 
and  the  bottoms  of  the  gi-ooves  between  them. 

K  a  helix  be  now  described  upon  the  pitch  <ylinder,  so  as  to 
cross  each  turn  of  each  thread  at  right  angles,  the  distance  betwwn 
two  oorrespouding  points  on  two  successive  turns  of  the  aamo 
thread,  mcaanred  al(»ng  this  iiormal  hdtv,  may  bo  called  Uje  nor/md 
pilch;  and  wlien  the  screw  has  more  than  one  thread,  the  nonnU 
pitch  from  thread  to  tliread  may  he  called  the  normal  divided  }" 

The  distance  from  thread  to  thread  measured  on  s  circle  descnUvi 
on  the  pitch  cylinder,  and  called  the  pitch  drcUf  may  be  called 
circtUar  pitch;  for  a  screw  of  one  thread  it  is  one  circumforenoej 
for  a  screw  of  n  threads 

one  circumference 


The  following  set  of  formulce  show  the  relations  amongi^tt  the  diffiff^ 
cut  modes  of  measuring  the  pitch  of  a  screw.     The  pitchy  properlyj 
speaking,  as  originally  defined,  is  distinguished  aa  the  atcial  ftiit ' 
aud  is  the  same  for  all  parts  of  the  same  screw :  the  normal 
circular  pitch  depend  on  the  radius  of  the  pitch  ^linder. 

Let  r  denote  the  r.vA\ua  of  tKo  ^Itcb.  CYlindcr ; 

f»,  the  nuiubtr  ol"  iVirewU  *, 
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1,  the  obliquity  of  the  threadx  to  the  j)itoh  droles,  ftnd  of  tite 
>nual  helix  to  the  axis ; 


V  "  I   th  *  1    /  P*'*'^  > 

— = j»^  I  (  divided  pitch ; 


^^1 


the  nomuU 


f  pitch ; 
(  divide 


divided  pitch; 


po  the  circular  pitch ; 
Then 


p^-  f^' cotan i  =  p, •  coeec % 


111' 

Sxr'tani 


P«  =^  p.  ■  sin  t  =  j?.  •  C08 1 


•T'Bint 


com 

to 

^att] 
an 

w 


473.  Scrrvr  Gnirins. — A  pair  of  convex  ftcrews,  each  rototing 
about  its  axis,  are  used  as  au  elementary  combination,  to  ti^nsniit 
motion  by  the  sliding  contact  of  their  threads.  8uch  screws  are 
common!)*  called  m\diesi  ttorews.     At  the  point  of  contact  of  ttte 

wa,  their  threads  must  be  parallel ;  itnd  their  line  of  connection 

the  common  perpendicular  to  t)ie  acting  soHaoea  of  the  threads 
at  their  point  of  contact.     Hence  tlio  following  principles  : — 

I.  If  the  screws  are  both  right-hamli^-d  or  both  Icft-handod,  the 
angle  between  tie  directions  of  their  axes  is  the  sum  of  their  obli- 
quities : — if  one  i^j  right-haudod  uiid  the  other  left-handed,  tliat 

gle  is  the  diflercnco  of  their  obliquitifis. 

IL  The  normal  pitch,  for  a  screw  of  one  thread,  and  i^e  normal 
divided  pitch,  for  a  screw  of  more  than  one  thread,  must  be  the 
same  in  each  screw. 

IIL  Tho  anguUr  velocities  of  the  screws  are  inversely  as  their 
number  of  threads. 

474.  iTooke>  Grorias  IS  a  case  of  scTcw  gearing,  in  which  the 
axes  of  the  screws  are  jMirallel,  one  screw  being  right-handed  and 
the  other  left-handed,  and  in  which,  from  the  E^ortncss  and  great 
diameter  of  the  screws,  and  their  large  ntun- 
lier  of  threeids,  they  are  in  fact  iolie^s,  with  /^/. 
teeth  whoso  crests,  instead  of  being  parallel 

the  line  of  contact  of  the  pitch  cylinders, 

it  obliquely,  so  as  to  be  of  a  screw-like  p    j^j^ 

or  helical  form.    In  wheelwork  of  this  kind, 
*&e  contact  of  each  pair  of  teeth  commei\cea  at  tVe  ^o^^i\na^  wcA.  w. 


^(teeth 
■fcoth 
^■woss 
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the  helical  front  and  terminates  at  tte  aftermost  end ;  and  tbe 
helix  ia  of  such  a  pitch  tliat  the  contact  of  one  pair  of  teeth  does 
not  tenuinato  until  that  of  the  next  pair  lias  commenced.  The 
ohject  of  thia  ia  to  increase  the  smoothness  of  motion. 

With  the  same  object,  Dr.  Hooko  iiivcntt-d  the  makdng  of  the 
fronts  of  teeth  in  a  scries  of  st«ps.  A 
whw4  thxis  formed  resembles  in  diape  a 
series  of  eqnal  and  similar  toothed  aiscs 
placed  8i<io  by  sid**,  with  the  teeth  of 
each  a  little  behind  those  of  the  prcce*!- 
ing  disc.  In  sneh  a  wheel,  let  p  be  tl 
^'^'  *"'•  circular  pitch,  and  n  the  number  of  ste 

Then  the  ore  of  contact,  the  addendum,  and  the  extent  of  eliding* 

are  those  duo  to  the  smaller  pitch  -,  wliile  the  strength  of  the  teeth 

is  tlmt  due  to  the  thickness  corresponding  to  the  entire  pitch  p  \  w^ 
that  the  smooth  action  of  small  teeth  and  tlie  strengtli  of  Im^"' 
teeth  are  combined.  Stopped  teeth  being  more  exi>eiiaiv«  ajni 
difficult  to  execute  than  common  teeth,  are  used  for  special  pur- 
poses only. 

475.  Tht)  wiipri  ■■<!  Scrcvr  is  an  clementaiy  combination  of  two 
screws,  whose  axes  are  at  right  angles  to  each  other,  both  Uin.- 
right-handed  or  both  left-handed-    As  the  usual  object  of  this  .. m 
bination  is  to  produoe  a  change  of  angular  velocity  in  a  i 
greater  than  can  be  obtained  by  any  siuRle  pair  of  ordinary  ^li 
one  of  the  screws  is  commonly  wheel-like,  being  of  large  diaui.  t. ; 
and  many- threaded,  while  the  other  is  short  and  of  few  thivu'l.-. 
and  the  angular  velocities  are  inversely  as  the  number  uf  thivads. 


% 


Fig.  208. 


Fig.  Y09. 


Fig.  208  represents  a  side  \-iew  of  tliis  conibimition,  and  fig.  209 
a  cross  section  at  right  angles  to  the  axis  of  the  siutUlur  screw.  It 
has  been  shown  by  Mr.  Willis,  that  if  each  section  of  both  scwws 
be  made  by  a  plane  perpeudicnlar  to  the  axis  of  the  loi^  screw  or 
wheel,  the  outlines  o<  t\vo  W\rcBA%  oS.  SXv^fc  \a.'t^vix  ^^^  vnuiUef  aerew 
5houJd  be  those  of  tVxcteaVtj^  Ti^V«fc\iw^^  w3tt*B^RK>iw^&^-,''fc>^ 
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in  fig.  208,  for  example,  being  the  pitch  circle  of  the  wheel,  and 
B^  II;  ihe  flitch  line  of  the  rack. 

Thu  periphery  and  teeth  of  the  wheel  are  usually  hollowed  to 
fit  the  screw,  sa  shown  at  T,  fig.  209. 

To  make  the  teeth  or  threads  of  a  pair  of  screws  fit  corrpotly  aud 
work  ranoothly,  a  hardened  steel  screw  is  made  of  tlxe  figure  of  the 
smaller  screw,  with  its  thread  or  threads  notched  so  as  to  form  a 
cutting  tool ;  the  larger  screw,  or  wheel,  in  cast  approximately  of 
the  it-quired  figure  ;  the  larger  screw  and  the  sUf  1  screw  are  fitted 
up  in  their  proper  relative  position,  and  madn  to  rotate  in  contact 
with  each  other  by  turning  the  steel  screw,  wliich  cuts  the  threads 
of  the  larger  screw  to  their  true  ti^jure. 

47G.   The  BcloiWe  Slldlvs  •€  m  Pair  of  Bcretn  at  their  point  of 

contact  ia  found  thus: — I.et  r.,  r^  be  the  radii  of  their  pit4^  <grlin- 

ters,  and  t,,  ^,  the  obliquities  of  their  threads  to  their  pitch  circles, 

me  of  which  is  to  be  considered  as  negative  if  the  scrvws  nro  con- 

'-handed.     Let  u  be  the  common  component  of  the  velocities 

|uir  of  points  of  contact  along  a  line  touching  the  pitch  sni'- 

^es  and  perpendicular  to  the  threads,  at  the  'pitch  pointy  and  o 
velocity  of  sliding  of  the  tlireads  over  each  other.    Then 


th^i 


a,rs'Sint| 


a,= 


r^ '  sin  t, 


0,= 


rj-Biniajx 


(1) 


rj'smi] 


a,r,'cos  1,  +  Ojrj  •  cos  tj^  u  (ootan  f,  +  cotan  4) (3.) 

Wlion  the  screws  are  contrniy-lianded,  the  difference  instead  of  tlio 
sum  of  the  terms  in  equation  2  is  to  be  taken. 

477.  ouiHH^  C'*u»iiac. — A  coupling  is  a  mode  of  connecting  a 


pftir  of  shafts  so  that  they  sliall  rotate  in 
ihe  same  direction,  with  the  same  mean 
angular  velocity.  If  the  axes  of  the  shafts 
are  in  the  same  straight  line,  the  coupling 
consists  in  so  coruieoting  their  contiguous 
entht  that  they  shall  rotate  as  one  piece ; 
but  if  the  axes  arc  not  in  the  same  straight 
line,  combinations  of  mechanism  are  re- 
quired. A  coupling  for  parallel  shafts 
which  acts  by  altdimj  contact  was  invented 
by  Oldham,  and  is  repres«:inted  in  fig.  210. 
C„  Cg,  ore  the  axes  of  the  two  iiaraUel  shafts  ;  P^  D,,  two  cross- 
heads,  facing  each  other,  fixed  on  tlie  ends  of  the  two  shafts  re- 
spectively; K^f  Kj,  a  linr,  sliding  in  a  diametral  ^^ty^N ft  vd^^^^aKR-sK 


Fig.  210. 


AH 
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Dj ;  Ef,  Ej^  a  bar,  sliding  in  a  diametral  groove ia  the  face  of  T>,; 
those  hars  are  Bxed  together  at  A,  so  as  to  form  a  rigid  cross.  The 
angular  velocities  of  the  two  shalts  and  of  the  cross  are  all  equal  at 
every  instant  The  middle  point  of  the  cross,  at  A,  rerntveB  in 
the  dotted  circle  described  upon  the  Hue  of  centres  0.  Cj,  is  a 
diameter,  twice  for  each  turn  of  the  shafts  nod  cross;  tae  instan- 
taneous axis  of  rotation  of  the  cross,  at  any  instant,  is  at  I,  tba 
point  in  the  circle  C^  Cj,  diametrically  opposite  to  A. 

Oldham's  coupling  may  be  used  with  advantage  where  the  axes 
of  the  shafU  are  intended  to  be  as  nearly  in  the  same  straighb  line 
as  is  possible,  but  where  there  is  some  doubt  as  to  the  practica- 
bility or  permanency  of  their  exact  continuity. 


Section  3. — Connection  by  Bands. 
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478.  BobAb  ciwMMk — Bands,  or  wrapping  conntHTton,  for  com* 
Tnunicating  motion  between  pulleys  or  drums  rotatiDg  about  fixed 
axes,  or  between  rotating  pulleys  and  drums  and  shifting  pieoei^ 
may  be  thus  classed  : — 

I.  Bdtgf  which  are  made  of  leather  or  of  gutta  percha,  are 
and  thin,  and  require  nearly  cylindrical  pulleys.  A  belt  tends 
move  towards  that  part  of  a  pulley  whose  radius  is  greatest ;  pulleys 
for  belts,  therefore,  are  slightly  swelled  in  the  middle,  in  order 
that  the  belt  may  remain  ou  the  pulley  unless  forcibly  shifted.  A 
belt  when  in  motion  is  shifted  off  a  pulley,  or  from  one  pulley  oa 
to  another  of  equal  size  alongside  of  it,  by  pressing  against  that 
part  <^  the  belt  which  is  moving  tovxkrda  the  pulley. 

II.  Cordjij  made  of  catgut,  hempen  or  other  fibres,  or  wire,  are 
nearly  cylindrical  in  section,  and  require  either  drums  with  ledges^ 
or  grooved  pulli»v». 

UL  Chains,  which  are  composed  of  links  or  bars  jointed  together, 
require  ]>ull<'y8  or  drums,  grooved,  notched,  and  toothed,  eo  as 
fit  the  links  of  the  chaius. 

Bands  for  communiratiHg  continuous  motion  arc  en^Ueaa. 

Bands  for  commuuicating  reciprocating  motion  Imvo  usually  their 
"etnds  made  fast  to  the  pulleys  or  dininis  whioh  they  connect^  and 
which  in  this  case  may  be  sectors. 

470.    Principle  of  C'annrcUon  br  Bands. — Thd  Ime  of  eomn«eiioit 

of  a  pair  of  pulleys  or  dinima  connectetl  by  means  of  a  band,  is  the 
central  line  or  axis  of  that  part  of  the  band  whose  tension  transmits 
the  motion.  The  principle  of  Article  433  being  applied  to  thia 
case,  leads  to  the  following  consequences  : — 

I.  For  a  pair  of  rotating  pieces,  let  r„  r„  be  the  perpendlcidan 
Jet  full  from  their  axes  oii  \i\tt  cfcTx\x<*  "NJaift  cA  "Ocvt  Ven^A.,  <h,  o^  their 
^gular  velocities,  and  h,  i*  ti&e  «tt^«» -wV^tV^Oafe  osx^sctXa*  *&j^ 
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[liand  makes  wHli  the  two  axes  respectively.  Tbea  the  longitutU' 
nal  Tcloci^  of  the  liand,  that  ia,  its  cumpouout  velocity  m  the 
direction  of  ita  own  centre  hue,  ia 

u^TiOi  saaii  =  ria^emix'f ........(1.) 

; -whence  the  angular  velocity-ratio  is 

'^  =  1«'L^ m 

Oj       r,  ain  Vj  ^   ' 

WIten  the  axes  an  parallel  (which  is  almost  always  the  case),  i^=^, 

[aulI 

^=^ (3.) 

I^The  same  equation  holds  when  both  axes,  whether  parallel  or  not, 
[.Are  peT{)endicular  in  direction  to  that  part  of  the  band  which  trans- 
mita  tlie  motion  ;  for  tlien  sin  I'l  =  ain  I'l  =  1. 

IX.  For  a  nAating  piece  and  a  sliding  piece,  let  r  be  the  perpendi- 
cular from  the  axiii  of  the  rotating  piece  on  the  centre  line  of  the 
I  band,  a  the  angular  velocity,  t  the  angle  between  the  directioua  of 
the  hand  and  axis,  u  the  longitudinal  velocity  of  the  band,  j  the 
angle  between  the  direction  of  the  centre  line  of  the  baud  and  that 
of  the  motion  of  the  sliding  piece,  and  i;  the  velocity  of  the  sliding 
jdcce;  then 
u-ra-ain  i  =  v  cosj*;  and (4.) 
1                                             ,=1±^* (5.) 
C09J  ^     ' 

"When  the  centre  lino  of  the  band  is  parallel  to  the  direction  of 
motion  of  the  sliding  piece,  and  perpendicular  to  the  direction  of 
the  axis  of  the  rotating  piece,  sin  i  =  cos  ^*  =  1 ,  and 

»v:=  w  =  ra (C.) 
480.    The    Pllch    Surlhcr  of  a   Poller  or   Dnim    is    a    SUrfaCO    to 

which  the  line  of  connection  is  always  a  tangent ;  tlmt  is  to  say, 
it  is  a  suHaco  jmxallel  to  the  acting  suHace  of  the  pulley  or  diimi, 
and  distant  from  it  by  half  tlie  tliickness  of  the  band. 

481.  circ«Ur  Paiirra  au4  Dniaia  are  uscd  to  couunuuicate  a 

Fig.  211.  Hg.  212. 

cojMtaui  rciocit/-ra£ia     In  each  of  them,  Oife\cTv^  ^feTxtAaW^  t 
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in  the  equations  of  Article  479  is  oonstant,  nnd  is  called  tiie  ^Tms 
tuw  raduUt  being  equal  to  the  real  radius  of  the  puUey  or  dnua 
added  to  lialf  the  thickness  of  the  band. 

A  crotmd  belt  connecting  a  pair  of  circular  pullers,  as  in  fi^;.  211, 
reverBcs  the  direction  of  rotation ;  an  open  belt^  as  in  iig.  2\*2,  pn- 
serves  that  direction. 

482.  TiM  i^Bgtii  or  OH  RadicM  Belt,  connecting  a  pair  of  poll^ 

vhose  effective  rodii  are  C,  T,  ^  rj,  C,  T,  ^  r„  -ftith  parallel  axes 
whose  distance  apart  is  Ci  C,  =  c,  is  given  by  formulic  founded  co 
equation  1  of  Article  402,  viz., — L  =  s  • «  +  a  ■  r ».  Euch  of  the  two 
equal  straight  parts  of  the  belt  is  evidently  of  the  length 


g  =  J<f  -  (r,  +  r,)"  for  a  crossed  belt 


;} 


9  =  ^c*  -  (rj  -  r,)'  for  an  open  belt 

r,  being  the  greater  radius,  and  r,  the  less.  Let  tj  be  the  arc  la 
radius  unity  of  the  greater  pulley,  and  i,  that  of  the  less  pulley, 
with  which  the  belt  is  in  contact ;  then  for  a  crossed  belt 

and  for  an  ojxm  belt,  ).  ^3.) 


x  +  ii  arc  'Bin 


i 


< 


■■  +  2  are  .  fiin 


-■)■■'■<'- 


3  arc  •  sin  II 


r,  — 


-•)■ 


and  the  introduction  of  those  values  into  eq\iation  1  of  Article  403 
gives  the  following  results : — 
For  &  crossed  belt. 


L  =  3^c»-.(r,  +  r,)*  +  (r,  +  r,)-  f»  +  2aKi    m-^^^^J  '$ 
and  for  an  open  l>elt, 
L  =  2Vc'-(n-r,)"  +  »(r,  +  r,)  +  3(r,-rO'aro-ain-  ^i^*, 


>yh|l 


As  the  last  of  these  equations  would  be  tronblesome  to  employ  i 
a  practical  application  to  bo  mentioned  in  the  next  Article, 
approximation  to  it,  suliiciently  close  for  practical  purposes,  is 
obtained  by  considering,  that  if  r  —  r,  is  small  compued  with  c, 

n  — r.       r, -r- 


J^-{r,-r,y^ 


nearly,  and  arc  •  sin 


nearly ;  whence,  for  an  o])cn  belt, 

L  nearly  ^  2  c  -i-  v  (ri  -f  n)  •«• 


(>•. -«•.)■ 


,(3  A.) 


SPEEI>-CONlS.  iS7 

IS3.  a^ced-CMu  (6g8.  313,  214,  215,  21 C)  arc  a  contrivance  for 


Fifc.  213. 


Fig. -J  11. 


Fig.  215. 


Fiff.  216. 


ring  aiui  adjusting  the  velocity-ratio  cnmmimicated  between  a 

of  puruUd  slialta  by  meaus  of  u  belt,  and  may  be  either  conti- 

MonB  cones  or  conoids,  aa  in  figs.  213,  214,  whose  veiocity-i-atio 

be  varied  gradually  while  they  arc  in  motion  by  shifting  the 

It ;  or  seta  of  pulleys  whose  radii  vary  by  steps,  ns  in  ligB.  215, 

IG,  in  which  caae  the  velocity-ratio  can  bo  cuaugeU  by  bhifting 

c  belt  from  one  pair  of  palleya  to  another. 

In  oi*der  that  the  belt  may  be  equally  tipht  in  every  possible 
sition  on  a  pair  of  apeed-concs,  the  qiuuitity  L  in  the  cquationa 
Article  482  must  be  constant 

For  a  croBstd  belt,  as  in  figs.  213  and  215,  L  depends  solely  on 
e  and  on  r,  +  r,.  Now  c  \a  constant,  becatue  the  axes  are  juirallel, 
therefore  the  sum  o/iM  radii  of  the  pitch  circles  connected  in  every 

rition  of  the  belt  is  to  be  constiuit.  That  condition  is  fulfillKl 
a  pair  of  continuous  cones  geuenited  by  the  revolution  of  two 
straight  lines  inclined  opposite  ways  to  their  respeetive  axes  at 

ual  angles,  and  by  &  set  of  pairs  of  pulleys  iu  which  the  sum  of 
the  radii  is  the  same  for  each  pair. 

For  an  open  belt,  the  following  practical  nilo  is  deduced  &om  tho 
approximate  equation  3  A  of  Article  4B2  : — 

Let  the  speed-cones  be  equal  and  similar  conoids,  as  in  6g.  211, 
but  with  their  large  and  small  ends  turned  opposite  ways.  Let  r^ 
be  the  radius  of  the  large  end  of  each,  r,  that  of  the  small  end,  r^, 
that  of  the  middle  ;  and  let  ;/  be  the  sagilta,  measured  peq>endi- 
cular  to  tho  axis,  of  the  arc  by  whose  revolution  each  of  the  conoids 
is  generated,  or,  in  other  words,  the  biding  of  the  conoids  in  the 
middle  of  their  length  ;  then 


*"-^  —  ('''  ~  ^«)' 


.(1.) 


^S  T  =  6*2832 ;  but  C  may  be  used  in  most  practical  cases  without 
■ensible  error. 
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The  radii  at  the  micltlle  and  ends  being  thus  detexmiiiedr  nuice 
the  generating  cur\'e  an  arc  citlier  of  a  circle  or  of  a  parabola. 

For  a  pair  of  stepped  cones,  as  in  fig.  216,  let  a  seriea  of  d|/7«r- 
€ncea  of  the  radii,  or  \'alues  of  ri  -r-,  be  assumed ;  then  for  each 
pm*  of  pulleys,  tlie  sum  of  the  radii  is  to  be  computed  &ram  tiw 
difiereuoe  hj  the  formula 


Ti+rg: 


^r.-<^'; 


2  Tq  being  that  sum  when  the  radii  are  equal 


Section  4. — Linkworh. 

484.  Deflnuioni. — The  pieces  which  are  coonectod  by 
if  they  rotate  or  oscillate,  are  usually  called  cninJb,  b«am$t 
levera.     The  link  by  wliich  tlioy  are  connected  is  a  rigid  bar,  whi< 
may  be  straight  or  of  any  other  figure ;  the  straight  figure 
the  most  favoui-ablc  to  strength,  is  used  when  there  is  no  s] 
reason  to  the  contrary.   The  link  is  known  by  various  names  undt 
various  circumstances,  such  as  coitpling  rod,  comactxnff  rod^  eraa% 
rodf  eccentric  rody  Ac,    It  is  attached  to  the  pieces  which  it  connect!^ 
by  two  pins,  about  wliich  it  is  free  to  turn.     The  effect  of  the  lial 
ia  to  maintain  the  disUknce  between  the  centres  of  thoec  pins 
variable ;  hence  the  lino  joining  the  centres  of  the  pins  is  the  tin 
of  connection;  and  those  centres  may  be  called  the  connected  /xnnt4ti 
in  a  turuiug  piece,  the  perpendicular  let  fall  frrim  its  coiLuectedj 
point  upon  its  axis  of  rotation  is  the  arm  or  craid:  arnu 

48d.  Princirlea  of  Conn«cil«ii. — The  wholti  of  the  equntiou] 
already  given  in  Aiticle  47i)  for  bands,  are  applicable  to  linkwork. 
The  axes  of  rotation  of  a  {Kiir  of  turning  pieces  connected  by  a  Unk| 
are  almost  always  parallel,  and  perpendicular  to  the  line  of  ooudpo- 
tion ;  in  which  case  the  anguhu*  velocity-ratio  at  any  instant  is  the 
reciprocal  of  the  ratio  of  the  common  perpendiculars  let  fall  from 
the  line  of  connection  upon  the  respective  axes  of  rotation  (Artidai 
479,  equation  3). 

486.  Dcaa  Foinia. — If  at  any  instant  the  direction  of  one  of  tbft 
crank  arms  coincides  with  the  line  of  connection,  the  oomnuia 
perpendicular  of  the  lino  of  connection  and  the  axis  of  Umi  cmnk 
arm  vanishes,  and  the  directional  relation  of  the  motions  bcooaMB 
indeteiminate.  The  position  of  the  connected  point  of  the  cnnfc 
arm  in  question  at  such  an  instant  is  called  a  dead  poinL  Th« 
velocity  uf  the  other  connected  point  at  such  an  instant  i^  null, 
unless  it  also  reaches  o.  dead  ^lub  at  the  same  instant,  so  that  the 
line  of  ooQuection.  w  in  Va©  ^^toma  qI  ^'a  v«q  lasjci  ^A  i:«^ta.tioa,  ia  I 
which  case  the  ■ve\om.lv-Kw\Ao  "^a  \•tt^^^A;Tvsi.'avl^ft,  j 


LUfKWOBE. 
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487.  CoayiiBg  of  Parallel  Asw. — The  Only  case  in  wliicli  an  uni- 
form angular  velocity-ratio  (being  that  of  equality')  ia  commnnicated 
hj  linkworkj  is  that  in  wliich  two  or  moro  porallol  shafts  (snch  ail 
those  of  the  driving  whecia  of  a  locomotive  engine)  are  made  to 
rotate  with  constantly  equal  angular  velocities,  by  having  equal 
cranks,  vhich  are  maintained  parallel  by  a  coupling  rod  of  such  a  ' 
length  that  the  line  of  connection  is  equal  to  the  distance  between 
the  axes.  The  cranks  pass  their  dead  point^i  simultaneously.  To 
obriate  the  unsteadiness  of  motion  which  thi.s  tends  to  cause,  tho 
Ahafts  are  provided  with  a  second  set  of  cranks  at  right  angles  to 
the  first,  connected  by  means  of  a  similar  coupliug  i-od,  so  that  one 
set  of  cranks  pass  their  dead  points  at  tho  instant  when  the  other 
»ct  are  farthest  from  theii-a. 

4^8.    The  CMBparallTe  Motion  of  Ui«  Connccled  PolaU  in  a  piece 

of  liukwork  at  a  given  instant  is  capable  of  determination  by  tho 
method  explained  in  Article  384  ;  that  is,  by  finding  tbe  iu»tiutti- 
neous  axis  of  the  link  j  for  tlio  two  wiuuected  points  move  in  tbe 
same  nmnner  with  two  points  in  the  link,  considered  as  a  rigid  body. 

li'  a  connected  point  belongs  to  a  turning  piece,  the  direction  of 
ltd  motion  at  a  given  instant  is  perpendicular  to  the  plane  contain- 
ing the  ajua  and  cmuk  arm  of  the  piece.  If  a  connected  jioint 
1)eloDgs  to  a  shifting  piece,  the  direction  of  its  motion  at  any 
instant  is  given,  and  u  plane  can  be  drawn  perpendicular  to  that 
direction. 

The  line  of  intersection  of  the  planes  perpendicular  to  the  paths 
of  the  two  connected  points  at  a  given  imrtaKt,  is  the  inMantatienwt 
axis  of  the  link  at  that  instant;  and  the  velocilxe»  of  the  otmnect«i 
potTtU  are  directiy  «*  their  distances  f  nan  that  axis. 

In  drawing  on  a  plane  mir&ce,  the  two  pUnea  porpendicular  to 
the  jxiths  of  the  connected  points  ore  represented  by  t^vo  lines 
(being  their  sections  by  a  plane  normal  to  Uiem),  and  the  instanta- 
neous axis  by  a  point;  and  should  the  length  of  the  two  lines 
render  it  impracticable  to  produce  them  until  they  actually  inter- 
sect, tho  vtilocity-mtio  of  the  connected  ]>oints  may  be  foxmd  by 
the  principle,  that  it  is  cqnal  to  the  ratio  of  tho  segments  wbich  a 
line  parallel  to  the  line  of  connection  cuts  off  from  any  two  lines 
drawn  from  a  given  point,  perpendicular  respectively  to  the  putlia 
of  the  connected  pointa 

Example  L  Two  Rotaiinff  Pieces  loiih  ParaJiel  Axea  (fig.  217). — 
Let  C„  Ofc  be  the  parallel  axes  of  tho  pieces  :  T„  T^  their  con- 
nected points ;  Ci  T„  0,T^  tlteir  crank  arms ;  T,  T^  the  link.  At 
a  given  instant,  let  r,  be  the  velocity  of  T, ;  t,  that  of  T,. 

To  find  the  ratio  of  those  velocities,  produce  C,  T,,  C,  Tj,  till 
they  intersect  in  K  ;  K  is  the  instjintaueoua  axis  of  the  link  or 
connecti/jg-  rod,  and  the  velocity -mtio  ia 
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Vi  IVt 


KT.  ;KT. 


■0) 


Should  K  be  inconveniently  far  off,  dra-w  any  triang^  •witU  it» 
sides  rcsptctively  (Mimllel  to  C,  T,.  C,T„  and  TjT,;  the  rtitio  of 
the  tvro  sides  first  mentioned  will  be  the  velocity-ratio  roqnirod. 
Fur  example,  draw  C,  A  paRillcl  to  C,  T„  cutting  TiT,  in  A;  Uuen 

V,  :  t:.  ;:  ^A  :  C/T,. (2.) 


Rff.  217, 


FlfiT.  S18. 


Example  II.  lioUsdng  Pieee  and  Sliding  Piece  (6g.  218). — Let 
0,  be  the  axis  of  a  rotating  piece,  and  T,  R  tlie  straight  line  along 
which  a  sliding  piece  moves.  Let  T„  Tf,  bo  the  connected  point«, 
C,  Tb  the  crank  arm  of  the  rotating  piece,  and  T,  T,  the  link  or 
connecting  rod.  The  jwiuta  T^,  T^  and  the  liiie  T,  R,  are  supjKie«l 
to  be  in  one  plane,  i)erponJicuhu"  to  the  axis  C.  Draw  T,  K  pt-p* 
]>cndicular  to  Ti  R,  intersecting  C,  T,  in  K  ;  K  is  the  inst&utaaeouo 
axis  of  the  link ;  and  the  rest  of  the  solution  is  the  same  as  in 
£xnniplc  I. 

481).  An  eccentric  (fig.  219)  being  a  ciixmlar  disc  keyed  oo  a 
shaft,  witli  whose  axis  its  centre  does  not  co- 
incide, and  used  to  give  a  reciprocating  motion 
to  a  rod,  is  equivakut  to  a  crank  whose  con- 
nected point  is  T,  the  centre  of  the  eccentric 
disc,  and  whose  crank  arm  is  C  T,  the  di^tanotfj 
of  that  puint  from  the  axis  of  the  shafl,  called' 
tlie  eccentricity. 

An  eccentric  may  be  made  ca(>ablo  of  having  its  eccentiidtf 
altered  by  means  of  an  adjusting  sci*ew,  so  us  to  vary  the  extent 
of  the  reciprocating  motion  wlilcli  it  cummuaicatea,  and  which  is 
called  the  ihroxo^  or  travel^  or  length  of  stroke, 

4D0.  The  iicnsth  of  Hirok«  of  a  point  in  a  reciprocating  piece  is 
the  distance  Wtwceiv  Wvc  V«ci  e"a^'iol^fc\ft»\iSaa.-«?Vvich  that  point 
moves.     Wlieu  it  ia  couuwAeA  ^^^  a^  ^vlSl  ^*0i\  ik  ^JKi«^,  vs^.  «.tHte 
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jtinuoualy  routing  piow,  the  ends  of  tlio  stroke  of  the  reciprocating 
Mjint  correspond  with  the  deadpoinU  of  the  oontinuousJy  rovoiving 
jiece  (Article  480). 

Let  S  be  the  loujfth  of  stroke  of  the  reciprocatiug  piece,  L  tlie 
length  of  the  line  of  connection,  and  R  the  cnink  arm  of  the  cou- 
tinuously  tuniin;^  piece.  Then  if  the  two  ends  of  the  stroke  be  iu 
one  straight  lino  with  the  axis  of  the  crank, 

IS  =  2Ej (1-) 
ftnd  if  their  ends  be  not  in  one  etraightline  with  thnt  axis,  then 
B,  L-R,  and  L  +  R,  are  the  three  aides  of  u  triangle,  baring  the 
ftnglc  opposite  S  at  that  axis ;  bo  that  if  tf  be  the  supplcmeut  of  thu 
ftro  between  the  dead  points, 
[                      S»=2(I^-fR*)-2(L'-R«)co5rfn 


(2.) 


2(L«-R') 


Vf 


491.  lT«oke*a  tTBircmU  Joint  (fig.  220)  is  a  contrtvanoe  fur  coup- 
ling shafts  whose  axes  intersect  each  other  iu  a  point. 

Let  O  be  the  point  of  intersection  r, 

of  the  axes  O  C'„  O  C„  and  i  their 
angle  of  inclination  to  each  other. 
The  pair  of  shafts  C,,  C„  terminate 
in  a  pair  of  forks  F„  F„  in  beai-ings 
at  the  extremities  of  which  turn  tlifi 
gudgeons  at  the  ends  of  the  arms  of 
[a  rectangiilar  cross  ha^nng  its  centre 
at  0.  This  cross  in  the  link ;  th« 
connected  points  are  the  centres  of 
the  beariugs  F„  F*.  At  each  instant 
each  of  thot«e  points  moves  at  right  angles  to  the  ccctnil  plane  of 
its  shaft  and  fork,  therefore  the  liue  of  intersection  of  the  central 
planes  of  the  two  forks,  at  any  instant,  is  the  instantaneou-s  axis  of 
the  crosfs  and  the  velocityratio  of  the  points  F,«  F,  (which,  as  the 
forks  are  equal,  is  also  the  angular  vdodly-ratio  of  tho  shafts),  is 
,«qaal  to  the  ratio  of  the  distances  of  those  points  from  that  instan- 
eous  axis.  The  mean  value  of  that  velocity-mtio  is  that  of 
equality ;  for  each  successive  quarter  turn  is  made  by  both  shafts  in 

e  same  time ;  but  it«  actual  value  fluctuates  between  the  limits, 


»/ 


Fig.  220. 


—  ^ :  when  Fi  is  in  the  plane  of  the  axes :  \ 

oi      cost  *  ( 

=  COS  i  when  Fi  is  in  that  plane  ' 


(i) 


4ca 
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Its  valne  at  intermediate  instants,  as  v«Il  as  tii«  relation  liciwwi 
the  positions  of  the  shafts,  are  given  by  the  following  eqotttioos:— 

I^t  0u  ^91  he  the  angles  respectively  made  by  the  oentral  planes  of 
the  forks  and  shafts  with  the  plane  of*  the  two  axes  at  a  ffrw 
instant;  then 

tan  ^1  *  ton  9t  =  cos  i ; 

rf  y,  _  tan  01  -h  cotan  0^  }■ (1) 

d0, 


ai 


tan  0g  -\-  cotan  0. 


^} 


492.  The  Deabic  nookc*«  Joint  (fig.  221)  is  used  to  obviate 
vibratory  and  unsteady  motion  cAusod  by  tlie  fluctuation  of 

velocity-ratio  indicated  in  the  e<jr 
tloTis  of  Article  4t)  I.     Between 
two  shafW  to  be  connected,  Cu 
there  is  introduced  a  short  inl 
diiitc  shaft  C,,  making  eqnal  anj 
with  C,  and  C,,  connected  witb 
^*s*  22^*  of  them  by  a  Hooke"*  joint,  and 

having  both  its  own  forks  in  the  same  plane. 

Let  t  be  the  angle  of  inclination  of  Cj  and  C„  and  also  that  of 
Ct  and  0^  Let  ^„  9s,  0^,  be  the  angles  made  at  a  given  instant  hy 
the  planes  of  the  forks  nfthr  three  shafts  -with  the  plane  of  thdr 
axes,  and  let  ai,  Oi,  a,,  be  their  angcdar  velociUea.     Then 


whence 


tan  0^  •  tan  0s  ■=  cos  t  =  tan  0i  *  tan  j^j 
tan  ^ ^ tan  V, j  ajid  a^=iai', 


L 


so  that  the  angular  velocities  of  the  first  and  third  shafts  are  oqnal 
to  each  other  at  every  instant 

493.  A  cuck«  being  a  reciprocating  bar,  acting  upon 
wheel  or  rack,  which  it  pushes  or  pulls  through  a  certain  arc  at 
each  forwai-d  stroke,  and  leaves  at  rest  at  each  backward  stroke,  is 
an  example  of  intenuittent  linkwork.  During  the  ibrward  sir.  Ic  . 
the  action  of  the  clirk  is  governed  by  the  principles  of  lintwurk . 
during  the  backward  stn)ke,  that  action  ceases.  A  eaUk  or  ^"^i 
turning  on  a  fixed  axis,  prevents  the  ratchet  wheel  or  lack  from 
reversing  its  motion. 


Section  5. — Hedvplicaiwn  oJCordM, 


i 


494.  Drfiniiions. — The  combination  of  pieces  connected  by  the 
several  plica  of  a  cord  or  xo^  cou»s^  of  a  \)air  of  cases  or  fmtoa 
caJJcd  UockSf  each  coxiVaVwiv^  owt  «t  \awTO  -^viSiw^  wfii\t&.  Jywwt 
One  of  the  UocUa  caWfe^i  ^^^  j-aXV-UocV>v,v»^'«^*«*^\'^^^'^"^ 
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mntnghlvck,  B,,  is  movcftble  to  or  from  the  fall-Wock,  iritli  vKich 
is  couDoctcd  by  means  of  a  rope  of  which  ono  end  is  attached 
either  to  the  fiill-blorfc  or  to 
the  nuuiing- block,  while  the 
other  end,  T„  caUed  the  fall, 
or  tackle-fall f  is  free;  while 
the  intermediate  portion  o£ 
the  rope  passes  alternately 
ronnd  the  pulleys  in  th(j  fall- 
Uoclcandrunmug-block.  The 
whole  combination  is  called  a 
tackle  or  pure/iase, 

49a  ThcTeiedtr-BMitochief- 
ly  considered  in  a  tackle  is  that 
between  the  velocities  of  the 
numing-blook,  «,  and  of  the 
tackle-&LU,  v.  That  ratio  is 
pven  by  equation  6  of  Article 
402  (which  see),  viz.  : —  Fig.  222.  Fig.  223, 


v  =  nu\ 


(1.) 


where  n  is  the  nvmher  ef  plies  of  rope  by  which  the  running-block 
is  connected  with  the  fall-block.  Thus,  in  lie.  222,  n=^7 ;  and  in 
fig.  223,  n  =  G. 

49G.  Tlie  Vc-iociir  or  Anr  Piy  of  the  rope  is  found  in  the  follow- 
ing manner : — 

I.  For  a  ply  on  the  side  of  the  fall-block  next  the  tackle-fall, 
such  as  2,  4,  6,  fig.  222,  and  3,  5,  fig.  223,  it  is  to  be  considered 
what  would  bo  the  velocity  of  that  ply  if  it  were  itself  the  taekle- 
falL  Let  that  velocity  be  denoted  by  t^,  and  let  n'  be  the  number 
of  plies  b«ttneen  the  ply  in  question  and  the  point  of  attachment  l»y 
which  the  first  ply  (marked  1  in  the  figures)  is  fixed  to  one  or  other 
block.     Then 

«^  =  n'« (1.) 

li.  For  a  ply  on  the  side  of  the  iUll-block  farthest  from  the 
tack]e-&U,  the  velocity  is  equal  and  contrary  to  that  of  the  next 
succeeding  [)ly,  with  which  it  is  directly  connected  over  one  of  tbo 
sheaves  of  the  fall-block. 

TTT.  If  the  first  ply,  as  in  fig.  223,  is  attached  to  the  fall-block, 
its  velocity  ia  nothing;  if  to  the  ruiming-blocfc,  its  velocity  is  equal 
to  that  of  the  block. 

497.  Wkitc's  TMkie^ — The  sheaves  in  a  block  are  usually  made 
all  of  the  same  diameter,  and  turn  on  a  fixed  y'uv,  aaA.  \ii^.'^  Va.'^e., 
consequently,  dlScruit  augulaj:  vclocilies.     But  \)^  \naitiii^  ^^^ 


464 


THEORY    OF   MECHAXISIL 


diameter  of  ench  sheave  proportionAl  to  the  relncitj-,  reiatic^y  ^» 
the  block  J  of  the  ply  of  roi>e  which  it  is  to  .cam*,  the  angular  \ 
cities  of  the  ahaives  iu  one  block  may  be  reuUcivd  ¥<qual,  S'>  'i  * 
the  sheaves  may  be  matle  all  in  one  piece,  autl  may  have  joumak 
turning  in  fixwl  beariugH.     This  is  called  WJtUe'a  Tacldoj  from  tia 
inventor,  and  is  represented  in  tigs.  2i2  and  223. 

Section  6. — Hi/draulic  Connection, 

498.  Tlio  <s«Mtmi  PriMripin  of  tlie  communication  of  motioD 
between  two  piatous  by  means  of  au  intervening  lluitl  of  onoslaat 
density  has  already  be^  stated  in  Article  411,  viz..  that  the  velo- 
cities of  the  pistons  are  inversely  as  their  areas,  measured  on  planas 
normal  to  their  directions  of  motion. 

Should  the  density  of  the  duid  vary,  the  problem  is  no  longer  one 
of  pure  mechanism ;  because  in  that  case,  besides  the  conimnnicatioB 
of  motion  from  one  piston  to  the  other,  there  is  an  additional  motioa 
of  one  or  other,  or  both  pistons,  due  to  the  change  of  %'olume  of  the 
fluiiL 

499.  TalTcs  aro  used  to  i-egiilate  the  communication  of  motion 
thi^ugh  a  fluid,  by  opening  and  shutting  passages  through  which 
the  tluid  JIowh;  for  example,  a  cylinder  may  be  provided  with  valves 
which  shall  cause  the  £uid  to  How  in  through  one  passage,  and 
out  through  another.  Of  this  use  of  valves,  two  casos  ma^  be 
distinguished. 

L  W/ietb  Uts  piston  moves  th^  fluid,  the  valves  may  be  what  it 
called  seff-acting;  that  is,  moved  by  the  fluid.  If  there  be  two 
passages  into  the  cylinder,  one  jjrovided  with  a  valve  opeuin;; 
inwards,  and  the  other  with  a  valve  opening  outwards;  thdA 
duHng  the  outward  stroke  of  the  piston  the  former  vtUve  is  opened 
and  the  latter  shut  by  the  inward  pres^uiv  of  the  Uuid,  which  fiove 
in  thn^iugh  the  former  passage;  and  dniing  the  inward  stroke  of 
tho  piston,  the  former  valve  is  sliut  and  the  latter  opened  by  the 
outward  pressure  of  the  fluid,  which  Hows  out  through  the  Utter 
ige.     This  combination  of  cylinder,  piston,  and  \'alvee,  ooosti- 

ites  a  pump, 

II.  WhcH  Uie  fluid  r/wves  tJis  piston,  the  \'alvc8  must  bo  opened 
and  slmt  by  mecltanism,  or  by  hand.  In  tiiia  case  the  cylinder  is 
a  working  cylinder. 

500.  In  the  nr'rnniie  PrM«,  the  rapid  motion  of  a  small  piiteo 
in  a  pumji  causes  the  slow  motion  of  a  large  piston  in  a  working 
cyliniitT,  The  ]jump  draws  wator  from  a  reservoir,  and  forces  it 
into  tlie  working  cylinder;  during  the  outward  stroke  of  the  pumj* 
piston,  the  piston,  of  the  working  cylinder  stands  still ;  during  the 
inward  stroke  ol  t\ift  \iv\mv  v^v^iu,  \!aa  y\3*»ts.  hS.  \ttf&  working 
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Eyllnder  moves  outward  with  a  velocity  as  much  less  than  that  of 
ihc  pump  piaton  as  its  artiv  U  greater.     When  the  piston  of  the 

working  cylinder  has  finished  its  outward  stroke,  which  may  be  of 

ly  length,  it  is  permitted  to  be  moved  inwards  again  by  opening 

valve  by  hand  and  allowing  the  water  to  e8caj>e. 

501.  In  the  iiMranUc  Uaiai.  the  i^low  inwaixl  motion  of  a  large 
kiifton  drives  wat^ir  from  a  large  cylinder  into  a  Bmaller  cylinder, 

id  causes  a  more  rapid  outward  motion  of  the  piston  of  the  anuLller 
sylinder.     Wlien  the  Utter  pisUm  is  to  be  moved  inward,  a  ^-alve 

■tween  the  two  cylindei-s  is  cluse<l,  and  the  valve  of  an  outlet  from 

le  smaller  cylinder  opened,  by  hand,  so  as  to  allow  the  water  to 
ipe  &Dm  the  smaller  cylinder.  The  larger  cylinder  is  filled  and 
lt«  piston  moved  outward,  wlien  required,  by  means  of  a  pump,  in 

manner  resembling  the  action  of  a  hydraulic  press. 


Section  7. — Trains  of  Mcchmnsm. 

502.  Tmlaa  of  £i«BienMtT  Combinniiotu  have  boen  defined  in 

^Article  435,  and  illu9trat«<l  in  the  case  of  wheelwork,  in  Article 
149,  and  in  the  case  of  a  double  Hooke's  joint,  in  Article  492,   The 
;neral  principle  of  their  action  is  that  the  comparative  motion  of 

^the  first  driver  and  last  follower  is  expressed  by  a  ratio,  which  is 
found  by  multiplying  togetlier  the  seveml  velocity-ratios  of  the 
series  of  elementary  combinations  of  which  the  train  conaiste,  eadi 
with  the  sign  denoting  the  dii*oictional  relation. 

Two  or  more  ti-ains  of  mechanism  may  convert  into  one ;  as  when 

(the  two  pistons  of  a  pair  of  steam  engines,  each  through  its  own 
connecting  rod,  act  upon  one  crank  shal't.  One  train  of  mechanism 
may  diverge  into  two  or  moi-o;  as  when  a  single  shaft,  driven  by  a 
|mme  mover,  carries  several  pulleys,  each  of  which  drives  a  difierent 
machine.    The  principles  of  eompartttive  motion  in  such  convergiug 

I  find  diverging  trains  arc  the  same  as  in  simple  trains. 
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503.  The  c^^NtYial  Prinet^ir*  of  SLQ^crrpgate  coinbinatioai  bs^v 
already  liet^u  given  in  Part  HI.,  Cimpter  II.,  Section  3.  T)a 
problenu  to  which  those  principles  are  to  be  applied  maj  be  diridei 
into  tvo  classes. 

I.  Where  a  flecondary  moving  piece  is  connected  at  three,  or  it 
two  points,  aft  the  casw  may  be,  with  tlirce  or  with  two  other  piecw 
whose  motions  are  given;  so  that  the  problem  is^Jro^i  Ute  moHam 
of  three  or  of  two  pciinU  in  the  Sfcondarj/  pirre,  to  find  il^  ntotiim  or  a 
lohoUj  and  tJta  motion  ofa»i/  point  in  it.  The  Bolution  of  this  pro- 
blem i«  Riven  in  Articles  383  and  384. 

IL  Where  a  secondary  piece,  C,  is  carried  by  another  piece,  B; 
and  denoting  the  frame  of  the  machine  by  A,  there  are  gi^'en  two 
ont  of  the  three  motions  of  A,  B,  and  C,  rohitively  to  e«ch  other, 
and  the  third  is  required.  The  motion  of  C  relatively  to  A  is  the 
rcsoltont  of  the  motion  of  C  relatively  to  B,  and  of  B  relatively  to 
A  ;  and  the  problem  is  solved  by  the  methods  already  explained  in 
ArUcloa  385  to  395,  inclusive. 

Mr.  Willis  distinjcruishes  tlie  effects  of  aggregate  combinations 
into  ag<jreijitte  vclvcilleSj  whether  Linear  or  angular,  produced  in 
■eoondary  pieces  by  tlie  combined  action  of  different  driven,  and 
aggregate  pathSf  being  the  curves,  such 
as  cycloids  and  trochoids,  epicycloids 
and  epitrochoida,  described  by  given 
points  in  such  secondary  pieces. 

The  following  Articles  give  examples 
of  the  more  ordinary  and  useful  aggre- 
gate combinations. 

504.  ViircrrnilHl  WlndlBM.  —  In  Hg. 
224,  the  axis  A,  carries  two  barrels  of 
different  radii,  ri  being  tho  greater,  and 
rg  the  less.  A  running  block  contAining 
a  single  pulley  is  hung  l^  a  rojw  which 
passes  below  the  pulley,  and  has  one 
end  wound  round  the  larger  barrel,  and 
the  other  wnuud  the  contrary  way  round 
the  smaller  barrel.   "WVen  \.\ie  Wq  XjsvtwX*  \^Aa\ft.  VK^jiOosK  V\^  "Ctofc 
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common  angular  velocity  a,  the  di\'istoii  of  tlie  rope  vhich  lianga 
from  the  larger  barrel  moves  with  the  Telocity  a  r^  and  the  divi- 
sion Tvhich  hangs  from  the  smaller  barrel  moves  in  the  contrary 
direction  with  the  vclocity  —ar^  (whose  direction  ii  denoted  by 

Bthe  negative  sign).  These  are  also  the  velocities  of  the  two  points 
at  opposite  extremities  of  a  diameter  of  the  pnlley,  where  it  is 
touched  by  the  two  vertical  divi&ioua  of  the  tope.     The  velocity  of 

Hfthe  centre  of  the  pulley  is  a  mean  between  those  two  velocities ; 

^■Uukt  18,  their  half-difference,  because  their  signs  are  opposite ;  or 

H  denoting  it  by  v, 


.(1.) 


The  inMarUaneoHs  axis  of  the  ptillcy  may  bo  fonud  by  the  method 
of  Article  3S4,  aa  fullows  :—In  tig.  184  c,  let  A  and  B  be  the  two 
ends  of  the  horizontal  diameter  of  the  pulley,  and  let  A  V.  =:  afi, 
tjxd  BV(,  =  a  r,  represent  their  velocities ;  join  V,  V»  cutting  A  B 
in  O ;  thifl  is  tJie  instimtaneons  axis,  and  its  distance  from  the 
centre  or  moving  axis  of  the  pulley  is  obviously 


AB-n 


(2.) 


_  a(r,  +  r.)* 

The  motion  of  the  centre  of  the  pulley  is  the  same  with  that  of  a 

point  in  a  rope  wound  on  a  barrel  of  the  radius  — »— '•     The  use  of 

m   the  contrivance  is  to  obtain  a  slow  motion  of  the  pulley  without 
H  using  a  small,  and  therefore  a  weak,  barrel. 
^L    505.   c«BtFMin4  Screw*. — (Fig.  225.)     On  the  same  axis  let 
^Hnre  bo  two  screws  H,  S^  and  Si  S»,  of  the  reepectivo  pitches 


«/' 


I 


1/  b 


c 


Pig.  826. 


Fig. 
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p^  and  pt,  pi  being  the  greater,  and  let  the  screws  in  the  firet  in- 
stance be  both  right-handed  or  both  left-handed.  Let  Ni  and  N, 
be  two  nuts,  fitted  on  the  two  screws  respectively.  When  the 
compound  screw  rotates  with  the  angular  velocity  a,  the  nuts  ap- 
proach towards  or  recede  from  each  other  with  the  relative  velocity, 

<JA 
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I 
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Fig.  297. 


being  (bat  due  to  a  screw  whotio  {utch  ia  tlic  different  of  tlie  tvn 
pitches  of  the  compound  screw.  (See  Article  382,  t-quation  I.) 
Tho  object  of  this  contrivance  is  to  obtain  the  rIuw  adTAnc«  due 
to  a  fine  lutch,  together  with  the  strciLB;th  of  hirge  threads. 

Fig.  2:iG  represents  a  compound  screw  iu  which  the  two  scrers 
are  contrary-handed,  and  the  rehLtire  Telocity  of  the  nuts  ^u  N, 
is  that  due  to  the  sum  of  the  two  pitches ;  or,  as  these  are  ustuUlr 
equal,  to  doubh  tlie  pitch  of  each  screw.  This  combination  is  umi 
iu  coiipliug  railway  cairia^^ 

/iOG.  I'ink  .fi»ii«a. — l^t  Ct  be  the  axis  of  tho  shaft  of  a  stem 

engine,  CT  the  crauk,/tho  ct^mucted poitti  (see  Aiticle  489)  oftbt 

3^^.^  Jorvaard  occeniric    (which   is 

suited  to  more  the  idiik> 
valve  when  the  engine  moves 
forwards),  b  the  connected 
]>oint  of  the  bacl-tcard  team- 
trie  (which  is  suited  to  move 
tho  slide  valve  when  the 
engine  is  reverse*!),  J"  P  the 
fonvard  und  b  B  the  back- 
ward eccentric  rods,  F  B  a 
piece  called  the  /I'n^,  jointed  to  those  two  rods  at  F  and  B,  S  a 
slider,  which  is  capable  of  being  slid  t'.t  and  fixed  at  differcQl 
positions  iu  t)ie  link,  and  to  which  the  slide  valve  rod  is  jointed. 
Let  the  arww  r^'preseiit  the  direction  of  foricard  rotation  of  the 
sliafl,  and  at  the  instant  represented  in  the  figure,  let  the  piston 
be  at  one  eud  of  its  stroke.  Let  L  L  be  a  line  showing  the  position 
in  which  the  crank  ami  of  an  eccentric  should  stand,  in  onler  Uiat 
the  middle  of  the  stroke  of  the  slide  valve  should  be  at  the  same 
instant  with  the  extremity  of  the  stroke  of  tliu  piston.  The  ongK*' 
.^nl  L  C/  is  the  angular  lead  or  advaruie  of  the  fonvanl  eccentric, 
and  the  angle  ^^hO  b  (usually  equal  to  the  former)  the  angular 
letul  or  advance  of  the  Imckward  eccentric. 

When  S  is  at  F,  the  engine  is  'm  full fvrivard  gear,  the  motion 
of  the  slide  valve  being  governed  by  the  forward  eecentric  alonet 
The  stroke  or  tkrma  of  the  slide  valve  is  2  C/,  and  ita  lead  oone- 
sponds  to  the  angle  .^^^  L  Gf. 

When  S  is  at  B,  the  engine  is  in  full  bacfa/strd  ^«ir,  the  motion 
of  tho  slide  valve  being  governed  by  the  backwax-d  eccentric  alonc^ 
The  stroke  or  throw  of  the  slide  valve  is  2  Cfc  (usually  =  2 CA 
and  ita  lead  corresponds  to  the  angle  .^LGb  (usually  =  ^^L  G/}. 
Wlien  S  is  at  A,  the  engine  is  in  mid  gear,  t-he  velocity  of  tho 
valve  rod  at  each  instant  being  a  mean  IfCtwecn  those  which  it 
woxiJd  receive  from.  eiVVvet  eccexxXxvc  ws\iw«.WVs. 
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The  lead  corretipontls  to  90'*,  or  a  qnarter  of  a  revolution-  The 
throw  is  nearly,  though  not  exactly,  =  2  C  a,  o  being  the  middle 
of  the  stnught  line  j'b. 

To  find  exactli/  the  motjons  of  the  slide  valve  for  difTerent  poai- 
tiona  of  the  slider  S,  it  is  best  to  draw  a  diagram  to  a  scale,  repre- 
»eiitiug  the  positions  of  the  eccentrics,  rods^  and  link,  for  a  aeries 
of  angular  positions  of  the  crank  (umially  dividing  a  revolution  into 
24  equal  angles) ;  and  the  corresponding  series  of  positions  of  8 
when  fixwl  at  variotis  points  in  the  liuk.  Several  examples  of 
this  process  are  given  in  Sir.  I).  K.  Ckirk'ri  treatise  on  Itailway 
Machinery. 

A  useful  approximatimi  to  the  motions  of  the  valve,  when  the 
mtis  are  long  o<*inpan*d  with  the  link,  is  got  by  dividing  the  line 
yb  at  tf  in  the  same  proportion  in  which  S  divides  F  B,  and  con- 
sidering the  motion  of  the  valve  ah  produced  by  the  crank  C«; 
w>  that  tho  throw  is  approximately  2C*,  and  the  lead  approxi- 
mately .^^  L  C  *. 

507.  Pamiici  M«a«u  are  jointed  combinations  of  Hnkwork, 
designed  to  guide  the  motion  of  a  reciprocating  piece,  such  as  the 
piston  i-od  of  a  bt^-am  engint^  either  exactly  or  ttpproxiuiately  in  a 
.straight  line,  in  nitlcr  to  avoid  the  friction  which  attends  the  use 
of  8^*aight  guidea  Four  kiuds  of  parallel  motion  will  now  be 
described: — 

I.  An  Exact  Parallel  maiiMi.  believed  to  have  been  first  proposed 
Ijy  Mr.  Scott  Russell,  is  represented  in  tig.  228.  The  same  porta 
of  the  mechanism  are  marked  with  tho 
same  letters,  and  tUfferent  successive  '' 
jwsitions  are  indicjit*fd  by  numerals 
jiffixed.     The  lever  CT  turns  about 


tho  fixed  centre  C,  and  carries,  jointed  pi,c( 

to  \U  other  end,  the  bar  or  link  P  T  Q, 

in  wliich  FT  =  TQ  =  C  f .    The  |>oiut 

Q  is  jointed  to  a  slider  which  slides  in 

guides  along  the  straight  line  C  Q. 

From  Q  draw  Q  D  J-  CQ,  cutting  CT 

produced  in  D;  then  by  Article  488,  D  is  the  instantaneous  axw 

of  the  liuk ;  and  because  D  P  |]  C  Q,  the  motion  of  P,  which  is 

-L  D  P,  is  always  -L  C  Q ;  that  is  to  say,  the  point  P  moves  in  the 

straight  line  P,  C  Fg,  J-  C  Q.     In  u  steam  engine,  a  pair  of  the 

combinations  here  shown  are  used,  one  at  each  side  of  the  cylinder; 

and  the  pair  of  bars  P  Q  are  jointed  at  their  extremities  P  to  the 

head  of  the  piston  rod.     The  distance  through  which  Q  slides  at 

each  single  sti-okc  of  the  piston,  of  the  length  P,  P|  =  S,  is  given 

hjr  the  ei]uatwn 


Fig.  228. 


TKEoar  or  tacBJtsmu 


(1) 


3QrQi=2{p~Q-\/^^-r} 

&Bd  in  small  compared  with  tlio  longth  of  stroke  of  the  piston. 

IL  An  Arpr«xJBa«c  p«rmU«i  mmIwi,  somcirhat  reeembling  tlw 
preceding,  is  obtained  by  guiding  the  link  I*  Q  entirely  by  meuts 
of  oscillating  Icvera,  instead  of  by  a  lever  and  a  tdide.  To  find  tlM 
length  and  the  position  of  the  axU  of  one  of  those  levers,  e  t,  Klect 
any  convenient  point,  ^  in  the  link  P  Q,  and  lay  down  on  &  druvini; 
the  extreme  and  niiddlo  positions,  ^,  Ij,  1^  of  that  point,  corre- 
sponding to  the  extreme  and  middle  positions  of  the  link  P  Q.  Thr 
centre  c  of  a  circle  traversing  those  three  points  will  be  the  reqoir&i 
axis  of  the  lever,  and  c  t  will  he  its  length ;  and  if  the  link  P  Q  is 
guided  by  two  sach  levers,  the  extreme  and  middle  positions  of  P 
will  be  in  one  straight  line,  and  the  other  positions  of  that  point 
very  nearly  in  one  straight  line. 

111.  Wall*  Appr«slBi«M  Parallel  Sfattoa. — In  fig.  229,  let  C T, 
e  t,  be  a  pair  of  levers,  connected  by  a  link  T  t,  and  oscillating  about 


H     pos; 


Fig.  229. 

the  axes  C,  r,  between  the  positions  marked  1  and  3.  Let  the 
middle  positions  of  the  levers,  0  T„  c  ^^  be  parallel  to  each  other. 
It  is  requii^  to  find  a  \)oiut  P  in  the  link  T  i^  such,  that  its  middle 
position  P„  and  its  exttcmft  \ioav\ioxLa'5M'?in^Svw^*^"v«>.'^^ 
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tftraight  line  p4^rnendiciilftr  to  0  T„  c  C^  and  so  to  place  the  axes  C,  e, 
on  tbe  lines  0  Tj,  o  tg,  that  the  ]»ith  of  F,  between  the  positions 
P],  Pi,  P„  shall  be  aa  near  as  possible  to  a  straight  line. 

The  axes  C,  c,  are  to  be  so  placed,  that  the  middle  "M  of  the 
^rscd  sino  Y  Tj,  and  the  middle  m  of  the  versed  sine  v  tj,  of  the- 
qx.>ctive  arcs  whose  equal  chords  Ti  T,  =  f,  ^  represent  the  stroke, 
kj  each  be  in  the  line  of  stroke  ]VI  tiu  Then  T^  and  Tg  will  be  as 
to  one  side  of  that  line  iis  T,  is  to  the  other,  and  ti  and  t$  will 
as  &r  to  the  latter  side  of  tlie  same  line  aa  ^,  is  to  the  former; 
insequcntly,  the  two  extreme  poaitious  of  the  link,  Tj  ti,  T,  <,,  are 
irallel  to  each  other,  and  inclined  to  M  m  at  the  Rarae  angle  in 
me  direction  that  the  middle  position  of  the  link  T,  f«  is  inclined 
to  that  line  in  the  other  direction;  and  the  throe  iuteibections 
Pi  Pa  P3,  arc  at  the  same  i>oint  on  the  link. 

The  position  uf  the  point  F  on  the  link  is  found  bj  the  following 
pro^xjrtional  equation  : — 


h 


an :  FT  :  F7 
:TT-f-r^:TV  :t^ 
OM-i-em-.eM  :CM 


.(3.) 


The  positions  of  the  point  P  in  the  link,  intermediate  between  iti 
middle  and  extreme  positions,  ai*e  near  enough  to  a  straight  line 
for  practical  purposes.  "When  there  are  given,  the  axes  C,  c,  the 
line  of  stroke  P|  P,  Pj,  the  length  of  stroke  P,  F,  =  S,  and  the  per- 
pendicular distance  M  vi.  between  the  middle  positions  of  the  two 
levers,  the  following  equations  serve  to  compute  the  lengths  of  the 
■levers  and  link  : — 


'VarsedflKnes, 


licvers, 


TV 


CT=CM+ 


TV     - 


.(3,) 


Link,  T*  =  y'{M^.  +  <I^±^'}- 

rV.  Wan**  Pamiici  motUa  ^odifli^d  by  having  the  guided  p>oint 
P  in  the  prolongation  of  the  link  T  t  beyond  its  connected  points, 
instead  of  between  those  points,  is  represented  by  fig.  230.  In  this 
case,  the  centres  of  the  two  levers  are  at  the  same  side  of  the  link, 
instead  of  at  opposite  sides,  the  shorter  lever  being  the  farther  &om 
Lthe  guided  point  P;  and  the  equations  3  and  3  are  modi&edoa 
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Segmentfi  of  the  Unk, 


'.Tv  —  TY  :TV  :iv 
CM  —  cm  :efn  :CM. 


-.(*•) 


8'        —       S* 

'V  V  —  .  /  -  ^ .         . 


Vci-aed  sines, 
Level's, 


J  Is 


-(5.) 


Tilts  parallel  motion  is  used  in  some  marine  enginm,  in  a  position 
inverted  with  respect  to  that  iu  the  ii^re,  P  being  the  upper,  and 
t  the  lower  end  of  tlic  link. 


Bhown  in  fig.  220;  and 

^ided  in  a  vertical  Vm^,  «lWo«X.  cTt^jrid^  «.\a»i^^., 

of  the  beam  arm,7A.,  ia  fe^cil>i:j  ^<j  ^t>\«K\:w\i. 


jj  When  Watt's  iwrallel  motion  (IIL) 
r.  is  applied  to  ateam  engines  with  beams, 
it  is  mure  usual  to  guide  the  air  pump 
rod  than  the  piston  rod  directly  by 
TDeans  of  the  point  P.  The  bead  of  M 
the  piston  rod  is  guided  by  being  con-  f 
nocted  with  that  point  by  means  of  a 
parallelogram  of  liars,  shown  in  fig.  331. 
c  is  the  axis  of  motion  of  the  b«ua  of 
the  engine,  ct  A  one  arm  of  that  beam, 
C  T  a  lever  called  the  radiiis  bar  or 
hridU  Tod^  T  i  a  link  called  the  back 
link  CT,  cf,  and  T  f, form  the  com- 
bination already  described  (III.),  and 
the  point  P,  found  an  already  shown,  is 
TVkfc  tfltftl  length 


5VU  ^ 
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P«:T<::Ul:CAj (6.) 

mt  IB,  <  A  ia  very  nearly  a  third  proportioDal  to  C  T  and  c  L  Draw 
'a  B  II  T  ^  and  c  P  B  intersecting  it;  then  from  the  proportion  G  it 
ibllows  that  AB  =  T<.  ABis  the  main  HnX;  by  the  lower  end 
of  which,  B,  the  haul  of  the  piston  rod  is  giiided  B  T  =  and  \\tA. 
M  the  paralltl  baj\  by  which  the  uiuiu  and  back  links  ai-c  connected. 

cB      c A  . 
moTea  sensibly  in  a  straight  line;  -—r  =  -=-  is  a  constant  ratio; 

c  1        c  i 

lerefore  B  moves  sensibly  in  a  atmight  line  parallel  tu  that  iu 
rhich  P  moves. 

A  paraUelogram  analogous  to  A  B  T  t  may  also  be  combined  with 
the  parallel  motion  IV. 

*>08.  EpirycUc  Tmlaa. — The  term  epicyclic  train  is  used  by  3Ir. 
Willis  to  denote  u  train  of  wheels  can-ied  by  uu  ann,  and  having 
certain  rotations  relatively  to  that  arm,  which  itself  ixkiates.  Tho 
arm  may  either  be  driven  by  tho  wheels,  or  assist  iu  driving  them. 
The  comjMirative  motions  of  tho  wheels  and  of  tho  arm  relatively  to 
each  other  and  to  the  frame,  and  the  aggreguie  paths  traced  by 
jtoints  in  the  wheels,  ju*c  determined  by  the  ])rinciplcs  of  Uie  com- 
^rosition  of  rotations,  alifady  exjilaine<l  in  Articles  'Ai<b  to  395. 


PART  V. 

rUI2CCIPLES  OF  DYNAMICS. 


509.  Diruion  of  ihf  Sobjcrr.— The  scieuce  of  DjTiaruics,  wliicli 
itfi  of  the  rpUtious  between  the  motions  of  bodies  and  the  forces 
ig  amongst  thcm^  may  be  diWdcd  into  two  primary  divifiious, 
)]:d2iig  AA  it  has  reference  to  bakncxKl  forces  and  uniform  motions, 
to  unbalanced  forces  and  vaiyiug  motions.  A  secondazy  mode 
dividing  the  subject  is  founded  on  the  distinction  between  ques- 
>ns  rc8])ecting  the  motions  of  masses  which  are  either  insensibly 
i&Ht  or  which,  being  of  sensible  magnitude,  Itave  motions  of  tmn»- 
ktion  only,^-question8  respecting  the  motions  of  ngid  bodies  and 
igidly  connected  sj-stema  wliich  rotate, — and  questions  respecting 
le  JDOtions  of  pliable  bodies  and  of  fluids.  The  dynumics  of  fluids 
received  the  special  name  ot  hydrodynamicB.  It  i^  a  branch  of 
lechanics  so  extensdvo  in  it«  applicatiom^^  and  depending  so  much 
ita  details  upon  spcci:Ll  experiments,  as  to  require  a  separate 
rork  for  its  full  exjjosition  ;  nevertheless,  in  the  present  treatise 
Ets  fundamental  principles  will  be  set  forth  in  their  proper 
>l&ce. 

The  dynamical  principles  of  the  motions  of  rotating  rigid  bodies, 
»f  pliable  bodies,  and  of  fluids,  are  deduced  from  those  of  the  motions 
rigid  bodies  liaving  motions  of  simple  translation,  by  conceiving 
le  bodies  under  cou^iideration  to  be  oiWded  into  indeflnitely  small 
Imoleculfs  or  jiartioles,  so  that  the  laws  of  the  motion  of  each  mole- 
[cule  shall  differ  &om  those  of  a  body  having  a  motion  of  simple 
[trtiu&lation  to  on  extent  less  than  any  given  difference.  It  is  to 
[Cuch  indefinitely  small  molecules  that  the  term  physical  point, 
already  mentioned  in  Article  7,  is  applied. 

Hence  it  appeant  that  the  laws  of  the  relations  between  the 
motions  of  a  ho-called  physical  pointy  and  the  forces  acting  on  it, 
are  the  foundation  of  the  science  of  dynamics  ;  and  the  same  laws 
are  applicable  to  a  rigid  body  in  which  every  point  moves  in  the 
same  manner  at  the  same  instant ;  that  is  to  ea^,  ^Vk\e\v  V^&sh  ^ 
•XDotioD  of  transhtion,  as  defined  in  Ailicle  SOO. 
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Tlie  subject*  to  -which  the  jirinciples  of  dyDamics  relftto 
therefore  be  classed  m  the  fuUowiug  raaoncr: — 

I.  Uniform  Motton. 

II.  Varied  TnmalAtion  of  Points  aiitl  Bigid  Bodies. 
III.  KotAtions  of  Rigid  Bodies. 
rV.  Motions  of  Pliable  Bodies. 

V.  Motions  of  Fluids. 


CHAPTER  I 


ON   rxiFORM   MOTIOX  ryi>ER   BALANCED 

510.   FlM  l.nw  nf  .M«ilon. — A  bodij  under  the  nctiwi  of  no  Ju* 
Of  of  balanced  Joras^  is  either  at  rest,  or  motxi  unijontUi/* 
motion  has  beeu  defined  in  Article  354.) 

Such  ia  tlio  first  law  of  motion  as  usnftllv  stated  ;  bat  in  that 
htAtement  is  implied  something  more  thRii  tlie  lit4.'ml  ineaoiug  at 
the  words  ;  for  it  is  understood,  that  the  rwt  or  motion  ofAe  body 
to  which  the  law  refers,  is  its  rest  or  motion  rdtUivdy  to  amiUm 
body  which  i*  also  under  the  action  ofvo  force,  or  of  balanced  forca. 
Unless  this  implied  condition  be  fultilled,  the  law  is  not  trot 
Therefore  the  complete)  and  explicit  statement  of  the  Urst  Uw  of 
motion  is  as  fallows  : — 

If  a  pair  of  ftorlies  be  meJi  under  tJie  nation  of  no  force,  or  t/ 
ba/aneea  forces,  the  motion  of  eaeli  of  tlioae  bodies  rflativeljf  to  A 
other  ie  either  none  or  vniform. 

The  first  law  of  motion  has  been  learned  by  escpertence  and 
ob«er\'ation  :  not  diriX'tly,  for  the  oircnm stances  supposed 
never  occur ;  but  indirectly,  from  the  fact  that  it«  conaeqtt 
when  it  is  taken  in  conjunction  with  other  laws,  are  in  aCMtrdajDce 
with  all  the  phcnonicnii  of  the  motions  of  bodies. 

The  first  law  of  motion  may  be  regarded  as  a  consequence  of  tfc« 
definitions  of /(/roe  and  of  balance  (Articles  12,  13) ;  at  the  atnM 
time  it  is  to  be  obsened,  that  the  framing  of  thoac  definitions hu 
been  guided  by  experimental  knowledge. 

^11.  JKVeni  Rr«lManr«i  I^irral  Forrr. —  I>et  F  denote 
applied  to  a  moving  point,  and  ^  the  angle  made  by  the 
of  that  force  with  the  direction  of  the  motion  of  the  point.  Then, 
by  the  principles  o{  AxiVde  OT,  iKe  force  F  may  be  rcHolved  iulo 
two  rcctaug\AaT  com\>OT\';ivl*,  wh«i  «\cm^,  m^^ 'Caa  cfOoKt  %iscniL,the 
direction  of  motiotv  kA  t\\e  yo\uX,'«'\i-  % — 


e  and    , 

£m 

eiMN^|H 
danec" 

oftke 

mmt 

jshu 

e  a  fore^l 
directJocH 


mm 
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Tlie  direct  force,  F  cos  f 
Tlie  laUral  force,  F  sin  f, 

A  direct  force  is  further  (liistingiusliod,  according  as  it  acts  •wWt  or 
tiffaiiut  the  motioa  uf  the  poiiit  (that  is,  accordmg  an  #  is  acute  or 
obtii£e),  by  the  name  of  effuHj  or  of  mUlaticet  as  ih&  caae  may  be. 
Hence  each  force  applied  to  a  moving  point  may  be  thus  decotn- 


Effort,  P  =  F  cos  rf,  if  rf  ia  acute ; 

RmUmce,   K=  F  cos  («■-*)  H  &U  obtuse  ;  ^ (1.) 

Lateral /vrtey  Q  =  F  siji  6. 


\ 


£»12.  The  C'aiMllUoM»  vf  Vaironn  JTIoilon  of  fi  pair  of  points  arc, 

Lt  the  forces  applied  to  oacli  of  them  Hhall  biUaucc  each  other  j 

it  ia  to  say,  Utat  the  lateral  forces  applied  to  eitch  point  tfudl 

lure  each  otJter,  and  UuU  tlie  efforts  applied  to  each  poUU  tftaU 

balance  the  Tesinta7tces. 

The  direction  of  a  force  being,  as  staled  in  Article  20,  that  of 
the  motion  which  it  tends  to  produce,  it  is  evident  that  the  balance 
of  lateral  forces  is  the  couditiou  of  umfin-mUy  0/ direction  of  motion, 
that  is,  of  motion  in  a  straight  line ;  and  that  the  balance  of  efforts 
and  resistances  ia  the  condition  oi  uniformiiy  qfvelocUy, 

513.  Work  consists  in  moving  against  resistance.  The  work  is 
sai*l  to  be  performed^  and  the  ix'sistance  overcome.  Work  ia  meu- 
«urctl  by  the  product  of  the  resistjuice  into  the  distance  through 
which  its  poiut  of  application  is  moved.  The  unit  of  xoork  com- 
monly used  in  Britain  \»  a  resistance  of  one  pound  overcome  through 
a  distance  of  one  foot,  and  is  called  a/ootinmnd, 

514.  Knvr^j  means  c^ijtaciii/ Jot  p^r/oTviiiPj  work.  The  tf/itfn/y  q/* 
an  effortt  or  pof^ntitU  ejtcrgi/,  is  measured  by  the  product  of  the 
effort  into  thy  distauce  througli  which  its  poiut  of  application  ia 
capable  of  being  moved  The  utut  of  energy  is  the  same  with  tho 
unit  of  work. 

When  the  point  of  apjilioation  of  an  effort  ha$  been  moved  through 
a  given  distance,  energy  is  said  to  have  been  exerted  to  an  amount 
expressed  by  the  product  of  the  effort  into  the  distance  through 
which  its  point  of  application  has  been  moved 

515.  KNcrHT  nnd  Work  of  Vnrrlns  Forces. — If  an  effort  hos  dif- 
ferent raagnitudos  during  different  portions  of  the  motion  of  its 
point  of  application  thn)Ugh  a  given  distance,  let  each  different 
magnitude  of  the  effort  P  be  multiplied  by  the  length  a*  of  tho 
c-orrosponding  portion  of  the  path  of  the  point  of  application ;  the 
sum 

2- Pa* .V^^ 

£f  the  whole  energy  exejtecL      If  the  effort  vanea  \>^  \iiaev«^«> 
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fche  energy  exerted  is  the  iniegral  or  limit  townrdfl  wit 
Hum  approaches  ccatmiially,  as  iLe  dirisiozu  of  the  path  in 
le  smaller  and  more  numerous,  and  is  expressed  by 


/ 


Vds. 


.(1) 


Similar  processes  are  applicable  to  the  finding  of  the 
formed  in  overcoming  a  vatying  resistAnce;     As  to  integnUioa 
general,  see  Article  81. 

516.  A  Draaniomvirr  or  in4icniar  Is  an  instrument  which 
Bureii  and  records  the  energy-  exerted  by  an  efflirt.      It  u<niAlIy  ooih] 
Bsts  essentially,  first^  of  a  piece  of  ]>ui»er  moving  with  a  vcloat 

>portaonal  to  that  of  the  point  of  application  of  the  effart, 
laving  a  straight  lino  marked  on  it  parallel  to  ita  directkm 
motion,  called  the  zero  line ;  and  g«cimdljff  of  a  spring,  acted 
ffnd  bent  by  the  effort,  and  carrying  a  pencil  vhose  perpendicnilit 
distance  from  the  zero  lino,  an  rogiiUu^d  by  the  b«nding  of  tSw 
sjiring,  is  profwrtiuiud  to  thn  effort.  The  |>cncil  traces  on  the  jaeaf 
of  pA|>er  a  line  like  that  in  tig.  24  of  Article  81,  such  that  its  ord^ 

note  EF,  perpendicular  to  the  zero  line  OX  at  a  given  pniht, 
n-presents  the  effort  P  for  the  corresponding  point  in  the  {Ath  erf 
the  point  of  application  of  the  effort ;  and  tiic  area  beheim  teo 

ord\7UXte$t  such  as  A  C  D  B,  represents  the  energy  exerted,    \  P  dt, 

for  the  correjiponding  portion,  A  B,  of  the  paih  of  the  point  of 
application  of  the  effort 

517.  The  Knrrvr  anil  W*rti  vf  Fluid  PKM«r«  may  be  CJlpI— id 

as  follows  : — hi-t  A  denote  the  projection  on  a  plaw.  perptmKeahf 
to  Uie  direction  o/titotion  of  the  moving  body,  of  that  portion  of  Uu» 
body's  surface  to  which  the  pressure  is  applied,^  the  intensity  of 
the  prcBsure  in  iiiiits  of  force  per  unit  of  area  (Article  8fi),  and  At 
the  distance  thmngh  which  the  body  is  moved  in  a  given  intemil 
of  time;  then  during  that  intervsil,  the  energy  exerted  by,  or  work 
perfonned  against,  the  fluid  pressure,  according  as  it  acts  with  ui 
against  the  motion,  is  given  by  the  formula 

P  ■  A  s  (or  R  •  A »)  =p  A  •  ^s=p  •  aV;..- (L) 

whore  a  Y  ia  the  volume  of  the  space  swept  through  by  the 
of  the  body's  sur&^^e  wliich  is  pressed  upon,   during  the 
interval  of  time. 

618.  TIio  c«D>crTnti«B  of  BMcrgT.  In  the  case  of  uniform  motiov, 
means  the  fact,  that  Ute  energtj  exerUd  t*  equal  to  Oit  xcork  perfanmi; 
and  is  a  consequence  of  the  tirst  law  of  motion,  as  is  shown  by  tiM) 
consideration  of  the  following  cases  ; — 

Case  1.  J^or  iJie  /wrcet  odiug  otv  a  ttvAf^V  ^ovnX,^QB<&  ^^;ra»6a^^ 
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f-evident;  for  as  tlio  effort  applied  to  the  poiot  balances  the 
s,  the  prodiicU  of  the-se  forces  into  tho  distance  travened 
the  point  in  any  iDterval  must  bo  equal;  that  is, 

rd«=K-A« (1.) 

Case  2.  For  the  forces  acting  on  any  8ifg(«m  of  balanced  potiiU, 
le  priuciplc  must  be  true,  because  it  ia  true  for  those  acting  ou 
single  point  of  the  system.     This  is  expressed  na  follows  : — 

2Pa*=3Ra* (3.) 

Case  3.  When  a  system  of  points  are  ri^itUt/  conneetml,  so  that 
leir  relative  positions  do  not  alter,  tliere  is  neither  energy  exerted 
lor  work  performed  by  the  forces  which  act  amongst  iJie  points  of 
system  (Jicmsdves;  and  therefore,  from  case  2  it  follows,  that  the 
iriuciple  of  the  conser\-ation  of  energy  is  true  oft/te  forces  actiwj 
the  jxfints  of  the  sy^t^m  and  external  bodies. 
Symbolically,  let  the  efforts  acting  amongst  the  points  of  the 
be  denoted  by  P„  the  resistances  by  R, ;  the  efforts  acting 
reen  the  points  of  the  system  and  external  bodies  by  Pj,  and 
le  resistances  by  R^     Then  by  case  2, 

it  by  the  condition  of  rigidity,  ^M 

a-P,A«  =  0;  2*R,A«  =  0;  V 

therefore, 

S'P,  A«=S-R^  AJ (3.) 

Case  4.  The  same  principle  is  demonstrable  in  the  same  manner, 
the  forces  acting  between  external  bodies  and  the  points  of  & 
;m  so  connected,  that  though  not  absolutely  rigid,  they  do  not 
vary  their  rdalive  positions  in  the  directions  in  which  the  internal 
forces  of  (he  system  ad  Such  is  the  ideal  condition  in  which  a 
train  of  mechanism  w^onld  be,  if  no  resistance  arose  from  the  mode 
of  connection  of  the  pieces, 

519.  Tlio  Principir  af  Tirinni  Triocitim  is  the  name  given  to  the 
ipplication  of  tho  princijile  of  tho  conservation  of  energy  to  the 
determination  of  the  conditions  of  equilibrium  amongst  the  forces 
^externally  applied  to  any  connected  system  of  points.     That  appli- 

ktion  is  effected  in  the  following  manner  : — Let  F  bo  any  one  of 

le  externally  applied  force-s  in  question.  The  conditions  of  equili- 
brium are  those  of  nniform  motion.  Conceive  the  points  of  tho 
system  to  be  moving  with  nniform  velocities  in  any  manner  which 
is  consistent  with  the  absence  of  all  exertion  of  energy  ai\d  ^rttve- 
fjDnnco  of  work  by  their  mutual  or  internal  toxcea.    *\*\.  ^\sfc^* 
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velocity,  or  any  number  proportional  to  the  volocity,  of  the  put 

to  which  the  external  force  F  is  uppUcd,  and  t  tbc  anglo  belveofj 
the  direction  of  tliat  foi*ce  and  the  direction  of  motion  of  ita  pmol^ 
of  application.     Then  from  cases  3  aud  4  of  the  principle  of  xht 
conservation  of  enerey,  it  followa  that  the  condition  of  equilibrium 
amongst  the  forces  F  is 

2Fvcosrf  =  0; (1,) 

attention  being  paid  to  the  principle,  thai  ooe  /  i«  <  ^^Z«-. } 

.  .  V  .  The  same  principle  may  he  otherwiw  ex- 
pressed thus :  let  r  be  the  %irtual  velocity  of  any  point  to  which  an 
ofinrt  V  is  applied,  u  tlie  virtual  velocity  of  any  point  to  vhidi  ft 
resistance  K  is  applied;  then 

(i) 


iP»  =  sR«, 


The  principle  thus  expressed  is  called  that  of  virtual  wM^, 
because  the  velocities  denoted  by  v  are  merely  velocities  vhich  the 
points  of  the  system  might  Imvc. 

As  the  pr^jiortions  of  the  several  velocities  v  are  all  that  air 
re<{uiced  iu  usiug  this  principle,  it  enables  the  conditions  of  equili- 
brium of  the  forces  applied  to  any  body  or  machine  to  be  found,  *) 
Boon  aa  the  comparative  vdocitiea  of  the  points  of  application  of 
those  forces  have  boen  determinwl  by  means  of  the  j>rinciplps  of 
cinematics,  and  of  the  theorj*  of  mechanism;  and  eveiy  pro|x>sition 
vhich  has  been  proved  iu  Parts  III.  and  IV".  of  tliis  treatisi', 
respecting  tlie  comjiarative  velocities  of  jwints  in  a  body  or  in» 
ti-ain  of  mechanism,  can  at  once  be  converted  into  a  prupositic 
respecting  the  equilibrium  of  forces  applied  to  those  points  in  givi 
iiir*<^ious. 

020.  Bucrcr  •€  Compoucnl  Psrcca  and  .If  allonK. — Tjet  the  motk 
A«  of  A  point  in  a  given  intoi-val  of  time  make  angles,  «,  |3,  y,  vikk^ 
tliree  rectangular  axes;  then 

A  8  '  cos  Uf  A8'  cos  ^  ^8'  COS  y, 

are  the  three  components  of  that  motion.  To  that  point  let  there 
l>e  applied  a  force  F,  making  with  the  same  axes  the  angles  a'l  ff^  /, 
ao  that  its  rectangular  components  are 

F'oos  «',  F-oos/5',  F'cooy'. 

Tlicn  multiplying  each  component  of  the  motion  by  the  component 
of  the  force  in  its  own  diivetion,  there  are  found  the  three  quantities 
oi  energy  exevtcvV, 


itie>  ^ 
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•a) 


couPoyrESTs  of  exeroy  akd  wore. 

F  '  A«  •  cos  «oos«'; 
F  -  A  s  *  cos  3  cos  iS*; 
F  "  A»  •  coBy  cosy'; 

and  the  sura  of  those  three  quantities  of  cuergy  is  the  whole  energy 
exerted.    Nov  it  is  well  known^  that 

cos  a  003  «'  +  COS  fi  COB  P  4"  COS  •/  COS  y'  =  COS  ', 

^  being  the  angle  between  the  directions  of  the  force  and  of  the 
motion;  »o  that  the  addition  of  the  thn-c  quantities  of  energy  iu 
^ihe  formnlie  1  gives  for  the  whole  eiiergj-  oxertwl,  8imi)ly 

•i  »  •  COB  tf, 

in  former  examples;  and  sirnihu'  rvmarks  apply  to  work  pe^ 
foimcd. 


Si 
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CHAPTER  IL 

ox  THE  VARIED  TBANSLATlOy  OF  I-OiyrS  AJO)   EIGID    DODIZa. 

Secnoy  1. — De/iniiiow. 

521.  The  atuw.  mr  incrUa.  of  a  body,  is  a  quantity  proportional  to 
the  nnbalanccd  force  vliich  is  roquin'tl  in  order  to  produce  a  given 
definite  change  in  the  motion  of  the  body  in  a  ^ven.  interval  of  tim& 

Jt  is  kno^Ti  that  the  weight  of  a  body,  that  is,  the  attmctioa 
between  it  and  the  earth,  at  a  fixed  locality  on  the  earth's  miHaor, 
acting  nnbolanoed  on  tlie  body  for  a  I'.xed  interval  of  time  (0.  g., 
for  a  second),  prodnces  a  change  in  the  body's  motion,  which  is  tie 
same  for  all  bodies  whatsoever.  Hence  it  follows,  that  the  fna$sa 
of  all  hodiea  are  proporCwruil  to  tkeir  toei^fUs  at  a  ffiven  loeality  o« 
the  turtfCs  ^mrface. 

This  fact  has  been  learned  by  experiment ;  but  it  can  also  be 
shown  that  it  is  necessary  to  the  permanent  existence  of  the  uni- 
verse ;  for  if  the  gravity  of  all  bodies  wliatsoever  were  not  propor- 
tional to  their  respective  masses,  it  would  not  produce  similar  and 
equal  changes  of  motion  in  all  bodies  which  arrive  at  similar  ptv ' 
tiona  with  respect  to  other  bodies,  and  the  different  parts  whici 
make  up  stars  and  systems  would  not  accompany  each  other  in  their] 
motions,  never  departing  beyond  certain  limitn,  but  would  be  difj 
peraed  and  reduced  to  chaas.  Neither  an  imponderable  body,  c< 
a  body  whose  gravity,  as  compared  with  its  moss,  differs  in 
slightest  conceivable  degree  from  that  of  other  bodies,  can  belc 
to  the  system  of  the  iinivewe.* 

522.  The  cenirc  of  Maw  of  &  body  is  its  centro  of  gravity,  foand 
in  tho  manner  explained  in  Part  I.,  Chapter  V.,  Section  1. 

523.  Tke  namvninni  of  ft  Imdy  means,  the  product  of  itii 
into  its  velocity  relatively  to  some  point  assumed  as  fixed, 
momentum  of  a  body,  like  its  velocity,  can  be  resolved  into 
ponents,  rectanjfular  or  othenvise,  in  the  manner  already  expl 
for  motions  in  Part  HI.,  Chapter  L 

•524.  The  BcsuIiubi  n«mcnium  of  a  system  of  bodies  is  the  re- 
sultant of  their  separate  momenta,  compotiuded  as  if  they  vera 
motions  or  statical  couples. 


>lame^| 
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B      Treoreh.    Tins  mom»U/um  of  a  system  of  bodies  u  t/te  same  as  tf 
Ho2{  tAmr  nasttes  were  amcentraUd  <U  Oia  cctUre  qf  gravity  of  the  ays- 
B^om.     Conceive  the  velocity  of  each  of  the  bodiee  to  be  resolved 
Hinto  three  rcctanguJur  compoDenta.     Consider  all  the  oompoDent 
B  velocities  parallel  to  one  of  the  rectangular  directions.     These  are 
the  rates  of  variation  of  the  perpendicular  distances  of  the  bodies 
£rom  a  certain  plane.     If  the  mass  of  each  of  the  bodies  be  multi- 
plied by  its  distance  from  a  certain  phine,  tlie  products  added^  and 
the  sum  divided  by  the  sum  of  the  masses,  the  result  is  the  distance 
of  the  centre  of  gravity  of  the  vholo  system  from  that  plane ;  there- 
fore, if  the  component  velocity  of  each  of  the  bodies  in  a  direction 
perpendicular  to  that  plane  be  multiplied  by  the  mass  of  the  body, 
the  sum  of  such  products  for  all  the  bodies  of  the  system  will  be 
the  product  of  the  entire  mass  of  the  system  into  the  velocity  of  its 
ceutro  of  gravity  in  a  direction  perpendicular  to  the  plane  iu  quca- 
tionj  80  that  this  product  is  one  of  the  three  rectan^ilar  com- 
ponents of  the  resultant  momentum  of  the  system  of  bodies  ;  and 
the  same  may  be  proved  for  the  other  rectangular  components. 
)reaBed  symbolically,  let  u,  r,  tr,  be  the  three  rectangular  com- 
lents  of  the  velocity  of  any  mass,  f»,  belonging  to  a  system  of 
lies,  and  v^  v^  w^  the  rectangular  components  of  the  velocity 
tOif  the  centre  of  gravity  of  that  system  of  bodies ;  then 


ft,  •  I  TO  =  1  •  m  I' ; 


«?.  *  2  n> 


2  -m  U7. 


,(1.) 


CoROLLATiT.     The  Ttsrdtant  momentum  of  a  system  of  bodies  reUh 
iwely  to  tfteir  cotnnum  centre  of  gravity  w  not/iing ;  that  is  to  my, 


3w»(tt-«o)  =  0;  2TO(w-r(,)  =  0; 
0. 


(2-) 


im  (itf— Wo) 

525.    TnrlationB  and  DfTlallona  of  Iffoaieiifam    are    the    products 

of  the  ma.'^.s  of  a  Iwdy  into  the  rates  of  variation  of  its  velocity  and 
deviation  of  its  direction,  found  as  explained  in  Part  IIX,  Chapter 
I,,  Section  3. 

626.  iMpaUr  is  tho  product  of  an  unbalanced  force  into  the  time 
during  -which  it  acts  unbalanced,  and  can  be  resolved  and  com- 
pounded exactly  like  force.  If  P  be  a  force,  and  dlan  interval  of 
time  during  which  it  acts  unbalanced,  Tdt  is  the  impolse  exerted 
by  the  force  during  that  time.  The  impulse  of  an  unbalanced 
force  in  an  unit  of  time  is  the  magnitude  of  the  force  itself 

£27.    iHpBlM,  AcedcniUac.  RMnnllHC.  Deflrcttns. — OorreSpond- 

ing  to  tho  resolution  of  a  forco  applied  to  a  moving  body  into  effort 
or  resistance,  as  the  case  may  be,  and  lateral  steoaa,  a&  «x^^!^<A  v\ 


AH 
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Article  511,  there  is  a  resolution  of  impiiliiA  into  aooslentui;  or 
retartling  impulse,  wliich  acts  with  or  Hgainst  the  body*s  mt)ij<4i. 
and  deflecting  impulse,  whicli  a<rts  Acroea  the  directioQ  of  the  hxh'> 
motion.  Thus  if  /,  as  bcfui'e,  be  the  angle  which  the  untiol&ncctl 
force  F  makes  with  the  Iwdy's  path  during  an  iutJc-lInitL'Iy  ahoct 
interval,  dt, 

T  dt  =  Fcoa  4  '  dtis  accclezuting  impukc  if /is  acntA  ; 

S,di  =  F  cos  («•  —  ')  'diiB  retarding  impulse  if  /  is  oI)tQse ;  ['(LJ 

Qdt  =  V ein  fdtld  deflecting  impulw.-.  j 

528.  Brlnii*iM  Wfweca  InipolBC*  KnrrnTt  and  Work. — If  V  be 

Diejiii  velocity  of  a  moving  body  during  tlie  inf  enal  dt  of  the  actic 
of  the  unbalanced  force  F,  then  d8  =  vdt  is  the  distance  descril 
by  that  body  ;  and  iiccording  ns  <  is  acute  or  obtuse,  there  is  eitl* 
energy  exerted  on  tiie  body  hy  the  accderating  imjmlte  to  tho  aiaui 

P(/*  =  Fvooa/rf«;  (I.) 

or  worh  performed  by  the  body  ayairiM  the  retarding  impulse  to 
amount 

K(/s  =  Fp  cot*  («■-#)•  dC (2.) 

BflCTnov  2. — tato  of  Variad  Trmi$UtUoiu 

529.  ftcc«nd  l^w  or  naiion. — Cfutnffe  of  Ttuvueittuia  is  prop^f- 
tiotuil  to  the  imjndse  producing  it.  In  this  stiiteuieut,  aa  in  that  of 
the  tirRt  law  of  motion.  Article  510,  it  is  implied  that  the  motion 
of  the  moving  body  under  conaidemtion  is  referred  to  a  tixed  point 
or  body  whose  motion  is  uniform.  In  questions  of  applied  nir- 
clianics,  the  motion  of  any  part  of  the  earth'fl  surfiiee  muv  be  treated, 
as  uniform  without  stfusible  error  in  practice.  The  units  of 
and  of  force  may  bo  bo  adapted  tu  each  other  as  to  make  cJiaiigt  /j 
mometUum  equal  to  tfie  impidse  producitig  it.  (Sec  Articles  5314 
532.^ 

530.  ti«ncnil  JK<imUana  or  DjuamlCB. — To    CXprCSS    the    SCCOOC 

law  of  motion  algebraically,  two  methods  may  be  followed :  tl 
first  method  being  to  resolve  the  change  of  momentum  into  di 
Tariation  and  deviation,  and  the  impulso  into  direct  and  deflecting,] 
impulse;  and  the  second  method  being  to  resolve  both  the  change i 
of  momentum  and  the  impulse  into  components  parallel  to  thrt«i 
rectangular  axes. 

/Vr#(  method,  m  being  the  mass  of  the  Iwdy,  f  its  velocitr,  and 
r  the  radius  of  curvature  of  its  path,  it  follows  from  Articles  3Ui 
and  3C3  that  the  rate  of  direct  variation  of  its  momcutuiu  u 

dv  d's 


m-^  =  m 


de 
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nml  from  Artidea  3G3  and  3G4,  that  the  mte  of  deTiatioa  of  its 
zuomentum  is 


\ 


Equating  these  rcf?poctively  to  the  direct  and  lateral  impulse  per 
tinit  of  time,  exertwl  by  an  unbalanced  force  F,  raakiug  an  angle  ' 
•with  the  direction  of  the  body's  motion,  we  find  the  two  following 
cKliiatiuns : — 

For  -R  =  Fcos/  =  m-^=M'C?.: (1.) 


dt 
r 


dt-'' 


.(a) 


The  radius  of  curvature  r  is  in  the  direction  of  the  deviating  force  Q. 
Second  metfuxl.     As  in  Article  360,  let  the  velocity  of  the  body 

be  ivsolved  into  thi^ec  rectangular  comiwnents,  -j— ,     "j ,  ~;  so  that 

the  three  component  rates  of  variation  of  its  momentum  are 


m 


li'X 


d'z 


d'y 


Also  let  the  uubalnncod  foi-ce  F,  making  tlio  angles  «,  ^,  y,  ^nth 
the  axes  of  co-ordinates,  and  iU  impulse  per  twit  of  time,  ba 
resolved  into  three  components,  F^  F,,  F^     Then  we  obtain 


F,  =  F  cos  «  =  jrt 


dT-z 


F.  =  F  cos  y  =  m 


de 


(3.) 


^^im«e  equations,  which  arc  substantially  identical  with  the  equa 

tions  1  and  2. 

531.  Maaa  Ih  Trrm*  •f  w**iah».  —  A  body's  own  Weight,  acting 

uulialanoed   on   tlie  b<Kiy,    pnHJuoes  velmity  tow;ird«  the   Ciirth, 

increasing  at  a  rate  ]>er  second  denoted  by  the  symbol  g,  whose 
numerical  value  is  as  follows : — Let  x  denote  the  latitude  of  Uie 

place,  h  its  elevation  above  the  mean  level  of  the  sea, 

g^  =  32*1695  feet,  or  9-8051  motn>A,  per  second ; 
being  the  value  of  y  for  »  =  45^  and  h  =  0,  and 

K  =  209OO000  feet,  or  6370000  mv^tca,  w^axA-s, 


iie 
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being  the  earth's  mean  radtns;  then 

g  =  g,  •  (1-0-00284  cos  2  x)  ■  ('l  -^) (!.) 

For  latitudes  exceeding  45^,  it  li  to  be  borne  in  mind  that  oos  3  v 
is  negative,  and  the  terma  containing  it  u  a  fiictor  have  their  sigm 

IWBI'SBd. 

For  practical  purposes  connected  with  ordinary  mschinpaj  it  is 

EuBlcieuily  accurate  to  assume 

g  =  32-2  feet,  or  9*81  metres,  per  second  nearly... ...(2.^ 

If,  then,  a  body  of  the  weight  W  be  acted  npon  by  an  unbalanced 
force  F,  the  change  of  velocity  in  the  dii*cction  of  F  produced  in  a 
second  will  bo 

FFy 
»~  W' 
wheuco 

'"  =  7 ^'•> 

is  the  expression  for  the  mass  of  a  body  in  terms  of  its  weight, 
suited  to  make  a  change  of  monientum  egftal  to  the  impulse  pro- 
ducing it  m  being  absolutely  constant  for  the  same  body,  g  and 
W  vary  in  the  same  proportion  at  diHerent  elevations  and  in 
cliffenmt  latitudes. 

532.  Au  AbMiotc  Vnii  af  Force  la  tlio  force  which,  ac*ting  durinj? 
an  unit  of  time  on  an  arbitniry  unit  of  moss,  produces  an  unit  of 
velocity.  In  Britaiu,  the  unit  of  time  being  a  second  (as  it  is  else- 
where), and  the  unit  of  velocity  one  foot  per  second,  the  unit  of 
mass  employed  is  the  mass  whose  weight  in  vacuo  at  London  and 
at  the  level  of  tliu  sea  is  a  stand.ii'd  avoirdupois  j>ound. 

The  vxiyht  of  au  unit  of  mass,  in  any  given  locality,  has  for  its 
vnhie,  in  absolute  units  of  force,  thi)  co-efficient  g.  When  the  nnU 
of  weight  is  employed  as  the  uuit  of  force,  iustetid  of  the  abaoltdt 
unit,  the  corredi>onding  unit  of  mass  becomes  g  times  the  unit  just 
mentioned:  that  is  to  say,  iu  British  measures,  the  mass  of  32*2 
lbs. ;  or  in  French  measures,  the  mass  of  9*31  kilogrammes 

d33.  The  notion  of  ■  Faiuug  Body,  uuder  the  unbalanced  action 
of  iU  own  weight,  a  sensibly  uniform  force,  is  a  case  of  the  nni- 
formly  varied  velocity  described  in  Article  'Mil.  In  the  eqnatioiut 
of  that  Article,  for  the  rate  of  variation  of  veloci^'  a,  is  to  be  sub- 
stituted the  co-erticient  /?,  mentioned  in  the  last  Article,  Then  if 
t?„  be  the  velocity  of  the  body  ut  the  beginning  of  an  interval  of 
time  I,  its  velocity  at  the  end  of  that  time  ta 
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r-««  +  y«, 

the  meaa  velodty  during  tJmt  timo  is 

— 2 —  —  Vj  -h  2  »■ 
I  and  the  Tcrtical  height  &lleii  through  ia 


.(I.) 


(2.) 


*  =  «,«  + 


2 


(3.) 


The  prece«.ling  wjufttjona  givo  the  final  velocity  of  the  botiy,  and  the 
height  fallen  through^  each  in  terms  of  the  initial  velocity  and  tbo 
time.  To  ohtain  the  height  in  tei*ms  of  the  initial  and  final  velo- 
cities, or  rioe  versa,  equation  2  is  to  he  multiplied  hy  v  —  v^^^  gt, 
the  acceleration,  and  compared  with  equation  3 ;  giving  the  folluw- 
ing  results : — 


r"-r2 


foi7^H- 


h  = 


<fp 


g^^', 


2g 


m 


'When  the  body  falls  from  a  state  of  rest,  t?o  is  ta  be  made  —  0 ;  so 
that  the  following  equations  ore  obtained  : — 


.(A) 


Tlie  height  h  in  the  last  equation  is  called  t/i«  height  or  fall  due  tt> 
the  velocity  v;  and  thut  velocity  is  called  the  vdfxity  dtte  to  the  fieigJU 
or  fall  h 

Should  the  body  be  at  first  projected  vertically  upwards,  the 
initial  velocity  iv  is  to  be  miido  negative.  To  find  the  height  to 
which  it  will  rise  before  reversing  its  motion  and  beginning  to  faU« 
v  is  to  be  made  =  0  in  the  lost  of  the  equations  4  j  then 


p 


A  =  — 


^!f 


(6.) 


l)euig  a  rise  equal  to  the  fall  due  to  the  initial  velocity  v^ 

534.  An  VarrkUtrd  Projrriiic,  or  a  pixijectile  to  whose  motion 
there  is  no  sensible  resistance,  has  a  motiuu  compounded  of  the 
vertical  motion  of  a  falliug  body,  and  of  the  horizontal  motion  due 
to  the  horizontal  component  of  its  velocity  of  projection.  In  fig. 
232,  let  O  n'pivnent  the  point  from  which  tkt  ^xoiec:Viii\ft\&  Q'cv^sisiJs^ 
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projected  in  the  directioa  0  A,  mxkking  the  angle  X  0  A  =  '  wi 
a  horizontal  line  0  X  iu  the  same  vertical  plane  with  O  A.     Let 

horizontal  distances  pamllel  tO^B 
O  X  be  denoted  by  a:,  and  Terti-^| 
cal  ordinates  pamllel  to  O  Z  by  z, 
poeitivo  upwards,  and  negative 
v^^  '  downwards.  In  the  eqiiations  of 
*\  veitical  motion,  the  sjTubol  A  of 
the  equations  of  Article  533  is  to 
be  replaced  by  —  z,  because  of  h 
and  z  being  measured  iu  opposite 


Hg.  232. 

directions. 

Let  t'o  be  the  velocity  of  projection.     Then  at  the  instant  of  pro- 
jection, the  component*  of  that  velocity  are, 


horizontal, 


dl 


Vq  cos  i;  vertical,  — -  =  t^  am  *; 
a  C 


dnd  after  the  lapse  of  a  given  time  fj  those  comjionents  have  become 

di 

dz  .     , 


I 


Vo cos's  constant; 


Hence  the  co-ordinates  of  the  body  at  the  end  of  the  time  (  are. 

horizontal,  x  =  t^  cos  '  *  ^;       \ 

C       .... 


vertical, 

and  because  C  = 


rb  siu  «  *  t  — 


(3.) 


y  those  co-ordinates  are  thus  related. 


z  =  X  '  tan  '  — 


an  equation  which  shows  tlie  jxith  0  B  C  of  the  projectile  to  be  a 
parabola  with  a  vertical  axis,  touching  O  A  in  O. 

The  total  velocity  of  the  projectile  at  a  given  instant,  being  the 
resultant  of  the  compoucuta  given  by  equation  1,  has  for  the  valaft 
of  its  square 


d^ 


ir^'^'-^^  '^*-  ^^o^*9t-^i^^  -  *^o  —  ^ffzi„,\ 


hvm  the  last  form  o5  -wWcV  \a  oXiSaiae^^^  %n£>at.^^u;yb 
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Z  s 


vl  —  t^ 


(5.) 


ig  compared  vith  equation  4  of  Article  533,  shows  that 
M<  rdation  beticeai  the  variation  of  vertical  elevation,  and  the  varia- 
tion of  the  square  of  Oie  resultant  velocity^  is  (he  mme^  vshether  the 
relocitij  w  in  a  vertical,  inclined,  or  Jtorizontal  direction.  This  is  a 
]>Articukr  case  of  a  more  general  principle,  to  be  explained  in  Iho 
Mrquel. 

The  resistance  of  the  air  preventa  any  actnnl  projectile  near  the 
'  oarth's  HiU'lace  from  moving  exactly  aa  an  iinn-'aisted  projectilo, 
Tho  approximation  of  the  motion  of  an  actual  projectile  to  that  of 
an  unresisted  projectile  is  the  closer,  the  slower  is  the  motion,  ait<l 
i\ie  heavier  tho  body,  because  of  the  resistance  of  the  air  increasing 
with  the  velocity,  and  because  of  its  proportion  to  the  body's  weight 
lii'ing  depeiulenl  ujxm  that  of  the  b<Hiy's  surface  to  ita  weight 

533.  The  aiMioa  •#■  Bodr  Al*«g  mn  ■■cUocd  Paib.  under  tlta 
force  of  graWty  alono,  is  regulated  by  the  principle,  that  the  varia- 
tion of  momentum  in  each  intenal  of  time  is  equal  to  the  Impulm 
rxerted  in  that  interval,  by  that  com[)oncnt  of  the  body's  weight 
which  acts  along  the  direction  of  motion.  If  the  jiath  is  straight, 
the  other  rectangular  couipoueiLt  of  tho  body's  weight  is  balanced 
by  the  resistance  of  the  surlja^e  or  other  guiding  bocly  which  causea 
the  inclined  |iath  to  be  described;  if  the  path  is  curved,  tho  difierom 
iK'tween  those  two  forces  which  act  at,Toss  it  is  emploj-ed  in  deviat- 
ing the  dii-ectiou  of  motion  of  the  body. 

^K    het  V  he  the  velocity  of  the  body  at  any  instant,  — — ,  as  before, 

the  rate  of  variation  of  that  velocity,  *  the  inclination  of  the  body*a 
path  to  tho  horizon,  positive  upwards,  and  negative  downwards. 
Then  the  body  is  acted  ui>on  in  a  direction  along  its  path  by  a  forco 
(>qual  to  itfl  weight  nuiltiplieU  by  biu  /,  which  is  a  remto-jjcc  if  /  la 
jKnuUre,  and  an  ^ort  if  ^  is  negative;  theretbro 

»^=  -U^ns (1.) 


jKJ 


When  the  inclination  of  the  path  is  uiiifonn,  tliis  rate  of  varia- 
tion of  velocity  is  constant,  and  the  body  moves  in  the  same  manner 
with  tux  unresisted  body  moving  vertically,  except  that  each  change 
of  velocity  occupies  an  intemil  of  time  longer  in  the  ratio  of  I ;  idn  i 
for  the  inclined  path  than  for  the  vertical  \m,ih. 

The  motion  of  a  body  in  any  path  on  an  incijxkd  plani;  being 
solved  into  two  rectangular  comi>onents,  one  horizontal,  and  the 
other  in  the  direction  of  steepest  declivity, — the  horizontal  com- 
jwneut  fin  tJic  absence  of  friction)  ia  umlorm,  ibhOl  SXva  *vw.\woe,\ 
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component  takce  pluco  according  to  the  law  expressed  by  equation 
1  of  this  Article.  Consequently,  tbe  resultant  motion  of  the  body 
is  that  of  an  unresisted  projectile,  as  described  in  Article  534:, 
except  that  g  •  lun  /  is  to  be  aubatltuted  for  g^ 

The  motions  of  bodies  on  inclined  planes  being  bIow^,  and  them- 
fore  more  easily  obecrvcd  than  their  vertical  motions,  vero  used  by 
Galileo  to  ascertain  the  laws  of  dynamics,  whicli  ho  discovered. 

For  a  body  sliding  on  an  inclined  plane  without  friction,  the 
equation  connecting  tho  velocity  directly  with  the  position  of  the 
bwly  la  the  following  : — 


^  sin  ' 


I 


where  v^  ia  the  velocity  at  the  origin  of  the  motion,  and  v  t 
velocity  which  the  body  has  when  it  reaches  a  position  wh 
indinsd  eo-ordinaU  relatively  to  the  origin  of  the  motion  is 
jwaitive  upwards.  But  c'  sin  '  =  z,  the  difference  of  vertical  etera- 
tion  of  the  two  pnsittons  nf  the  body;  so  that  the  variation  of  the 
sqoare  of  the  velocity  bears  tho  some  relation  to  the  difference  of 
vertical  elc^'ation  in  the  present  case  as  in  the  case  of  an  unresisted 
projectile,  or  a  free  body  moving  vertically. 

536.  An  VniTomi  Effort  «•  BeaUiance,  unbalanced,  caojsea  the 
Telocity  of  a  body  to  vary  according  to  the  law  expressed  by  thia 
equation, 

i^=fr. 0. 


i 


•where  /is  the  constant  ratio  which  the  unbalanced  force  bean 
the  weight  of  the  moviag  body,  positive  or  negative  according 
the  direction  of  the  force;  so  that  by  substituting /(;  for  g  in 
equations  of  Article  533,  those  equatious  are  tniusformvd  into  tho 
eqiiations  of  motion  of  the  body  in  question,  A  being  taken  to 
rej)rescnt  the  diatancc  travei-sud  by  it  in  a  positive  direction.  H 

In  the  apparatus  known  by  tlio  name  of  its  inventor,  Atwood^™ 
for  illustrating  the  elTeet  of  unlTurm  moving  forces,  this  principle 
is  applied  in  order  to  produce  motions  following  the  same  law  with 
those  of  falling  bodies,  but  slower,  by  a  method  leas  liable  to  errors 
caaised  by  friction  than  that  of  Galileo.  Two  weights,  P  and  R,  of 
which  P  is  tho  greater,  ore  hung  to  the  opposite  ends  of  a  ooid 
jiOAsing  over  a  fineiy  constructed  pulley.  Considemg  tho  masses 
of  the  cord  and  pulley  to  be  insensible,  the  weight  of  the  mass  to 
be  moved  is  P  4~  ii,  and  the  moving  force  P  —  K,  being  lesa  than 
the  wi'ight  in  the  ratio, 


/  = 


P-B 


5ST.  A 


<»=^-VO'S  = 


The  weD  knorvB 
whoao  co-OTfti—tCT  waa  m 


-(-;-3'-s-t^"=^'- 


In  the  CMB  oT 
bodies,  deristiag  I 
ut  traction  of 

of  their  rektivK  micAm.     la 
by  the  stzcngA  or  titiJtf  «f 
I     mass,  makxngH 
I         A  pcur  of  free 

motiooA,  the  attadM  ^ 
tions  of 
tions  of  motion 

In  a  machine, 
body  which  gnidei  it 
the  centre  iif  i  iii  i>Imi_  rfjj 
tendency  is  reaiflled  bf  tfce 
body,  and  cf  the  frame  vifck 

538.  Ciiilf^prt  Wmmm  m  dtt  <■»  v; 
reacts  on  the  hodr  tlul^Bid^  i^  mA  \ 
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deviating  foi*cc  with  which  the  guiding  body  acts  on  the  rerol 
Ijody. 

In  fftct,  as  hafi  be«n  stated  in  Article  12,  every  force  is  an  aeti< 
lyotweeu  two  bodies;  and  deviating  j'orce  and  centri/tigal  Jbree 
but  two  (liffcrcut  names  for  the  same  force,  applied  to  it  according 
jw  it^  action  on  the  i-evolviug  body  or  on  the  gniiUug  body  is  under 
oonsidei-ation  at  the  time. 

530.  A  Rrvclrlns  Slmiilr  Pea4Hl«B  coDSfftit 
of  a  8mftll  uiftiw  A,  anspfuded  from  a  point  C  by 
a  i-od  or  cord  C  A  of  insensibly  small  weight  u 
compareil  with  the  maKu  A,  and  rRvohing  in  a 
circle  al)out  a  verticnl  axis  C  E.  The  tension  of 
tlie  rod  h  the  resultant  of  the  weight  of  the 
mafis  A,  acting  vertically,  and  of  its  centrifugal 
fnrce,  acting  horiyujntjdly;  and  therefore  the  rod 
yviW  n&sumo  huch  an  inclination  that 


Fig.  233. 

height  BT; 
radius  A  h 

A-liere  r  =  A  B. 
(►rndtiluni ;  then 


weight 


oeutaifugal  force        ir* '  *' 

Let  n  be  the  number  o/tui'tuf  per  neond  of  the 


nri 


and  tlierefore,  making  B  C  =  /ij 


h  =  ^:- 


ut  -  _?_ 


4  r^n^ 


(in  the  latitude  of  London) 


0-8154  f<K)t       fl'7848  inches 


.(2.) 


Wlu-n  the  speed  of  revolution  varies,  the  inclination  of  the  peoihh 
linn  laries,  90  as  to  adjust  the  height  to  the  varying  speed. 

040.   DrTlnllag  Force  lu  Trm««  arAnHalnr  Vrtorlir- — If  the  mdins 

of  curvature  of  the  path  of  n  revolving  body  be  regarded  &&  a  wrt 
i>farm  of  constant  or  variable  length  nt  the  end  of  which  the  Wt 
'is  canietl,  the  angular  velocity  of  that  arm  is  given  by  the 
idoii. 

« =  - 00 


Let  ar  Ije  substituted  for  v  in  the  value  of  deviating  force 
Ai-ticle  537,  and  that  value  becomes 


<i  = 


DEVIATIXa    POM'E. 
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In  ihecase  of  a  body  i-evolving  with  uniform  vplocity  in  a  circle, 
like  the  bob  A  of  the  i-evoUing  {>endnluin  of  Article  iiZd,  a  =  2  w  u^ 
where  n  U  the  number  of  revolutions  per  second,  so  tlwt 

^       4  «2  W  7.2  r 


(3.) 


from  which  equation  the  height  of  a  revolvinR  pendulum  mi^jht  be 
deduced  with  the  same  result  as  in  the  last  Article. 

541.  BcclaMffiiUir  Cvmponcma  «f  I»CTlniiag  F*rcc. — Ftttt  Demotl' 
0$ratioTu  Let  (.)  in  fig.  234  be  tlio  ceutre 
mi  the  circular  piith  £  F  G  H  of  u  body 
IcvoAviug  in  ft  circle  with  an  unifomi 
Trelocity,  throiigh  which  centre  draw 
areotangolar  axes,  O  X  and  O  Y,  in  the 
plane  of  rovohition.  Let  the  anglo 
^^  X  0  A,  which  at  any  iuHtant  the 
mdioa  vector  of  the  revolving  body 
makes  with  the  axis  of  x,  be  denoted 
by  A     I^et 


i 


AD  =  X 
A~h  =  ?/ 


r  *  cos  *,  and  ] 

r  ■  sin  rf,  i 


(I.) 


Fig.  234. 


be  the  rectangular  co-ordinates  of  the  revohnng  brwly  at  any  in- 
stant Let  Q„  Q,,  be  the  oimponcnts  of  tlie  deviating  force, 
parallel  to  O  X  and  O  Y  respectively.  Then  from  the  obvious 
proportion  between  the  magnitudes  of  those  comixtneutw, 

K  Q:Q.:Q,  ■.■.r:x:.j (2.) 

eombined  with  the  equation  2  of  Article  340,  follow  the  values  of 
those  components, 


0.=  - 


Wo' 


(3.) 


Those  two  comjwucuts  have  the  negative  sign  affixed,  because  tliey 
represent  forces  tending  to  diminish  the  co-ordinates  x  and  y,  to 
which  they  are  proportional. 

Second  Demonstration. — The  same  result  may  be  obtaine<l,  though 
less  simply,  by  the  second  method  described  in  Article  530,  as  fol- 
lows:— Let  intervals  of  time,  t^  be  reckoned  from  an  instant  when 
the  revolving  body  is  at  K  Then  *  =  n  /,  and  the  values  of  the 
coordinates  x  and  y,  in  terms  of  the  time,  are 

X  —  rco8o<;  y  =  rsinai... .V^^^ 

components  of  the  vt-Jocity  of  tUe  \jOi.\y  a^ii, 


dt 


arsin  at; 


dt 


ar  cos  at,. 


the  velocity  pftrotlel  to  each  co-ordiaate  being  proportional  to 
other.     The  componeuta  of  the  vaiiatioa  of  motion  are 

dt» 
d^ 

djy 

dt' 


=  — a'rcoBa<=  — «*x; 


-j-^  =   -a'rainot=  —a*  y ; 


irhich  being  multiplied  hj  the  mass  — ,  reproduce  the  com 

)f  the  deviating  force  ns  before  given  in  equation  3. 

542.  flnmlsks  OMillntioH  is  the  motion  performed  by  a  body 
■which  moves  to  and  fro  in  a  straight  line,  altonrntely  to  one  ode 
and  to  the  otber  of  a  central  point;  and  in  order  that  this  motioD 
may  take  place,  the  body  must  be  urged  at  each  instant  towudi 
the  ocntml  point. 

In  most  cases,  the  force  ao  acting  ou  the  oscilhitiug  hotly  is  eith 
exactly  or  very  nearly  proportional  to  its  dUplacetnentj  or  distan 
fi-uiu  the  central  jK>int  of  equilibrium ;  that  is  to  say,  that  fo 
follo\rfi  the  law  of  one  of  the  rectangular  cwmponents  of  the  de^oa 
ing  force  of  a  body  revolving  unilbrmly  in  a  circle  onoe  for 
double  oscillation  of  the  oscillating  1x)dy. 

In  fig.  234,  let  a  body  B,  equal  in  -weight  to  the  body  A,  start 
;ftt  the  same  instant  from  K,  and  oscillate  to  and  fro  along  the  dia- 
sr  E  G,  while  A  revolves  in  the  circle  E  F  G  H.  Then  if  B  ia 
urged  towards  the  centre  O  with  a  force  at  each  instant  proi>or- 
tional  to  its  distance  from  that  point,  and  given  by  the  equation 


Q-=  - 


w 


9 


.(1.) 


being  equal  to  the  parallel  component  of  tlio  deviating  force  of. 
B  will  aixompany  A  in  its  motion  parallel  to  O  X ;  both  ihxM^ 
bndies  being  at  each  instant  in  the  same  straight  line  B  A  ||  0 
at  the  distaooe 

fl?  sa  r  cos  at  =  r  cos^ (2.) 

from  0 :  the  velocity  of  B  being  at  each  instant  equal  to  the 
allel  component  of  the  velocity  of  A ;  that  is  to  say, 

dx 

—  =  — ar  sin  a(-  — oraintf; (3.) 

A3x^  each  doubU  oscUIotwa  ot  *&,  Icom  "&  Vi  Q  and  back  again  to  ^ 
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Y>cing  performed  in  the  same  time  with  a  reroluticui  of  A;  that  is 
^^in  tho  time 

I  l-'-i-'-y^' «■> 


9^ 


'where  r  is  the  semi-amplitttde  of  the  oscillation,  OE  =  O  G,  Q  is 
tho  correroonding  greatest  magnitude  of  the  force  urging  tlio  body 
towards  O,  being  the  same  with  the  entire  deviating  force  of  A, 
and  n  is  the  number  of  doable  oftcillations  in  a  second.  (Tho 
aDgle  i  =  aiis  ctdlied  tlie  phase  of  the  oscillatioa) 

The  greatest  value  Q  of  the  force  which  must  act  on  B  to  pro- 
duce n  double  oscillations  of  the  semi-ampUtndo  r  in  a  second^  is 
given  by  the  equation 

^       Wa*r      4ff"Wn*r 

'^=-^  =  ^^— ^'-^ 

being  similar  to  equation  3  of  Article  540. 

Revolution  in  a  circle  may  be  regarded  an  compounded  of  two 
oscillations  of  equal  amplitude,  in  directions  at  right  angles  to  each 
other. 

543.   EiupUcai  OMiiiaiioBM  or  Rcroiniiona  compounded  of  tiro 
straight  oscillations  of  equal  periods,  but  un- 
equal amplitudes,  may  b«  performed  by  a  body 
urged  towards  a  centi-al  point  by  a  force  pro- 

rtional  to  its  distAnce  from  that  point.     In 
g.  235,  let  A  be  the  position  of  the  body  at 

y  instant ;  let  O  A  =  ^  and  let  the  force 
ng  the  body  towards  (3  bo 


F  = 


Wb' 


.(I.) 


J  being  a  constant.    Then  the  rectangular  com 
^— poncnts  of  that  force  are 

Hthi 


Tig.  235. 


tiie  former  force  being  suited  to  maintain  a  straight  oscillation 
rallel  to  0  X,  and  the  latter,  a  straight  oscillation  parallel  to 
Y,  tho  period  of  a  double  oscillation  in  either  case  being  tho 

same^  viz.: — 

1       2^ 


according  to  equation  4  of  Article  542.    Hence  let  ar,  =  OE  ^  OG 
be  the  semi-amplitude  of  the  former  straight  oscillation,  and  Vv  = 


k 
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O  F  =  O  H  that  of  the  latter ;  then  at  any  instant  the  co<ordinail 
of  the  body  will  be 

x=^x^cmht^f  y  =  yi  ainfit; (4.) 

which  equatioiia  being  respectively  divided  by  as,  and  yi,  the  rssults 
equared,  and  the  squares  added  together,  give  ^m 


^  +  ^•  =  1;. 


.(a) 


the  well  known  equation  of  an  ellipse  described  aliout  O  as  a  coutn* 
■with  the  aenii-axcs  a;,,  y,.     The  components  of  the  vcdocity  of 
body  at  any  infilant  are 

dx  ,         .     .  .  .T, 

-7-  =  —  6 a:,  ain  6  /  =^  ~^  —  V  t 
dt  y, 


dy       ,  ,  ,  Vi 

-/  =  6  y,  cos  6  f  =  i  —  X. 
at  X\ 

Sii.  A  flinpln  ONriiinaing  PmdaiMM  connists  of  an  indefiniU 
small  weight  A,  tig.  L'3G,  hung  by  a  cord  or  rod  of 
sensible  weight  A  C  from  11  point  C,  and  swinging  int 
vertical  plane  to  and  fro  on  cither  side  of  a  ctrntral 
D  vertically  below  C.  The  path  of  the  weight  or  60ft 
is  a  circular  arc,  A  D  K 

The  weight  W  of  tho  bob,  acting;  vortirtiUy,  may  bo 
resolved  at  any  imttaut  into  two  com^Ktuunta,  viz.: — 


OA' 


Fiff.  236. 


acting  along  C  A,  and  balanced  by  tho  tension,  of  the 
rod  or  cord,  and 

AB 


"W  •  sin -^  D  C  A  =  W 


J 


acting  in  tho  direction  of  a  tangent  to  the  arc,  towards  D,  an 
balanced.     The  motion  of  A  depends  on  tho  hitter  force. 

AVhcn  the  arc  A  D  E  is  small  compared  with  the  length  of  th^H 
pendiilum  A  C,  it  very  nearly  coincides  with  the  chord  ABE;  OB^f 
the  horizontal  distance  A  B,  to  which  the  moving  foree  is  propor- 
tional, is  very  nearly  equal  to  the  distance  of  the  bob  from  D,  the 
central  point  of  its  oscillations.  Hence  the  bob  ia  very  nearly  in 
tho  condition  of  straight  oscillation  described  in  Article  ^42 ;  nnd 
the  time  which  it  occui^iea  in  making  a  €loubie  cedUaiioti  ia  ttiero- 
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fore  found  approximately  by  moana  of  equation  4  of  that  Article, 
ore  r  denotes  the  senii-amplitude,  and  Q  the  maximum  value  of 


AB 


,  W  -  ^=^.    But  if  the  length  of  the  pendulum,  C  A.  be  made  =  l^^ 
0  A 


re  have 


Q  AB      r         , 

^  ^  max.  ■:5=-  ;=  t,  nearly ; 


rhence,  approximately,  for  small  arcs  of  oscillation, 
i  =  2xA/i;  and 


•a) 


vhich  bcinp;  cnmpftred  with  equation  2  of  Article  639,  shows,  that 

t/w  laigtU  t}f'<t  ifimfiU  oscillatiiuj  penduium,  making  a  fjlven  nurtiber 

c/»maU  douhlf-  oitcillatxcms  in  a  second,  is  sensibly  equal  to  Oie  height 

^—i/o  revolving  pendulum,  making  the  sanxe  number  of  revolutions  in 

^mateeond. 

^V  'When  the  amplitude  of  oscillation  becomes  of  considerable  ma^ 
^Vnitude,  the  period  of  oficillation  ia  no  longer  senaihly  iiiilt|>cndt'ut 
^K  of  the  length  of  the  arc,  but  becomes  longer  for  greater  amplitudes, 
^V  accordiDg  to  a  law  which  can  be  expressed  by  an  elliptic  fuuction, 
^"  but  which  it  is  unnecessary  to  oxplaiu  in  tliis  treatise.  (See  Le- 
gendre,  Traite  dea  Fonctiona  elliptiffue^,  voL  L,  chap,  viii-) 

545.  CtcIoMoI  PrBrfnitin. — In  order  that  the  oscillationB  of  a 

simple  pcndiilnm  may  \ie  cxactiy  iaochrovwiis  (or  of  equal  duration) 

^B  for  all  amplitudes,  the  bob  must  oscillate  in  a  curve,  the  lengths  of 

^Kvhoee  arcs,  meanured  from  its  lowest  point,  are  proportional  to  the 

J^  sines  of  their  angles  of  declivity  at  their  upper  cnde,  to  which  sines 

the  moving  forces  at  those  upper  ends  are  proportional.     That  this 

may  be  tlie  case,  the  radius  of  curvature  at  each  p<»int  of  the  curve 

must  be  proportional  to  the  cosine  of  llie  declivity :  the  greatest 

raditts  of  curvature,  at  the  lowest  ptnnt  of  the  curve,  being  equal  to 

/,  9a  given  by  equation  1  of  Article  544 ;  and  from  Article  390, 

case  3,  equation  6,  it  appears  that  such  a  curve  is  a  cycloid,  traced 

by  a  rolling  circle  whoso  radius  is 

ro  =  { (1) 

3k 
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It  IS  -well  knofwn  that  a  cycloid  is  the  involtite  of  an  eqoal  and 
MmibiT  cycloid.     Hence,  in' tig.  237,  let  CF,  CG,  be  a  pair  of 

cycloidaJ  chf^kf,  described  by  ruUing  a 
circle  of  the  radiufl  r,  on  a  horiiontal 
line  traversing  C  ;  let  C  A  be  a  flex- 
ible line,  6xcd  at  C,  and  having  a  bob 
at  A,  ite  length  being  l=:\r^  —  CJ> 
=  the  length  of  each  of  the  semi- 
cycloids  C  P,  0  G.  Then  as  th« 
pendulum  C  A  swings  between  th* 
cycloidal  cheeks,  the  bob  oBcdllatctt 
in  an  arc  of  the  cycloid  FDG;  its 
doable  oscilJationfi,  for  all  amplitudes,  have  exactly  the  periodic 
time  given  by  equation  1  of  Article  544,  K'ing  t!mt  of  a  revo-^ 
hition  of  a  rerohTng  pendulum  of  the  height  CD;  and  tlieS 
motion  of  the  bob  in  its  cycloidal  patli  follows  the  law  of  straight 
oscillations  de^icribed  in  Article  542. 

546.  RrUiiMRi  Forrr*. — If  two  botUfs  bo  acted  npftn  at  erery 
instaut  by  luibalanced  forces  which  are  |iarallel  In  dli'cction,  and 
proportional  to  the  moflscs  of  the  bodies  in  magnitude,  the  vai 
tions  of  the  motions  of  those  two  bodies,  relatively  to  a  fixe<l 
whether  by  change  of  velocity  or  by  deviation,  ore  Kimultaneo^ 
and  equal;  so  tlrnt  their  motion,  relatively  to  each  other,  is  Uv 
same  with  that  of  a  pair  of  bodies  acted  upon  by  no  force  or 
balanced  forces ;  that  is,  according  to  the  first  law  of  motion, 
510,  tlitit  motion  is  none  or  uniform. 

If  two  bodies,  A  and  B,  be  acted  upon  by  any  unbalanced 
whatsoever,  and  if  from  the  force  acting  on  B  tteiij  be  icUxn  caca^  i 
force  parallel  to  tliat  acting  on  A,  and  proportional  to  the  mass  of' 
B  (in  other  words,  if  with  the  actual  force  uetiug  on  B  there  he 
combined  a  force  eqiml  and  opposite  to  that  wliich  would  miike  tli^H 
motion  of  B  change  in  the  same  ummier  with  that  of  A),  then  thsH 
resultant  or  residual  unbalanced  force  acting  on  B  is  that  corre- 
sponding to  the  variations  o/t/te  moti&n  o/"B  rdativdy  to  A 

lliis  IS  the  exact  statement  of  the  case  of  a  body  near  the  earth* 
surface.     From  the  total  attradion  between  the  bt»dy  and  the 
i»  to  be  taken  away  the  deviating  Jortx  necessary  to  moke  the 
:iccompany  the  etirth's  aurfnee  in  its  motion,  by  revolving  in  a 
round  th«  earth's  axis  once  in  a  sidereal  day  (Article  352). 
retiduaijoroe  is  the  weight  of  the  body,  W  =  g  »t,  which  regnlat 
its  motions  rdativdy  to  the  earth* s  surface.     Thus  the  variations 
the  co-efficient  g  in  difTereut  localities  of  the  earth's  surface,  at^l 
different  elcvatious,  expressed  by  the  formulae  of  Article  531,  oro] 
due  partly  to  variations  of  attraction,  and  paa*tly  to  variations 
deviating  force. 


ACtCil.  £KEC£iT. 


4D9 


When  bodies  are  carried  in  a  sliip  or  vehicle,  and  are  free  to 
move  with  respect  to  it,  then  when  the  ship  or  vehicle  varies  ita 
motion,  the  bodies  in  question  perform  motions  relatively  to  tho 
«hip  or  vehicle,  such  as  wonld,  in  the  case  of  the  oniforra  motion  of 
the  ship  or  vehicle,  be  produced  by  the  application  to  the  bodies  of 
forces  equal  and  contrary  to  those  which  would  make  them  accom- 
pany the  sliij)  or  vehicle  in  the  variutionn  of  its  motion. 


I 


* 


Sectiox  3. —  Trajififormalion  of  Entrgy. 

547.  Tho  AcfHitl  BacTffr  of  a  moving  body  relatively  to  a  fixed 
point  is  the  product  of  the  mtuss  of  the  body  into  one-half  of  the 
Sfpitire  ofi{-»  velocity,  or,  \^a  Ai-ticle  533  shows,  the  product  of  tho 
v^lfjht  of  the  body  into  the  Jieigftt  due  to  its  velocity;  that  is  to  say, 
it  is  represented  by 

mV  _  Wtf*  . 

2    -  2g  ^^'' 

Tho  product  w  t>^,  the  double  of  the  actual  energy  of  a  body,  was 
formerly  called  iti  ms-viva.  Actual  energy,  being  the  proiluot  of 
a  tceiffht  into  a  )ieiffht,  is  e.xpre8Sied,  like  potential  energy  and  work, 
m/oot'poundit  (Article  513,  514). 

548.  c*Mp«MiM»  of  AciBBl  Kmcvst- — Tlie  actual  energy  of  a  body 
(unlike  ita  momentum)  is  essentially  pofdtive,  and  irrespoctivo  of 
direction.     Let  the  velocity  v  he  resolved  into  three  components, 

"77»  Z^'  w^'  P*"^*^l  ^  three  rectangular  axes;  then  the  quantities 

of  actual  energy  duo  to  those  three  compononts  respectively  are 

^    daf    W     dff    W     d^ 
2j7*  It'''JJ'li7'  2g'  dC 

But  the  square  of  the  resultant  velocity  is  the  sum  of  the  squares  of 
its  three  compoucntsj  or 

di'  '^  dt'  '^  df* 


«="  = 


therefore  the  actual  energy  of  the  body  is  simply  the  sum  of  tho 
actual  energies  due  to  the  rectaugulur  components  of  its  velocity. 

549.     Kwumtf  •TTartodl  nmOmn. —  TuVjOVIEH   1.    A    deviatifUf  /ifTC* 

prodiu3e$  no  choffige  in  a  body's  actual  energyj  because  such  force 
pmducea  change  of  direction  only,  and  not  of  velocity;  and  itctuai 
energy  is  irrrspectivc  of  directiou,  and  dejwnds  on  velocity  only. 

Theorem  II.  The  increase  of  actual  energy  produexd  by  an  un- 
haiamced  effort  m  equal  to  O^e  potential  energy  exerted.  This  theorem 
is  a  oonsefpience  of  the  second  law  of  motion,  deduced  as  follows  :^» 


I 

J 
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Lot  m  =  "W  -r-  (/.  be  tlie  mass  of  a  moving  lx>cly  acted  upon  by 
eflbrt  P,  and  a  re&stanoe  R,  the  effort  being  the  greater,  so 
there  is  an  unbaitmcad  effort  F  —  K;  and  in  the  first  place  let 
unbalanced  effort  be  constant.     Then  the  body  is  umformly 
leratcd ;  and  if  it»  velocity  at  the  beginning  of  a  given  interval 
time  At  ifl  V],  and  its  \-elocity  at  the  end  of  that  interval  r«, 
increase  of  the  boUv's  momentum  i» 


-K-r,)  =  (P-R)ar 


.(1.) 


Because  of  the  uniformity  of  the  aeceleration  of  the  body,  its 


velocity  is 


fi 


2 


-,  and  the  diiitance  traversed  by  it  is 


AR 


inea^_ 


Let  brth  sides  of  equation  I  l)e  mnltipUed  by  that  mean 
the  following  equation  is  obtained  : — 

2^ =(r  — K)i*, 

now  the  first  side  of  this  equation  in  the  tncrwse  cf^  hodyu  aclwU 
eneryy,  and  the  second  is  the  j)oiential  energy  exerted  by  the 
balanced  effort;  and  those  two  quantities  are  equal. — Q.  E.  D. 

When  the  tmbalauccd  effort  varies,  let  da  bo  tiken  to  denote 
distance  in  which  it  %'ariefi  lejw  than  in  any  given  pro|>ortion, 
d '  t^  the  change  in  the  sqnare  of  the  velocity  in  that  diirtunce;  the 


Wd-'tf       Wvdv 


2ff 


9 


=  (P_R)d,;. 


.(3. 


or  if  «„  ««.  denote  the  two  extremities  of  a  finite  portion  of  the 
body's  path, 

y^^^  =  f\v-^)as. (3.) 

-'if  J  *, 

Theorem  IIT.  The  dlminvtion  of  (ictual  energi/  produced  hi/  a 
vnhalanced  resistance  is  equal  t^  the  ^oorkjterformed  in  mo/ving  agaif^$ 
the  rejrista7uv..     Tliis  is  a  consequouco  of  the  second  law  of  motion, 
demonstrated  by  considering  R  to  be  greater  than  P  in  the  equa- 
tions of  the  pi-eceding  theorem;  so  that  equation  1  becomes 


equation  2  becomes 


^(r.-r.)  =  (R_P)4«; 
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-^4^-(R-r)-; («.) 

[and  equation  3  and  3  A  became 

-^  =  -^'  =  (H-P).. (6.) 

^1^=/-'(R_P)d. (6.) 

550.  Koergy  fUorcd  and  Rraiarrd. — A  body  oltcmatelv  accelerated 
Rnd  retarded,  nu  U3  to  be  brought  back  to  ita  original  speed,  per- 
forms work  by  means  of  ita  retanlatiou  exactly  equal  in  amoout  to 

I^B  tlte  [x>teDtial  energy  exerted  in  producing  its  acceleration;  and  that 
^Btunount  of  energy  may  be  considered  as  starred  during  the  accclera* 
^^  tioD,  and  restored  during  the  retardation. 

551.  The  TrmwiromMuioH  9€  em«s7  is  a  term  applied  to  such 
;es  us  the  expenditure  of  potential  energy  in  the  production 

tf  an  equal  amount  of  actual  energy,  and  via  versa. 

552.  The  c«— iiinil»ii  ^r  Enrrsr  ^  Titrtcd  iiiMi*B  is  a  fact  or 
principle  expressed  by  combining  the  Theorems  II.  and  III,  of 
Article  549  \tith  the  definition  of  stored  and  restored  energy  of 
Ajlicle  550,  and  may  be  stated  as  follows  : — in  any  inUrval  oftimA 
during  a  hodi/s  motiun,  U»e  patenliaf.  energy  exerted^  added  to  the 
^tietyy  reaf*/red,  is  cf/ual  to  the  energy  stored  added  to  Ot/s  work  per- 
formetL      This  pi-inciple,  expressed  in  the  form  of  a  differential 

I       equation,  is  as  follows : — 

P  Prf,_:^_Rd,  =  0; (1.) 

Ij  which  includes  equations  3  and  6  of  Article  549;  and  in  the  form 
^^)f  an  integral  cquatiois, 

P  /p.,-^^<f=^-/E.,:.0 (.) 

553.  Prriodirai  n»iioH. — If  a  body  moves  in  such  a  manner  that 
it  periodically  returns  to  its  original  velocity,  then  ut  the  end  of 
each  period,  the  entire  variation  of  its  actual  energy  is  nothing; 
and  in  each  such  period  the  whole  potential  energy  exerted  is  equal 
to  the  whole  work  peribrmed,  exactly  as  iii  the  case  of  ft  body 
moving  unilbrmly  (Article  517). 

554.  McsMrra  af  tTnbalaac«d  Fvrce- — From  Articles  530  and  531, 
and  from  Article  549,  it  appears  that  the  magnitude  of  an  un- 
baUnced  force  may  be  computed  in  two  ways, — either  from  tho 
change  of  momentum  which  it  proihices  by  acting  for  a  given  time, 


^02 
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or  by  tHe  change  of  energy  vhich  it  prodnoea  l>y  actiug  along  a 
jriven  distance.  Both  those  ways  of  computing  are  expressed  in  the 
following  equation : — 


P=: 


g    at      y 

id  each  is  a  neccRsary  conseqnence  of  the  other ;  yet  in  form 
a  fullacy  prevailed  that  tlioy  were  inconaiateut  and  con 
Mictor)-,  and  a  bitter  controversy  long  raged  between  their  res] 
tire  partizaus. 

565.  KBrrsjr  dao  !•  Obii^ae  F«rce> — It  bas  already  been  stat 
in  Chapter  I.  of  this  Part,  and  especially  in  Article  520,  that  if 
unhalanced  forco  F  acts  on  a  body  while  it  moves  through  the  di 
tonce  dsy  making  the  angle  fi  with  the  direction  of  the  forcci 
product 

F  cm  6 'da 

represents  the  cnei^y  exerted,  if  #  is  acute,  or  the  work  peHbrnK 
if  I  is  obtuse,  during   that   motion.     Kow  that  product  may 
treated  mathematicuUy  in  two  ways  :  either  as  the  product  of  F 
C08  ^^  P  (or,  ua  the  case  may  l)e,  F  cos (r  —  tf) ^  R),  the  com|ionei«^ 
of  the  foivc  alou^  the  direction  of  motion,  into  c/tf,  the  motion ; 
ns  the  product  of  F,  the  entire  force,  into  cos  i  •  ds,  the  comjionci 
of  the  motion  in  the  direction  of  tho  force.     The  former  method 
that  pursued  in  the  preceding  Articles  ;  but  occasionally  tho  hit 
may  be  tho  more  convenient.     For  example,  when  the  force  I 
cLthor  directed  towards  or  from  a  central  ]X)int,  or  is  always 
f>ondioular  to  a  given  surface;  let  :8  denote  the  distance  of  tbe  hoc 
at  any  instant  Irom  the  central  point,  or  its  normal  distance 
the  given  surface,  as  tho  case  may  be;  then 


dz^cosi'di 


•(!•) 


is  the  component  of  the  motion  of  the  body  in  the  direction  of  & 

The  force  F  is  to  be  treated  as  jHwitive  or  negative  accort 
it  tends  to  increase  or  diminish  z.     Then  if  Wj,  rg,  be  the  vel< 
of  the  body,  and  ^,,  Sj,  its  distances  from  the  given  point  or 
at  the  beginning  and  end  of  a  given  interval,  the  change  of 
actual  cnei-gy  iu  that  interval  is 


F  cos  <  •  ds 


=/: 


Fdz; 


and  if  F  is  either  constant,  or  a  function  of  e  only,  tha  velocity  of 
V  varies  with  z  alone. 

This  principle,  as  applied  to  the  force  of  ^rravity  near  the  earth's 
ffurfoce,  haa  already  \>e«u  iWaRtvaXftdL'-wi  Kx^Kriisa  si'i'i^tiJiV^TOA.^'ii&s 
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for  in  tliAt  case,  «  denotes  the  elevation  of  the  body  al>ftve  a  given 
_^  lero]}  f  B  —  W  (bacauM  it  tends  to  diminiah  z),  and  thurclore 

r 


^if 


=e,-^ 


.(3.) 


1V|A  formerly  proved  by  another  process. 

W6L  A  ReriproraUiMi  P«rcct  i.s  u  t'oice  which  octs  altf^mately  aa 
'an  effort  and  as  on  equal  aiid  up|>uHite  resistance,  according  to  tho 
direction  of  motion  of  the  bo<ly.  Sucli  a  force  is  the  weight  of  a 
body  which  alternately  rises  and  falls ;  or  the  attraction  of  a  bodr 
towanla  a  ijoint  from  wliich  its  distance  i>criodically  changes.  Such 
a  force  is  the  force  i*'  in  the  last  Article,  when  it  is  constant,  or  a 
fdnction  of  z  only ;  and  such  is  the  elii*iicity  of  a  perfectly  elab-tic 
body.  The  work  which  a  hotly  pnrforms  in  moving  again^  a  reci- 
|mx!ating  force  is  employed  in  iuoL-ca^iiug  its  own  potential  enexgy, 

IiLud  is  not  lost  by  the  body. 
5o7.  The  Tofttl  EnrrfT  uf  a  body  is  the  sum  of  its  potential  and 
actual  energies.  It  is  evident,  that  if  at  each  point  nf  the  course 
of  a  moving  body  its  total  enerj^y,  or  camcity  for  perfonning  work, 
be  added  to  the  work  which  it  has  idready  performed,  the  sum 
liuisl  Ix-  a  conKtaiit  quautity,  aud  equal  to  the  initiax  ekeroy  which 
the  Ijfidy  jxih-^'^SMd  Itcfore  beginning  to  perform  work.  If  a  body 
performs  uo  work,  its  Utial  energy  is  constant ;  and  tlie  same  is  the 
cjise  if  its  work  consists  only  in  momng  ilseJf  to  a  "place  lofusre  its 
jioteni'ud  cnert/t/  i«  ffreater,  that  is,  moving  against  a  reciprocating 
foi-ce ;  and  the  increase  of  potential  energy  so  obtained  being  taken 
into  account,  balances  the  work  performed  in  obtaining  it. 

Ejcamp/e  1.  If  a  body  whoM  weight  is  W  be  at  a  height  s,  above 
the  ground,  and  be  moving  with  the  velocity  r,  in  any  direction, 
its  initial  total  energy  relatively  to  the  ground  is 


W 


i-*?i)' 


,(i.) 


«f  which  Wffj  is  potential  and  W  ~-  actual     Supposing  the  body 


I 

y  to  have  moved  without  any  resistance  except  such  as  may  arise 
from  a  component  of  its  own  weight,  which  is  a  reciprocating  force, 
to  a  different  height  z,  above  the  ground,  ita  total  «neigy  relativoly 
to  the  ground  is  now 


W 


(■■+ft) 


(2.) 


being  the  aune  in  amonnt  as  before,  but  differently  divided  between 
ifl  actual  and  potential  forms. 


501 


PRINCIPLES  OP  DYKJUUCSI 


ExampU  II.  Should  the  motion  of  the  body  be  opposed  by  ft 
resistance  mich  as  friction,  which  is  not  a  reciprocating  force,  then 
the  total  energy  in  the  second  po&ition  of  the  body  is  diminished  to 


t 


^(^+f;)=^('-+ft)-/^'' 


.(S.) 


Example  III.  I^  a  body  oscillate  (as  in  Articla  542)  in  a  stni^t 
line  traversing  a  central  point  towards  which  the  body  is  urged  by 
a  force  varying  a«  the  distance  from  the  {x>int ;  let  «,  be  the  semi' 
amplitude  of  oscillation,  x  the  displaoemont  at  any  instant,  -  Q, 

—  Q  X 

the  greatest  value  of  the  moving  force,  so  that ^—  is  the  value 

I  for  the  displacement  x.  Then  when  the  body  is  at  its  extreme 
ilisplaceuieut,  its  actual  energy  is  nothing ;  And  its  total  encigy, 
"vhich  is  all  potential,  is 

"When  the  body  is  in  the  act  of  passing  the  central  point,  its  poten- 
^_  tial  energy  is  nothing,  and  its  total  encigy,  which  is  now  all  actual, 
^Hfi  in  amount  the  same  as  before,  viz. : — 


X,  J  • 


2    ' 


.(4.) 


Wvl 


.(5.) 


ft 


Vq  being  the  maximum  velocity.  At  any  intermediate  point,  the 
total  energy,  partly  actual  and  pai-tly  potential,  is  still  the  same» 
being 


Wv 


2sf 


Qx 

2 


sin'  n<"h 


Qix. 


«^=^^;...(6.) 


where,  as  before,  a  =  2Tn;  ?i.  being  tic  number  of  double  oscilla- 
tions in  a  second.  For  the  elliptic  oscillations  of  Article  543,  the 
total  energy  of  the  body  is  at  each  instant  the  sum  of  the  quanti- 
ties of  energy  due  t<>  the  two  straight  oscillations  of  which  tlio 
elliptic  oscillation  is  compounded ;  and  for  a  body  revolving  in  a 
circle,  and  uiged  towards  the  centre  by  a  deviating  force  propor- 
Uoual  to  the  radius  vector,  the  toted  energy  relatively  to  the  centre 
is  one-half  actual  and  one-half  potential,  viz. : — 


WV 


H^^  =  Qr 


(70 


r 


BUUI^S — axgulah  momenttm. 

Section  4. —  Varied  Tranalaiion  of  a  System  qf  Bodies, 

558.  C^Hacrrailaa  vf  noucBtaai. — TuEOREJI.  TIte  mutual  acti&iis 
of  a  system  of  bodies  cannot  dumga  tJieir  residtatU  momerUujfi.  (Re- 
[wUtant  momentum  h&&  been  defiiied  in  Article  524.)  Every  force 
'  is  3  pair  of  equal  and  opposite  actions  between  a  pair  of  IkkUcs  ;  ia 
ixny  given  inteiral  of  time  it  constitutes  a  pair  of  equal  and  oppo- 
site impulses  on  those  bodies,  and  produces  equal  and  opposite 
momenta.  Therefore  the  momenta  produced  in  a  s\'stcra  of  bodies 
by  their  mutnal  actions  neutralize  each  other,  and  have  no  resoltr 
ant,  and  cannot  clwnge  the  resultant  momentum  of  tfao  system. 

550,  inoU«B  of  Centre  of  Orarlir* — COROLLARY.  Th«  variations 
of  the  vwfion  ofUie  centre  of  fjmvity  of  a  system  of  bodies  are  xciioUy 
produced  by  forces  exerted  by  bodies  external  to  die  system  ;  for  the 
motion  of  the  centre  of  graWty  is  that  which,  being  multiplied  by 
the  total  mass  of  the  system,  ^vcs  the  resultant  momentum,  and 
this  can  be  varied  by  external  forces  only. 

It  follows  that  lu  all  d^'namical  qucHtious  in  which  the  mutual 
actions  of  a  certain  system  of  brniies  are  alone  considered,  the  centm 
of  gravity  of  that  system  of  boflies  may  be  conx-clly  treated  as  a 
point  whose  motion  is  none  or  uniform  j  Iwcause  its  motion  cannot 
be  changed  by  the  forct's  \mdcr  consideration. 

500.  The  An«uiMr  cnonteniaia.  relatively  to  a  fixed  point,  of  a 

body  having  a  motion  of  tnmslation,  is  the  j^roduct  of  the  monien- 

turn  of  the  body  into  the  perpendicular  distance  of  the  fixed  point 

^L  from  the  lino  of  direction  of  the  motion  of  the  lK>dy*s  centre  of 

^  gravity  at  the  instant  in  question  j  and  is  obviously  equal  to  the 

])roduct  of  the  mass  of  the  body  into  double  the  area  swept  by  the 

radius  vector  drawn  from  the  given  point  to  its  centre  of  gravity 

in  an  tuiit  of  time.     Let  m  bo  the  moss  of  the  body,  r  its  velocity, 

^^  I  the  length  of  the  before-mentioned  j^rpendiculai- ;  then 

■  '^     -.  i 

^1  is  tlie  angular  momentum  relatively  to  the  given  point.  ^ 

^m       Angular  momenta   are  conipoimded    and  resolved  like   forces, 

^»  each  angular  momentum  being  repi-ej^ented  by  a  line  whoso  length 

is  proportional  to  the  miigiiitude  of  the  ang\ilar  momentum,  and 

whose  direction  is  perpendicular  to  the  plane  of  the  motion  of  the 

body  and  of  the  fixed  point,  and  such,  that  when  the  motion  of  thn 

^  body  is  viewed  from  the  extremity  of  the  line,  the  radius  vector  oi' 

H  the  body  seems  to  have  right-handed  rotation.     The  direction  of 

^B  such  a  line  is  called  the  axis  of  the  angular  momentum  which  it 

^B  represents.     The  resultant  ampdar  momentum  of  a  system  of  bodies 

^B  is  the  resultant  of  all  their  angular  momenta  relatively  to  their 
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common  centre  of  gravity;  and  the  axis  of  that  resaltani  angular 
monicntum  is  culled  the  a.c(>  o/amjitfar  momaiitim  of  th»!  HyaU 
The  t<»nn  an^ar  tnortientura  was  introduced  by  Mr.  HaywrniJ. 
fi6I.  AH«Mliir  fnpcilMi  is  ttd  product  of  the  moment  of  a  oou[ 
of  forces  (Article  2^)  into  the  time  during  wliich  it  acts.  Let  F 
the  force  of  u  couple,  /  its  leveingo,  and  tii  tho  time  during  which 
it  acts,  then  

is  angular  impulse.    Angular  impulses  are  compounded  and  nsolT^^ 
liko  the  momenta  of  couples. 

dU2.   BclatloM*  mf  AnnMlar  Bwp«U«  aad   Angaliir  I?fo 

Theorem.  The  variation,  m  a  j/uwi  tlmey  o/Ute  artffjtlar 
a  bo(it/f  is  eiiual  to  tJi6  mtffular  impiiUo  prodwiin^  tJuU  vai 
id  has  Ifte  Mine  oxim.     Thi&  ia  a  conseqnetice  which  is 
from  the  second  la-w  of  motion  in  the  folloxving  manner  :- 
an  unbalanced  force  F  to  be  applied  to  a  body  ?».  and  an 
opposite,  and  parallol  force,  to  a  fi^cd  point,  during  the  interval 
and  let  /  bo  the  perpendicular  distance  from  tlie  fixed  fioint  to 
line  of  action  of  the  fiiHt  force.     Then  the  conplo  in  question 
the  angular  imjiulsd 

7ldt. 

At  the  some  time,  the  body  m  acquires  a  rariatiou  of  monM^j^r 
in  the  direction  of  tho  force  applied  to  it,  of  the  amount         ^^^H 

so  that  relatively  to  the  fixed  point,  tho  variation  of  tho  body'l 
angular  momentum  is  ^H 

mldv  =  Yldii (I.)  ^ 

being  equal  to  the  angular  impulse^  and  having  the  same  axis. — 
Q.  K  D. 

5G3.  ConMmflon  of  Angular  nomcnmni. — TllKOnEtf.  The  rr-t 
uni  anfftUar  momenfurn  of  a  si/sietn  of  bodies  ainnot  be  eiuingfxi 
iiiagtiilwiej  itar  in  (Jte  direcCioji  cfiU  axiSf  by  the  muhuU  aetiott* 
Vie  fHxlies. 

CoiiMdenng  the  common  centre  of  gravity  of  the  ffpstem  of  bodi< 
«8  a  fixed  point,  conceive  tlrnt  for  t-ach  foi"ce  with  wbicJi  one  uf 
ll)odie8  of  the  system  is  urged  in  virtue  of  the  combined  action  of 
other  bodies  upon  it,  there  is  an  equal,  opposite,  and 
applied  to  the  common  centre  of  gravity,  so  as  to  fbnn 
couple.  Tho  forces  with  which  the  bodies  act  on  each  other  am' 
equal  and  opposite  in  pairs,  and  their  resultant  is  nothing;  them- 
ibre,  the  resultant  of  the  ideal  forces  conceived  to  act  at  the  oonimoa 
centre  of  gravity  is  nothing,  and  tliA  supposition  of  these  forces  doM 
not  effect  the  e(\uilibriu3n.  or  tootioa  of  tho  system.  Also,  tho 
resultant  of  aU  tlae  cou^W  ^iwa  Icnnms^Sa  wafCtCvw^-,  S>D5sw&n^^s!b& 
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JToaultant  of  their  ouguUr  impulsts  is  nothlnj?;  tlicrefore,  the  resuIU 
But  of  tlie  sercral  variations  of  angular  momentom  produced  Uy 
those  axigiiLu-  inipulM.'s  hs  iiutUing;  therefore,  the  resultant  angulat* 
momentum  of  the  s^rstem  is  iuvariaHe  in  amount  and  in  the  direc- 
tion of  ita  axia. — Q.  K  D. 

This  theorem  is  sometimes  called  the  principle  of  the  conservation 
^cf  areas.     When  iipplied  to  a  system  consisting  of  two  bodies  only, 
it  forms  one  of  the  hiws  di;iC0vercd  by  Kepler,  by  observatioa  of 
the  motions  of  the  planets. 
'  In  considering  the  n-'lative  motions  of  a  systom  of  bodies  as 

L^  depending  on  thuir  mutual  actions  only,  the  axis  of  angular  momen- 
^■tum  may  bo  treated  as  wfuxxd  direction,  as  already  stated  in  Artielo 
^^^48.  A  plane  perpendicular  to  the  axis  of  angular  momentum  is 
^Bealled  by  some  writers  the  intar%ab(^  pUme,  The  nearest  approach 
^Bbo  an  al^lutely  fixed  direction  yet  known  is  the  invariable  axis  of 
^Ktho  discovered  bodies  of  the  ao>]&r  system. 

^^      664.  Acninl  Encryr  or  aSrMomofBatficB. — Theorch.  The  actual 
er^ergy  of  a  sy»ieni  of  bodies  rslativdy  to  a  point  ^ji^^mvd  to  tJm  &i/gtemf 
is  tJte  sum  of  the  actual  cnerffUs  of  the  bodies  rdativrJy  to  Uidr  common. 
litre  ofrfravity,  added  to  t/ie  actual  energy  diie  to  the  motion  tfthe 
of  the  whole  system  toiih  a  velocity  equal  to  CluU  which  ila  centra 
\vity  lias  relativdy  to  the  extamrU  point 

it  the  motion  of  each  of  the  bodies,  and  of  their  common  centre 
of  gravity,  relatively  to  tlie  external  point,  bo  resolved  into  threw 
'  rectangular  components.  Ix-t  m  be  any  one  of  the  massee,  and  u, 
I  f,  w,  t]ie  componentsofit*  velocity  relatively  to  tiic  external  point; 
^^let  S  *  m  be  the  mass  of  the  whole  system,  and  u^,  r,,  w,^  the  com- 
^Bponents  of  tlie  velocity  of  its  centre  of  gravity  relatively  to  tho 
^■external  point 

^H  Ooncei\'e  the  motion  of  each  of  the  bodies  to  be  resolved  into  twi> 
^vjxii'ts;  that  which  it  has  in  common  with  the  centre  of  gravity  rela- 
^ftively  to  the  external  point,  and  tbat  which  it  has  n^Uivdy  to  Ui& 
^  centre  of  gravity.    The  component  velocities  of  the  first  part  aro 

and  those  of  the  second  part 
^L  « — Uqsu'j  V  —  t\,  =  i/;  to  —  ttTo  =  a/; 

^^Go  that  the  components  of  tho  whole  motion  of  the  body  may  be 

represented  by 

^^  w  =  «o  +  u';  vssv^  +  'o'j  w  =  wy,  +  «/. 

Then  the  actual  energy  of  the  e^Btcm  relatively  to  the  external 
point  is 
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which  being  developed,  and  common  factors  removed  outeide  the 
sign  of  summatioii,  gives 

^(«u  +  t5  +  "^'5m 
+  t/o  •  2  •  n»  It'  +  f 0  •  I  •  «i  «'  4-  fCfl  ■  2  '  m  IP 
+  i  3  •  m  (u"  +  c-"  -f  v^). 

But  in  Article  .524  it  has  been  shown,  that  the  i-esultonfc  momentiim 
of  a  system  of  bodies  relatively  to  their  common  ccmtre  of  gmtity 
is  nothing;  that  ia  to  &uy, 

2  •  flj «'  ^  0 ;  3  •  m  u'  -  0 ;  a  •  m  w*  =  0 ; 

so  thftt  the  above  exprt-Jision  for  tlie  actiml  energy  of  the  system 
Iwoomes  tiimply 

i  K  4-  rj  +  H-J)  ■  2  w  +  ^3  ■  m  (»*'■  +  t/'  +  w^; (1.) 

nf  whicli  the  first  terra  ia  (he  actual  energy  o/Ute  tchoU  mattM  o/thA 
Hi/stem  due  to  the  motwn  of  iJte  cenire  of  gravity  reUUwcly  to  the 
cJicnial  pointy  and  the  second  term  is  th^  sum  q/'tJ^  actual  etvrryia 
oftJte  bodies  rdativdy  to  their  convmon  centre  of  gravity. — Q.  K  I), 

Those  two  parts  of  the  actual  encrjCQ'  of  a  system  may  be  distin- 
guished as  the  extertud  and  internal  actual  euer^. 

CoROLLAiiT.  The  mxUval  actions  of  a  system  q/  bodies  cftange  thstr 
iiitemal  actual  energy  alone. 

d60.  C«MH>nrmflon  of  ■■icraal  Bnerfr. — Lav.  TJit  total  mtemol 
energy,  actual  and  potential ^  of  a  system  of  bodies,  cannot  be  chaugsd 
hy  their  mutual  actiotis.  This  is  a  proposition  made  known  pordr 
by  reasoning  and  partly  by  experiment.  The  totjil  internal  energy 
of  a  eystem  is  the  sum  of  the  total  energies  of  the  bodies  of  which 
it  cousisls  relatively  to  their  common  centre  of  gravity.  It  has 
Ixien  shown  in  Articles  5i0  to  657,  that  the  total  enei^  of  a  sin^tf 
body  can  be  dimiui^jhcd  only  by  poi-forming  work  against  a  resBt- 
ance  which  is  not  a  reciprocating  force ;  in  other  words,  against  on 
irreversible  or  passive  resistance. 

jtrow  it  has  been  proved  by  experiment,  that  all  work  performed 
against  passive  resistances  is  accompanied  by  tlie  production  of  on 
equal  amount  of  energy  in  a  different  form  (as  when  friction  pro- 
duces heat) ;  therefore  the  total  internal  energy  of  a  system  of  bodies 
cannot  be  changed  by  their  mutual  actions. — Q.  E.  D. 

Although  tliis  law  has  become  known  in  the  first  instance  by 
experiment  and  observation,  it  can  be  shown  to  bo  necessary  to  the 
tHjrniautut  exidtcnco  of  the  universe  as  actually  constituted. 

566.  CoiiMon  is  a  pressure  of  inappreciably  short  duration  be- 
tween two  bodies.  The  most  usual  problem  in  cases  of  oollision  is, 
when  two  bodies  wVwfc  ToaaacA  kc*.  \5«wvTv\ove  before  the  collision 
ill  one  straight  Una  'vttXi  ®.N»i\i  NAat\^;wa^asiV\VNfc\«iS3^iaKa».\ft  ^twI 
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their  velocitiea  after  the  collision.  The  two  botliea  form  a  system 
whoso  i^nltATit  monicntuia  aud  ioteroal  energy  are  each  lumltereci 
t>y  the  collision;  but  a  certain  fmction  of  the  internal  energy 
(liaappcftts  as  viHiblo  motion,  and  appeara  as  vibmtion  and  heat. 
If  the  bodies  are  equal,  similar,  and  i>erfectly  elastic,  that  fraction 
i»nothiug. 

Let  m,f  m,,  be  the  maases  of  the  two  bodies,  and  V],  u„  their 
velocitiea  before  tho  collision,  whose  directions  should  be  indicated 
by  their  signe.  Then  the  velocity  of  their  common  centre  of  gm- 
vity  la 

»%)  =  • ; (1.) 

And  this  is  not  altci'cd  by  the  coUi^ou ;  neither  is  the  external 
wwryy,  whose  amount  is 

^                                 ("•.  +  •».)  *! (2.) 
irUemal  energy  of  the  system  of  two  boclies  is 
TO,  (u,  -  Uo)'^m,  (k,  -*<p)'  .-. 

3 "^ 2  W 
m  the  bodies  strike  together,  tliis  actual  internal  energy  is 
expanded  in  altering  the  figures  of  the  bodies  at  and  nt'ur  their 
surface  of  contact,  in  opposition  to  their  clastic  force.  Ho  soon  ati 
the  relative  motion  of  the  bodies  has  been  thus  stopped,  the  elastic 
force  begins  to  restore  their  figures,  and  drive  them  asunder;  and 
if  they  were  equal,  similar,  and  perfectly  elastic,  it  would  reproduce 
all  the  energy  of  relutive  motion  given  by  the  formula  3,  so 
that  the  bodies  would  separate  with  velocitiea  relatively  to  their 
common  centre  of  gravity,  equal  and  opposite  to  their  original 
velocities  relatively  to  that  point ;  that  is  to  say,  with  the  velocities 

relatively  to  the  common  centre  of  gravity,  and  the  velocities 

r,  =  2«,-tt„r.  =  2«o-t4„ (4.) 

relatively  to  tho  earth.  But  as  a  certain  proportion,  which  may  bo 
denotcfl  by  1  —  k%  of  the  internal  actual  energy  takes  the  forms 
of  internal  vibmtion  and  of  heat,  the  internal  actual  energy  due  to 
visible  motion  after  the  collision  is 

f  m,  (til  -"«)'   1  **  "^  («.-««)  ,_ . 

^  2  '^  2 ' ^'^•' 

B  the  velocities  of  the  bodies,  relatively  to  their  common  ooutre  of 
gravity,  after  the  collision,  are 

L_ 
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and  their  velocitjcs  relatively  to  the  earth  are 

v.  =  (l+ifc)tio-i«,;v.==  (!+*)«,-*«, (G.) 

ShoiUd  tho  bodies  be  perfectly  softy  or  inelasiiCf  ^  =  0 ;  in  which  case 

»!=».'=  «o; (J) 

that  is,  the  bodies  do  not  i\y  asunder,  but  pntceed  togfttlRV  witb  t!t 
velocity  of  tliiir  common  centre  of  gravity.    {Ste  Addendum,  p.  ;j  1 

567*    Tho  AcUon  «r  Unbalancrd  External  Forces  on  A  STStCIO. 

bodies,  considered  as  a  wljolc,  is  to  vary  thu  resultant  moment 
and  the  resoltant  angular  mnmontum.  It  h^fi  been  shown 
Article  CO,  that  every  sj'stem  of  foi-ces  can  be  w^duoed  to  ft 
force  and  a  couide.  The  system  of  forees  applied  to  a  ^re 
bodies  is  to  be  reduced  to  a  single  foix%  acting  tlirongh  the  centre 
of  gravity  of  Uie  system,  and  a  couple,  as  shown  in  eqiuuions  5.  6, 
7,  y»  of  Article  60 ;  then  in  a  given  interval  of  time,  the  variotimi 
of  ix'sultant  momentum  of  the  system  is  equal  to  and  in  t3ie  dia-c- 
tioii  of  tho  impulse  of  tho  single  resultant  force,  and  the  varialioa 
of  angtdar  momentum  is  equnl  to  the  angular  impalstsy  and  ahaoA 
tho  axis,  of  the  resultant  cmiple. 

To  express  this  by  geuend  equations,  let  the  components  of 
momentum  of  any  mass  m  belonging  to  the  system,  whose 

gulor  co-ordinates  arc  x,  y,  c,  be  m  ,  -,  m  -.  ,  m  t^.     Th 

rates  of  variation  of  these  components  are 

iPx        d'y        d'z 
'"d?''"rf?'"*rf? ■ 

Also,  the  rectonguhir  components  of  the  angular  momentnm  of' 
are 

abo«t^m(y^-xJ-f); (1) 

vhoae  rates  of  variation  arc 


m 


-(a) 
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F„  F^  Frt  be  the  oomponente  of  the  force  externally  applied 
B  point  vhose  co-orclinatea  are  or,  y^  z.     Then  by  the  equality  of 
the  resnltant  impulse  to  the  variation  of  resultant  momentum. 


(*■> 


,{,(K.-.|-)-.(^-.g)}=0, 


(5.) 


L      uie  n 

^BlTid  by  the  equality  of  the  resultant  angular  impulse  to  the  varia- 
^Btion  of  the  resultant  angular  momentum, 

The  use  of  those  equations  is  to  determine  the  effect  of  a  given 

Iayatem  of  external  forces  on  a  system  of  botUea  when  the  relationa 
amongst  the  motions  of  those  bodies  are  known,  without  taking  into 
consideration  the  iutcnial  forces  acting  between  the  bodies,  whieJi 
latter  foi*cc8  it  is  sometimes  ditBcolt  or  impossible  to  determine  until 
the  pfft'ots  of  the  cxtemid  forces  have  first  becu  found 
5G8.  DvirrmlKalloa  of  ihe  iMicraal  Fakm. — When  the  relationa 
|%vluch  exist  between  the  motiuu  of  the  system  as  a  whole, — that  is, 
its  resultant  momentum  and  angular  momentum, — and  the  motions 
of  the  several  bodies  of  which  it  consists,  are  fixwl  by  cinematical 
principles,  then  tJiB  motion  of  each  body  can  be  determined  when 
the  externally  applied  forces  are  known.  Then  i/]  from  tfte  foTc& 
txtemuUy  applietl  io  «wrA  Aorfy  a<  each  wwrfoji/,  tJtere  is  taken  away 
tlte  force  remind  to  produce  t/ie  cltoft^e  of  motion  of  iAe  body  tchich 
takes  place  at  that  itistant,  tlie  reniaiiider  must  be  balanced  fry,  and 
\  equal  and  opposite  to,  the  internal  force  actint/  on  tJie  body  in  ques- 
\ti4m;  and  this,  which  is  the  principle  op  D'Alembert,  sen'es  to 
determine  the  internal  forces.  Using  the  notation  of  the  last 
Article,  the  components  oi'  tJie  internal  force  applied  to  a  given 
body  of  the  system  are 


dt* 


d^ 


F.;m^^-F. 


669.  Bf^Mnai  Exirmai  Forrnh — If  tho  resultant  external  force 
acting  through  the  centre  of  gravity  of  a  system  of  bodies  be  su\v 
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posed  to  be  divided  into  ]iarallel  ooraponcnta,  eacli  ap|iUcJ  to  om 
of  tlie  bodies  and  proportional  to  the  mass  of  the  body  to  which 
is  applied,  such  will  be  the  sptem  of  ejiternal  forces  required  to 
make  all  the  bodies  of  the  S3r8tem  hare  equal  and  ])arallcl  motions 
at  each  instant  in  common  with  their  centre  of  gi^vity.  Then  if 
the  forces  so  determined  be  taken  away  from  the  forces  actuallj 
applied  to  the  several  bodies,  the  residual  external  forces,  being 
combined  with  the  internal  forces,  will  constitute  those  force* 
which  regiilate  tiie  motions  of  the  bodies  i*elativoly  to  their  com- 
mon centre  of  gravity  considered  as  a  tixed  ]x>int. 

Addekdum  to  Abticle  5GG,  page  510. 

('«liui«a. — It  was  formerly  supposed  that  the  disappearance  of 
energy  after  collision  was  wholly  due  to  imperfect  elasticity,  and 
that  any  two  perfectly  elastic  bodies  would  fly  asunder  after  col 
lision  with  a  relative  velocity  equal  to  their  relative  velocity  of 
approach  before  collision.  But  M.  de  St.  Venaut  showed  that, 
except  when  the  bodies  are  similar  and  equal,  a  certain  quantity  of 
energy  disappears,  even  in  jierfectly  elastic  bodies,  in  producing 
internal  \-ibnttionR  nf  each  body.  Tlio  value  of  the  co-efEcient  l, 
being  the  ratio  of  the  relative  velocity  of  the  recoil  to  tliat  of  the 
approach,  in  the  case  of  a  pair  of  ]>erfeot1y  elastic  pritimatio  hats, 
striking  each  other  endwise,  is  given  as  follows :  let  a^  and  Oj  be 
the  lengths  of  the  bars;  p^  and  /j^  their  weights  per  unit  of  length; 
^j   and  «g   the   velocities  of  the  trausmissiun  of  sound   (that  id. 

of  longitudinal  vibrations)  along  them;  let—^  .^  -^ 
*.  j>,  -*£r  «a  fj- ;  in  other  words,  let  -'  ,^  -^  and 


and  also  let 


hPi-^^iPi'^ 


a 


"a 
Pi 

P,' 


then 


^  =  2 


P%H 


PxH  +7>9*j 


1 


.(8.) 


As  to  the  velocity  of  sound,  see  Article  615,  page  563.  The 
p;\por  of  M.  de  St.  Veuant  is  published  in  full  in  the  Journal  de* 
MaUi€fiiaU.x<jue8  pnrea  et  appliquees,  1  ^Cu  ;  and  an  abstract  in  English 
of  the  more  tuiuiplc  of  its  results  in  The  Engineer  for  the  Idth  Feb- 
ruary 1867. 


^ 


5V$ 


CHAPTER  m. 


BOTATZONS   OF   BIQID    BODIE& 


I 
I 


The  Bf  ocioa  of  a  nig^4  Bodr,  or  of  a  bodr  vhicb  ftcnsn>1y 
proserres  the  same  figure,  hoB  already  bec*n  shown  in  Pait  ML, 
Chapter  IT.,  to  be  always  cajmblu  of  being  resolved  at  each  instant 
into  a  translation  and  a  rotation;  and  by  the  aid  of  the  pt-inciplea 
explained  in  Section  3  of  tliat  cliapter,  the  compimcnt  rotation  can 
always  be  conceived  to  take  phice  a1>out  an  axis  travenung  tlie 
centre  of  gravity  of  the  body,  and  to  be  combined,  if  uecessary, 
with  a  translation  of  the  whole  body  in  a  curved  or  sti'aight  path 
along  with  its  centre  of  gravity.  The  variations  of  the  vtomen- 
tum  of  the  translation,  whether  in  amount  or  in  direction,  are 
due  to  the  resultant  force  acting  through  the  centre  of  grav-ity 
of  the  body,  and  are  exactly  the  same  with  those  of  the  momen- 
tum of  the  entire  mass  if  it  were  concentrated  at  that  centre; 
the  variations  of  the  angular  moTnentum  of  the  rotatioD  are 
due  to  the  resultant  couple  which  is  combined  with  that  re- 
sultant force.  The  \'ariatious  of  actual  eneryy  arc  due  to  both 
causes. 

When  the  translation  of  the  centre  of  gravity  of  a  rotating  body, 
and  its  rotation  about  an  aaus  traversijig  that  centn\  are  known, 
the  motion  of  every  point  in  the  body  is  determined  by  ciuematical 
priuciples,  which  have  been  explained  in  Part  III.,  Chapter  II., 
Section  3 ;  ao  that  by  the  aid  of  D'Alembcrt'a  principle  (Article 
£68)  the  internal  forces  acting  amongst  the  [>arts  of  tbo  body  can 
be  completely  determined. 

In  the  investigations  of  questions  respecting  the  motions  of 
rigid  bodies,  there  are  certain  quantities,  lines,  and  point*,  de- 
peitding  on  the  figures  of  the  bodies,  the  mode  of  custribution 
of  their  maases,  and  the  way  in  which  their  motions  are  guided, 
whose  use  facilitates  the  understanding  of  the  subject  and 
the  computation  of  results,  and  which  are  related  to  each  other 
by  geometrical  principles.  These  arc,  momarUa  of  inerliat  radii 
of  tjyrationj  viomenis  of  devitUioTij  und  cetUrcs  of  pcrcnissum. 
Their  geometrical  relations  are  considered  in  the  following  sec* 
tion. 

2l 


rooi'ciPLEff  or  dtxakics. 


Section  1. — On  MomenU  of  Jnertie^  Radii  of  Gyration,  MomenU 
IhviaUtm,  and  CerUret  of  Percuaaion, 

57 1 .  The  iriMKCBi  or  iNoUa  of  an  indefinitely  Email  body,  or 
"physical  point,"  relatively  to  a  given  axis,  is  the  product  of  the 
nasft  of  the  body,  or  of  Bome  quuitity  proportional  to  the 
Buch  aa  the  weight,  into  the  square  of  its  pcrpcudicukx  distance 
Irom  the  axis :  thus  in  the  following  equation  :— 

I  ^       Wr» 

-  =  mr  = , 

ff  9 


t  IB  the  perpendicular  distance  of  the  mass  m,  nlMne  'weight  is  W, 
from  a  given  axis;  and  the  moment  of  inertia,  according  to  the 
unit  employed,  i«  either  I,  or  I  —  j;  the  former,  when  tl»e  unit  ia 
ihe  moment  of  inertia  oS  an  unit  of  weight  at  the  end  of  an  arm 
whoee  length  is  unity;  and  the  latter,  when  the  unit  is  the  moment 
of  inertia  of  an  unit  of  mass  at  the  end  of  the  same  arm.  For  the 
purposes  of  applied  mechanics,  the  former  is  the  more  convenient 
unit,  and  will  be  employed  in  this  treatiwt 

By  ua  extension  of  the  term  "  moment  of  inertia,**  it  is  a^tplied 
to  the  product  of  any  quantity,  such  as  a  volume,  or  an  area,  into 
the  square  of  the  distance  of  the  point  to  which  that  quantity 
relates  from  a  given  axis,  as  has  already  been  exemplified  in  Article 
95,  and  in  the  theory  of  resistance  to  bending ;  but  in  the  Temainder 
oi  this  treatise  the  term  will  be  used  in  its  strict  sense,  and  acoocd- 
ing  to  the  unit  of  measure  already  specitied ;  that  is,  in  BritiA 
measures,  moment  of  inertia  will  bo  expressed  by  the  product  of  a 
certain  number  of  pounds  avoirdupoig  into  the  aquare  of  a  oertaxn 
number  ofyiet 

The  geometrical  relations  amongst  moments  of  inertia,  to  which 
the  present  section  refers,  are  independent  of  the  unit  of  measure, 

072.  The  n«m<>ai  wr  iMtwiia  ar  m  nraicm  of  Pkr^irai  p*iBtB,  relft' 
tirely  to  a  given  axis,  is  the  sum  of  the  moments  of  inertJa  of  the 
several  points ;  that  is, 

I  =  1  •  W  r» (L) 

573.  The  Moweat  of  laenla  m€  m  Bl«id  B*^  is  the  sum  of  the 

moments  of  inertia  of  all  its  parts,  and  is  found  by  integration ;  that 
is,  by  concei\nng  the  body  to  be  divided  into  gmJall  jiarte  of  regular 
fi^re,  multiplying  the  mass  of  each  of  those  parts  into  the  sq\iaro 
Ot  the  distance  of  its  centre  of  gravity  ftx>m  the  axis,  adding  the 
products  together,  and  finding  the  value  towards  which  their  sum 
converges  when  the  size  of  the  sumll  jjarts  is  indetinitely  diminished. 
For  example,  let  i\L«a  V)Ot^  \>&'  c^\u:^'v%^^ANA\ivu\!it'<^i^  qC  wanbingnlAr 


1 


uoiuorr  or  iKsaru. 
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molecules,  wliose  dimenBions  are  d  x,  dy^  and  d  Zj  thti  rnlnTne  of 
each  d  g  d  If  d  Zj  tmd  tho  mass  of  unity  of  volume  to.     Then 


=  /// 


d  xd  y  d  z (1.) 


Heuoe  foUows  the  general  principle  wbicli  will  afterwards  be 
aUnstrated  in  special  caaee,  that  propoaitiona  relative  to  tlie  geome- 
trical relations  amongst  the  moments  of  inertia  of  systems  of  points 
are  made  applicable  to  contiouous  bodies  by  substitutiog  integration 

ibr  ordinaiy  summation;  that  is,  for  example,  by  patting   /  /  / 

ibr  5,  and  w  •  dx  dy  d  zicw  W. 

574.  The  R«M«a  m€  Ormui««  of  a  body  about  a  given  axis  is  that 

length  whose  square  is  the  iMon  of  nil  th^  sfpiareg  of  the  distances 
^  of  the  indefinitely  small  equal  particles  of  the  body  6x)m  tho  axis, 
^K  and  is  found  by  dividing  the  moment  of  inertia  by  the  mass,  thus, 

I 


f=-T 


W 


a- Wt^ 

3*W    • 


When  symbols  of  integration  are  used,  this  becomes 
/  /  /  v^io'dxdydz 
/  /   /  w • dxdydz 


.(1.) 


(a) 


675.  c«M|»«i«iia  •r  n«mroi  of  lamia. — Lot  the  positions  of  the 
particles  of  a  body  be  referred  to  three  rectangular  axes,  one  of 
which,  0  X,  is  that  about  which  the  moment  of  inertia  is  to  be 
token.     Then  the  square  of  the  radius  vector  of  any  particle  is 

f  f'  =  *'  +  «'; 

80  that  the  moment  of  inertia  round  the  axis  of  z  is 

I,  =  s  •  W  y«  +  X  •  W  «•; (I.) 


ihat  is  to  say,  the  mommi  qf  inertia  of  a  body  round  a  given  axM 
may  ha  found  by  adding  tog^Jicr  the  turn  of  Out  prodxtcte  of  the  manses 

the  particles,  each  multiplied  by  the  square  of  each  of  its  diBlanceg 

a  pair  of  planes  cuttiny  eaclt  otlier  ul  rigid  angles  in  t/ie  given 

axts. 

In  the  same  manner  it  may  be  shown  that  tho  moments  of 
inertia  of  the  same  body  round  tho  other  two  axes  are  given  by  the 
equations 


k 


I,  =  3W««  +  5W»';  l.  =  j-Wa?-V^-^  tf."^ 
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d76.    M*airni»    of   iMflvtis    Rovad    PanUlel    Asea    Cahii 

Theorem.  Tiie  moment  of  inertia  of  a  body  ahoui  any  given 
is  equal  to  its  moment  of  ineriia  about  an  axis  traversiiig  its  centn 
o/gravitj/  parol  lei  to  the  given  axiSt  added  to  (he  moment  q/inertU 
<iitout  tfu!  ffiren  axis  due  to  Ute  tohoU  ftuus  of  the  body  concentrated  at 
its  <!enlTe  of  gravity. 

Take  the  gireu  axis  for  the  axis  of  x,  and  any  two  planes  tn- 
versing  it  at  right  augles  to  each  other  as  the  plaues  of  x  y  uid 
2  x;  then,  as  in  the  preceding  Article,  j 

I,  =  x*  Wy«+s  -Ws*. 

Let  yn»  2fli  oe  tlie  perpendicular  distances  of  the  centre  of  gravity  of 
the  body  from  the  two  oo-ordinat«  planes  before  mentioned ;  con- 
ceive a  new  axis  to  traverse  that  centre  of  gravity,  paraUel  to  the 
given  axis;  let  two  co-ordinate  planes  parallel  to  the  original 
oo-ordinatc  planes  traverse  that  now  axis;  and  let  y,  V,  be  the 
porpoiidicnlar  distances  of  a  given  particle  from  those  new  oo- 
ordinato  planes.     Then 

y  =  y«H-y';  s  =  «(.  +  «'; 

and  iutrodncing  those  values  of  the  onginal  co-ordinat6B  into  tho 
^-alue  of  I„  we  find 

I, = 1  ■  w  (yo + y)' + » •  w  (Co + *r 

nt  because  r/  and  z'  are  the  distances  of  a  particle  from  phmee 
traversing  the  centre  of  gravity  of  the  body, 

»    WyzsO;  3  -Wtf  =0; 

and  the  preceding  equation  is  reduced  to  the  following : — 

I.  =  (2/S  +  ^)  3  W  +  2  •  W  (3/-  +  *^ (K) 

which  exprewes  the  theorem  to  be  proved. 

This  theorem  may  be  more  brieBy  expressed  as  follows: — Let 
I^  be  the  moment  of  inertia  of  a  body  about  an  axis  traversing  its 
centre  of  gravity  in  any  given  direction,  and  I  the  moment  of 
inertia  of  Uic  same  body  about  au  axis  parallel  to  the  former  at  Uie 
[>erpendicular  distance  r^;  then 


I=:r!sW  +  I. 


.(3.) 


An  analogous  proposition  for  sur&oea  has  been  demonstrated  in 
Ai-ticle  95,  Theorem  V. 
CoROLiAKY  L  'XVe  T«id^^sA  cR  ^Ttt-NaRrti  ^s^O^  ^  **  bodY  about  *ny 
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axift  is  equal  to  the  hypothiMiniw  of  a  right-angled  triangle,  of  which 
the  two  legs  are  respectively  equal  to  the  radiuH  of  gyration  of  the 
hndy  about  an  axis  travorwng  the  centre  of  gravity  parallel  to  the 
given  axis  {fX  and  to  the  {x^rpcndicular  distauce  between  these  two 
axes  (r^).     That  is  to  say, 

(  «'=»•;+«; (3.) 

ConotLAiiT  IL  The  moment  of  inertia  of  a  body  about  an  axis 
traversing  its  centre  of  gravity  in  a  given  direction,  is  less  than  the 
moment  of  inertia  of  ibe  same  body  about  any  other  axis  parallel 
to  the  firet. 

Corollary  IIL  Tlio  momenta  of  inertia  of  a  body  alwxit  all 
axes  parallel  to  each  other,  which  lie  at  equal  distances  from  its 
centre  of  gravity,  are  equal, 

577.    Combined  ITIoinFiita  af  iHrrlln.  —  THEOREM.      The  COTt^ned 

moment  of  inertia  of  a  rigidly  amnccted  ej/stem  of  bodies  about  a 
given  a^cis,  is  equal  to  the  combined  tnoment  of  inertia  which  tfte  81/8' 
tem  would  ftave  about  (he  given  axie,  if  each  bod  if  were  eoncenirated 

ItU  iU  oum  centre  o/gravity^  added  to  (lie  sum  of  the  seoeral  momerUe 
of  inertia  of  the  bodies,  about  axes  traversing  Uieir  respective  cadres 
of  gravity,  parallel  to  the  given  axis. 

Let  "W  now  denote  the  mastn  of  one  of  the  bodies,  I„  its  moment 
of  inertia  about  an  axis  traversing  its  own  centre  of  granty  parnllel 
to  the  given  common  axis,  and  r^  the  distance  of  its  centre  of  gravity 
from  that  common  axis.  Then  the  moment  of  inertia  of  that  body 
abont  the  common  axis,  according  to  Article  57C,  equation  2,  is 

Cnnpeqnpntly,  the  combined  moment  of  inertia  of  the  system  of 
bodies  is 


i 


Xl  =  3 


wr;  + 


jL 


.(1.) 


k 


— Q.E.D. 

A78.    ExnMpIn  *r  nonacBU  mt  Inrrtia  and  Budll  «r  Grnilioa  of 

homogeneous  bodies  of  some  of  tlie  more  simple  and  ordinary 
Bgures,  are  given  in  the  following  tables.  In  each  eaB«,  the  axis  la 
supposed  to  traverse  the  centre  of  gravity  of  the  IkmIv;  for  the 
principleji  of  Article  576  enable  any  other  case  to  bo  etisily  solved. 
The  axes  are  also  supposed,  in  each  case,  to  be  axes  of^fmmetry  of 
the  figure  of  the  body.  In  subsequent  Articles,  it  will  be  showna 
what  relations  exist  between  the  momenta  of  inertia  of  the  same 
body  about  axes  traversing  it  in  diflVrent  directions. 

The  column  headed  W  gives  tho  msss  of  tlie  body;  that 
headed  I^  gives  the  moment  of  inertia;  that  headed  tl,  tho  square 
of  the  radius  of  gyration.  1'lie  tn&ae  of  an  unit  of  volume  is  in 
each  case  denoted  by  ic 


DODT. 


I.  Sphere  of  ndiu  r, 


IL  Spheroid  of  rerolalion— > 
|>oUir  teml-axis  a,  eqiu- 
turUl  r«<UttS  r^ 


HL  Elllpioid  —  semi-uceK,  a, 
A.e, 


IV.  Spherical  shell — external 
radiua  r,  internal  r',.... 

y.  S|)bfrical  bIioII,  inaensiUy 
thlo  —  radliu  r,  thick- 
««*■, 


VI.  Circular  cylinder — length 
2(1,  radius  r, 


YIL  EOlptio  cylicder— length 
2a,  tniuveno  semi-axes 
*,c, 


yill.  Hollow  circular  ojlinder— 
length  2a,  external  m- 
dius  p,  iaternol  r' 


IX.  Hollour  circular  cylinder, 
insensibly  tluii  —  len^fth 
2a,  radius  r,  thicknosa  (ir, 

X.  Circular  cylinder — length 
2a,  radius  r, 


XI.  Elliptic  cvlinder — length 
2u,  traasverse  semi-axes 
^c 


Xn.  Hollow  cirpularoy tinder- 
length  2a,  external  ra- 
dlua  r,  Internal  r', 


XUL  Hollow  drcolar  cylltider, 
insensibly  ihia  —  radius 
r,  UilcLoeas  tfr-|..„. 


XIV.  Beetangular  prism  — di- 
mensions 2a,  2A,  2e...... 


Dioaieter 

Polar  axb 

Axis,Sa 

DUoMtar 

Diameter 


Longitadiiul 
2a 


3 

a 

4<rwa(e 


XV.  Ehomliic  prism  —  length 
2a,  diagonals  Sd,  2c, 


LongiEudinal 
uls,  2a 


Longitodiaal 
axis,  2a 


Longitudinal 
axis,  2a 

TransTcrsc 
diameter 


Transverse 
axis,  2b 


Transverse 
diameter 


TraTwreiaa 

diameter 


Axis,£a 
Axis,  3a 


iwm'tk 


2rtwCr"— O 

i^toordr 

2, Mr* 

irvobc 

nM(r*-VO 


8waba 


16 


2 


»iftP^(Sr^  +  4a*) 
6 

rttwAcC3c*  +  4B*) 


/XVX  Rhombic  prtam,  naAtrrt^Wva-EcwviLVW, 


'mCSH  +  jaV)dr 

8 

a 

3 


A 
6 

6V-0 
S 

1 


4*1 


4      *3 


Uk 


MOHram  or  xhebiu. 


679.    Hsoievta   •€  iBerfto   f<M«d    hy 

[£ftch  of  the  solids  mentioned  ui  the  table  of  the  preceding  Article 
«&n  be  divided  into  two  equal  and  syminetrical  halves  by  a  plane 
[perpendicular  to  the  axia.  The  radius  of  grration  of  each  of  those 
halves  is  the  some  with  that  of  the  original  Ewjlid.  Each  of  the 
[aolids  can  also  be  divided  into  four  equal  and  sTmnietncal  vedgea 
W  sectora  by  pluueu  traversing  the  axis,  and  thosu  which  are  solids 
solution  can  bo  divided  into  an  unlimited  Dumber  of  such 
or  sectom  The  nuiius  of  gyration  of  eadi  such  sector  about 
original  axis,  which  forma  its  edge,  is  the  same  with  that  of 
the  original  solid. 

To  tind  the  radius  of  gyration  of  any  such  sector  about  an  axis 
pArallel  to  its  edge,  the  original  axis,  and  travening  the  centre  of 
gravity  of  the  sector,  let  r„  be  the  difitance  of  that  centre  of  gravity 
from  the  original  axis,  ^q  the  radius  of  ^^yration  of  the  original  solid, 
and  f'o  the  radius  of  gyration  of  tJie  sector  abotit  tlie  new  axis  in 
question  j  then  from  Article  d76,  equation  3,  it  follows  that 

fi=i-^. (1.) 

ExamjUe.  In  case  15  of  Article  578,  the  square  of  the  radius  of 

gyration  of  a  rhombic  prism  about  its 

6*  +  c 
longitudinal  axis  is  found  to  be  — x- , 

h  and  c  being  the  two  semi-diagonals. 
Xet  fig.  238  represent  such  a  prism, 
And  let  A  be  one  end  of  its  longitu- 
dinal axis,  and  BAB  =  26,  OXC  = 
2  c,  it«  two  diagonals.  Divide  the  prism  into  four  equal  right- 
angled  triangular  prisms  by  two  planes  traversing  the  diagonals 
and  the  longitudinal  axis  ;  the  radius  of  gyi-ation  of  each  of  thosd 
prisms  about  that  axis  is  the  same  with  that  of  the  original  prism. 
Bisect  B  C  in  D^  and  join  AD,  in  which  take  r,=  AE  =  §AD  = 


Fig.S38L 


iSO=N!^ 


then  £  is  the  extremity  of  a  longitudinal  axis 


traversing  the  centre  of  gravity  of  the  triangular  prism  ABC,  and 
the  radius  of  gyration  of  that  prism  about  that  new  axis  is  given 
by  the  equation 

^S-^-^^-      6  9      ~     18    ^    ' 

580.  SlMueBia  9f  iBcnla  ibnnil  bf  Tmnaforaiatlfla^^Tho  moment 
of  inertia  and  radius  of  gyration  of  a  body  about  a  given  axis  are 
not  changed  by  any  transformation  of  its  figure  which  can  be 
effected  by  shifting  its  particles  parallel  to  the  given  axis  ;  and  tha 
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radiuB  of  pryration  is  not  altered  by  altering  the  dimenBioni  of  tbft 
body  parallel  to  tbo  axis  in  ft  constant  ratio  ,  for  example,  in  c*8M 
1  and  2  of  Article  578,  the  raditis  of  gymtion  of  a  spheroid  about 
it6  poliir  axis  is  the  some  with  that  of  a  sphere  of  the  same  eqoA^ 
torml  radius. 

If  the  dimensions  of  a  body  in  all  directions  transverse  to  th« 
axis  are  ftltcrc<l  in  a  constant  ratio,  the  radios  of  gyration  is  altered 
in  the  same  ratia 

If  the  dimensions  of  a  body  transverse  to  its  axis,  in  two  direo- 
tiuus  |>orpcudicular  to  each  other/ore  altered  in  different  ratios ; 
for  examplo,  if  tho  dimeneions  denoted  by  i/  are  altered  in  the  ratio 
M,  and  the  dimensions  drnoted  by  s  in  the  ratio  n,  then  the  radius 
of  gyration  {  of  the  original  body  is  to  bo  conceived  as  the  hypo- 
theuuHO  of  a  right-angled  triangle  whose  sides  are,  n  paiaUel  to  y, 
and  {  parallel  to  ;,  and  are  givim  by  the  equations 

'•Wy'.   ^^»W«>.     (ij 


iW 


jW 


the  radius  of  gyration  ^  of  the  transformed  body  will  be  the 
hypotheuuse  of  a  new  right-angled  triangle  whose  side:9  arc  m  n  and 
^ ;  that  is  to  say, 


+  n'f. 


(2.) 


This  method  may  be  exemplified  by  deducing  the  radius  of  gyration 
of  an  ellipsoid  about  any  one  of  its  axes  (Article  678,  case  3)  from 
that  of  a  sphere  {ib.,  case  1). 

581.  The  CrniMi  of  Prrmuiaa  of  a  body,  for  a  ffiveu  axis,  is  a 
point  so  situated,  that  if  part  of  tlie  mass  of  the  body  were  coneen- 
trate<1  at  that  i>oint,  and  the  remaiiiJcr  at  the  |)olut  directly  oppo- 
■ite  in  the  given  axis,  the  statical  moment  of  the  weight  so  distri- 
buted (Artielo  42),  and  its  moment  of 
inertia  about  the  given  axis,  would  bo 
the  same  as  tliose  of  the  actual  body 
in  every  position  of  the  body. 

In  iig.  23!)  let  XX  be  the  given 
axis,  and  G  the  centre  of  gravity  of 
the  body.  It  is  eWdent,  in  the  first 
place,  that  the  centre  of  percussion 
must  be  somewhere  in  the  perpendi- 
cular C  G  B  let  fall  from  the  centre  of 
gravity  on  the  ^vcn  axis.  Secondly. 
in  order  ,tluit  the  statical  moment  of 
the  whole  mass,  concentrated  partly  at 
C,  and  partly  at  the  centre  of  percus- 
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won  B  (stiU  vinknowTi^,  xoxj  \sft  \Kc  namsi  ^Sl\i  iWt  of  the  actual 
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body,  the  centre  of  gravity  must  bo  unaltered  by  tbat  ct>ncen- 

ttratioQ  of  mass ;  tlmt  u  to  say,  the  massui  cuucculiutod  at  B  and 
C  must  be  inversely  aa  the  distasceJi  of  tho8«  points  from  (i. 
Heuce  deootbg  the  weiglits  of  thoec  massea  by  the  letters  B  and 
C  respectively,  and  the  weight  of  the  whole  body  by  W,  we  Iiave 

I  the  proportion 
W  :  C :  B  :  :  BC  :  OB  :  <TC (1.) 
Lastly,  in  order  that  the  moment  of  inertia  of  the  xuiuu  ua  supposed 
to  be  concentrated  at  B  and  C,  about  the  axis  X  X,  may  be  the 
same  with  that  of  the  actual  l)ody,  we  mu^t  liavo 
K                        BBC'  =  Wi"=W(e«  +  f^ (2.) 

■where  ro=  G  C,  and  ^o  is  the  mdius  of  gyration  of  the  body  about 
an  SLxis  parallel  to  X  X  and  traversing  G  :  and  Bnl^tituting  fur  B 
its  value  from  eqoation  1,  viz.,  B  =  "Wr^-^  B  C,  wo  find,  for  the  dis- 
tance of  the  centre  of  pci'cussion  from  the  uxis, 

BC  =  i'  =  -^  +  r.; (3.) 

and  for  ita  distance  from  the  centre  of  gravity, 

GB  =  BC  —  ro  =  2» (4.) 

The  last  equation 'mfty  also  be  expressed  in  the  form 

GB  -  GC  =  €? ; (5.) 

which  preserves  the  samo  value  when  GB  and  GC  are  inter- 
changed ;  thus  showing,  that  if  a  new  axis  parallel  to  the  original 
axis  XX  be  made  to  traverse  the  original  centre  of  {icrcusaion,  the 
new  centre  of  percussion  is  the  point  C  in  the  original  axis. 

The  pi'oi>ortion  in  which  the  mass  of  the  body  is  to  be  considered 
as  distributed  between  B  and  C  takes  the  following  form,  when 
each  of  the  last  three  terms  of  the  proportion  1  is  multiplied  by 
r»=GC:— 

W:C:B::«3  +  ti:e;ir; (C.) 

The  preceding  solution  is  represented  by  the  following  geometrical 
construction : — Draw  G  D  J.  C  G  and  =  {,, ;  join  C  D,  perpendicu- 
lar to  whicli  draw  I>  B  cutting  C  G  produced  in  B ;  this  point  is 
the  centre  of  percussion. 

Also,  C  D  =  f,  the  radius  of  gyration  about  X  X  ;  and  I>  B  is  chtt 
radius  of  gyration  about  an  axis  traversing  B  |)arallel  to  XX 
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If  C£  1)6  token  =  CD,  E  is  sometimes  called  Uie 
GTltATlon  of  the  body  for  the  axis  X  X.* 
£62.   No  CMiire  « 


Tig.  2<0. 
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exUtii  -when  ibe  axis  tniTeraes  the 
centre  of  gravity  of  the  bod  v.  In,  that  case, 
the  statical  moment  of  the  body  is  nothing ; 
ani.1  an  equal  mass,  concentrated  and  uni- 
formly  distributed  round  the  circle  B6B, 
w}iose  radius  is  fo,  the  radius  of  gyration,  or 
at  a  set  of  symmetrically  arraoged  points  in 
that  circle,  bos  the  same  moment  oX  iuurtia 
■with  the  actual  body. 
583.  IHoMMMUi  of  laenia  about  iMrUaed  Ax««. — The  object  of 
present  Article  and  the  remaining  Articles  of  this  socrtiou  is 
show  the  relations  which  exist  amongst  the  moments  of  inertia 
a  body  about  axes  traversing  a  fixed  point  in  it  in  diflerent 
tioDs.  The  niuthcmaticul  processes  which  it  is  necessaiy  to  employ 
for  that  purpose,  though  not  very  abetrose,  are  Bomenrhat  oomuex 
and  the  reader  who  wishes  to  study  the  more  simple  parts  of  Um 
aubject  only,  may  take  the  conclusions  for  granted 

It  has  already  been  shown  in  Article  575  tlmt  the  moment  of 
inertia  of  a  body  about  a  given  axis  denoted  by  x,  is  given  by  th 
equation 

I.«Sy'  +  S5«; (L) 


in  which,  for  the  sato  of  brenty,  2  ■  W  has  been  replojceil  by  the 
single  symbol  S.  The  fixed  point  being  the  on^in  of  co-ordinates. 
let  S  K' be  the  sum  of  the  products  of  the  weight  of  each  particle 
into  the  square  of  its  distance  from  that  point  \  a  sum  which  is 
independent  of  the  directions  of  the  axia  Then  because  R*  =  a:?  + 
y*  H"  c',  the  moments  of  inertia  of  the  body  relatively  to  three  Tvt> 
tangular  axes  may  be  expressed  as  follows : — 


i 


I,=SR«-8a:«;  I,  =  SK«-Sy';  I.=  8R«-S^. 


Further,  let  the  three  sums  of  the  weights  of  the  psrtides  of  the 
body,  each  multiplied  by  the  product  of  a  pair  of  ita  co-ordinata^ 

be  thus  expresBod : — 

Syz;  Szsc;  Sxy (3.) 

These  will  be  called  Tncmenta  o/deviation. 

Now,  let  three  new  rectangular  axes  of  co-ordinate^  dstmitd 
^y  ^i  y»  ^f  traverse  the  same  fixed  point  in  the  body;  let  fcbs 
angles  which  they  make  with  the  original  axes  bo  denoted  by 

*  As  lo  the  ccnVna  cl  \icTC\vKwm  wA  ;rvT».^«i«*.  mA  ^Vnit  -nrniAHuble  poioli  In  t 
rieid  bodyi  Ue  a  m«BMi\x  \);f  1^  Vq^iuu>X.\&  lAOwaiUfch  ifnamalLVst  VbW, 
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(*.) 


k 


'\j    ^/    ^/ 

«af,  »y,  ^yj 

Then  for  any  given  particle,  the  new  co-oitllnatcs  are  thus  exproaaed 
in  terma  of  the  onginal  co-ortlinatea : — 


si  =, m '  OQ^  X ai  +  y  •coaya!'  +  «  •cos  ax',.-- (5*) 


and  analogouB  equations  for  y*  and  z*\  and  the  original  cD-urdiaaiea 
are  thua  expressed  in  terms  of  the  new  co-ordlDatea  :— 


x  =  a^*oosasa/  +  y  'cos  ay'  +  a*  'cos  ass';  Ac. 


■(«■) 


The  nine  angles  of  equation  4  are  connected  by  the  relationa  : — that 
the  sum  of  the  squares  of  the  cosines  of  any  three  angles  in  one 
line,  or  in  one  coltunn,  is  unity  ;  for  example. 


,    A  A  A 

COS-  xar  +  cos'xy'  +  C08'x5'=  1 ;. 


(7.) 


^ 


and  tliat  tho  sum  of  the  threo  products  of  the  pairs  of  cosines  of 
the  angles  in  a  pair  of  lines,  or  a  pair  of  columns,  is  nothing ;  for 
example, 

A  A  A  A  A  A 

oosyj^'coflsx'H-coflyy'-eoacy'-fcosyj  -cosaV  =  0....(8w) 

A  relation  deduced  from  the  preceding  is  this,  that  the  cosiuo  of 
each  angle  is  equal  to  the  difi'erence  between  the  binary  products 
of  the  cosines  of  the  four  angles,  which  are  neither  in  the  same  line 
nor  in  the  same  column  with  the  tirst,  these  binaiy  prodocta  being 
taken  diagonally  ;  for  example, 


A  A  A  A  A 

ooiia;g^  =  oosyy''co«s2f  -  cos  y^^ 'coa  zy!. 


...(9.) 

and  similarly  for  the  other  cosines. 

Now,  if  for  tho  new  co-ordiuates  a^,  ^,  s',  in  the  six  integrals, 

Sx",  3y",  8**,  Sya',  8*'x',  Sx'y', 

there  are  substituted  their  values  in  terms  of  the  original  oo-ordi- 
nates,  as  given  by  equation  5  for  x%  and  analogous  equations  for 
y'  and  sr*,  there  are  obtained  the  six  expressions  for  tliotte  integrals 
relatively  to  the  new  axes,  in  terms  of  the  integrals  relatively  to  tho 
original  axes,  and  of  the  cosines  of  the  nine  angles  between  tho 
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ftnd  their  existence  proves  the  existence  of  tlie  three 
raiNCIPAL  AXES  OF  INEllTIA. — Q.  E.  D. 

The  angles  wliicli  any  one  of  the  prinapol  axes  makes  with  tW 
three  oiiginal  axes  arc  given  by  the  following  equation^  which  ara 
deduced  from  the  equations  3  : — 


A 
COS  a;  SB) 


A 
cwyxi 


A 
C09£Xt 


1 


1 


I 


'(9(1^— Sa:')Sys  +  82x-Siy'(9a:I— 8y^8*«+8xy8ya 

X 

■  (S  a^  —  S  *•)  8  a;  3/ +  8  y  2  •  8  fi  « ■ 

Similar  eqnations,  substituting  y,  and  3,  sucoesaiTely  for  sci,  giv«  the 
ratios  of  the  other  two  sets  of  cosines. 

From  the  properties  of  the  roote  of  eqiiationSj  it  foUown^  that  tiie 
co-efficients  of  the  cubic  equation  4  have  the  following  Taloea  in 
terms  of  the  integrals  S  x?,  4e. : — 

A==Sa^  +  SyJ  +  S:^  =  SR"a3before; 

B  =  Syf -S^  +  SaJ -SaJ  +  Sxi'Sy;; 

0  =  Sir?-By;-8^; 

and  hence  it  appears,  that  the  functions  of  the  six  integrals  8  tr*, 
deuot<.Ml  by  A,  B,  and  C,  in  the  equations  5,  are  isotropic;  that 
are  the  same  in  magnitude  for  all  directions  of  the  rectangular 
of  Xy  y,  and  s. 

6S5,  euipmM  mf  wmrrttM, — Iict  the  principal  axes  of  a  body,  tro-l 
versing  a  given  point,  be  now  taken  for  axes  of  oo-onlinat^^ ;  and] 
the  moments  of  inertia  abont  them,  called  the  principal  momenU 
inertiaj  being  given,  and  denoted  by  I,,  I^,  I^,  let  it  bo  reqiured  tdl 
determine  the  moment  of  inertia,  I,  about  any  axis  traversing  the 
same  point,  and  making  with  the  priucijial  Axes  the  an^e  m^  0,y, 
Lot  co-ordinates  along  this  new  axis  be  denoted  by  x^  uid  aloof 
the  principal  axes  by  x„  y^  ;„  as  before. 

It  has  already  been  shown  that 

Sa*  =  co8»«  •SaJiH-oos'^-SyJ  +  co8"yS«J,„.(l. 
and  that 

I  =  SR"-S«?;  I|  =  SR'-Sxfj  I,  =  BR»-SyJ; 

I.  =  SR>-S«!; (2.) 

and  firom.  fheae  ec\QB.\ao\ia  ^^^ft  ^^Jiti-wvo^^*  ea*ily  deduced : — 


(3.) 
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8xiX  =  cosxar,  .Sa^-hcosy^Bi  ■Sa!y  +  cos zxi  'Sex; 

Bjc,  y  =  COB x*!  *S«y-i- cosy ar,  * S y* -j- coa s x,  'Sy*; 

8  jTi  2  ^  COS  xxi'Szx-\-  COS  y  X,  '  8  y  «  +  cos  s  X|  *  S  «?. 

Subtracting  the  equationB  2  and  2  A  from  thoso,  we  find  the  fol- 
lowing cqimtiona : — 

cosxXi{iix^  —  Bx^-\-coByXi'Sxff-{-co3xx,'Qsx  =  0] 
coexjr, 'Saiy  +  cosyx,  *(Sy*-8af?)  +  C064«i  -SyssO; 

cos  XX,  •  S  a  «  +  cos  y  a;,  •  S  y  ^  -f  cos  r  x,  (S  £*  —  S  z])  =  0. 

The  elimination  of  the  three  cosinea  from  theae  three  equations 
leads  to  the  following  cubic  equation  :^ 

(Sx;)»-A(S*0'  +  BSx?-C  =  O;. (4.) 

in  which  the  co-efficients  have  the  following  values  : — 

A  =  Sx*  +  Sy»-f-Sa»  =  SR'; 
B  =  Sy'-S£^  +  Ss*-Sa;"  +  Sx*-Sy- 

—  (Sy«)*  — (S*x)»  — (Sxy)';  [{^ 

C  =  Sx*'Sy»S«*-f-2Sy£S2xSxy 
—  S  x-  •  (S  y  «)'  —  S  y*  ■  (S  s  x)*  —  S  2*  (S  X  y)^. 

It  is  evident  that  A  is  always  positive.    By  considering  the  terms 
of  which  B  is  composed,  it  con  be  shown  that  it  is  equivalent  to 

S  (y  «'- *y)' +  S  (^x- -««')•+ a  (xy'-y*')'; 

Xf  y, «,  of  J  i/y  z\  being  the  co-ordinates  of  a  jtair  o/differeTii  particlesj 
and  the  particles  being  taken  iu  pairs  in  every  po.ssible  way;  and 
by  considering  the  terms  of  which  0  is  nuide  up,  it  can  be  shown 
to  be  equivalent  to 


S  (x  y  s"  +  a/  y"  5  +  re*  y  2*  ^  a;  y" 


x'^jz-ixlyzj; 


in  which  the  letters  without  accents,  with  one  accent,  and  with 
two  accents,  denote  the  co-ordinates  of  a  sot  of  three  different 
particles,  and  tho  {Articles  are  taken  in  triplets  in  every  possible 
way.  Hence  B  and  C,  being  both  sums  of  squares,  are  positive,  as 
well  as  A  ;  and  the  cubin  eqiintion  A  hns  Utrt^.  real  po/dtire  root^, 
corresponding  to  the  three  rectangular  axes  which  satisfy  the  con- 
ditions of  equation  1.    These  roots  are  the  vaiueaoC  >&x'^^\fu%^\ 


£28 


PRDTCIPLSS   OP   DTKAJHCS. 


J 


praWty  of  the  body,  whoae  weiglit  is  W,  and  that  !«„  Ii»,  !«« 
tlie  jnincijial  nionienU  of  inertia  about  rcctaugol&r  axes  truvei 
it  Let  a  new  fixed  point  be  taken  whose  distance  from  the  centn 
of  gravity  is  r^.  in  a  direction  making  the  angles  «,  fi,  '/,  irith  tha 
principal  axes  at  the  centre  of  gravity.  Then  with  respect  to  a 
set  of  rectimgnlor  axes  traversing  the  new  point  parallel  to  tho 
original  axea,  the  new  moments  of  inertia  are 


I,=  r^.  +  WrSbin=-; 


.(a) 


I,  =  I(Hj  +  W  7^  sin  2^; 
I.  =  I„  +  W  f^  sin  =y; 
and  there  are  at  the  same  time  moments  of  deviation  represented  by 

Sys  =  W»^'cos/Scosy;  Sca:  =  "WT^-co5y  cos  «;  1  /n  t 
S a: y  =  W  r5  *  cos  «  cos  /8;  i 

MO  that  the  principal  axes  at  the  new  point  are  not  parallel  to  thon 
at  the  centre  of  gravity,  unless  two  at  least  of  the  direction  ooeines 
of  r^  are  null;  that  is  to  say,  unless  the  new  point  is  in  one  of  the 
original  principal  axes,  when  all  tho  momenU  of  deviation  vanish, 
uud  the  new  axes  are  parallel  to  the  original  axes. 

dS6.  The  RMHiiani  n«niPDi  sf  DoTiatica  abuut  a  given  axis  is 
represented  by  the  diagonal  of  a  rectangular  parallelogram  of  which 
the  sides  represent  the  moments  of  deviation  i*elatively  to  two 
rectangular  co-ordinate  planes  traversing  tl»e  given  axis. 

Let  the  principal  axes  and  moments  of  inertia  at  a  given  poii 
lie  known,  and  let  three  new  axes  of  moments,  denoted  by  x^  y,  ^1 
be  taken  in  any  three  rectangular  directions  making  angles  with 
the  original  axes  denoted  as  in  tlie  equations  of  Article  583. 
the  moments  of  deviation  in  the  new  co-ordinate  planes  are 

oyc  ~  cosyar,  'cossx,  Sa^  +  ooayyi'cosiy,  Sy^ 

H-cosyc,  -cos^r,  S«^ (1.) 

and  similar  equations  for  Szx,  and  S  a;  y,  mulaiig  mtUoHdis,  Sub- 
stituting for  Sxit  ikc,  their  values,  S  K'  -  It,  &o.,  and  observing  t^- 


A 

cos  y  a:, 


A      ,  A  A       ,  A  A 

COS  s  a?!  H-  cos  y  y,  •  cos  «  yi  +  cos  y  a,  ooa  «  s^  =  0, 


those  equations  become 

o  -  A  A  A  A 

&ye  =  —  i^' cosy  «|  'COS  aar,  —  I,*cos  yy,  •co«  »y, 

— \%'  «»\|av«&x-i\, „ 
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antl  similar  oquAtioas,  7nvi€Ui$  mutanditf  for  Hzx,  ^xt/;  from 
which,  by  the  aid  of  reUtions  amongst  the  direction  cosioes 
already  HtaU'd  in  Article  68.3,  the  following  taIuo  ia  foxmd  for  the 
remiltant  momont  of  deviation  about  one  of  the  new  uces,  such 
as  x: — 


'K,  =  J{l\  coa'  xXi  +T;coB"fl:y, +  I|coH*fl:«, 

-{I,  cos*a!a!,  +  I,  eoe*afyi+  I,  co»*ir5i)j; 

=  ^  {i;  cos«  X  JTi  + 1;  '  COB*  a;  y,  +  IJ  008*  *  £,  -  li] 


.(3.) 


I 


This  equation,  expressed  in  terms  of  the  axes  of  the  ellipsoid  of 
inertia,  becomes  as  follows: — 

AAA 
If  -^   //cos'a;;rT_LOOs"a:»A   ,   cos»a:si       11       ... 

bnt  the  positive  pai't  of  this  expression  is  well  known  to  be  tlie 

value  of  -p-^  where  n  represents  the  normal  let  fall  from  tlie  centre 

of  the  ellipsoid  of  inertia  upon  a  ]>hine  which  touches  the  ellipsoid 
at  the  point  where  it  is  cut  by  thf  new  axis  x.     Hence 


^■v(^-y-4?=^ 


.(5.) 


in  which  it  is  to  be  observed,  that  J^—  n*  represents  the  l^tgth  of 
the  tangent  to  the  el]i[Hioid,  from  the  point  of  contact  to  the  foot  of 
the  nonnal.  Also,  let '  be  the  angle  between  the  uoiinal  n  and 
the  semidiameter  »;  then  Jt^  —  n* :  n  =  tan  /,  and 

K.-I,tan/ (6.) 


Section  2. — On  Uniform  Rotation. 

587.  The  nomeniam  of  a  body  rotating  about  its  centre  of  gra%'itj^ 
is  nothing,  acconliiig  to  the  principle  of  Article  624.  As  evoiy 
motion  of  a  rigid  body  can  be  resolved  into  a  tmuslation,  and  a 
rotation  about  its  centre  of  gravity,  the  rotition  will  be  supposed 
to  take  place  about  the  centre  of  gravity  of  the  body  throughout 
this  section. 

1588.  The  Ancahir  m«aH>nnnn  i:*  found  in  the  fullowiug  manner : — 
Let  X  denote  the  axis  of  rotation,  and  y  and  z  any  two  axes  fixetl 
in  the  body,  |)crpcndiouhir  to  it  and  to  each  other.     Let  a  be  thu 
2u 
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ancular  velocity  of  rotation.    Then  the  velocity  of  any  particle  W^ 
■wliose  radios  vector  is  r  =  ^'y*  +  «*,  is 

a  r  —  tt  ^y"  +  «% 

and  the  wngular  momeutum  of  that  portiole,  rdativtty  to  the  axU  of 
rotation,  is 


beinR  the  product  o/Us  momenl  iff  inertia  into  its  angular  vtl 
divided  by  g,  because  of  the  weights  of  the  particky  huviiig 
used  in  computing  the  moment  of  inertia.  Kow  let  a  Unc,  fiarallel 
to  the  radiuM  vector  of  the  particle,  be  drawn  in  the  plane  of  y  niid 
z;  the  distance  of  that  line  from  the  particle  ia  x,  and  the  nTigiiUr 
momentum  of  the  particle  relatively  to  t/utt  line  is 


W 


W 


and  this  may  be  resolved  into  two  components;  one  reUUwdy  to  i 
atci^  of  y, 

"W  a  zx 


k 


and  the  other  relatively  to  the  axis  of  % 

W  g  .r  y 

and  these  are  equal  respectively  to  the  ang\dar  velocity  divided 
the  acceleration  produced  by  gravity  in  a  second,  multiplied  by  thttj 
mometiie  o/deviatian  of  the  particle  in  the  co-ordinate  planes  of  a* 
and  xy. 

Hence  it  appears  that  the  resultant  angular  momentiun  of  tho 
whole  body  consists  of  three  components,  viz.  :-^ 

Helatively  to  the  axis  of  rotation, 

-*(Sy^  +  S.^  =  -I,i 
g  3 

and  relatively  to  the  transverse  axes^ 


.(L) 


-  -Sjsa:;  -  -Say; 
9  9 

and  if  lines  propcnAAOTi^A  V^n  V?hw»i  ^-fsft  wsTCc^rawa^iVia  set  oflTapoCk 
the  three  axeb,  tbe  i\tt%iA^«i  o^  ^^«  tkkN«&'^^  i^awoSwiL  xc^ra^':-  — 
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will  reprGaent  in  direction  the  luds,  and  in  length  the  magnitude, 
of  the  resultant  angular  momentum. 

It  follows  tlmt  th*i  axis  o/angfifar  momenivm  of  a  roUUing  body 
doet  Ttot  coincide  trtih  the  nans  of  rotation^  unltu  that  axU  is  an  axig 
qfineriia;  in  which  cane  tbe  moments  of  deviation  are  each  oqual  to 
nothing,  and  the  resultant  angular  momentum  ia  wapiy  the  prodtiet 
o/lhe  foorwtU  of  inertia  about  the  atcis  cifrotaUon  into  the  am^uiar 
veiocilf/,  divided  by  ff. 

Kow  let  the  axes  of  inertia  be  token  for  axes  of  oo-ordinates,  and 
let  tbe  axis  of  rotation  make  with  them  the  angles  ■,  fi,  y.  Kesolvo 
tbe  angular  velocity  a  about  that  axis  into  tht»je  com]x>ncnts  about 
the  axes  of  inertia 

a  cos  at;  a  cos  /3 ;  a  cos  yj 

then  the  angular  momenta  due  to  those  three  components  are 
respectively 

-  I.  0O8  «  ;  -  I-  COS  fl ;  -  1,  cos  7  : 

9  y  9 

tho  resultant  angular  momentum  is 

A  =  -•  Jll]  COS"  «  +  I]  co8«  |8  +  I]  COS*  y]  j (2.) 

if 

t.nd  the  axis  of  angular  momentum  makes  with  the  axes  of  inertia 
the  angles  wliose  cosines  are 

a  I|  cos  «  ,  a  I,  cos  JS  ^  a  Ij  coa  y 
I  (/  A      '       g  A      '       g  A 

Kow,  as  already  shovm  in  Article  586,  the  quautity  whose  square 
root  is  extract^  in  equation  2  is  the  reciprocal  of  tho  product  of 
the  aqu&res  of  the  semidiameter  and  normal  of  the  ellipsoid  of 
inertia ;  and  by  inspecting  the  equations  of  Article  680,  it  is 
evident  that  the  square  root  itself,  in  equation  2  of  this  Article,  is 
the  renUtant  of  the  moment  of  inertia  and  moment  of  devialoou 
proper  to  the  axis  of  rotation;  so  that  equation  2  may  be  ezpreased 
in  the  following  form  : — 


.(3.) 


gni     a^ ^ 


(*•) 


n  being,  aA  before,  the  noimal,  and  a  the  semidiameter  of  the 
ellipsoid  of  inertia  at  the  point  cut  by  the  axis  of  rotation;  for 
which  tho  moments  of  inertia  and  of  deviation  are  I  and  K. 

Purtlier,  the  direction  cosines  of  the  axis  of  angular  momentum, 
in  tho  formula  3,  which  may  oth»rwiae  \>e  cxigx^s^feA.  «&  V<^vv«'b '. — 
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I[  C06  «  I.  coajS  I,  coa  y 

are  the  direction  cosines  of  the  normal  of  the  ellipsoid  of  ineiiift. 
Hence  the  axU  of  angular  momentum  at  any  ittstant  is  in  the  <Uree- 
tion  of  Hie  normal  let  fall  from  the  centre  of  the  ^lipsoid  ofiner^ 
f^oon  a  plane  toucldng  that  eltiptoid  at  the  end  of  that  diameter  v-^irh^ 
ie  t/te  axis  of  rotation;  and  tlie  ajiffular  momejUum  itself  is  dirfxil^^M 
as  the  anffular  velocity  ofroiaiwn^  and  inversely  as  the  product  ofUte 
^ujrmal  and  semidiameter. 

The  angle  between  the  axes  of  rotAtion  and  of  angular  momenta 
is  the  angle  already  denoted  bj  f  in  Article  08Q,  whose  tsIqc 
given  by  the  equation 

cos  *  =  -  =  -,_}     ,.^.(61) 


*       JV-^K^' 


Fig.  241. 


OA  :0B:0C  ::  "TT 


Bjr    the     following     geomctrii 
construction,  the  preceding  pri 
ciplea    are    represented    to 
eye: — 

In  fig.  341,  let  O  be  the  point 
about  which  the  body  rotates,  and 
A  B  C  A  B  C  it«  ellipsoid  of 
inertia,  whose  semi-axes  have  the 
proportions 


Let  O  R  be  the  axis  uf  rotation,  whether  peimauent  or  instants 
neoua,  O  K  being  the  semidiameter  of  the  elIi|>soid  of  inertia.     Let 
R  T  be  part  of  a  plane  touching  the  ellipsoid  at  R,  and  O  K 
iiomial  u}>on  that  plane  from  O.     Then  the  moment  of  inertia, 
tuoment  of  deviation^  and  their  resultaut,  the  total  moment,  hare 
the  follo^'iug  proportions : — 

I  :  K  :  jYTg} 


Let 


BN 


OR'    OR'ON    ORON 
the  direction  of  the  axis  of  angular  momentum  is  0 17 ;  aJid 
amount  is  pto\)ot1\oiib\  \a>  — ^^^^ — -^r^, 
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of  gravity,  being  the  mim  of  the  masses  of  its  |>articlp8,  each 
multiplied  into  onc-htilf  of  the  square  of  its  velocity,  13  found  aa 
followR: — a  boing  the  angular  velocity  of  TX)tatioii,  the  linear  velo- 
city of  any  jjorUcle  whose  diatuuce  from  tho  axis  of  rotutioa  is  r,  ia 


id  the  actual  energy  of  that  particle,  ite  veight  being  W,  is 
3i7    "      2f,    ^ 


(I.) 


Iwing  the  fiwmcrU  of  inertia  of  the  particle  multiplied  by  — .    Hence 


i^^for  the  whole  body  the  actual  energy  of  rotfttion  is 

L         ^    


.(2.) 


is  to  say,  actual  energy  hears  tJa  same  rdation  to  angular  tdo- 
city  a?i</  movi&it  of  inertia  Ount  it  does  to  linear  velocity  and  vceiglU. 

Referring  again  to  fig.  241,  it  appears  that  the  actual  enei^  of 
rotation  is  proportional  to 


11         Awuavi 

P 

^^  Cono 


a^ 


2<7  •  O  R' 


(3.) 


Conceive,  as  in  tlie  last  Article,  the  angular  velocity  a  to  bo  re- 
solved into  three  components  about  tho  three  axes  of  inertiu 
respectively,  \\z.: — 

a  cos  ttj  a  cos  &   a  cos  y  \ 

the  quantities  of  actual  ener^gy  due  to  those  three  component, 
tatioDs  are 


a'  I,  009^  A    o"  I,  cos*  3    a'  Ij  cob'  y 


2? 


9 


2? 


(*•) 


which  being  added  togethei',  reproduce  the  amount  of  actual  energy 
given  ill  formula  3;  showing  that  the  aciztal  energy  of  rotation  cdfout 
a  given  axis  is  the  sum  of  the  actital  energies  due  to  tJie  compotienUof 
iftai  roiati&n  about  the  three  axes  ofineriia, 

590.  Frra  n«iniian  18  that  of  a  body  turning  about  its  centre  of 
gravity  under  no  force.     The  principles  of  the  conservation  of 
angular  momentum  (Article  563),  and  of  the  conservation  of  vw- 
tei-nal  energy  (Article  505),  being  applied  lo  ^t^g  vAja.'Otfsa,  ^^"^ 
that  it  h  governed  by  the  following  lawb*.— 
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I.  The  dtredion  ofHys  oom  o/amffvilar  vtomerUmi^  ujixed. 
n.  The  angular  mommham  u  conatant. 

HI,  Tfi6  actual  ettergy  it  conriemL 

The  first  law  Rhows,  that  the  dipection  of  the  normfti  OJT, 
241,  IB  lixvd;  and  conBcqncntly,  that  unless  that  normal  coi 
■viWix  tlie  axia  of  rotation  O  K,  which  takes  place  for  axes  of  inertu 
only,  the  axis  of  rotation  is  not  a  fixed  direction,  and  is  thercftm 
aq  instanlaneous  axis  only  (Articles  ZSo  to  393).  Hence  the  axes 
of  inertia  are  sometimes  called  ** permanent  axeji  o/rotaiioTu" 

The  second  and  third  laws  are  expreawd  by  thu  following  etfXO!- 
tions: — 


^JW 


■W) 


constant 


E  =  ^" 


I 
•2g 


constantb 


a-) 


To  find  hov  these  laws  regnlate  the  ehangea  qf  directum  of  tlie 
instantaneous  axid,  eliminate  the  ang\Uar  velocity  aa  follows : — 


9A' 
'2E 


r  +  K' 


I?  coa" »  +  Jj  coa'  4  +  ^  coa^  y 
i]  cos*  «  +  Ig  ooe'  ^  +  I,  COS*  y 


constant.. 


(«•) 


Now,  referring  to  fig.  241,  and  to  equation  8  of  Article  odB, 
apiietira  that  T  +  K»  re  1  -r-  Oll'  ■  ON*,  and  that  I  ocl  ^  OR', 

whence 

r  +  K*      1         ^  , 

— J —  «  g=^  oc  constant; (a) 

That  is  to  say,  the  nannal  ON  ia  eonslant  in  length  aa  well  ag  Jixod 
indirection;  and  therefore  o  body  rotating /rfely  moves  in  euch 
vianner,  Ouit  its  ellipaoid  iifitiertia  always  touclies  a  fired  plane  (vit 
tlie  j>lane  T  N  R),  the  instantCMeoua  axia  irairmng  the  jmnt 
contact. 

The  second  of  the  cqnations  (1.)  further  shows,  that  the  angiilaj 
velocity,  being  given  by  the  etjuatiou 


"V¥. 


w 


18  at  each  instant  proportional  to  the  semidiameter  O  R 

If  the  intstatxtaiv^fivw  ».^*  O"^  w&\  XJwfe  ■yMdtion  of  the  borly  nn? 
known  at  a.ny  msUu\i  ol  xXve  x^^A.'tvQ^'CBfc  vwcaTvj)^^  -^m.^^ 
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^  anc 


and  the  length  and  direction  of  the  fixed  normal  O  N,  are  alaik 
lown. 

Conceive  a  ourre  to  be  drawn  on  the  ellipsoid  of  inertia  throngh. 
all  the  points  whose  tangent  planes  are  at  the  same  perpendi 
distance  ON  from  the  centre*  then  the  instantaneous  axis  O 
I      will  always  traverse  that  curve,  and  will  always  be  found  in  the 
[     flEoi&ce  of  a  oonc  of  the  second  order  Jixed  relatively/  to  the  €Kce$  of 
L    tfMrtui,  whoae  equation  is 

I 


"•■-m)-^ 


'-+(«-oy '=»'''+(« 


^)cosV  =  0...(5.) 


» 


"Let  this  be  called  the  roUing  ame.  Then  the  motion  of  the  body 
will  bo  such  as  would  bo  produceil  by  the  rolling  of  the  nulling 
cone  upon  a  fixed  cone  generated  by  the  motion  of  0  K  relatively 

to  ON. 

As  free  rotation  is  of  unusual  occurrence  in  practical  mechanics, 
I  sliall  refrain  from  applying  it«  principles  to  special  exam]iles  herpj 
and  shall  refer  the  reader  to  the  work  of  M,  Foinsot  on  Kotation, 
and  to  a  papier  by  Professor  Clerk  Maxwell  in  Tlbe  Transactiona  of 
the  Royal  Socitiy  of  Edinburghj  voL  xxL 

591.  rnifom  Bouiicn  mhom  m  PLivd  Axis. — When  a  body  ro- 
isAj^  about  a  fixed  axis  traversing  \X»  ceDtn?  of  gravity,  with  an 
uniform  angular  velocity,  its  actual  enex;gy  is  atill  represented,  as 
in  the  case  of  free  rotation,  by 

^— =  confitaut;i • (I.) 


E 


And  ita  angular  momentum  by 


A  =«- ^(T  +  K*)  =  constant ; 


9 


(3.) 


k 


k 


t  unfisM  ihe  axie  ofrotaHon  is  an  axie  of  inertia,  the  axis  of  angu- 
lar momentum  O  N  is  no  longer  fixed,  but  revolves  about  the  fixed 
axis  of  rotation  O  R  with  the  angular  velocity  a.  In  order  to 
prodnce  that  continual  change  in  the  direction  of  the  axis  of  angu- 
lar momentum,  a  continual  angular  impulse,  or  continuously  acting 
couple,  must  be  applied  to  the  body ;  and  unless  that  couple  be 
applied,  the  axis  of  rotation  will  not  remain  fixed. 

592.  The  DcrtaUns  CoHpir,  as  the  couple  I'equired  for  the  above 
purpose  is  called,  must  have  its  axis  always  jjerpendicular  to  the 
axis  of  angular  momentum,  otherwitse  it  would  alter  the  amount  of 
the  angular  momentum,  contrary  to  the  condition  of  uniform  rota- 
tion.    The  axis  of  the  deviating  cou^lu  inu^X.  &\^  \9k^  «\-<fi%.^%  y^- 
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pendiciilar  to  the  axis  of  rotation,  because,  in  order  that  it  may 
alter  the  actual  energy  of  the  body  (contrary  to  the  condition 
unifonn  rotation),  the  pair  of  equal  and  opposite  forces  conipo 
it  must  aot  through  points  having  no  motion ;  that  xb^  througk 
points  in  the  axis  of  rotation.     (lu  machines,  the  forces  constitut' 
ing  the  deviating  couples  arc  supplied  by  the  pressures  of  the  bear- 
ings against  the  axlea.)     It  appears,  therefore,  that  the  axis  of  the 
deviating  coii)de  luu^tt  always  be  {jorpendicular  to  the  plane  0  B  N, 
vhich  contains  the  axes  of  rotation  and  of  angular  momentum  ;  ab4' 
that  the  pitir  of  forces  constituting  it  must  always  act  in  that  plane;^ 
changing  their  direction  as  the  bodyrotatee,  with  an  angnlar  vel^ 
city  equnl  to  that  of  the  1>ody.     Tlie  direction  of  the  deviating 
couple  must  be  such  as  would  of  itself  tend  to  turn  ON  iaward»  OR. 

To  determine  the  amount  of  the  deviating  couple,  let  9,  as  before-^ 
denote  the  angle  ORX.  Then  in  the  indefinitely  short  interv&^H 
of  time  (It,  the  dij*ection  of  the  axis  of  angular  momentum  is  shifted  ^ 
through  the  indefinitely  small  angle 

adt  •  an  i. 


and  the  result  differs  to  an  indeHniteJy  small  extent  from  thafi 
which  would  bo  produced  by  combluijig  with  the  actual  angular, 
momentum  A,  an  angular  momentimi  about  the  axis  of  the  deviat- 
ing cou[)lc  represented  by 


Aasxa0dt  =  -'J1'  +  K.**tmi  *dt; 
0 

and  this  is  the  angular  impulse  to  be  supplied  in  the  interral  dt 
by  the  deviating  couple ;  therefore  the  deviating  couple  ia 


A  a  sin  I  =  —  JV  +  K*  •  sin  $•. 
9 


but  ant- 


K 


JJ^VK} 


therefore 


M 


sK 


and  if  Q  bo  the  magnitude  of  each  of  the  forces  confltituting 

couplu,  aud  /  the  length  of  the  arm  on  which  they  act  (being ^ 

distance  between  their  points  of  application  to  the  axis),  so  that' 
M  a  Q  ^,  then 

^^  I  ^  gl  ' " 

which  being  C0TU\>aT«V  'wViXi  ^t  «Tc^T«wtfs^  Vcre  detMoinnu]  force 
Ai-ticle  537,  ahowa  \-Wt  \\ie  fcavw  *>1  »4*wS36jA\i't^w>a.'^Vi\«h»fc 
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Bame  relation  to  the  angular  Telocity  a,  the  moment  qf  deviatioti  K. 
and  the  arm  l,  which  a  simple  deviating  forc«  bears  to  the  liuu-ai* 
velocity  o,  the  weight  W,  and  the  radius  vector  r. 

To  represent  these  principles  graphically,  it  is  to  be  oh8ei*ve<i 
that  in  fig.  211,  the  ratio  of  moment  of  deviation  to  the  moment  of 

lertia  is  

K  :  I  : :  BN  :  ON; (3.) 


id  that  this  also  expresses  the  ratio  of  the  deviating  couple  to 
le  Oie  actual  emergy,  y'vL  : — 


2E 


I 


he  reaction  of  the  axis  of  the  rotating  body  on  its  bearings,  equal 
and  o|>|)OKite  to  the  deviating  couple, — tliat  is,  toudlng  to  turn  the 
axis  of  those  bearings  towards  the  axis  of  angular  momentum  O  N, 
— is  called  the  centrifcoal  couple.  It  is  balanced,  in  machineSp 
by  the  strength  and  rigidity  of  the  framework. 

The  amount  and  direction  of  the  deviating  couple  might  luivu 
been  determined  by  finding  the  resultant  couple  of  the  deviating 
forces  required  to  make  each  particle  of  the  body  revolve  in  a  circle 
about  O  R  with  the  common  angular  velocity ;  and  the  result  wonld 
have  been  exactly  the  same. 

593.  BHcffvr  ■■'  w«rk  •!  c«apm.^The  energy  exerted  by  a 
couple  is  the  product  of  the  common  magnitude  of  its  pair  of  forcta 
into  the  sum  of  the  distauces  through  which  their  points  of  appli- 
cation move  in  the  interval  of  time  under  consideration;  and  as 
that  sum  is  the  product  of  the  length  of  the  aim  of  the  couple  into 
the  angle  through  which  it  rotates  about  its  axis  in  that  time,  the 
energy  exerted  may  bo  expreaaed  by 


Fldi  =  Udi  =  M.ade,. 


(1.) 


h 


d  i  being  the  angle  of  rotation  about  the  axis  of  the  couple  in  the 
interval  dt,  with  the  angular  velocity  a.  When  the  oouple  acta 
against  the  direction  of  rotation,  the  above  expression  becomes 
negative,  and  representa  ioork  performed. 

If  a  couple  bo  applied  to  a  i-otating  body  whose  axis  of  rotation 
makes  an  angle  ^  with  the  axis  of  tbe  couple,  then  the  enei 
exerted  may  be  found  either  by  resolving  the  couple  into  two  com- 
ponents, one  about  the  axis  of  rotation,  which  is  either  an  accele- 
rating or  a  resisting  couple,  gives  rise  to  energy  exerted  or  work 
performed,  as  the  case  may  be,  and  may  be  called  tlie  direct  eouplt* , 
and  the  other  about  an  axis  perpendicular  to  the  axis  of  rotation, 
which  miiy  be  called  the  latenU  couple, — or  h^  leswVNVtt^vW.  \?a\a.- 
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into  componctiU  about  the  axis  of  the  couple  and  about  an 
^ntiiculnr  to  it,  auU  multiplyiug  the  iumier  component  br 
the  couplf.'. 

The  result  obtained  bj  edther  method  ia  oxprcased  hj 

"^acaUPdt, «...{1) 

whiek  represents  fne^rgy  exerted  or  work  performed,  acoording  as 
the  couple  acts  with  or  agaiust  the  rotation. 

When  the  direct  coiijiles  applied  to  a  rotating  body  are  hAlancvd, 
the  actual  energy  of  the  body  rcmaina  constant,  the  potential  ener^ 
cxert«d  in  any  interval  of  time  is  equal  to  the  vork  performed; 
that  is 

2'Mco8^  =  0; (3.) 

and  the  same  law  linlds  for  the  energy  exerted  and  work  performed 
during  each  pfriixi  in  the  motions  of  a  body  or  sy^stem^  whost 
motions  vary  periodically ;  but  it  is  unnecessary  to  enter  in  detail 
into  the  conaec|uenre8  of  these  propositions,  which  are  only  a  par- 
ticular form  of  expressing  a  part  of  the  general  principles  already 
explained  in  Articles  618,  519,  520,  and  553,  fiirtlier  thou  to  state 
that  the  principle  of  x'irtwU  v^ocities  (Article  520),  when  applied 
to  a  system  of  bodies  in  eqnilibrio,  capable  of  rotating  with  augulir 
velocities  bearing  given  ratios  to  each  other,  takes  the  form^ 


3  -  M  a  cos  9  =  0,. 


w 


where  a  is  either  the  uniform  angular  velocity  of  which  the 
actijd  on  by  the  couple  M  is  ca|Mble  about  an  axis  making 
angle  0  with  the  axis  of  M,  or  any  number  proportional  to 
angular  velocitj*. 


Sbctidn  3. — On  Varied  Rotatum, 

594.  The  i^w  of  Tnrird  BomiUn  is  tlic  Theorvm  already  stated  in 
Article  502,  of  the  equality  of  each  variatJon  of  angular  tnomeotuis 
to  the  angular  impulse  producing  it;  a  principle  which  has  alrendy 
been  applied  to  the  linding  of  the  deviating  force  required  to  pr<h 
dnce  uiiiturin  rotation  about  a  fixed  axia 

To  express  tlxis  mathematically,  let  x,  y,  «,  denote  three 
rectangular  axes,  with  which  the  axis  of  angular  momentum  muk 
the  angles  ^,  ^,  *;  and  let  the  angvilar  momentum  be  resolved  iffl 
three  comjHjnents  about  those  tht^  axes, 

A,  =  A  cos  X ;  A,  =  A  cos  ^;  A,  =  A  ooa  »; 

also,  let  the  MnVmXanceA  w.w\\ft  -^VwV.  *«*»  wvOaaNsMi^  ^  resolved 
mUi  three  rectanv^viUr  wmvoiiwuX*  -ijeoa-wi^Xs^ 


1 

i 
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M.;  M,;  M.; 
^As  —  lit  ■  ''^'  —  Af  .  ''^'  —  M 


sx 


(1.) 


lOBc  three  equations  express  the  relations  between  the  unbalanced, 
mple  and  the  rat«  of  change  of  the  angular  roomenttim.     The 
ilations  may  otherwise  be  expressed  aa  follows ; — let  V'  be  tl 
igle  made  hy  the  axis  of  the  unbalanoed  ooaple  with  the  axis 
momentiun;  then  the  couple  maj-  be  resolved  into  two 
iponentB, 

M  COB  ^  and  M  sin  i^, 

wliioh  the  former  produces  variation  in  (he  aTnoffiU  of  angular 
luuientum,  and  the  latter,  detnaticn  of  the  aceia  of  angular  momen- 
im,  according  to  the  following  laws : — 


-^  =  31  COS  i/';  A  ^^-  =  M  am  i^;. 


(2.) 


the  latter  of  wluch  equations,  d  x  denotes  the  angle  through 
the  axis  of  angular  momentum  deriatea  in  the  iudetinit^Oy 
11  interval  di^m  the  plane  which  contains  that  axis  and  the 
is  of  the  couple  M,  and  in  a  direction  towards  the  latter  axis. 
equation  of  deviation  of  angular  momentum  has  in  fact  been 
alroA^ly  employetl  in  Article  51*2,  to  find  tho  deviating  conple 
n-quired  in  order  to  fix  tlte  axis  of  rotation,  when  that  difi'ers  from 
the  axis  of  angular  momeutuiu. 

The  equations  1,  or  their  equivalents  3,  are  not  of  themselvesi 
sufficieut  to  detenuine  tlie  variations  of  motion  of  a  body  rotatij 
without  a  fixed  axis;  for  in  such  a  body,  the  angular  momentum 
may  change  by  a  chuuge  of  the  direciion  q/iltt  axi^  rvfaltvefi/  to  the 
hody^  as  well  a8  by  a  vuriation  of  amount,  or  a  deviatirm  of  its  axia 
iu  absolute  direction.     This  is  expressed  by  putting  for  tho  angulaffi 
lomentura  its  value  in  terms  of  the  moments  of  inertia  and  devia- 


9 


ion  relatively  to  the  instantaneous  axis,  viz.,  A 
'hen  the  equations  1  take  the  following  form  : — 

jM,=  —  <  a  cos  A  •  JP  +  K'  \  J  and  analogous  equations  for 

^M,andf7M.; (3.) 

rhilc  the  equations  2  become 
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y  M  sin  >^  =  o  JV  +  lsJ'  jj. 

It  18  therefore  necesxary  to  hnve  an  addition&l  equation  to  comjilc 
the  dat&  for  the  solution  of  tlic  problem ;  and  tliia  ia  afforded  br 
tlie  law  of  the  conwrt-ueton  of  energy,  in  virtue  of  which  the  actoal 
energy  stored  or  restored  by  the  rotating  body  is  equal  to  the  eno^ 
exerted  or  consumed  by  the  unbalanced  couple,  aooording  aa  it  acts 
with  or  against  the  rotation,  as  the  following  equatioD  expreaec, 
whcn^  9  Ja  the  angle  between  the  axia  of  the  unbalanced  ooaple  and 
the  instantaueoos  axis  of  rotation. 


Mdooa^^ 


\     dan 
2ff       dt 


(5.) 


The  equations  3  or  4,  together  with  5,  and  with  the  relatioM 
between  the  positions  of  the  axes  of  rotation  and  of  aaguUr 
momentum  demo  nitrated  in  the  two  prece<Iing  sections^  Berw  tn 
i.aolve  the  problem  of  varied  rotation  in  its  utmogt  generality,  and 
give  rise  to  some  exceeding  complex  mathematical  investigationa 
In  the  present  treatise,  however,  it  will  be  soflicient  to  show  tb( 
solution  of  Bomc  of  the  moiv  Himplc  cases. 

090.    Varied  Roiailan  nboat  n  Fixed  Axta. — ^When  ft  body  rotates 
about  a  fixed  axis  traversing  its  centre  of  gravity,  and  is  acted  ui 
by  a  couple  M,  whose  axis  makes  an  angle  9  with  the  axis  of 
tion,  that  couple  is  to  be  resoIve<l  into  a  dir«ct  coupU^  M  cos  4»,  al 
the  axis  of  rotation,  wliicli   will  be  an  accelerating  or  rel 
couple  according  as  it  nets  with  or  against  the  motion,  and  a 
couple^  M  sin  9,  which  tends  to  deviate  the  axis  of  rotatioa,  bot 
Itulanccd  by  the  resistance  of  the  bearings.     The  entire  ain( 
the  couple  to  be  resisted  by  the  bearings  at  any  instant 
resultant  of  this  lateral  couple  and  of  the  centrifugal  couple  ( Artic 
592),  due  to  the  deviation  (if  any)  of  the  axis  of  angular  nmniontui 

The  effect  of  the  direct  couple  in  varying  the  angular  velocitr 
found  by  means  of  the  law  of  the  consei-vation  of  energy,  obserrii 
that  I  in  this  case  is  constant ;  that  is  to  say, 


Ma  cos  9 


aXdc 

gdt 


.0.) 


and  by  dividing  this  equation  by  a,  and  observing  that  adl 
where  d  i  is  aixv  \u^(i'fv\Yv\A^  «Yaai!\  %Xk^  oC  rotation,  it  is  made 
assume  ih©  foWuvjuiitlovroa-.— 


I 
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HI 


M  'cos^=£ 


.(2.) 


Irfo     I    dU     lada^ 

gdi"  g    dl*~    gdi   ' 

nhowing  that  the  direct  conpl©  ia  equal  nt  once  to  the  van'o^wn  of 
angular  jnomentitm  about  Ote  Jixed  axis  divided  by  the  tltae,  and  to 
the  rariiUion  of  actual  enert/i/  dimded  by  the  amjidar  motion. 

5D6.    AbbIoct  •r  Varlnl   Bolailon  aail  Varlrd  Traaalalton  ^When 

Uic  equation  of  Articlt?  .'>;>t  is  ('oaqmivd  with  equation  2  of  Article 
5U5,  it  a|>]M>ars  that  those  equations  are  exactly  analogoua  to  each 
other,  and  that  the  former  is  transformed  into  the  latter,  when  for 

'      there  are  respectively  substituted 

^_  M  COS  ^,     I,     t,     a ; 

^Hthat  ia  to  say,  a  direct  couple  for  a  direct  force,  moment  of  inertia 

^Bbr  weight,  angular  motion  for  linear  motion,  and  angular  velocity 

^Hfor  linear  velocity. 

^^  Consequently,  by  making  those  sulwtitutions,  any  equation  relat- 
ing to  the  varied  tninslation  produced  by  a  direct  force,  may  be 

j  transformed  into  a  corrtsjionding  equation  reaj>ecting  the  varied 
rotation  of  a  body  about  a  fixed  axis  traversing  its  centre  of  gravity 

'  pnxluce*!  by  a  direct  cou])le.  Bxamples  of  this  princijde  are  given 
in  the  two  following  Articles. 

!  r>D7.  Vairvrm  Varbiiian  of  angulur  vekxntv  is  produced  by  a  con- 

I  stant  couple,  and  is  analogmvs  to  the  vertical  motion  of  a  liwivy 
body,  as  given  in  Article  533,  Li  that  Article, g  is  the  proportion 
of  the  moving  force  to  the  moss  of  the  body.    I>ct  M  be  the  couple, 

'       and  let  9  =  0;  that  is,  let  the  couple  Iw  altogether  about  the  axis  of 

^_  potation.     Tlien  for  </  is  to  be  substituted 

m 

^"  irhich  J3  to  be  cousidered  positive  when  in  the  direction  of  the 
initial  angular  velocity  Oo ;  and  for  A  ia  to  be  substituted  ».     Then 

I  equations  1  and  3  of  Article  533,  Iwing  transformed,  give  for  the 
angular  velocity  and  total  angular  motion  at  the  end  of  a  given 
x.pression& 


00  + 


i  =  api-¥ 


21  * 


,  Equation  4  gives 


M<=(°'-^')^ 


,(I.) 


.(2.) 
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which  ia  also  the  result  of  applying  to  the  present  case  the  law  of 
tho  coiwervntion  of  energy;  the  right  haiid  ade  of  the  eqoatioo 
being  the  potential  energy  exerted,  uud  the  left  hand  aide  the  actnftl 
energy  stored. 

To  iind  throagh  what  ani^le  a  hody  will  torn  before  stoppbig 
against  a  constant  rcsistAucc,  its  initial  angular  velocity  being  mw 
it  is  to  be  considered  that  if  K  is  the  resistance,  and  I  ite  pecpcodi* 
cular  distance  £rom  the  fixed  axis,  the  resisting  ooaple  is 

and  tliat  a  ia  to  be  made  =  0 ;  whence  eqoution  2  gives 


.(3.) 


RZi=»JI 

2y 

598.  GjruAmu  about  a  fixed  axis,  or  Abc«i»-  o»ciiia<i««.  is  altc^ 
natc  rotation  to  ono  side  and  to  the  other  of  a  tniddlct  poounn. 
liCt  a  straight  line  be  conceived  to  be  dniwn  peT|)eiidicttlar  to  the 
axis  of  the  gjTatiag  body,  to  serve  as  an  index  ;  let  its  middle  por- 
tion be  denoted  by  0,  and  its  angular  displacement  frf>m  that  jwa- 
tion  by  i,  positive  or  negative  according  as  it  is  to  ono  side  or  to 
the  other ;  and  let  i,  be  the  wemi-tanplituda  of  gyration,  or  extroif 
displacement.     To  prodnce  gyration,  the  body  must  be  acted  •nr**" 
by  a  couple  directed  towards  tho  middle  position  ;  that  is,  cci 
to  the  displacement  t.     In  most  casra  which  occur,  the  ormi 
either  exactly  or  nearly  proportional  to  tlie  displacement.     Si 
iug  it  to  be  exactly  pmportional,  lot  Hi  bo  Ite  extreoio  magniiMOf 
irrofiKctive  of  si'jn  ;  then 


M  = 


(l.) 


tho  negative  sign  showing  that  the  couple  is  contrary  to  tbe  dil* 
placement,  tending  to  restore  the  body  to  its  middle  position. 

It  is  obvious  from  this  equation,  that  gyration  is  aualogoos  ^ 
Mraiffht  osn'Jlafion,  ex[ilainod  in  Article  542;  and  thfvT  the  fqns- 
tious  of  that  Article  are  to  be  tnuisformed  by  substituting  icspoo- 
tively  for 

Wo' 


♦•i 


9 


Q„ 


hi' 


For  brevity's  sake,  let  the  sabstitute  for  a*  Ve  thus  oxprened  >- 


r 
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tlien  by  tnmsfonnizig  eqiiation  4  of  Article  543,  it  appears  tliat  tlio 
ntanber  o/dutttU  gyraliana  per  teetnul  ifi 

«=2^; (3) 

which  is  ind<«pendent  of  the  semi-amptitnde  y  so  long  as  Mi  is  pro 
portiooal  to  t,,  and  I  ia  constiuit  Tliis  constitutes  igochrojvism,  and 
is  the  property  aimed  at  in  the  balance  wheels  of  watches,  where  I 
is  'the  moment  of  inertia  of  the  wheel,  and  the  couple  ia  derived 
from  the  elasticity  of  the  balance  spi-iiig. 

The  equatioua  2  and  3  being  transfurmed,  give  for  iho  angle  and 
UDgular  velocity  of  displacement  at  any  instant, 


i  =:  t,  COS  kt; 

di  ,  .    .     , 

-y-  =  —  kii  aim  tc  i ; 


(^■) 


J 


and  the  maximum  couple  Mi,  in  terma  of  the  number  of  douUe 
oscillatioud  pci'  second  n>  ia  given  by  the  equation  ' 

M.=^iii^*r!^i 

if  ff  ' 

599.  A  Mn|i«>  Farce  applied  to  a  body  with  a  fixed  axis  causes 

the  bearings  of  the  axis  to  exert  a  pressure  equal,  apposite^  and 
parallel ;  so  that  if  the  line  of  action  of  the  force  traverser  the  Ibunl 
axis,  it  is  balanced  ;  and  if  not,  a  couple  is  formed  whose  moment 
15  the  product  of  the  force  into  its  perpendicular  distance  from  th© 
axis,  and  whoso  eilbcta  are  such  as  have  been  already  described. 

BEcnoK  4. —  Varied  Itotatwn  and  Tranalalion  Combined, 

600.  dmrnii  PriHcipin. — All  rotation  of  a  body  about  an  axis, 
£xed  or  instantaneous,  which  does  not  traverse  the  centre  of  gravity 
of  the  body,  is  to  be  considered  as  compounded  of  rotation  about  a 
parallel  axis  traversing  the  centre  of  gravity,  and  translation  of  th& 
centime  of  gravity  with  a  velocity  equal  to  the  product  of  the  angu- ' 
lar  velocity  into  the  distance  of  the  centre  of  gravity  from  the 
actual  axis  of  rotation. 

Coiisefiuently,  cvury  varisition  of  the  motion  of  a  body,  which 
consists  in  a  variation  of  the  angular  velocity  about  an  axis,  fixed 
or  instantaneous,  and  not  tmversing  the  centre  of  gravity,  is  to  be* 
considered  as  producing  a  change  of  the  momerUnmy  which  is 
product  of  the  mass  of  the  entire  body  into  the  vclociX^  ^  Ss&  oe 
of  gmvity,  and  a  simultaneous  chaiLji^e  of  tiie  o'aguUiN'  ■monwmfctt.Tfb 
dae  to  the  rotation  of  the  body  with  ttie  ^^«a  ttQ%\£!U)X  -^^ow*^ 
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about  an  axis  traversing  its  centre  of  gravity  parallel  to  tbo  ad 
axis  of  rotation  ;  nnd  the  force  rpquiro*!  to  produce  the  given  varia- 
tion of  motion  will  be  the  rL>9ulUnt  of  the  force  required  to  produce 
the  cliange  of  momentura,  applied  at  the  centre  of  gravity,  and  thit 
couple  required  to  produce  the  change  of  angular  momentum. 

(iOl.    Propenlra  of  ihc  Cevirr  af  PitTHwUsn. — In  fig.  231>, 

."(SI,  page  520,  let  (»  be  the  centre  of  gruvity  of  a  rigid  body  wbt 
■weight  is  W.  XX  thr  axis  iibout  which,  in  the  iutenal  fii,  a  d 
of  angular  velocity  denoted  hy  da  takes  place,  and  GrC  ^  r^  th« 
I^ci-pendicular  distance  of  the  centre  of  gravity  from  that  axia 
Tlien  the  force,  in  a  direction  perpendicular  to  the  plnne  of  X 
nnd  G  C,  required  at  G  to  product;  the  change  of  momentum,  is 


ydt 


(»•) 


and  the  couple  roquire<l  to  pi-oduce  the  change  of  angalar 
tum  due  to  the  change  of  angular  velocity  da  about 
GD||XX  is 


Uml 


gdt 


and  the  i*esultant  of  tluit  force  and  couple  (accoi-dinja;  to  Arti( 
41)  is  a  force  acting  in  the  same  plane  with  theio,  fAmllel 
equal  to  F,  and  in  the  same  dii'ection,  but  acting  through  a 
whoBO  distance  from  G,  in  a  direction  opposite  to  G  C,  is 


V  —  Tirr  —  —  =  G  B ,. 


Wr, 


■w 


that  is,  the  resultant  of  the  force  and  couple  la  a  sivgh  force  F  arf- 
ing  iiirough  t/ie  centre  ofp«rcux«ion  B  corrisponditKj  to  die  ytfvn  ojpi 
(See  Article  581,  equation  4.) 

Now  suppose,  as  in  Article  581,  that  the  weight  of  the  bodjl 
distributed  in  two  rigidly  connected  masses,  one  concentrated  ftt 
and  the  otJier  at  R,  and  having  their  common  centre  of  gravi( 
Ktill  ut  G.     Thru  in  produciug  the  same  change  of  angular 
city  da  about  the  axis  X  C  X,  the  momentum  of  G  is  un( 
while  that  of  B  undergoes  the  change 


i 


B    BC--  =  Wr 


da 


being  the  exact  change  of  momentum  already  given  ia  eqnatiooi 
a  couaequeuce,  vwAeeOL,  oi  Ww^  ^as't, 'OwaX  "Od*  «K&tte  of  gravity  ts 
rhanged  \>y  Oat  con.c«.w\.Ta.\.\ii\L  ^il  VNx*i  ■uiaassBR*  m^"^  *.iai\.  Vi, 
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pnxluco  iUiB  clit&Dgii  of  mooicxiium  in  the  Interval  dt,  there  is 
qiiired  the  aame  force  F  applied  at  B,  vhich  has  idreody  beea 
found;  which  proves  the  following 

TuEOHRM  L  ffUia  maa»  of  a  hody  he  conceived  to  be  eoncenirated 
at  two  rigidly  connected  point^j  one  at  a  given  axiffj  and  Uie  otJter  <U 
the  correaponding  centre  ofperouanon^  jto  a»  not  to  alter  t/ie  paeUion  of 
ike  centre  {^graxity  of  the  oodyt  Otefurce  required  to  produce  a  giva^ 
dtangti  of  angular  velocity  in  the  body  abinU  the  giifeu  axie  is  the 
game,  in  magnitude,  direction,  arid  line  qfactionf  with  that  required 
to  produce  the  correepondvng  clunuje  of  motion  in  that  part  of  tJie 
tnass  w/ttcU  i»  conceived  to  he  concentrated  at  the  cmtre  qf  percussion. 
This  pi»position  might  also  have  been  arrived  at  hy  considering 
TuEORKM  II.  Jf  a  bo<ltf  rotates  about  a  given  axtJt  not  travereiug 
its  centre  of  gravity,  and  the  mass  offhtU  body  be  conceived  to  be  con- 
i  cmtrated  al  the  axis  of  rotation  and  centre  ofpercuMum  ao  a»  Twt  to 
J^ftUter  t/te  centre  of  gravity,  tJte  momenUtm,  the  angular  momenltiin, 
^Kvui  the  actual  energy  cfUie  body  are  not  c/uutgofl  by  tJi<U  conc«fUrn- 
^^Mon  of  mass. 

^F  For  the  centre  of  gravity  being  unchanged,  tho  momentum  is 
unchanged;  and  beciiuso  (by  the  definition  of  the*  centre  of  |>ercua- 
aion)  the  moment  of  Inertia  aboxit  the  axis  of  rotation  is  unchanged, 
the  angular  momentum  find  actual  energy  are  uncliungod — Q.  E.  D. 
CoBOLL\RT.  From  Theorem  I.,  and  from  c^iuation  H  of  Article 
661,  it  follows,  that  the  action  of  an  impulse  ujHin  a  free  body  at 
cither  of  the  points  B  or  C,  produces  a  rotation  about  on  axis  tni- 
Terming  the  other  point 

602.  Pixvd  Axi». — Wlien  the  axis  of  rotation  XX  la  fixed,  an 

impulse  ap])lied  to  the  centre  of  percussion  B,  in  a  direction  pcr- 

pcndicular  to  the  plane  B  X  X,  simply  alters  tlie  angular  velocity 

according  to  tho  |)rinciplea  explained  in  the  last  Article,  without 

causing  any  additional  pressure  between  the  axis  and  its  bearings. 

But  should  the  force  giving  tho  impulse  not  traverse  the  centre  of 

percussion,  or  traverse  it  in  a  dificrent  direction,  it  is  to  be  resolved 

by  the  principles  of  staticA  into  two  components,  one  traversing  the 

^^entre  of  percussion  in  the  required  direction,  and  tho  other  tni- 

^Vrersing  the  axis  of  rotation ;  when  the  former  will  produce  change 

\      of  motion,  aud  the  latter  will  be  bahmccd  by  the  ivaiatancc  of  tlio 

bearings  of  the  axis. 
K  603.  The  UrrUiiini  Varc«  of  a  body  rotating  about  a  lixed  axis 
^f  not  traversing  its  centre  of  gravity  is  tho  resultant  of  tho  deviating 
force  due  to  the  revolution  of  the  whole  mass  conceived  as  concen- 
trated at  its  centre  of  gravity,  found  as  in  Article  540,  oombini'd 
with  the  deviating  conple  due  to  the  rotation  of  tho  body  with  the 
aame  angular  velocity  about  a  pamllel  axis  travcndng  tho  centre  nf 
gnkvitjj  found  as  in  Article  592.     This  resultant  deviating  force  ia 

2n 
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supplied  hy  the  renstftsce  of  the  bearings  of  the  axis,  and  an  «]tia] 
and  opposite  certbifugal  force  is  exerted  by  the  axis  against  the 
bearings. 

604.  A  c— ynd  Oaciibutos  PeadBiaai  is  a  body  sii[>p«>rted  b^H 
Ik  horizontal  fixed  axis,  about  'nbich  it  is  free  to  sving  under  t^^ 
^Action  of  its  own  weight,  its  centre  of  gravity  not  being  in  tM^ 
t»Kia 

Now,  by  Article  601,  Theorem  IT.,  the  motnentmn  and  angular 

momentum  of  the  body  are  at  eveiy  instant  the  same  as  if  its  mass 

were  concentrated  at  the  axis  and  at  the  centre  of  oscillation  in  the 

proportions  given  by  Article  581,  equations  1  and  6 ;  and  by  the 

definition  of  the  centre  of  oscillation,  the  statical  moment  of  Uie 

freight  of  the  body  with  respect  to  the  axis,  being  the  conple  which 

kusea  the  motion,  is  in  every  position  the  same  as  if  the  mas 

|%Tere  concentrated  in  these  proportions ;  therefore,  the  motion  uf 

I  the  body  is  exactly  the  same  as  if  it  were  so  concentrated ;  that  ii 

'to  say,  it  osoiUates  in  the  same  time  and  according  to  the  same 

laws,  with  a  simple  osdUutiu^  pendulum  as  defined  in  Article  0^ 

whose  length  is  the  distance  from  the  axis  X  C  X  to  tlie  centre 

oscillation  B,  as  given  by  equation  3  of  Article  581,  vit  >— 


■(>• 


Such  a  simple  pendulum  is  called  the  eqttitalMt  simpU  pendulum.^ 

It  is  obvious  that,  for  a  given  body  swinging  about  all  poasi' 
axes  parallel  to  a  given  direction  in  the  body,  the  shortest  eqai 
loot  simple  pendulum  is  that  whose  length  is  the  mimTniim  value 
of  B"C  as  given  by  the  above  equation.     That  minimum  I 
corresponds  to  the  condition, 


whence. 


mm. 


that  is  to  say,  the  least  period  of  oscillfttion  of  a  pendulous 
takes  place  when  the  distance  of  its  centre  of  gmvity  from  its 
is  (xjual  to  the  ratlins  of  gyration  about  a  pai^lel  axis  trarersin^ 
the  centre  of  gravity;  and  the  length  of  the  equivalent  simple  pen- 
diUum  is  double  of  that  radius  of  gyration. 

If  for  a  given  direction  of  axis,  a  jMur  of  points  be  so  ivlated  thi 
is  the  centre  of  f»ercus«ion  for  an  axis  in  the  given  direotion 

kversing  the  other  (as  shown  by  Article  581,  equation  5),  ikfftk' 
the  period  of  oscillation  about  either  axis  is  the  same. 

From  the  properties  of  the  centre  of  percussion  explained  in 


Article,  it  is  ftomctuuca  caiiVia^  ^Q  casarra^t «»  <awaaAATiQ!i. 


■I 
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^>uiplexity  in  the  theory  of  u  comt>ouQd  revolving  pe&duimn, 
the  body  of  which  it  coiwists  be  of  such  a  figure  and  so  siispended, 
that  the  straight  line  COB  (fig.  239),  traverHiDg  the  point  of  aus- 
peiudon  C  and  the  centre  of  gravity  Q,  shall  be  one  of  the  axes  of 
inertia,  and  that  the  moments  of  inertia  about  the  other  two  axes 
fihall  be  equal.  Then  for  every  axis  traversing  the  centre  of  gravity 
at  right  angles  to  C  G  B,  the  radius  of  gyration  is  the  same ;  and 
conBcqueulIy,  for  every  axis  traversing  the  point  of  suspension  C  at 
t  angles  to  0 G  B,  the  centre  of  percussion  B  is  the  same ;  and, 

e  l)ody  moves  exactly  like  a  jdmplc  revolving  ficndulum  of  theJ 

ugth  C  B,  and  height  C  B  *  cos  tf,  if  '  is  tl^o  angle  which  it  makes 

itn  the  vertical. 

It  is  to  be  Iwrne  in  mind,  that  in  onler  that  a  pendulum  may 
olve  according  to  the  above  law,  it  must  bav« 
tt^aiion  about  its  longitudiniU  axi*;  H  G  0, 
fc  moflt  swing  as  if  hung  by  a  double  univennil 

int  at  C  (Article  lU:.'). 

606.  A  D0Mita|[  peadnliin  (fig.  242)  is  a  body 
C  G  suspended  by  a  point  C  not  in  the  centre  of 
gravity  G,  and  rotating  about  a  vertical  axis 
O  X  traversing  the  point  of  sospensioa.     To 
avoid  needless  complexity,  lu  before,  let  C  O, 
and  E  G  perpendicular  to  it  in  the  vertical 
phine  of  0  G  and  C  X,  be  two  of  the  axes  of 
inertia  of  the  pendulum.     Let  I,  l>e  its  moment 
of  inertda  abont  G  £,  and  I»  ita  moment  of 
inertia  abont  G  0,  and  f„  t^  Ute  corresponding  radii  of  gyration. 
Let  the  angle  X  0  G  =  « ;  let  C  G  =  Tq  ;  and  let  the  wei^t  of  the 
ffendultim  be  W.     Then,  a  being  the  angnlar  velocity  of  rotation 
about  the  vertical  axis,  it  api>eani  from  Articles  592  and  686  that, 
the  deviatiug  couple  due  to  rotation  about  a  vertical  axis  traversin] 
Ois 

—  (Ii  —  I,)  cos  «  sin  «  = (c?  —  ri)  cos  «  sin  »; 

9  9 

to  which  has  to  be  added,  the  couple  due  to  the  deviating  force  of 
"W  revolving  along  with  the  centi*e  of  gravity  G,  and  to  the  leverage 
Tq  cos  «,  being  the  height  of  0  above  G ;  that  is  to  any, 

Wo'     . 

•rfooe«sin  «; 

9 
makinff  for  the  entire  deviating  conplo 


Fig.  342. 


y 


C^'  — rf  +  r5)cos«6ii»i 
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and  tKia  couple  has  to  lie  rapplied  ty  means  of  the  weight  of 
poDdulum  acting  with  tho  leverage  r^  sin  «;  that  is,  it  miut 
equal  to 

W  To  sin  •- 

Dividing  hy  tliis  quantity,  we  find 

i'(^+'')— =^'- (^) 

and  putting  for  a"  its  value,  4  t*T*,  where  T  is  the  nnniber  of  turns 
Iter  Bccoud,  this  leads  to  the  equation 

('^^+^")  — =  4^  =  *' <^) 

h  hcing  the  fieight  of  the  equivalent  nmpU  revolving  pendulum,  u 
given  in  Article  539,  equation  2. 

When  fi,  the  radius  of  gyration  about  C  O,  is  insensibly  small 
compared  with  r„  the  radios  of  gyration  about  G  E,  A  becomes 
equal  to  the  height  of  the  simple  pendulum  equivalent  to  the  pen- 
dulum in  the  ligure,  when  made  to  revolve  without  nttation  about 
(^  G,  aa  in  the  Inat  Article.  When  f j  =  f„  the  height  becomes 
simply  Ta  con  «,  being  tho  same  aa  if  the  whole  maa^  were  concen- 
trated at  tho  centre  of  gmvity.  This  is  very  nearly  tho  case  in  the 
rotating  penduhima  used  as  governors  for  prime  moTers,  which 
are  in  genonil  largo  hca\'y  spheres  hung  by  slender  rods. 

607.  The  Bniiiirtic  Pradaiav  i.H  ustnl  to  measure  tho  momentnui 
of  projectiles,  and  the  impulse  of  the  explosion  of  gunpowder.  To 
measure  the  momentum  of  a  projectilt!,  such  as  a  rifle  ball,  tlie 
p'jndnlum  must  consist  of  a  mass  of  mnterial  in  which  the  ball  can 
lodge,  such  OS  a  block  of  wood,  or  a  box  fidl  of  moist  clay,  hung  by 
rods  from  a  horizontal  axis.  Suppose  the  ball  to  be  of  the  weight 
It.  and  to  move  with  tlie  velocity  v  in  a  line  of  flight  whose  perpen- 
dicular distance  &om  the  axis  of  suspension  is  y.  Then  the  angular 
momi'utum  of  the  ball  relatively  to  tho  axis  of  susjiensiou  is 


9 


mm 

of  t^ 


and  because  the  ball  lodges  in  the  pendulum,  this  angular  mom< 
turn  is  wholly  communicated  to  the  joint  mass  consisting  of 
ball  and  the  pendulum,  which  swings  forward,  carrying  with  an 
index  that  remains,  and  points  out  on  a  scale  the  extreme  angular 
ilisplacement     Let  this  l>c  denoted  by  i.     Let  I  denote  the  lt:ng1^| 
of  the  simple  pendulum  equivalent  to  that  maas^  which  con  bH 
found  by  mcana  ot  K'rtAfcVe  5VVj  ««^sa>Atttt.  V^^tcno.  tha  number  of 
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oscillataous  in  a  giveu  time;  let  W  be  the  jomt  weight  of  the  i>en- 
diUum  aod  Inll,  and  r^  the  distance  of  their  common  centre  of 
gruWty  from  the  axis;  then 

^•. w 


B 


is  the  portion  of  the  joint  weight  to  be  treated  as  if  concentrated 
at  the  centre  of  oscillation. 

Jjet  Y  be  the  velocity  of  the  centre  of  oscillation  at  the  lowest 

{koint  of  its  arc  of  motion ;  this  is  the  Telocity  due  to  the  height, 
*  versin  t;  tJiat  is  to  say, 


\  =.J{2gl'  vcrsin  i)  ^^  2  sin  3  •  J^i- 


(3.) 


and  the  oorre«pon(Ung  angular  momentum  of  the  combined  maas  is 

BY  I 

;  vliich,  being  equated  to  the  angular  momentum  of  the  ball 

belbre  the  collision  (l)t  gives  the  eqnation 


6ri'  =  BV/; 


.(4) 


giving  for  the  velocity,  momentum,  and  actual  energy  of  the  bull, 
_     respectively, 

W       Thee] 


BV/ 
9^' 


bv' 


B  Y'f 
isgbf^' 


(5.) 


BV- 


r 


The  energy  of  the  oombiucd  mass  after  the  collision  being  — — , 

-  'J 
and  less  than  that  of  the  Kail  before  the  collision  in  tlie  proportion 
uf  6  r"*  :  B  ^,  shows,  that  an  amount  of  enei^  denoted  by 


S(-'b^ (^) 


dlsappeara  in  producing  heat  and  molecular  changes  in  the  ball  and 
in  tne  soft  mnm  in  which  it  is  lodged. 

To  measure  the  impulse  produced  by  the  explosion  of  gnnjwwder, 
the  gun  to  be  experimented  on  ia  to  be  fixed  to  and  form  part  of 
the  pendulum,  and  a  ball  is  to  be  fired  from  it.  The  gas  produced  by 
the  r'xplosion  exerts  equal  pressures  during  the  same  time, — that  is, 
e^jual  impulses, — forwards  against  the  ball,  and  backwards  against 
the  gun,  and  the  pendulum  swings  bock  through  a  certain  angle, 
vhidi  is  registered  by  an  index  as  before,  and  &om  which  the 


J 


550  PaiNCIPLES  OF  OTKAjaCB. 

maxixnum  velocity  of  tho  oent3«  of  percnawMi  of  Uie  pendulain  cnn 
be  calculated  as  before  by  equation  3.  Let  i^  uotr  denote  tbo 
distance  from  the  axis  of  sus|>enaion  to  the  axis  of  the  gun,  and  P' 
ihe  prt'ssuro  exerted  by  tho  explosive  gaa  at  any  iD^taDt;  the  total  J 

impulse  exerted  by  the  gas  ia  /  V  d  t;  and  the  angular  impoba 

r'  ■  /  T  dt;  which  being  equated  to  the  angular  momentum 
duced  in  the  pendulum,  gives 

r/P..=^'. (7.) 

in  wliich  it  ia  to  bo  obf^erred^  tliat  C  does  not  now  include  the 
weight  of  the  ball    The  impulse  exerted  by  the  powder  is  therefin« 

jvdtJ^^i (a> 

and  tho  velocity  of  the  ball  6  on  leaving  the  gun  is  consequently 

•-'-^'=^' (»■) 

The  erurgf/  exerted  by  the  exploding  powder  is 

/-^■''r^^'.- (-> 

of  which  the  portions  oomraunicated  to  the  ball  and  to  tho  pendulum 
are  indicated  by  the  two  terms,  boing  in  tho  ratio  ^ 

6  w" :  B  V  ;:  B P  : 6  r^ (11.)     ' 

In  the  preceding  calculations,  the  momentum  and  energy  pro- 
dnccd  in  the  explosive  gases  themselves  are  not  considered;  but  it 
is  very  doubtful  whethur  any  attempt  to  lake  them  into  account, 
hypothetical  as  it  must  be,  adds  to  the  practical  correctness  of  the 
result  As  a  probable  approximation,  the  following  may  be  em-  h 
ployed  : — Let  io  he  the  weight  of  powder  used.  Divide  this  into  H 
tn'o  parts  proportional  to  b  and  B,  ^nz.  : —  ^M 

consider  the  smallt-r  part  to  move  with  half  the  velocity  of  B,  and 
I  the  larger  witb  hail  the  Nelocity  of  b  \  that  is  to  say,  in  equatiooi  ^ 

Irr ^ 
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instead  of  B, 


and  instead  of  6, 


B  + 


6  +  ^ 


Bic 


.(13.) 


Tho  equation  10,  iu  its  origtuol  form,  will  still  sliow  tlie  actnal 
en<?rgieA  of  the  pendulum  and  of  the  ball,  and  their  sum;  but  that 
suiu  will  be  exausive  of  the  euei*gy  exerted  ia  giving  motion  to  the 
explosive  giues  themselves. 

The  ballistic  penduluoi  was  invented  hy  Hobiua,  celebrated  for 
his  investigations  on  gunnery. 
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18.  Nainre  of  ifac  Sabjcri;  Tlkniiloa.— Tbo  motiou  of  cach 
cof  a  pUnblo  body  iimy  alwaj-s  be  resolvixl  into  throe  oomncnpnts 
that  wliich  it  has  in  coumioD  with  the  centre*  of  gravity  of  the  bo(]y„ 
being  the  motion  due  to  tiunslation  of  the  whole  body;  that  whic 
it  h&k  about  the  centre  of  gravity  of  the  Ijody,  being  the  motion  du< 
to  rotation  of  the  vhole  body;  and  a  third  component,  being  thi 
motion  duo  to  altenitious  of  the  volume  and  figure  of  the  body  and' 
of  its  ])arta.  This  third  com[x>nent  is  alone  to  be  considered  in 
present  chapter. 

The  cinemntiad  branch  of  the  present  subject, — that  is  to 
the  branch  which  comprehends  tlie  relatione  amongst  the 
mentfi  of  the  particles  in  a  strained  solid  from  tlieir  free  positi 
and  the  strains  or  disfigurcmeuts  of  its  i>arts  accompanying  stu 
displaocmentB, — has  alimdy  been  treated  of  generally  in  Artjc]< 
248,  249,  250,  260,  and  2G1 ;  ^ith  rel'ei^nce  to  bending,  in  port 
293,  part  of  300,  301,  jmrt  of  303,  port  of  304,  part  of  307,  part 
309,  }>art  of  312,  and  part  of  319;  with  i-efcrcuco  to  twistmg, 
part  of  321  and  part  of  322; — and  again  with  reference  to  bendinig^ 
in  [Mirt  uf  ^Vxticle  340. 

The  dt/namical  brauch  of  the  subject  has  been,  to  a  certain  rxl«  ut 
anticipated  in  Article  244,  where  reailience  is  defined ;  in  Article 
252,  where  }n)(^ntial  energy  of  elasticity  is  detincd  ;*  in  Articles  26fi 
and  2G9,  which  relate  to  the  resUierux  o/  a  alrdched  tar  and  tho 
effect  of  a  sudden  pull ;  in  Article  305,  wliich  relates  to  the  resil\enc$ 
of  a  beam;  in  Article  30G,  which  rclate-s  to  the  effect  of  a  swidtntjf 
applied  transverse  load;  and  in  Article  323,  which  relates  to  (Jio, 
reeilience  of  an  axle. 

The  motions  due  to  strains  amongat  the  particles  of  pliable  boditt 
being  all  of  limited  cxteut,  and  consistiDg  in  changes  of  the  dt»> 
placement  of  eacii  jwirticle  from  the  position  which  it  would  occupy 
in  a  state  of  equilibrium,  wliicli  displacement  is  limited  and  gene- 
rally small,  are  of  tlie  kind  called  vibrations,  and  are  more  or  lest 

*  In  ArticAt  thly  V\vt  %n^  cn\vV^*»\,  oC  lUa  (\iDction  it  oorrroU;  Mcribed  to  Uf. 
0  reen ;  but  il  ia  x\^\.  »Wi  V»  TOeaX-wi,  >>!».  \\a  ^uis.  ■«»»  Ns^wjMuAMGa\^  ^iJAQortnd  hy 
IL  Cla|:>cyroa. 
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to  tlic  osciUatioDS  already  treated  of  in  Articles  542  and 


I 


The  complete  tlioory  of  vibmtion  embraoea  all  the  phenomena  of 
the  production  and  transmisfuon  of  sound,  and  all  those  of  the  pro- 
jiagatiou  of  light,  as  well  as  those  of  the  visible  and  tangible  vibm- 
lioDS  of  bodies.  Alanr  of  its  branch(>s  are  foreign  to  the  objocU  uf 
this  treatise ;  and  therefore  in  the  present  chapter  there  will  be 

ven  only  an  outline  of  the  general  principles  of  the  theoiy  of 

bration,  and  an  explanation  of  such  of  its  applications  as  arc  of 

portance  in  practicail  mechanics. 

GOO.  iMchrvaoaa  vikraUcB*  of  au  elastic  body  are  those  in  which 
each  particle  of  the  body  peri'onns  a  complete  oscillation  in  the 
name  period  of  time,  so  that  all  the  particles  return  to  tlic  same 
idutivo  situations  at  the  end  of  each  equal  period  of  time,  and  that 

hether  the  oscillations  are  of  greater  or  of  leas  amplitude.  Iso- 
lironous  vibrations  being  commuuicated  to  the  ear  produce  the 
sensation  of  a  sound  of  uniform  pitch,  or  mnsicnl  tone.  In  order- 
that  oscillations  of  different  amplitudes  may  be  performed  by  equal 
nift.s«es  in  the  same  time,  it  is  evidently  necessary  that  the  forces 
under  which  they  are  performed  should  h^  proportional,  andtiirecllt/ 
opjKMttl,  to  Uic  di^hirements  at  each  instant.  This  is  the  conditiox 
OK  isocnnoNisM,  and  lias  already  been  illustrated  in  ArticUs  .542, 
543,  544,  54o,  and  557,  Example  III.,  for  the  case  of  a  single  i»ai^ 
tide  acted  on  by  a  single  force,  and  in  Article  598  for  the  analogous 
case  of  a  gyrating  rigid  body,  wht-ro  angular  is  substituted  for  linear 
displacement,  and  a  couple  for  a  force.  To  express  that  condition 
by  an  equation  suited  to  the  present  class  of  questions,  let  AV-i-y 
be  the  mass  of  a  particle,  2  its  displacement  from  its  position  of 
equiJibrium  at  any  given  instant,  F  an  unhalanced  force  by  which 
it  is  urged  directly  towards  tlmt  position,  and  o*  a  numerical  con- 
stant, expressed  as  a  square  for  reasons  which  will  pnweutly  appear; 
then  the  oouditloa  of  ibochronism  is  expressed  an  toUows : — 


Wa'o 
9 


(1.) 


an  equation  identical  "with  equation  1  of  Article  542;  while  from 
equation  4  of  the  same  Article  it  appears  that  the  number  of  double 
oscillations  per  second  is  expressed  by 


»s= 


and  the  period  of  a  double  oscillation  by 
1       2x 


(2) 
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All  the  equations  of  Article  542  and  Article  557,  ExAmple  TH, 
arc  XDflde  applicable  to  tho  present  case,  by  substituting  respectivelj 
for 

Q  nr  Q„     Q„     r  or  ari,     x, 

F„         F,        i,,         i,  roepectiTely, 

■wliere  r,  represents  the  maximum  force,  corresponding  to  J,,  the 
maximum  displftoemcnt,  or  ftemi-amplituda ;  consefjuentlv,  if  in 
order  to  make  the  formuliB  more  general  we  represent  bj  (^  aaj 
instant  of  time  at  which  the  particle  rcachea  the  extremity  of  to, 
oscillation,  we  have 

3  =  8i  cos  a{i-Q;       \ 

^=-aJ.sma(t-.i).   | <^' 

When  the  restoring  force  corresponding  to  a  given  displaoem^^at 
is  known,  the  constant  <z'  is  computed  by  the  formula 


a'= 


_-i7F. 


W3 


.(*-) 


in  which  the  negative  sign  dcnotos,  that  although  F  being  comt 
to  0  in  direction,  their  quotient  is  implicitly  negative,  it  is  to 
that  negativity  reversed  and  to  be  truited  as  positive. 

Tlic  equations  2  and  4  show,  that  the  aguare  of  ike  number  of 
oaciUaiiona  f/iuJc  hi/  a  ■particle  in  a  sec<mdf  vt  iwoerady  at  the  man  of 
tii6  particle,  and  directly  aa  the  ratio  of  tJte  rcatoring  force  to  the  dit* 
piaccmetU. 

tilO.    VlbnUJsaa  af  ■  JIIim*  held  by  m  IJgkl  HpriMS.— The  deflection 

of  a  stnitght  c«j)nng  ur  elastic  beam  under  any  loud  is  given  by  the 
equations  of  Article  303  for  tliose  cases  in  which  it  is  sensibly  pro- 
portional to  the  load. 

The  position  of  enuilihi-ium  of  the  spiing,  if  not  affected  by  & 
lateral  transverse  loud  (for  example,  if  it  is  placed  vertically),  mity 
Ixi  straight ;  or  if  there  be  a  j)ermuneut  transverse  load,  that  posi- 
tion may  bo  more  or  less  deflected.  In  either  case,  the  production 
of  an  independent  deflection,  8,  of  tlie  point  for  which  deflections 
are  computed  by  the  formulae,  to  one  side  or  to  the  other  of  the 
position  of  equilibrium,  provided  the  limits  of  perfect  elasticity  are 
not  exceeded,  causes  the  spiing  to  exert  a  restoring  force  F,  whoM 
value  is  found  by  applying  to  this  case  equation  4  of  Article  303; 
that  is  to  say, 

^B  in  whicl 


n'Kbh'  "  ir<? 

=  — /8  for  breWty'a  sake; 
in  which  f  may  \^  caWeA.  ^^^  etijQrnieaa  Oil  \Jq»  vjnMv^ 
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Now  BuppoBe  that  there  is  atUcliod  to  the  point  of  the  spring  for 

rhich  1  IB  calculated,  a  mass  W  ^  ^,  in  comparison  with  vhich  the 

of  the  spring  10  inappreciably  amall.     ThoD  if  that  mass  be 

iwn  to  one  side  or  to  the  other  of  the  position  of  equilibriiun,  and 

free  to  vibrate,  the  apriug  will  make  it  vibrate  according  to  the 

iw  already  explained  in  Artide  60i^ ,  putting  for  the  cutuitant  a 

vftloo 


V   w 


(2) 


If  the  mass  gyrates  about  a  fixed  axis  traveling  its  centre  of 
*5:ravity,  let  I  denote  the  distjvnoe  from  that  axis  to  the  point  upon 
.  wliich  the  spring  acts ;  then  in  the  equations  of  motion,  substitn- 
[  tioos  ore  to  he  made  according  to  the  priuciplea  of  Article  59S, 
\      vheu  the  above  equation  becomes 


*=\/4-'. 


(3.) 


If  the  mafls  oscillates  about  a  fixed  axis  not  traversing  its  centre 
of  gravity,  the  above  equation  is  still  applicable,  when  the  proper 
value  is  put  fur  the  moment  of  inertia  L 

The  rtstoAng  coupU  F  /  for  a  gyrating  body  may  be  supplied  by 
the  reaistiince  of  a  rod  or  wire  to  torsion ;  in  which  case//  is  to  !» 
takuD  to  represent  the  ratio  of  the  moment  of  torsion  to  the  angle 
of  torsion,  which,  for  a  cylindrical  rod  or  wire,  is  given  in  Articla 
322,  case  3,  equation  4,  viz. . — 

'^*'       (4.) 


//=^  = 


'62  X 


X  being  the  length,  and  h  the  diameter  of  the  rod  or  wire,  and  0 
the  coefficient  of  transverse  elasticity  of  the  material. 

By  the  aid  of  the  priuciplea  hero  explained,  experiments  on  the 
numben  of  vibrations  per  second  made  by  springs  and  wires  loaded 
with  nuMes  great  in  proportion  to  the  masses  of  the  springs  and 
wires,  may  he  used  to  determine  the  00-efficicnts  of  elaatioity  £* 
and  C. 

Gil.  HnprrpoBicioB  of  fimnii  nofioi»r — If  the  restoring  force  of 
a  particle  for  vibrations  in  a  givf*n  direction  be  opposite  and  pro- 
Itortionol  to  the  displacctmcut,  and  if  the  same  be  the  case  for  one 
or  more  other  directions  of  ribration,  then  for  a  diaplacem<^nt 
wliich  is  the  resultant  of  two  or  more  di»placement&  in  the  given 
directions,  the  force  acting  on  the  particle  will  evidently  be  tho 
resultant  of  the  separate  forces  coixeaponding  to  the  component 
displacement^  and  the  velocity-  tlie  resultant  of  tho  compoaent 
velocities 
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This  u  called  the  principle  of  ilie  8UPERPosrno?r  of  svau 

MOTIONS. 

If  the  co-efficitfnt  a  of  Article  609  is  the  same  for  the  dil&nmi 
directions  of  the  component  diaplAcemcnt8,  the  component  vibn- 
tiona  ^nll  not  ooly  be  LKwhronouB  in  themselves,  but  iaochronoas 
vitb  each  other,  or  tinwUaneous,  and  9o  also  will  be  the  resultanl 
vibration.  Thia  has  already  been  suJffidenUj  illustrated  in  Articles 
542  and  543,  where  circular  and  elliptic  oscillatiouB  are  treated  u 
c<3mpounded  of  a  pair  of  straight  oscillations  in  directions  perpeD- 
dicular  to  ench  other.  8uch,  for  example,  is  the  oscillation  of  & 
niafis  placed  at  the  end  of  a  spring  who^e  stiilhess  ib  the  nmc  for 
all  directions  of  deflccti'm. 

If  the  co^tlicient  a  has  ditforent  valaes  for  the  different  dix«o- 
ions  of  the  com|Kinent  ribrations,  they  will  no  longer  be  i»ochrouotu 
rith  each  other ;  the  resultant  restoring  force  will  not  at  even- 
instiiTit  act  diivctly  towards  the  position  of  equilibrium,  and  the 
rL'siiltant  vibration  will  take  place  in  a,  complex  curve  wluoh  mot 
liave  a  great  variety  of  iigiu^s.  For  example,  let  a  mas»  W  ~-g\je 
Jixed  at  the  end  of  a  spring  whose  cross  section  is  a  rtjctangle  uf 
nnoqual  dimensions,  so  that  its  stiffiiess  is  dilTcrent  for  di^lace- 
meuts  in  the  directions  of  two  rectangular  axes,  denoted  by  x  and 
1/.  Let  /^  /^he  the  two  values  of  the  stiffiiess  of  the  spring  for 
those  two  directions  of  displacement ;  and  let  £  and  n  donate  com- 
poueut  displucvmeuts  in  those  two  diructiona  respectively,  aud  S, 
and  111  their  maximum  values  or  semi-amplitudes.  Then  the  eqtub*. 
tions  of  motion  of  the  mass  are  the  following : — 


whero 


(1.) 


V  w 


Vw 


(2.) 


4 

i 


and  /^,  and  t^^  are  two  arbitrary  constant*. 


Thus  the  numbers  ia 
a  second  of  the  two  series  of  component  vibrations,  vi&,  J 


a,  a. 


2x' 


•W 


are  propoi*tional  to  the  square  roots  of  the  stifibesaes  of  the  spriug 
in  tlie  directions  of  the  two  rectangular  axes;  that  is,  thoy  are 
proportional  to  its  tlucknesses  in  these  two  directions  respectively. 
If  n,  and  j»,  are  commensurable,  the  path  of  the  vibrating  man 
is  a  closed  curve ;  for  example,  to  take  the  simplest  case,  if  n,  = 
2  n^,  that  \Mk  \a  suc\i  o^  <:\u;:n<£  «&  S&  x«^T«!4£vited  iu  ^  2^3.     £  n« 
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SST 


X 
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Buid  n,  are  incomniensarable,  the  pnih  is  r>f  indefinite  lengtli ;  but 

^Mn  every  oaae  it  is  wholly  inscribed  within  the  rectangle  whoa© 

sidefl  are  the  amplitudes  2 1,,  2  n„  of  the  compon«:ut  vibrntions. 

612.  Tlbnul*H«  not  l»orhr«nMi«  can  only 

be  expressed  mnth^'maticall}'  by  conceiving 
them  to  be  compounded  of  a  number  of 
superpooed  vibrations,  each  iaochronoua  in 
itself,  but  not  isochronous  with  each  other, 
as  in  the  last  example  of  the  preceding 
Article;  and  the  forces  under  which  such 
vibrations  take  place  are  in  like  manner  to 
be  conceived  to  be  resolved  into  component 
forces,  each  proportional  to  a  parallel  com- 
ponent of  the  displacement.  Tlie  art  of  resolving  displucemeutH  of 
any  kind  whatsoever  into  components,  each  of  which  sepamtvly 
aatisfies  the  conditions  of  isoclu-onism,  is  a  mathematical  process 
vhich  it  will  not  be  necessary  to  exemplify  in  thU  treatise. 

613.     Vibrollona    «f  mn    ElaaUe    Badjr    In  Clcaeral.  —  The    general 

eqnations  of  the  vibration  of  an  elaatic  body  are  found  by  the  aiti 
of  D'Alembert's  principle  (Article  568),  by  conceiving  the  body  tu 
be  diWded  into  indefinitely  small  rectangular  or  other  regularly 
shapeil  molecules,  and  equating  the  components  of  the  rate  of  varia- 
tion of  momentum  of  each  molecule  to  the  corrcKponding  com- 
ponents of  tho  restoring  force  caused  by  the  internal  stressc**, 
which  restoring  ^rw,  /or  eacli  molectde,  m  at  each  itatfint  equal  and 
opjfoeite  to  t/te  thare  Movffing  to  that  moffctUe,  qfa  dUtrihuted  ex- 
ternal load  that  vjouldy  in  a  slide  of  equUihrium,  produce  the  actual 
state  of  difjiguranent  of  the  body  at  the  instajil.  The  condition  of 
isochronism  is  expressed  by  making  each  n-.storing  force  propor- 
tional and  opposite  to  the  displacement  of  the  molecule  to  which  it 
is  applied  ;  and  tho  displacements,  velocities,  and  forces  for  \-ibni- 
tioni*  not  isochronous  are  expressed  by  sums  of  series  of  corre- 
sponding quantities  for  )sooht^Dnou3  vibrations. 

By  the  application  of  D'Alembert'a  principle  oa  stated  above, 

I  every  equation  concerning  the  equilibrium  uf  au  elastic  botly  under 
external  forces  distributed  amongst  it,s  molecules  can  bo  ccmvcrted 
into  a  correroonding  equation  concerning  its  vibration. 
Example  I.  General  Differential  Erptatinns. — In  Article  UC, 
illustrated  by  fig.  5^,  are  given  the  equations  of  internal  equili- 
brium (2.)  of  an  elastic  solid  for  a  rectangular  molecule  dxdydi^ 
cxpreaaing  the  three  components  of  the  external  force  per  unit  of 
volume  of  that  molecule,  in  terms  of  the  equal  and  oppomte  com- 
ponents of  the  interrxal  forces  arising  from  the  varijiUona  of  the 
six  elementary  stresses,  pulls  being  considered  as  positive,  and 
timtsts  OB  negative.     TTioae  equationa  are  ccnrjcrtjei  vqN»  ^gswsarS^ 
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eqiiations  of  vibration  of  the  sftino  molectile  by  mlietAiatmg,  at  tin 
right-hand  Aides  of  th«  three  eqiuitiuns  tespocHvelyf 

for  0,  0,  w. 


(1.) 


t^ . 


thnfl 


■where  -  is  tl»e  tums  par  unit  ofvotuTM^  and  €,  »,  ^,  are  tbe 

o 

components  of  the  displacement  of  the  molecule /rotn  its  posUion 
rjui/ibnum. 

To  tnuke  nse  of  th.o  throe  oquntions  Uina  obtained,  eath  of  the 
six  elementary  stresses  iit  to  I>e  expressed  in  tenns  of  the  six  ele- 
mentary strains  multiplied  by  tlie  proper  co-efficieutfl  of  elasticity 
the  substance  (Article  253);  then  each  of  the  six  elementary 
is  to  be  expressed  as  in  Article  2^0,  by  means  of  the  diffenMkti 
oo-efficients  of  tho  three  component  dispUuvmenta  €,  »,  ^ ,  and  thufl 
tbe  thi-ee  original  equations  are  converted  into  three  linear  diffmvi^ 
(ial  eqUiOtoyis  of  the  tsecowi  ord^  in  €,  w,  and  ^,  by  the  integration 
of  which,  with  due  regard  to  tlio  circnrostances  of  each  partioular 
problem,  all  questions  respecting  ^'ibration  are  solved.  It  is  un- 
iieressary  here  to  enter  into  detjiils  respecting  those  iutegrationfi. 
Tlie  most  complete  compendium  of  the  processes  which  tb^y  in- 
volve and  the  i-csult-*  to  which  th(^  lead,  is  contained  in  BL  Lamfs 
Lemons  tttr  fSltuticHe  des  Corps  tdidea. 

Mooam^lL  Cateo/anAxiso/Vihralwru—la  figa  244 and  245, 
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Fig.  fii. 


rig.S45. 
let  S  B  and  ikio  WnsA  ^t^<&\  \a  \V  x«s^£c«ij»^  %  wxlw  of  ^1 
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other,  and  let  the  mode  of  yihration  of  the  particles 
ie  ho^jlw  Buch,  th&t  all  the  particles  in  any  one  of  those  planes 
hnve  equal  displacementa  in  i>arallel  dii-ectious  at  the  same  instant. 
A  straight  line  0  X,  perpendicular  to  all  those  siiHaces,  maj  be 
called  an  axis  o/vi&nUum,  Lot  the  displacement  of  each  partid^ 
denoted  at  any  instant  by  ),  take  place  in  a  direction  maJdng  a 
angle  tf  with  O  X,  in  the  plane  oi  x  y;  so  that  lU  component 
plucemcnta  are 

€  =  3  cos  rf, )  -- . 

I[  ,  =  a8in*./ ^^'^ 

in  the  condition  of  equilibinoni,  conceive  a  square  prism  to  extendi 
along  the  axis  0  X,  as  in  tig.  244,  and  to  be  divided  into  cubical^ 
molecules,  each  of  the  voluino  dxdydz^  and  maas  —  dxdyds, 
9 
At  a  given  instant  in  the  state  of  vibration,  let  those  molcculea 
displaced  in  the  manner  shown  in  fig.  24d,tlie  displacement  of  eft< 
point  in  each  molecule  depending,  ocoording  to  some  law  yet  to  I 
determined,  upon  the  lapse  of  time  and  upon  the  distance,  when  in 
a  state  of  equilibrium,  of  the  plane  of  equal  displacement  coutainiug 

tit  from  Q,  wluch  distance  is  denoted  by  zj  that  is,  let 
a  =  function  of  (<,  a:) (3,) 
Then  it  is  evident,  that  each  molecule,  originally  cubical,  becomes 
directly  strained  and  distorted ;  the  direct  strain  along  x  (an  elongar 
tion  if  positive)  being  represented  at  any  instant  by 

^rf€      dl       .  ... 

-  =  d^  =  ^^*^ (^> 

I       and  the  distortion,  in  the  plane  of  x  ^,  hy 

m  dn       di    .     .  ,^, 

The  vibrating  substance  will  be  supposed  to  be  isotropie  as  to 
elasticity,  according  to  the  definition  given  in  Article  250,  A  being 
its  direct  and  C  ita  transverse  elasticity.  Then  at  a  given  plane  of 
equal  displacement,  and  at  a  given  instant,  there  is  a  direct  stress 
(tenaioa  being  positive)  of  the  iuteoaity 

;;^  =  A«=A^  =  A^coarf;..: (G.) 

'^  da         djt  ^  ' 

and  a  tangential  stress  of  the  intensity 
^  ,,^C,  =  a^^^c£3ia.; (7.) 
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and  applying  to  these  data  the  reaBoning  of  the  preceding  exainfile, 
we  find  that  the  compoiienta  of  the  moTing  force,  per  nn\i  of  volumf, 
acting  on  a  given  moleciile,  at  a  given  instant,  are  as  follows : — 


Longitudinal, 

tnoBvonc, 

HO  that  if  ve  make 


cTn 


(f) 


Q-  =  C:7;^  =  0^am^ 


Use' 


d^ 


(8.) 


to  '   w  ' 


.{9.) 


we  find  for  the  eqiiations  of  vibration. 


longitudinal, 


transverse, 


rf^_    jcTC. 


dt' 


d^ 


dt'-*^d^- 


(10.) 


Tlie  gencnd  integral  of  those  two  equations  is  given  by  the  pair  d 
eqaatious, 

i=^0{at  +  x)  +  ^{at-xyA  ^J 

,  =  x(c«  +  ar)+-(cl  — «)jl 

where  0,  i^,  x,  **,  it»pre«cnt  anyfunctunt^  fdmUoeter.     Bat  to 

definite  n-'aulLs,  which  can  be  uitnl  in  calciihition*  the  condil  

iHochmntsm  are  to  bo  applied  \  and  their  lead  to  tJie  foliowifig  eoe- 
scqueuoes  : — 

Fird,  in  order  that  viltralions  niay  be  isochronous,  the  re=! 
force  must  act  along  the  direction  of  vibration  ;  that  is,  wc 
have 

Q.:  <i::cos':&m/; (13.) 

and  because  for  every  known  subst&noe,  A  and  0  are  unequal, 
condition  can  only  be  faUillcd  when  either  cos  /or  sin  /  is  notbii 
that  is  to  Buy,  tn  an  taotrojnc  Bttbetance,  tHocfironoits  vHfratiotu 
eiUler  tohoUj/  hngitudinaly  or  toholfy  (rafi^iwaw, 

S«condlifj  the  moving  force  acting  on  a  particle  must  bo 
tionol  and  opposite  to  ita  dipplacement ;  a  condition  expi 
longitudinal  and  tranffverse  vibrations  i-e«j»ectively,  by 


^  =  "  J^= ^^^ 


VIBBATIONS. 


I 


where  C  and  6**  are  two  arbitrary  positive  constants.  The  most 
convenient  way  of  expressing'  those  const&nte^  for  reasons  which 
*ill  afterwardB  appear,  is  tho  luUuwing  : — 


4  =  2,  2, 


>  and  X'  being  arbitrary  lengtJts.     Then  it  is  eamly  seen,  that  to 
satisfy  the  equations  14  and  15,  the  displactioivntd  muat  be  expressed 
^B  as  follows  : — 

K  £  =  5..co8^(x  — a^).cos^(<-g; (16.) 


2x  .  _,.  2x0, 

it  =  *!,  -cos— r(«  — *o)-co8--7-  (t  — Ca)- 


.(17.) 


^Ii>  "it  \  ^'f  ^  °s'«  ^  *^^  /"o  being  arbitrary  constants,  having  values 
depending  on  the  circumstances  of  each  particular  problem.     These 
constants  have  the  following  meanings  : — 
K       £,  and  «,  are  the  Tnaximum  aemi-amplUuda  of  vibration. 

™        ~ and  T- — ,  ai'c  the  jKriodic  timai  of  a  complete  oscillation. 

2-wa         2  ir  0 

X  and  X'  are  the  distances  (for  the  longitudinal  and  transverse 

vibmtiona  respectively)  between  a  pair  of  planes  in  which   the 

]>articlcs  arc  in  the  same  j>fiaM  of  >'ibration  at  the  same  instant ; 

such  as  the  planes  A  and  £  in  figs.  244,  245. 

(Nodal  jylayum  ai«  planer  in  which  tlie  particles  have  no  displaoe- 
X  X* 

went,  X  —  x^QT  z  —  a^to  being  an  odd  multiple  of  j  or  — .    Their 
X       x' 
distance  apart  is  -  or  -  (A,  C,  and  E,  in  the  figures). 

Ventral  planes  are  those  of  maximum  displacement,  x  —  >»  ^^ 

*x       x' 
«  —  a^o.  being  a  multiple  of  ^^  or  ^  (B  and  D  in  the  figures).   They 

lie  midway  between  the  nodal  planes. 

The  following  quantities  for  isochronous  vibrations  are  deduced 
from  equations  IG  and  17  : — For  longitudinal  vibrations, 


velocitvof )  di        2xa .        2*.         . 


a  particle,  /  dt 


X 


5»n-^(<-At)i 


.^.      d^  2r  2.,  ,         2»a..     ^. 

direct  strain,  j-=. — ~*5,sm  — (x-«o)  •  cos -—-(/- <o)- 

uX  X  A  A 


(18.) 


I 


For  transverse  vibrations, 
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Distortion,  -,-  =-— 711,  •am— -  («-3Fc)'«>8— -;- (*  —  fo). 

UaC  A  A  A 


(19.) 


YilirationB  may  exist  iu  which  the  displacements,  stmixifi,  Telocitie^ 
and  forccA,  aro  the  ni(niltant«  of  combinations  ot'  isMJironoas  vifanp* 
lions,  having  any  number  of  diHcrent  sets  of  atbltruy  constant^aod 
having  only  in  common  the  co-efficients  a  and  a 

The  results  uf  the  preceding  iuvcstigation,  so  fiu*  as  they  relate  to 
longitudinal  vibrations,  are  applicable  to  fluids  as  veil  as  to  solidc. 
TruxBverae  vibmtious  are  impossible  iu  fluids,  because  id  them  there 
is  no  transverse  elasticity. 

614.  Wnvra  •€  vibraUvH  coDsi.st  ill  the  tmnsmission  of  a  Tibc«r 
tory  state  fi\)m  particle  to  particle  through  a  body.  Let  OX  denote 
the  direction  in  which  the  vibratory  state  is  transmitted,  being,  la 
in  tlie  last  Article  and  its  figures,  an  axis  of  vibraUon^  or  line  pav 
peudicular  to  a  series  of  surfaces  of  simultaneous  and  equal  displaoe^- 
ment,  which  surfaces  do  not  now  remain  stadanaiy,  but  advance 
fi-om  particle  to  particle  with  a  velocity  called  the  vdocUy  of  tratu- 
mMofi  or  of  propiu/atiofi.  With  respect  to  wave  motion  iu  generaL 
it  lias  already  been  explained  in  Article  416,  that  the  condition  of 
motion  of  any  particle,  whose  distance  from  the  origin  is  «, 
expressed  by  a  function  of  a  t—x,  where  i  is  the  time  ^p9od 
a  given  instant,  and  a  the  vdocittf  of  tranwrnssKTU  Applying 
to  the  displacements  in  longitucQnal  and  transverse  vibdrakioos 
8i>eotivoly,  wo  find  the  equations 


(1.) 


where  a  and  c  are  the  velocities  of  tmnsmission  of  longitadinal  and 
transverae  ribrations  respect! t'ely.  Kow  the  equations  1  hare 
already  been  shown  in  Article  G13  to  be  forms  of  the  integrals  of 
the  general  equations  of  \-ibratoiy  motion,  a  and  c  hanng  the  valua 
there  given,  vi2; : —  1 

"=V?^  -V^ 0^)  ■ 


which  accordingly  are  the  respective  velocities  of  tmnnninion  of 
"WftTes  of  longitudinal  and  transvei-so  vibration  in  a  medium  whose 
weight  per  unit  of  volume  is  tc,  and  its  direct  and  tronsverae  dac- 
ticitiea  A  and  C.  In  a  fluid,  for  which  C  =  0,  the  tnuuonianoa  of 
raves  of  ttunsvene  ■^:\Vre.\.\on.  \&  \m\iofiHible. 
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^m  ihe  Talaes  given  above  for  the  volocitifrs  of  the  ti'ansmissioii  of 
^  fvaves,  that  the  gui^aces  of  gimuilatteotn  displacement  (caUed  some- 
times vxtve-gurfaeas)  should  also  be  surfaces  of  equal  avipliiude  of 
vibrtMtion.     If  the  amplitude  varies  at  diflTeront  points  of  the  same 
wave-surface,  the  velocity  of  trausmission  becomes  leas  thau  that 

I  given  by  the  equations  3,  according  to  a  law  which  it  is  onnecesBury 
here  to  explain  in  detail 
615.  Vrtsciir  ar  HoHsd. — Longitudinal  vibrations,  being  those 
which  can  be  transmitte<l  tbrongh  all  substfinccsj,  solid  and  fluid, 
«re  the  onlinary  means  of  transmitting  sound ;  so  that  the  velocity 
^  sound  in  a  given  medium  is  the  co-efficient  a  iu  the  equations  2 
of  Article  Gl-l ;  being  the  velocity  which  a  body  would  acquire  in 
fidling  from  the  heiglit  A  -^  2  w;  that  is,  a  height  equal  to  half  the 
length  of  a  prism  of  the  substance  of  the  base  unity,  whose  weight 
is  equal  to  the  co-efficient  of  lougitudinal  elasticity. 
The  velocity  of  sound,  as  determined  by  ex|»eriment,  is, 
In  water,  at  61°  Fahr..... 4,708  feet  per  second; 
In  dry  air,  at  32^  Fahr.-.  1,092      

In  air  and  other  gases,  the  velocity  of  srmud  depen<i8  on  the  pi^es- 
fiure,  density,  and  temperature  in  the  following  manner: — When  a 
nearly  periect  gas  has  its  density  changed,  and  is  kept  at  a  constant 

I  temperature,  the  pressure  varies  nearly  in  proportion  to  the  density 
•imply.  But  with  every  change  of  density  which  takea  place  imder 
irircumstauceB  such  tliat  the  gas  cannot  gain  or  lose  heat  by  con- 
duction, a  variation  of  temperature  occurs  depending  on  the  change 
of  density  in  such  a  manner,  that  the  pressure,  instead  of  varying 
simply  as  the  density,  varies  as  a  power  of  the  density  higher  than 
the  first  Let  y  denote  the  index  of  that  power,  p  tlic  pressure, 
and  to  the  density  of  the  gas ;  then 

p««»'; (1) 

80  that  the  oo-efficient  of  elasticity  A  has  the  following  valne :— 

A=|£  =  ^ (2.) 

The  value  of  the  index  y  for  air  is 

y  =  1-408; (3.) 

it  is  nearly  tlie  same  for  oxygen,  hydrogen,  carbonic  oxide,  and 
other  nearly  perfect  gases;  but  has  smaller  values  for  carbonic  acid, 
sulphurous  acid,  and  other  gases  which  deviate  ooofliderably  from 
the  perfectly  gaseous  condition. 

Kow,  if  ^  be  taken  in  poonda  on  the  square  fiaot,  and  vi  ix^ 


su 
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poimda  per  cuHc  foot,  and  if  T  be  the  tetnperatore  of  Uw  air 
degrees  of  Fahrenheit  (see  Article  133), 


^  =  262U  •  — 


10 


-I-  461°  2 

493^-2       '' 


w 


and  for  gases  nearly  perfect  in  gcnend,  if  p^^  represent  one  atmo- 
sphere— that  is,  3 1 1 6  '4  lbs.  per  square  foot, — and  ir^  the  weight  of  » 
cubic  foot  of  the  gas  at  33'^  Fahrenheit,  and  under  that  pressnrs, 


h 

w^ 


46r-2 


493'-2 


,  neaHy;. 


.(5.) 


whence  the  velocity  of  sound  in  a  nearly  perfect  gan  is 


nnd  in  air 


/  /T_+_461^\ 
V    \     493='3     ) 


1092 


(7.) 


616.  laipact  BBd  PrcMaret  Pile  DrtrlBc. — ^The  impact  Of  blov 
of  a  body  which  haa  acqiiired  momentum  by  the  action  of  &  certain 
force  during  a  greater  time,  is  used  to  overcome  a  greater  force 
during  a  leiis  time ;  as  when  the  ram  of  a  pile  engine,  having 
acquired  momentum  by  the  action  of  its  weight  during  a  ^ort  hoi 
sensible  interval  of  time,  overcomes  the  reaistancc  of  a  pile  to  bebg 
driven,  many  times  greater  than  tlie  weight  of  the  ram,  and  during 
an  interval  too  short  to  be  measured. 

If  the  ratio  of  the  times  could  be  ascertained,  the  ratio  of  the 
forces  could  be  inferred  from  it ;  but  as  one  of  the  times  is  alvajn 
insensibly  short,  the  ratio  of  the  forces  has  to  be  computed  firoa 
the  spacer  through  which  they  act,  by  considering  how  the  enerj^ 
of  the  blow  is  distributed. 

Let  W  be  the  weight  of  the  ram ;  h,  the  height  from  whiiji  it 
falls.     Tlicn 

is  the  energy  of  the  blow. 
That  energy  is  employed — - 

1.  In  compressing  the  ram  ; 

2.  In  compressing  the  pile ; 

3.  In  giving  actual  energy  of  motion  to  the  ram  and  pile; 

4.  In  driving  the  pile  against  the  i«aistanoo  of  the  ground. 
The  compTV£!tdon.  oC  the  ram  is  inappreciable  in  practioo  ;  and  foj 

aIbo  are  tbo  \  c\oc\^ftft  ol  >A\fc  t^xo.  axA  y^^  >*&>jet  vVite  <!nUiaiou.    Tli6 1 
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h 

^Bteoond  aud  fourth  ways  of  expending  the  energy  bave  therefore 
"  alone  to  be  considered. 

Let  R  bo  the  effedive  rcttfftftnoe  of  the  gronnd ;  that  is,  its  totAl 
^  renistanoe  leas  the  weights  of  the  pile  and  ram.  Let  S  be  the  area  of. 
■  the  head  of  the  pile,  and  P  the  pressure  exerted  at  any  instaul 
^fabetween  it  and  the  ram.  At  first,  P  is  nothing;  it  increases  as  the 
^|vUe  becomes  compressed,  until  at  length  it  becomes  equal  to  B ; 
'  then  the  comprptwion  of  the  pile  ccosoa  ;  it  begins  to  penetrate  into 
I      the  ground,  and  continues  to  do  so  until  the  unergj-  of  the  blow  is 

^■all  expended.     The  mean  value  of  F  is  -^.     The  distance  through 

F 


rbich  it  is  overoome  ia  comprcflsing  the  pile  is  the  comprcs^on  duo 
[to  its  maximum  value,  viz.,  -«-q,  vhero  E  is  the  modulus  of  elasti- 


^ 


city  of  the  pile,  and  L  the  length  of  a  post,  which,  if  uniformly 
compressed  throngliout  its  length,  would  be  as  much  shortenetl  as 
the  pile.  Considering  that  the  pile  is  held  in  a  great  measure  by 
friction  against  its  sides,  h  may  be  made  equal  to  halfiX^  length. 

Then  Uie  work  performed  in  compressing  the  pile  is  ^^        ;  and 

the  work  performed  in  (Irlviug  it  deeper  is  R  x,  where  x  is  tlio 
y  depth  through  which  it  is  driven  by  a  blow ;  and  equating  these  to 
^K  the  energy  of  the  blow,  we  find 

■  ^*  =  S  - «« ('•) 


rWhen  X  has  been  ascertained  by  obscr\*ation,  R  is  found  by  solving 
&  quadiutic  eqnation,  viz., 


^ 


R 


V{- 


SWA 


1/ 


]- 


ESz 


(2.) 


Piles  are  in  general  driven  till  R  amounts  to  between  2,000  an( 
3,000  lbs.  per  squaiv  inch  of  the  area  of  head  S,  and  are  load< 
with  from  200  to  1,000  lbs.  per  square  inch  ;  so  that  tho  factor  ot' 
safety  is  from  10  to  3. 

Tlio  overcoming  of  any  resistance  by  blows  is  analogous  i-i  the 
example  here  given,  which  is  extmcted,  and  somewhat  modifuil, 
from  a  section  by  Mr.  Airy  in  Dr.  Whowell's  treatise  on  Mechanics. 
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CHAPTER  T. 
MonoNa  OF  FLm>3. 

617.  »i*ui»»  ofihv  fiubj<>ci. — Tbe   principlis   of  d3riianucs^  ju 

applied  to  lluitL^  ro  far  as  Binall  and  rapid  changes  of  density  a 
concerned,  liavo  already  been  discussixl  under  the  head  of  ^■ib^lt 
motioua^  Now  the  only  changes  of  density  which  occur  d 
tbe  motions  of  liquids  are  small  and  rapid;  so  that  In  the  prp.se 
chapter  those  motions  of  liquids  ai*e  alouc  to  be  considered  in  whi 
the  density  is  constant,  and  whose  ciuematical  principles  have 
treattMl  of  in  Part  III.,  Chupt^ir  III.,  St-ction  2.  In  the  motiooa  of 
gatet,  great  and  continuous  changes  of  density  occur,  such  as  tboM 
whoee  cinomatical  pi-iuciples  have  been  treated  of  in  soctioxi  3 
the  chapter  alitady  rcfem-d  to;  and  the  dynamical  laws  of  tnotio 
affected  by  such  changes  have  still  to  be  considered.  One  mode 
di^iaioD,  therefore,  of  hydrodynamics,  is  founded  ou  tlio  dlatinctioa 
between  the  motions  of  liquids,  regarded  as  of  constant  density,  and 
those  of  gases. 

Another  mode  of  division  is  founded  ou  ihe  distinction  between 
motions  not  sensibly  affected  by  friction,  and  those  which  are  so 
affectcfl.  The  motions  of  duids  not  sensibly  affected  by  friction, 
and  therefore  governed  by  pressure  and  weight  only,  take  placo 
according  to  laws  which  are  exactly  known;  so  that  any  difficolty 
which  exists  in  tracing  their  oonscqueucos,  in  particular  cases,  ame« 
from  mathematical  intricacy  alone.  The  laws  of  the  friction  of 
fluids,  on  the  other  hand,  are  only  known  -approximately  and 
euipiriciilly;  and  the  mode  of  operation  of  that  force  amongst  the 
particlcB  of  a  fluid  is  not  yet  thorouglily  understood :  so  that  th« 
solution  of  a  [lorticular  probk-m  has  often  to  be  deduced,  not  from 
fli-st  principlea  representing  the  condensed  residta  of  all  ea^perience, 
but  from  experiments  of  a  special  class,  suited  to  the  problem  under 
consideration. 

Tho  laws  of  the  mutual  impulses  exerted  betwe^  masses  of  fluid 
and  solid  soriaces  require  to  be  considered  separately. 

The  following  is  the  division  of  the  subject  of  this  chapter  >~ 

I.  Motions  of  Liquids  under  Gravity  and  Pressure  aloDfib 
II.  Motions  of  Oases  under  Gravity  and  Pressure  alone. 

III.  Motions  of  Liquids  affected  by  Friction. 

IT.  Motions  of  Gases  affected  bv  Friction. 
V.  Mutual  lm^\!\«;*  q^  "EVivSL^VaHttw.  Vk^^s^Ji^^NssCasae*. 


i 


Sacnos  1. — . 


61& 


'giTpn 


the  Uiree 


of  the  compoDCSita 
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dp  I 
fdx  g 
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dp 


tdtf 
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Conibinxng  with 
continoity,  vu  ^— • 


poaitiuu;  and 
tinuUy  whicli  connects  tb« 
each  other.     To  obtain  the 
modoD  of  a  liqnM,  the  fint  thne 
k«xpreKioD3  lor  the  ntea  ttf 
ItMnteM  of  a  jiTtirk,  and  tW 
which  act  upon  H» 
Let  dxdydz  denote 
p  the  intensity  of  tike  pteanf»  if 
ordinates  are  se^  «•  2^     Lei  a  W 
CO  being  nsed  to  denote 
point,  the  symbol  ^  will  dov  fe 
an  unit  ofvUumt.     Tbea  tte 
upon  are 

along  X,  —  -^.  dsd}fdzi 

J«et  the  rates  of  Taristion  of  tke 

the  molecule  be  found  br 

of  the  components  of  the  xAsatf 

fdxdydz 


then  eqaating 

equation  1  above,  diridiae  }^dx4yd^tm9mtm» 

iion  to  the  nnit  of  rokammt  md  thcB  bf  ^ a» ^« 
the  unit  of  weigjit^  tke 


dP'gXdt 
d**     l(d9 


dp  _\,d'i_lfdm        d^        dw^dm^     I 
€dz~i    df'gi  dt^    ds        df^^Tlf'} 
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rftt      tfv      dw     , 


(3.) 


liqmdf^ 


-we  have  the  data  for  solving  all  dynamical  questions  f 

^vithout  friction.    These  equations  are  adapted  to  the  case  of  Jtootfy 

motion  by  making 

d«      dt      d<     "' ^^* 

HB  in  Article  413. 

619.  DrasBiie  Head. — The  quotient  —  is  what  is  called  the  Keig^, 

or  head,  due  to  tii^  preaaure;  that  is,  the  height  of  a  column  of  tli« 
liquid,  of  the  uniibrm  specific  gravity  f,  whose  u-eight  por  unit  of  i 
base  would  be  equal  to  the  pressure  p.  Now  as  the  vertical  ordinate ' 
z  is  measured  7wn^tW;y  dotcmcards  irom  a  datom  horizontal  plane, 
gs  \a  the  weight  of  a  column  of  liquitl  per  unit  of  base  extending! 
do^toi  from  that  piano  to  a  particle  under  consideration ;  p  —  *  s  is 
the  difference  between  the  intensity  of  the  actaial  pressure  at  that 
particle  and  tlio  pressure  due  to  its  depth  below  the  datum  hori- 
zontal plane;  and 

£-.  =  A. (1. 

is  the  Itei(f!u  or  head  due  to  that  difference  of  inteMity^  being  w 
wiU  be  termed  the  dynamic  head.     When  z  is  measured  potitwJy' 
upwards  from  a  datum  horizonlAl  plane,  its  sign  is  to  be  changed  j 
Hu  that  the  ex|n*ession  for  the  d^aiamic  head  in  that  caae  beoomoi 


^+z  =  h. 


LationsH 


620.   0««eml  Drimvic  E^nailoHB  In  Trraa  af  Draamic  n 

If  instead  of  thy  rates  of  variation  of  the  pressure  in  the  cquati 
2  of  Article  618,  there  are  substituted  their  values  in  terms  of  tb« 
dynamic  head,  those  equations  take  the  following  forms : — 

du  ,      du  .     du  ,      du  \ 


dx     g    d^     g\  dt  '  "dz  '  '  d !/ 

dh     I    d^n      1  {dv   .  dv  ,      dv  .       dv\ 
dy     g    dp     g  \  dt         dx        dy  dz  ) 

dh     \    ^_W*^_|_    ^1     ^j.     diq\ 

d~z~g'dC"g\dt  "*""(/ j  "^^  (/y  "'""' ds  (' 

621.    Ii«w  aC  ihTwnmVc  vtnkd  for   sicndr  naiiaa. — From 
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idy  motion,  in  whicli  there  ia  no  variation  of  the  dynamic  Iiead 
it  a  {larticlcj  excopt  Uuit  arimng  from  the  change  of  pontion  of  the 
Licle. 

Let  V  be  the  velocity  of  a  given  particle.     Its  value,  in  terms  of 
its  rectangular  componouts,  is  giveu  by  the  equation 


V«  = 


dV  .  d 
de 


df, 
df 


(1.) 


rhich,  being  divided  by  2^,  gives  the  height  duo  to  the  velodty; 

that  the  variation  of  that  height,  in  a  given  indeBnitely  short 

iterval  of  time,  is 


^9 


(2.) 


\dl    df'^dt    dfi^dt     de) 
(dh    dl.dh   d^.dh   dC\^,  ,, 

principle  might  otherwise  be  stated  thns : — In  si^idy  moiion^ 
auni  of  iM  height  due  to  the  velocity  of  a  parCicU  and  of  iti 
iic  head  u  earuCant,  or  symbolically 

Y" 


•^9 


-{-h  ^couRtont (3.) 


IB  equation  applies  to  the  particles  which  successively  occupy  the 
le  fixed  point,  as  well  as  to  each  iudiN-idual  particle. 
623.  The  tmoI  Enemr  of  a  particle  of  a  moving  liquid  without 
friction  ia  expressed  by  multiplying  the  expression  in  equation  3  of 
the  last  Article  by  the  weight  of  the  particle  W,  thus  : — 


2ff 


WA 


.(1.) 


^ 


"W"  V* 
which  — 3 —  is  the  actual  energy  of  the  particle,  and  W  h  is  ita 

teiitial  energy;  because,  from  the  last  Article  it  appears,  that  by 

|the  diminution  of  W  A,  —— —  may  be  increased  by  an  equal  amount, 

snd  vice  versa  ;  so  that  the  dynamic  head  of  a  part  tde  w  ite  potential 
mMTgy  per  ujtit  of  xtteight.  In  the  case  of  steady  motion,  the  total 
energy  of  each  particle  is  constant ;  and  the  total  energy  of  each  of 
the  equal  particles  which  successively  occupy  the  same  position  ia 

e  same. 

In  the  case  of  unsteady  motion  of  a  liquid  mass,  the  total  iuttmal 
enet^  of  the  entire  mass  is  constant;  that  is,  if  the  ceutitj  of 
gravity  of  the  mass,  or  a  point  either  fixed  or  moving  ux^vfonsi.'^ , 


fiTO 
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with,  respeot  to  thftt  centre  of  gravity,  is  token  as  the  fixed  poixtt  to 
-which  the  motions  of  all  the  particles  are  n&ared^  the  fbUoving 
equation  is  fulfilled  : — 

3-W  (2-  +  '*)  o>*  ///(.— +A)e<'««^y<'«  =  «n»atant...(2.) 

623.  The  Fr««  sarfiBco  of  a  moving  liquid  mass,  being  that  wfaidi 
18  in  contact  %vith  the  air  only,  is  chaiacUTL^ed  by  the  pctanin 
^  being  unii'ortu  all  over  it,  ana  equal  to  that  of  the  atmoephenu 
Let  pi  be  the  atmusphcrio  presson.*,  t,  the  vertical  ordioaU-,  : 
sui'ed  poaitiveli/  upwards  from  a  given  hnrizontol  plane,  of  nn>  1 
in  the  free  Mirfucu  of  the  liquid,  nud  /h  the  dj-namtc  head  -.c 
same  point  j  then  it  appears  from  Article  619,  equation  li,  tlui  i 
tliat  surface, 


Pi 


(1.) 


/t,-f,  =  —  ^consbukt 

e 

624.  A  Ssrface  mf  e^haI  Premtre  is  characterized  by  an  acohy 
gous  equation, 

A -a  =  -  =  constant; „ (1.) 

and  all  surfaces  of  equal  pressure  fultU  the  differential  equation, 

dh  =  dz; (2.) 

which,  for  steady  motion,  becomes 


I 


dz^dh=z-d'l~- 

29: 


.(a) 


:presaing  that  the  variations  of  actual  energy  are  those  due  to  the 
LVftriationa  of  level  simply. 

625,  nioiiAM  iM  Plane  i««7«n  is  a  state  which  is  either  exactlr 
or  approximately  realized  in  many  ordinary  costs  of  liquid  motios'; 


.. 


Hg.  24«.  Bg.  2*7. 

and  the  a&8\xm^\^xL  ot  ^^r^uj^^  \&  ^afbiso.'^aM&.v&^.^sin^^YSCQrciinAtiao 
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It 


the  solution  of  Torioiu  questtoiiH  in  Lydnulioa.  it  "^ttt^  in 
e  motious  of  all  the  particlra  in  one 
ilane  bt-ing  parullul  to  cacli  other,  pt?r- 
mdicular  to  tlie  plane,  and  equal  in 
rclocity.  It  is  illostrated  by  the  three 
Ignree  246,  247,  and  248,  each  of  which 
its  a  reservoir  containing  liquid 
ip  to  the  elevation  OZj  =  z^  above  a  given 
itum,  and  discharging  the  liquid  from 
orifioeA(,atthe  smaller  elevation  OZq  __    ,._ 

Sff.    The  liquid  moves  exactly  or  nearly  "    * 

plane  layers  at  the  upper  surface  A,   and  at   the  orifice  Aq. 
these  symbols  denotf*  the  areas  of  the  upper  sur&co  and  of  the 
ling  stream  respectively. 

Let  Q  denote  the  rate  of  flow  per  second,  r,  the  velocity  of  descent 
of  the  liouid  at  the  upper  surface,  r^^  its  velocity  of  oiitflow  from  the 
orifice ;  then,  according  to  Article  405,  the  equation  of  continuity  is 

v,A,  =  roAo  =  Q; 


Q 
A.' 


orri=_  ;  Va= 


(1-) 


The  pRBBures  at  the  upper  surface  and  at  the  oriSce  respectively 
are  each  equal  to  the  atmospheric  pressure ;  henco  the  difference  of 
dynamic  head  is  simply  the  ditlerence  of  elevation ;  that  is  to  say, 


Aj  —  An  =  «i  —  So ; 
lerefore,  according  to  Article  621,  equations  2  and  3^ 

«i-t^        rSA     A^     ^      ^  /ov 

"2F  "  alU-Af;-"-*"^ ^-^ 

This  gives  for  the  \xlocity  of  outflow, 

'-vm'h - 


of  equation  I. 

The  general  equation  of  motion,  for  every  part  of  the  vessel  or 
cliannel  at  which  the  motion  takes  place  in  plane  layers,  is,  acourd- 
^.ing  to  Article  621,  equation  3, 

■  ^  +  *  =  constant  =  ^  +  /^=  ^  +  ^+P (4.) 


PRIVCIPLEB  OF  DTNAJflCSL 

The  motion  may  bo  considered  to  take  place  in  plane  layei-3  at  Any 
iflirt  of  the  channel  whoeo  sides  are  nearly  ttnught  and  paralld, 
mich  oa  A,  in  tig.  246,  whose  elevation  above  the  datum  ia  r.  To 
find  the  dynamic  head,  and  thence  the  pressure,  at  this  inWrmodiaU? 
uection  of  the  channel,  the  velocity  through  it  i«  to  be  computed  bv 
tlie  fomuila 

'^=A.='Ar' ^'-^ 

■whence  the  dynamic  head  relatively  to  the  datum  O  is  obtained  by 
the  equation 


2g 

and  thence  the  pressure  by  the  formula 


W 


(T.) 


When  a  large  vessel  discharges  liquid  through  a  small  orifice, 

ratio  —  is  oflcn  so  small  a  fraction,  that  it  may  be  neglected  in 

Af 

equations  2  and  3. 

6:20.  The  c'AHtractMl  Vein  \r  the  name  given  to  a  portion  of  a  j 
of  fluid  at  a  short  di&tauce  frum  uu  onBcc  in  a  plute,   which 
»iuialler  in  diameter  and  in  area  than  the  orifice,  owing  to  a  spon 
ncous  contraction  which  the  jet  undergoes  after  leaving  the  orifiot 

The  area  of  the  narrowed  part  of  the  contracted  v«n  is  in  e 
case  to  be  considered  as  the  virtual  or  effective  tmUet,  and  used  f( 
Afl  in  the  equations  of  the  la«t  Article, 

Tlio  ratio  of  the  area  of  the  contracted  vein,  or  effective  orifii 
to  tikat  of  the  actual  oiifice,  is  called  the  co-effio^rU  of 
For  sharp  edged  orifices  in  thin  plates,  it  has  dilTerent  valuos 
different  figures  and  proportions  of  the  orifice,  ranging  from  about 
OdS  to  0*7,  and  being  on  an  average  about  ^.  It  diminiahes  dome- 
what  for  gT«at  pressures,  and  for  dynamic  heads  of  six  feet  aud 
upwards  may  be  taken  at  about  0*6.  The  most  elaborate  table  of 
thoAe  co-efficients  is  that  of  Ponoelet  and  Lesbroa, 

For  orifices  with  edges  that  are  not  sharp  and  thin,  the  diacharse 
is  modified  sousibly  by  friction. 

627.  I'enicol  Ortiicea  of  discharge^  whose  vertical  dimenaions  are 
not  small  in  comparison  ^vith  their  depths  UIow  tlie  npper  mn&ce 
of  the  reservoir,  are  treated  as  having  a  mean  velocity  of  disdurge 
tlirough  their  contracted  veins  due  to  the  mean  vtt/ue  ofihe  9j%iart 
root  of  U\6  dy  ruimic  hxad  Cur  the  several  parts  of  the  orifice.  For 
example,  \el  y  ^  x\ift\\orviJ3viXje\\re«A!Cft  (A.  «x\.^v%ai^  ^duux^  ©^flJ 
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elevation  z  above  the  datum,  s'  the  elevation  of  the  lower,  and  «" 
that  of  the  upper  edge  of  the  orifice,  so  that 


-^  =  c  j ^ydz 


00 

ifl  its  effective  area,  c  being  the  co-efficient  of  contraction-  Theu 
that  oritice  ia  to  be  treated  as  if  its  depth  below  tlio  upper  surface 
Ag  were 


-^f'im^ - 


¥ 


and  the  formulae  of  Article  625  applied  accordingly.    For  a  rectaa- 
orifice  for  which  y  is  constant,  tlus  gives 

^*i-^-^  -^—^         > W 

[iLod  if  it  ia  a  nofcA,  or  a  rectangular  orifice  extending  to  tlie  upper 
[wrface,  so  that  'i  =  *„ 

v'^^rr^l    j^—^ ^^j 

628,  SarfaccH  of  KqMii  iicMi«  which  for  steady  motion  are  alio 
BDRFACES  OP  EQUAL  %'ELOCITY,  OTc  ideal  suHaoes  traveling  a  fluid 
tnass,  at  each  of  which  the  dynamic  head  is  uniform.  Their  ixvsi- 
tions  are  related  to  the  direction,  velocity,  curvature,  and  variiition 
of  velocity  of  the  fluid  motion  in  the  following  manner  : — 

In  fig.  249,  let  Hi  H„  HjH^  represent  a  pair  of  such  sui-faces, 
very  near  each  other  j  their  normal  distance 
apart  being  dn,  measured  forwanis  from  H,   ■'^'~^><'^^' 
towards  H„  and   the   difference  of  dynamic    ^~^^^*^^$^*^^>,^  h, 
head  at  them  being  d  h.     Let  A  B  bo  part  of  «* 
the    moving    fluid,    forming    an    elementary 
stream   whose  velocity    is   V,    its    radius  of       **« 
curvature  r,  its  thickness  rfr,  and  the  varia-  '^ 

tion  of  its  velocity  rf  V;  velocities  from  A  towards  B  being  posi- 
tive, and  cur\'ature  concave  towards  H,  being  positive.  Then  th« 
equations  2  and  3  of  Article  C21  give,  as  before^ 


*"      =  — d/»j    or;j-;  +  A  =  constant; (1.) 


^■»nd  in  order  that  the  variation  of  head  may  supply  the  deviating 


ibree  necessary  to  produce  the  cunature  of  the  stream  A  B,  tlie 
indius  of  curvature  must  bo  in  a  plane  |K'rpendicular  to  the  surfaces 
of  equal  head,  and  the  following  eqiiatiou  must  b©  fulfilled : — 


raixciPLSs  of  dynauics. 


dh. 
dn 

dh 
'dn 


drcMnr; 


A 

COS  nr. 


629.  In  A  WwdhiHiMi  Ooftvtf.  flovxng 
towards  or  from  ao  axis,  as  described  in 
Article  407,  the  gtirfaces  of  equftl  dju*- 
mio  hettd  and  oqiiul  velocity  arc  cy linden 
described  alwut  the  axis.  The  equation 
of  continiiity,  1  of  Article  407,  putting  6 
instead  of  A  to  denoto  the  depth,  parallel 
to  the  axis,  of  the  cylindrical  space  in 
which  the  current  flows,  gives  for  the 
velocity  the  formnk 


UoTo 


Tig.  2S0. 


2x6r 


.0) 


where  r^  J8  the  radius  of  the  cylindrical  surface  R,„  fig.  250, 
which  the  radiating  pjirt  of  the  current  be>;ins  or  ends,  accoi 
»a  it  flows  outwards  or  inwards.     The  radiating  current  may 
tend  indefinitely  in  all  directions  beyond  this  surface,  the  velocit 
being  nt  any  point  inversely  as  the  distance  from  the  axis  O. 
Ag  be  the  dynamic  head  at  B,;  then  at  any  other  cylindrical 
foce  of  tlie  radius  0  K  =  r,  we  have  the  dynamic  head. 


'-'.»ft-f,-'- 


i(-$ 


2? 


Tjct  A]  be  the  limit  towards  which  tlie  dynamic  bead  appros 
mates  as  the  distance  from,  the  axis  is  indcBuitcly  incroaacd  :  th( 


/*!  =  h, 


-      23 


^'7 


2^  -  **  -  ^Jf^  J 


><•■•••••*•< 


C3.) 


Free  Climlnr  Tonrx.— In  the  cylindrical  spaeo  of  fi^ 

outside  of  the  sm-face  11,,  let  the  particles  of  the  fltud 

a  circular  current  mnnd  the  axis  O  j  and  lot  the  velocity  of 

:ular  current  be  8\ich,  that  if,  owing  to  a  slow  radial  movt 

particles  should  ftntV  tVcw  -^a.-^  ^t&  (iue  circular  current  to  anotht 

ley  would  assume  IreeX^  VXio  ^v\wi\M\efc  \(to^ct  •«»  •Casi  «K«srtl. 


VOBTEX 


ms 


its  entered  by  them,  witliont  the  action  of  any  force  but  weight 
and  fluid  pressure.  This  last  condition  is  \rhat  constitateB  ikfies^ 
vortex,  and  is  a  condition  towjirds  which  every  vortex  not  acted 
on  by  external  forces  tends,  because  of  the  tcndeDoy  to  the  inter- 
mixture of  the  particles  of  adjoining  circular  currents.  It  is  ex-'. 
pressed  mathematically  by 

r* 
A  +  5—  =  A,  =  constant (1.) 

A,  ynll  be  railed  the  maximuTn  hend. 

Conceive  a  portion  of  a  thin  circular  cnrrent  of  ^e  mean  radius 

contained  between  two  cylindrical  sur&ces  at  the  indefinitely 

lall  distance  apart  dr,  and  of  the  area  uniti/,  the  current  having 

ic  velocity  I',     Then  the  centrifugal  force  of  that  portion  of  the 

It  is 

gr  • 

'^hich  is  equal  and  opposite  to  the  deviatit^  force 

Httiat  ia  to  say, 

^H  dr       gt 

^But 


(2.) 


tut  by  the  condition  of  {reedom  in  equation  I,  we  haTe  -  ss 


2  (Ai— A),  which  being  substituted  in  equation  2,  gives 

rdh  _  2(/i,-A) 


dr 


rhence 


A, 


^       1 


(3.) 


or,  the  vdocily  is  inrergdt/  as  ths  dUiaiux  from  tJie  axUy  ejcactly  as 
in  a  radiating  current  Then  let  r,  be  the  velocity  of  revolution, 
and  A^  the  dynamic  head,  at  the  inner  boundary  B,  of  the  vortex ; 
we  have  for  the  gcuciul  etjuatious  amongst  the  dyniuuic  heads  and 
Telocitics  at  all  points. 


A, 

=  A, 

*ft 

:.A 

«» 

"2-ff 

=  />  + 

■2g 

(4.) 

A^ 

=  A. 

1' 

A. 

4 

i 
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631.  Free  Apirmi  Vmwirx. — Aa  the  equations  of  the  motion  of 
free  circular  vortex  are  exactly  the  same  with  those  of  a  radiati 
curreut,  it  follows  that  they  abo  apply  to  a  vortex  in  which 
motion  is  compounded  of  those  two  motions  in  any  proportions, 
so  long  as  the  velocUf/  w  inversely  as  tJie  distance  from  the  axis.  To 
fulfil  this  condition,  the  currents  of  liquid  must  have  a  form  that 
is  at  c^-ery  point  equally  inclined  to  the  radius  drawn  from  the 
axis  ;  a  property  of  the  logarithmic  spiral.  Let  v  be  the  velocity 
of  the  current  in  a  free  spiral  vort«x  at  any  point,  and  $  the  wd-™ 
ittant  inclination  of  the  current  to  the  radius  vector  ;  then  the  cont^| 
]>onent  of  the  motion  whose  velocity  is  v  cos  ^,  is  analogous  to  thi 
motion  of  a  radiating  corrent,  and  that  whose  velocity  is  r  sin  f  is 
analogous  to  the  motion  of  a  free  circuJar  vortex.  h 

C.'ili.  A  Forrrd  Venn  is  one  in  which  the  velocity  of  revoIutiQ^| 
of  the  particles  follows  any  law  different  &om  that  of  a  free  vor- 
tex ;  but  the  kind  of  forced  vortex  which  it  is  most  useful  to  con- 
sider, is  one  in  which  the  particles  revolve  with  equal  angular 
velocities  of  revolution,  as  if  they  belonged  to  a  rotating  solid 
body  ;  m  thiit  if  r,  be  the  rudins  of  the  outer  boundaiy  of  the  vor- 
tex, where  the  velocity  is  v«,  ^ 


«  = 


«*r 


.{1.) 


The  equation  of  deviating  force,  3  of  Article  G30,  is  applicable 
all  vortices,  forced  as  well  as  free.     Introducing  into  it  the  vain© 
of  V  fram  equation  1,  above,  we  find,  i 


I 


dr 


?*0 


.{%) 


which  being  integrated,  with  the  understanding  that  the  dynamic 
head  is  to  be  reckoned  relatively  to  tJte  axis  of  the  vortex,  gives     ■ 


h  = 


^9 


.(3.) 


from  wliich  it  appears,  that  in  a  rotating  vortex,  Oie  dt/namic  head 
at  any  point  is  the  heigM  due  to  tJie  vdoeUy,  and  the  enayy  <if  a/Hrjf 
jHirticIe  is  ftcUj' actual  and  Judf  poteTiiiai. 

633.  A  combinni  Torirx  consists  of  a  free  vortex  vrithout  and  a 
»rced  vortex  within  a  given  cylindrical  surface,  such  as  Rg  in  fig. 
250.     In  order  that  such  a  combined  vortex  may  exist,  the  v 
city  V,  and  the  dynamic  head  A,  at  the  surface  of  junction  mnst 
the  same  for  the  two  vortices  ;  consequently,  as  the  dynamic  h 
of  the  forced  votUns.  \i  w^m^  "Wi  'CttaVfc\^\.  \^yt  ^  it*  velocity,  uid 


COUniXU)  VORTEX 


the  sum  of  thoee  heights  for  tho  sur&ce  of  jonction  is  equal  to  the 
mastmmm  head  hi  of  the  free  vortex,  we  have  this  priuciple : — In  a 
corMtKtd  vorUXj  the  maximum  dynamic  head  u  doutU  o/tfta  dtftta- 
mwj  h«ad  o<  iho  mr/ace  of  junction,  each  being  vteaeurtd  rdativetjf  to 
the  axis  of  the  voriex;  or  sTtabolicaUyj 


A.  =  2/i,  =  !?. 


.(I.) 


To  illastrate  thia  geometrically,  let  a  oombined  vortex  revolve 
about  a  vertical  axis,  O  Z^  Z,,  fig. 
251,  the  upper  surface  of  the 
liquid  being  free,  aud  represented 
in  section  by  DBOBD.  Let 
A  B,  A  B,  be  the  cylindrical  sur- 
fiice  of  Junction  between  the  free 
and  the  forced  vortices.  Let 
A  O  A  be  a  horizontal  plane, 
touching  the  upper  surface  at  its  lowest  point,  which  is  at  the 
axis,  and  let  vertical  ordiuates  be  measured  from  this  plane.  The 
presore  of  the  atmoaphwre  being  equal  at  all  pt)int5.  may  be  left 
out  of  oonsidcration  ;  so  that  if  £  be  the  height  of  any  point  in  the 
sur&ce  of  the  vortex  above  A  O  A,  we  shall  have  simply 


rig.2i.i. 


«  =  A. 


Then  for  the  forced  vortex. 


3  = 


(2.) 
.(3.) 


so  that  B  O  B  is  a  paraboloid  of  revolution  with  its  vertex  at  O. 

Make  ACJ  =  2AB  =  2^;  this  will  represent  A,,  the  maximum 
dynamic  head ;  and  for  the  free  vortex, 


z  =  h 


Syr'"    *        T^^ 


(4.) 


I 


and  D  B,  D  B,  is  a  hyperbtiloid  of  the  second  order,  described  by 
tbe  i*otation  round  the  verticail  axis  of  a  hjrperbola  of  the  second 
order,  whose  ordinato  h^  —  z,  measured  doumvards  from  C  Z,  C,  is 
inversely  us  the  sq\iare  of  the  distance  from  the  axis.  The  two 
surfaces  have  a  common  tangent  at  B  B,  where  they  join. 

The  velocity  of  any  particle  in  the  free  vortex  U  that  due  to  its 
depth  below  C  C  ;  tliat  of  any  particle  in  tho  forced  vortex  ia  that 
due  to  itA  height  above  A  A ;  and  B,  where  those  rclocxtiea  aro 
equal,  is  midway  between  C  0  and  A  A. 

2f 
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PRIKCiri^ES  or  DTVA.UICS. 


The  thooty  of  the  combined  Toxi^  was  nude,  hj  Proi 
Jamen  Thomson  of  Belfust,  the  principle  of  the  action  of  lus  tw^ 
bino  or  vortex  watcr-'wheel. 

634.  Tcrticni  B«v*iMii#a. — When  a  moss  of  Liquid  revulvcfl  in 
vertical  plane  about  a  horizoutul  (ixi»  (like  tlie  water  in  a  bucket 
overshot  wheel),  its  up[>er  surface  in  not  horizontal,  but  as»u 
figure  depending  on  the  deviating  force  reqxiired  by  itts  rv 
lution. 

In  fig.  353|  let  0  represent  a  horizontal  axia^' 
and  B  a  bucket  of  liquid  revolving  round  it  in  a 
vertical  circle  of  the  radiua  B  C,  with  the  angu 
velocity  of  revolution  a.    Let  "W  be  the  weight 
liquid  in  the  bucket 

Then  the  deviating  force  required  is  given 
the  formula 


1 


BC. 


Fig.  262. 


Take  the  radius  B  C  itself  to  nptegmt  the  dt 
ating  force,  and  C  A  vertically  upwards  &om  the  axis  to  lei 
the  weight ;  the  height  C  A  is  given  by  the  proportion 


UA:BC::W:— 'bC, 


that  is. 


CA=-^  = 


o'       4,'n' 


(1) 


whore  n  is  the  number  of  revolutions  per  second. 

Now  A  C  representing  the  weight,  and  C  B  the  centrifugal  foi 
equal  and  opposite  to  the  deviating  Jbrce^  the  inienuU  amdiiion  of  tl 
liquid  in  the  bucket,  according  to  D'Alembert's  principle,  is  tl 
same  as  if  it  were  under  a  force  represented  by  A  B,  the  resultanS" 
of  these  two  forces ;  tlierefore  the  surface  of  the  liquid  is  perpendi- 
cular to  A  B. 

^'ow  it  appears  &om  equation  1,  that  the  height  of  A  above 
is  independent  of  the  radius  of  the  wheel,  and  of  every  circumfttan< 
except  the  time  of  revolution ;  bein;,',  in  fact,  the  height  of  a  rcvoh 
ing  pendulum  which  revolves  in  the  some  time  with  the  wh( 
(See  Article   539.)    Therefore  the  point  A  is  the  aame  for 
buckets  carried  by  the  same  wheel  with  the  same  angular  velocity 
and  for  uU  points  in  the  surface  of  the  liquid  in  the  same  burkel^ 
whether  neaacct  to  ot  \a.T\\v*a  ^^^mi  SXit  toja  ^  \  ^^\vxft£atG  the  up()er 
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STirfac©  of  thci  liquid  in  each  bticVot  is  f«irt  of  a  cylinder  describejl 
about  a  horizontal  aiia  passing  through  A  and  parallel  to  C. 

The  theory  of  rolling  waves  may  bo  deduced  from  the  above 
proposition.  For  a  brief  sketch  of  tlmt  theory,  see  Addendum, 
page  XV. 

Section  2,- — Motions  ofGagea  wilhout  FrictwH. 


^ho. 


635.  Ornaniic  Head  !■  CaM*. — Tlio  d\*namical  eqnations  of 
motion  of  a  gas  are  the  same  with  those  already  given  in  Article 
618,  equation  2;  and  in  tiieir  int<»gration,  it  has  to  bo  observed 
that  f,  the  density,  is  no  longer  constant,  but  depends  on  the  pres- 
sure. The  equations  of  continuity  have  been  given  in  Articles  419 
to  423. 

In  finding  the  DTXAtfin  head  for  a  particle  of  a  gas,  instead  of 

—  there  is  to  bo  taken   /    — ,  as  is  evident  from  the  general  equa- 
f  jog 

tions  of  fluid  motion  already  refcn^cd  to.  Consequently,  the  dyna- 
mic h^'A'l  for  a  gaseous  particle,  at  a  given  elevation  z  above  a  fixed 
irizonUl  plane,  ia,  relatively  to  that  plane. 


+  zi 


(1.) 


and  the  putting  of  blus  value  for  ^  in  all  the  dynamical  equations 
rcliiting  to  liquids,  transforms  them  into  the  corresponding  equa- 
tions for  gases. 

In  most  practical  problems  respecting  the  flow  of  gases,  the  dif- 
ferencefl  of  le^'el  of  different  points  of  the  gnstHjus  mass  have  little 
or  no  sensible  efTect  on  the  motion  ;  so  that  z  may  often  be  omitted 
from  the  pi-eceding  formula. 

In  determining  the  value  of  the  integral  in  that  formula,  it  is  to 
be  observed  that  almost  all  changes  uf  velocity  of  gaaee  take  place 
so  rapidly,  tliat  tlio  particles  have  no  time  to  receive  or  to  emit 
bait  to  any  sensible  amount ;  and  therefore  the  pressure  and  den- 
sity of  eax^h  particle,  are  related  to  each  other  according  to  the  law 
already  explained  in  treating  of  the  velocity  of  sound ;  that  is 

say, 

p<^e) (2.) 

10  exponent  y  having  the  values  therein  statetl,  of  which  the  most 
iportant  is  1'408  for  air.  This  gives  for  the  value  of  the  integral 
equation  1, 

h—.^  C^p^^^y-,  .p 


—2=  j  ^=    y,  .p 
Jot      y— 1    i 


(3.) 


m  which,  for  air^ 
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1-408 


Let 


—  1  -408 

T  =:T  + 461^-2  Falir. 


=  3-451 (1) 


.(5.) 


denote  the  ahsolute  temperature  of  the  gaa^  T  being  its  temperature 
on  the  ordinary  Fahrenheit's  scale ;  and  let 


T^=493' 


•SFohr. 


•w 


ha  the  absolute  temperature  of  melting  ice.     Then  for 
sibly  peH'ect, 

«      f.^»' 

from  vhich  we  have  the  following  value  of  the  intern!  in  tenns 
the  tempeiuture : — 


p.) 


cm  that  it  ia  aimpfy  proportional  U>  tjie  absolute  temperature. 

It  is  known  by  the  science  of  thermodynamics,  that  the  abovc^ 
exprestdou  is  equivalent  to 

J<^'; (9.) 

where  c^  is  the  specijie  heat  of  the  gas  at  constant  pressure^  and  J  i* 
"JouUa  equivalent^  or  the  height  from  which  a^ven  weight  niQst 
fall,  in  order  to  {iroduce  by  fi-iction  a&  much  heat  as  will  imin  tJM 
ttiuperature  of  an  equal  weight  of  water  by  one  degrett.  For 
Fahrenheit's  scale, 

J  =  773  feet o...(16l) 

The  following  ai«  the  valaes  of  -  and  c*  for  certain  guea  aad 

va|>ours  : — 

^f«t. 
U 

Air, a6,aX4 

Oxygen, 23,710 

Hydrogen, 378,819 

Steam, 42»i4**   0'4' 

^ther  vapour, 10,110     0-481 

Bisulphuret  of  carbon  vaiwur,...       9t903     ......     0*1575 

Carbonic  acid,  if  a  perfect  gas,,..     17,264 

Do.,  actually, 17.145  o  ,217 

•  TVi-s  is  an  \4ei\  ttsvCtL,  «xA.i«\  u.  T«A.>&^<i>x«EL4XQeritni:at,  but  \>r  riloiU't' 
the  ehem\«i\  comvoA'A-an  til 


i 
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The  Taiiations  of  pressure,  Tolome,  and  absolute  temperature  of 
a  gas  during  rapid  changes  of  motion,  are  connected  by  the  propor- 
tional equation 

T  a   ^'^'  a  p^ (11.) 

The  equations  in  this  Article  are  all  adapted  to  perfect  gases. 
Actual  gases  deviate  from  the  perfectly  gaseous  condition  more  or 
less ;  but  in  most  practical  questions  of  hydrodynamics  the  equa- 
tions for  perfect  gases  may  be  applied  to  them  without  materia] 
error. 

636.  The  E^aaticB  •€  C*attaaicr  for  m  IHcadr  Bmat  •€  Chu  takes 
the  following  form,  when  the  laws  stated  in  the  last  Article  are 
taken  into  account.  The  original  equation,  as  given  in  Article 
421,  being  equivalent  to 

Q^  =  Av^  =  constant, (1.) 

we  have  to  consider  that,  by  the  equations  of  the  last  Article,  we 
have 

p  oi  py  o:  '^^  tx  [h-zy-^ (2L) 

the  exponents  having,  for  air,  the  values 

^  =  0*71 ;  ^  =  2-451 : (3.) 

y  y-1  ^    ' 

Hence  the  equation  of  continuity,  in  terms  of  the  preanr^  of  tbe 
absolute  temperature,  and  of  the  dyuunk  head  xopcctir^,  tak«a 

the  following  forms : — 

JL  1 

Qp'  =  Arp^  =  tt>n8toirt;- (V) 

I                    I 
QT»-'  =  Av*»-*  =  con8»«t,:. /^5,> 

Q{A-=)^  =  A»a-2y^  =  «Me«t;. yt,; 

637.  Fl*w  m€  <lM  Cram  «■  *rMc» Let  «&e  pmBRER  of  ^  f^ 

within  a  recover  be  ^,  and  wiAoBl,^;  kt  A  fw  tiw:  ^«tf»9«  amv 
of  an  orifice  with  thin  edges;  tfast  %  ihe  pnyiaes  ol^  ^  *tfaaf  sm^ 
by  a  co-^ieiaU  ofeomtmetiem,  wiMe  ^nhm  m 

<H^narif. 

LetthcreccJTcrtea&lfgEat&ft^tMrifly  w'mkimi^mmmuaM. 

^  "  '^      'iiiliilii  liBjiii  III  '  Tifiiiij     f  H,  _  rfr^     ^ 
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not  the  same  with  those  of  tlie  still  gaa  outfiidc,  for 
stated  afterwards.     Then 

y-l  X 


and  by  equation  8  of  Article  635,  and  oqiutioQ  3  of  Artie 
we  liavG  for  the  boiglib  duo  to  tlie  velocity  of  outflow, 


^ =/..-/'. 


,p9  .ZLHHl 


—  I    «<. 


y  —  1     Co     Tu  I  Vjoi^       '  J 

from  which  the  velocity  itself,  and  the  ^^mo  (j/"  voinnie  Q  :=  » 
the  ooutractod  vein,  am  easily  computed     To  tind  the  ^toifl, 
ttww^A^,  tlie  last  quantity  is  to  be  multiplied  by 

I  1 


giving  the  following  results  : — 


y-l 


For  small  diflerenocs  of  pressure,  such  that  —  is  nearly  =r 

Pi 
following  approximate  formula  may  be  used  wUoro  great 
is  not  required  : — 

—  =^  •!}  .y' — P* 
^9       ti     U        Pi 

Wlien  the  motion  of  the  jet  is  finally  extinguished  by  &icti^ 
heat  i^  reproduced  sufficient  to  raise  the  absolute  tumperatore  oaM 
to  its  original  value,  t,. 

637  A.  jntMcimun  now  of  UBs.^W'hen  —  is  indednit 

P* 
ishod,  the  velocity  of  outflow  given  by  equulion  2  of  Article 

increajiea  towards  the  limit 


being  greater  tlian  the  Telocttj  of  sound  in  the  ntio  \/ r  :  1, 

whose  value  for  air  is  2*21,  giving  for  the  limiting  velocity  of  flov 
of  air 

2,413  feet  per  second  x  a/^ (2-) 

The  ficno  of  vjeiffhl,  however,  as  given  hj  equation  4  of  Article 
637,  does  not  continuously  increase  as  —  is  indefinitelr  diminished, 
but  reaches  a  m'^irnTim  for  the  valoe 


corresponding  to 


I 


2 


y  +  1 


(1) 


The  values  of  these  ratios  for  air  are 

p,:p,  =  0-52J;  m  f.  =  0-6345  ;-*  =  0«0«.„„X*-) 
and  the  coiresponding  velodtj  of  flow  is 


-V{ 


{y-^hf.rj 


.„-„(5.) 


being  less  than  the  velocity  of  sound  in  the  xatio  </  —  ~.- :  1« 

whose  value  for  air  is  0-012 ;  giving  for  Uie  T^adif  «f  flov  ^  air 
correspondiog  to  the  greatest  flow  <^  wei^bt  throm^  a  gH^tt  ^jnitm 
from  a  receiver  where  the  previue  and  tospeEiteae  am  grnaL, 

VI -<-> 


V  =  997  feset  p« 


It  is  often  canwoiait  to 
manner: — 


thelUnror 


ftQ  =  — -Aft;. 

h 


<7> 


^h 


in  which  — ^  is  what  is  eaBed  tike  ndmcoi  vdoatf,  bdny  Hut  r^o- 

dtjof  a  cazrentof  adeskBty^qnal  totitatof  t^nsxR 
wluwe  flow  of  woffA  woald  be  e^iuJ  to  tint  «C  4te« 
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The  xn&ximum  reduced  velocity  eorrespunds  to  the  xnaxlznum  flow; 
and  its  value  is 

(8-) 


'P  /    2    \ 

—  =  vdocdty  of  sound  x   (  — j-^  I 
Pi  \y-rij 

>r  air  is 
clocily  of  aoniid   x  0 '579  =  632  feet  peisrv,   x   'v/-...(9. 


vlioae  %*aluo  for  air  is 


The  invi'stigntiona  in  this  and  the  preceding  Article  are  suhstAD- 
tiidly  the  same  with  those  origiaally  commimicated  to  the  UajtX 
Hociety  in  May,  185G,  by  Br.  Joule  and  Dr.  Thoin.son-  and  the 
results  dilTer  hy  »intill  quiintitics  arifflng  muinly  from  those  gentle- 
men having  taken  y  =  1*41,  instead  of  1*408. 

M«8r».  Joule  and  Thomson  tcst«d  the  theoretical  result  as  to 
tho  moxtmvm  redwrd  rtJociti/  given  in  €Hiimtion  9,  by  orperimenta 
on  the  flow  of  aii*  Uin^ugh  orilicea  in  jtlates  of  cop|>cr  of  0-029, 
0{t53,  and  0*084  of  an  inch  in  diameter,  at  tho  temperature  of  57* 

Fahrenheit,  for  which  — '  =  ^,  ,  -,  and   the   calculated 


493* 


mxiximum 


reduced  velocity  ia  G47  feet  per  second. 

The  maximum  reduced  velocity  found  by  experiment  was  550 
feet  per  socoud,  or  0-84  of  that  found  by  theory ;  but  in  cidculuting 
the  veloeitj'  from  the  experiments,  tlie  nctual  area  of  tho  oritice  wan 
cmploywl;  so  that  the  diffep*Dce  probably  arises  fix>ra  contraction. 
The  con'csponfiing  value  of  tlie  nit-io/), :  p,,  as  found  by  experiment, 
was  0*375  instead  of  0*527  ;  a  difference  produced  by  friction. 

Sbction  3. — Motiona  of  Liquidt  untfi  Friction. 

638.   0«Dcral   I^nwa   mf  Flald  Prictloa. — It  is  kuoWD   by  e: 

mentj  that  between  a  fltiid,  and  a  solid  surfiico  over  which  it  j^lides, 
there  is  exerted  a  resistance  to  their  relative  motion  which  is  pro-. 
|>ortioDal  to  their  surface  of  coutaet,  and  to  tho  density  of  the  fluid, 
and  is  apjiroxiuiatflly  proportional  to  the  square  of  the  velocity  of 
tlio  relative  motion ;  that  is,  the  resistance  is  approximately  pro- 
portional to  the  tcei^jkt  of  a  prisrrt  of  the  fluid,  whose  haac  u  the^ 
surface  o/amtactf  and  ils  height  the  height  due  to  the  reiati\v  v^lodh/. 
Let  8  be  the  surface  of  contact^  v  the  velocity,  ^  the  weight  of  an 
nnit  of  volume  of  the  fiuid,  and  /a  f:ictor  called  the  co-ejfieieitt  of\ 
friction;  then 

«=/f«2^ C-J 

h  the  amonut  oC  t\ic  tric^Aou  ft.t  "OaR  ia.\trt»wi  ^ 


I«» 


The 
The  xood*  «r 
ooe  of  tke 


oompate  Um  w 
odty,  and  we  it 
TbefbUowuifen 
^Accordmg  to  di 


vanouB 
second:^ 


%iCf«r 


ftrt: 


velooitMs  Uat  sie  aot  vay  ^b^ 


/=W)M(l*ji^ 


Iron  (MpCT,  Taloeofyfcrfa 

Beda  of  riren  (WciskM^X-./  -  ■ 


BetJs  of  rirens    T&lne 
ap|in>xiinatioo^ 


of  /  for  int 


'1 


010064 


0^0074. 


0x1076. 


A  collection  of  numcroas  ibnaole  lor  tmH  finetaoB,  piopaeed  hf 
different  author^  togetiier  with  tables  of  the  xenltB  of  the  beat 
formiilfc,  18  contained  in  Mr.  KeviDe's  woA  00  lijdnafiea.  The 
foruuln;  of  many  autfaorv,  thoogh  dtfTeriBg  ia  mpptumaet,  ue 
founflerl  on  the  Rnme,  or  nearlr  tli«  sanc^  experinMutal  dsta,  lieing 
chiefly  those  of  Ihi  Buat,  with  additum  hj  mAmqpxeai  mqmven; 
mifl  their  practical  results  do  not  matenallr  dilffer.  Tlie  two 
Ibnouls  given  above,  on  the  anthority  of  Darcy,  for  iron  pij 
ure  bused  on  his  experiments  as  recorded  in  hii  treatise 
Mom^nent  (U  VEau  dans  leg  Tuyaux, 

G39.  iHtrrMai  FinM  Friciiaa.— Although  the  particles  of  fltnde 
havo  no  tnmsvcrye  einsticity — that  is,  no  tendency  to  recorer  a 
certain  figure  after  having  been  distorted — it  is  certain  that  tify 
retiist  being  inude  to  slide  over  each  other,  and  that  there  is  a  lateral 
commnnicaiion  of  motion  amongst  them ;  tliat  is,  tluit  there  is  a 
Icudcucy  uf  lurtides  which  move  aide  by  side  in  \tara.Uel  Uvk^  u» 
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assume  tho  same  velocity;  The  l&vit  of  this  lateral  commmiication 
of  motion,  or  internal  firiction,  of  6uids,  are  not  kuowu  exactly; 
but  its  effects  are  known  tluui  far : — that  the  enei^  dae  to  differ* 
ences  of  velocitr,  which  it  causes  to  disappear,  is  replaced  by  heat 
in  the  projjortiou  of  one  thermal  unit  of  Jb'abrenheit's  scale  for  773 
foot  pounds  of  enci^,  and  that  it  causes  the  friction  of  a  sb'cam 
against  its  channel  to  toko  effect,  not  merely  in  retarding  the  film 
of  fluid  which  is  immodiatoly  in  contact  with  the  aides  of  the  channel, 
but  in  retarding;  Ihc  whole  stream,  tio  aa  to  reduce  iu  motion  to  one 
iproximating  to  a  motion  in  plane  layers  perpendicular  to  the  axis 
the  channel  (Article  C2o). 

(HO.    FriclloM  ia  HB  rnUerm  HlrcmnK. — It  is  this   last  fact  whidl 

renders  [>os»ible  the  existence  of  an  open  stream  of  uniform  section, 
velocity,  and  declivity.  In  hydraulic  calculations  respecting  tlte 
resistance  of  this,  or  any  other  stream,  the  value  given  to  the 
velocity  is  its  mean  value  throughout  a  given  cross-section  of  tho 
stream  A, 

-? (I-)' 


The  greatest  velocity  in  each  cross-section  of  n  stream  takes  place 
at  the  point  most  distant  from  the  rubbing  suriace  of  the  chaiineL 
Its  ratio  to  tho  mean  velocity  is  given  by  the  following  ompiriod 
formida  of  Prony,  where  V  is  the  greatest  velocity  in  feet  per 
wsoond;— 

^    -    771 -i-V 

V  ~  10-25  +  V ^  -^ 

Tn  an  uniform  stream,  tho  dynamic  head  which  woidd  otherwisa] 
liave  been  expended  in  produciug  increase  of  actual  energy, 
wholly  expended  in  overcoming  friction.  Consider  a  portion  of  thi 
sti-vam  wliose  length  is  /,  and  iaJl  z.  The  loss  of  bead  is  cqiial 
the  fall  of  the  sur&ce  of  tlio  strenra,  according  to  Article  623 ;  and 
the  expenditure  of  potential  energy  iu  a  second  is  accordingly 

Equating  this  to  the  work  performed  in  a  second  in  overcoming 
inction,  vix.,  v  R,  we  find 

or  dividing  by  common  Ikctors,  and  by  the  area  of  seotioa  A,  wv 
find  for  the  value  of  the  fall  in  terms  of  the  velocity 

-^V^ <^) 


'J- 


ri»>ortb« 


«rtk»  nUaa^ 


Fd  dividing  both  tides  of  equation  3  by  /,  we  find  for  ihu  mUUoo 
tweeu  the  late  of  dedirity  aiid  the  velucity, 

A. 


8  =  l«; 


Z  .9 


2,- 


—  is  what  ift  called  the  "  HTO&A.UUC  lUUN  depth  "  of  tha 

9 

and  as  the  friction  lb  invoraely  piYtportioiud  to  it,  it  is  erident  thai 
the  Hgure  of  cross-section  of  clumnel  which  gives  tli«  l«Mt  fnetaon 
is  that  whose  hydraulic  mean  depth  ia  groUcsty  vir,  ft  mbuirIs. 
When  the  stability  of  tho  material  limits  the  stde-ilop*  id  tk* 
channel  to  a  certsin  angle,  Mr.  Neville  lias  sbovn  Uiat  tJW  fi^D* 
of  Ifa^t  fiictiou  consists  of  a  pair  of  straight  lide-Uoms  <£  1^ ; 
inclination  connected  at  the  bottom  by  an  aic  of  a  cirds 
radius  is  the  depth  of  liquid  in  the  miihih  of  Uie 
if  a  flat  i>ottom  be  necesaarr,  by  a  konzontAl  Uae  (oocU 
fur  sucli  a  channel,  the  hydraulic  meaa  depth  »  Uf «/^dM  difitt 
of  liquid  in  tbe  middle  of  the  chaaneL 

641.  Tarrtoc  Bimuik — In  a  strciia  wkoM  «aft  of 
Taries,  and  in  whicl>,  conseqaently,  t}w 
different  croas-BectianB,  the  leas  of  dynaiiic  \mA  la  tlw  aiB  «f  1 
expended  in  ovearcoreing  fiictko,  and  of  thai 
inereased  velocity,  wbeo  Um  Tslocito  JmaMBiL  or  &•  4ttHBM  tfiT 
those  two  quantities  when  tlMVilsci^ 
may  be  po^ve  or  negative  and  m^  fSfBaMBB  SHHT  • 
gain  of  head.     The  foUowiagadbod^] 
symbolically  is  tbe  most 
Tenient  for  p**'*^*^^ 
In  fig.  253,let  theori^cf ' 
ordinstes  be  taken  at  apcn&tO 
eompkld^  hdgm  the  |Wirt 

riBQBfcal  fttHOHB  «  be 
o^MMVOe  dhaBtsM  <tf  J 
^k1  Tertieal   ai£BHiea  te 
andkoe  of  the  stRan,  z, 

«T 

le«0lhia^ar;  ia 

tai<fe 


£ 
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Iho  stream  is  c/  «,  and  thei  nccelerntion  —  c^  v,  becanse  of  p  hcl 
opposite  to  X.     Then  modifj^ng  the  expreasion  for  the  loss  of 
due  to  friction  in  equation  3  of  Article  640  to  meet  the 
case,  and  adding  the  loss  of  head  due  to  acceleration,  we  find 


az= 


vdv 


+/ 


$dx 


In  applying  this  differcntiiJ  equation  to  the  solution  of  any  parti- 
cular problem,  for  d  is  to  be  put  Q  —  A,  and  for  A  and  s  are  to  be 
put  thmr  values  in  terms  of  x  and  z.  Thus  is  obtained  a  difiorvntiiil 
«qaation  between  a:  and  c,  and  the  constant  quantity  Q,  the  flow 
per  second.  If  Q  ih  known,  then  it  is  sufficient  to  know  the  value  ■ 
of  z  for  one  particular  value  of  x,  in  order  to  be  able  to  detcnmne  ™ 
the  integral  eqtiation  between  s  and  Jfc.     If  Q  is  nuknown,  the 

values  of  e  for  two  particukr  values  of  :r,  or  of  z  and  ^     (thoH 

declivity),  for  one  particular  value  of  a*,  are  required  for  tlie  wlu- 
tion,  which  comprehends  the  det«nnination  of  the  value  of  Q. 

042.     Thr    Prlction    In    a    Pipe    RnnaliiK    Fnll    produoes    loM    of 

dynamic  head  according  to  tlio  satno  law  ■with  the  friction  in  a 
chamiel,  except  tliat  the  dynamic  head  is  now  the  sum  of  the  clo* 
vation  of  the  pipo  above  a  given  level,  and  of  the  height  due  to  the 
pressure  withm  it.  The  difl*erential  equation  which  expresses  this 
is  as  follows : — Let  dlhc  the  length  of  an  indoiinitoly  short  portion 
of  a  pipe  measured  in  the  direction  of  flow,  « its  internal  circumfer- 
ence, A  its  area  of  section,  z  its  elevation  above  a  given  level,  p  tho 
pressure  within  it^  h  the  dynamic  head.     Then  the  loss  of  head  is 


dh 


'•   ^  —  ^A^ 


dU 


9 


-^f' 


»dl 


^0 


.(I.) 


I 
I 


Tho  ratio  -j-.  is  eallod  the  virtual  or  hydTavlxc  dcclivilt/^  being  the 

rate  of  declivity  of  an  open  channel  of  the  same  flow,  area,  and 
liydmiilic  mean  deptli.     This  may  differ  to  any  extent  from  tha 

OS 

actual  declivity  of  the  pipe,  -,-., 

When  the  jjipe  is  of  nniform  section,  dr  =  0,  and  tlie  first  term 
of  the  right-hauil  side  of  equation  1  vanishes. 

When  the  section  of  the  pipe  varies,  «  and  A  are  given  functions 
of  [.  If  Q  is  given,  r  =  Q  -r-  A  is  also  a  given  function  of  /  ;  and 
to  solve  tho  etjuation  completely,  there  is  only  retpiired  in  additiuu 
the  value  of  A  for  one  part^ciUar  value  of  L     If  Q  is  unknown,  the 

I'alues  of  h  for  two  ^^xurticviXai  x«A\i«a  qC  i^  ot  of  A  and  -^  for  one 
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rticular  value  of  i,  are  rwjiiired  for  the  solution,  wluch  compre- 
hends the  deU'ruiiuation  of  Q. 

t>43.  Rcnistanco  of  5loBlhplereK. — A  mouthpiPCf^  Is  the  part  of  a 
channel  or  piiw  immcdiat*.'ly  adjoining  a  ru«'r>oir.  The  internal 
fiiction  of  the  fluid  on  entering  a  mouthpiece  causes  a  loss  of  head 
equjil  to  the  height  due  to  the  velocity  multiplied  by  a  constant 
depending  on  the  figure  of  the  mouthpiece,  whose  values  for  certain 
iigui*e3  have  been  found  empirically ;  that  is  to  say,  let  —  A  A  be  the 
loas  of  head ;  then 


1       fv' 


.(1.) 


I 


J^  being  a  constant. 

For  the  mouthpiece  of  a  cylindrical  pipe,  issuing  from  the  flat 
side  of  a  rescn'oir,  and  making  the  angle  i  with  a  normal  to  the 
side  of  the  reservoir,  according  to  Weiabtich, 


/  =  0-505  +  0-303  aini  +  0226  ain't. (2.) 


644.  The  BeaUtaoce  tff  CnrrM  and  Knee*  in  pipes  causes  a  lo6S 
of  head  e-qnal  to  the  height  due  to  the  velocity  multiplied  by  a  co- 
efficient, whose  values,  according  to  Weisbucli,  are  given  by  the 
following  formulaj : — For  curves,  let  i  be  the  arc  to  radius  unity,  r 
the  radius  of  cunature  of  the  centre  line  of  the  pii>e,  and  d  iU 
diameter. 


I 


Then  for  a  circular  pipe. 


M 


0-131  +  1-847 


^ 


and  for  a  rectangular  pipe, 

y.  =  i{o. 


124  +  3'104 


iff)  ■■ 


(!•) 


For  knees,  or  sudden  bends,  let  i  be  the  angle  made  by  the  two  por- 
tions of  the  pipe  at  either  aide  of  the  knee  with  each  other;  thou 


0-9457  sin' i  +  2-047  ain* 


(2.) 


I 

^H  645.  A  Hnddrrn  Eninrymrni  of  the  chauhcl  in  which  a  strci\m 
^^of  liquid  flows,  causes  a  sudden  diminution  of  the  m(^n  velocity  in 
the  same  proportion  as  tliat  in  which  the  area  of  section  is  in- 
creased. Thus,  let  V,  be  the  velocity  iu  the  narrower  portion.  oC 
[the  channel,  and  let  7/»  be  the  number  ex^tessvn^  \.\wi  xw.'Cya  m VvCv5&. 
the  chunael  in  suddenly  enlarged:  the  velocity  Vo.  XXwi  e.\ia.\%*^  V*-"^j 
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Is  — .  Now  it  appeftis  &om  experiment,  that  the  acttuJ  energT 
due  to  the  velocity  of  the  narrow  stream  rdalively  to  the  wide 
strctim,  that  ia,  to  the  diSbroicG  r,  M J,  is  expended  in  over- 
coming the  intomal  fluid  friction  of  cildiei,  and  so  prodacing  hest; 
so  that  there  ia  a  lo9A  o/UAal  hemi,  represented  bj 


^gV    fJ' 


646.  i%«  o«Berml  Prabi^m  of  the  How  of  a  Stream  with  fri 


h-h,+ 


.(1.) 


is  thus  expressed  :^Let  hi  +  ^;-,  and  h,  +  j^,  he  the  total  headf 

at  the  "beginning  and  end  of  the  stream  respectively ;  then  the  Ion 
of  total  head  is  represented  by 

where  the  rightrhand  side  of  the  equation  represcntB  the  som  of 
all  the  losses  of  head  due  to  the  Iriotion  in  various  ports  of  the 
channel. 

SfiCnOK  4. — Flow  of  Gems  with  Friction.  J 

647.  The  Gvacml  i^w  of  the  (Hction  of  gases  is  the  same  with 
that  of  the  Motion  of  liquids  sjs  expressed  Inequation  1,  Article 
638,  the  value  of  the  co-efficient/ being 

OOOG 
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nearly. 


■         fri: 


for  friction  against  the  «des  of  the  pipe  or  channel  For  a  cylin- 
drical moutlipieco,  the  co-efficient  of  resistance  ia  0'83 ;  for  ft 
conical  mouthpiece  diminifihing  from  the  rcscrvoii",  0*38. 

When  the  pressures  at  the  beginning  and  end  of  a  stream  of  gas 

do  not  differ  hy  more  than  -^  of  their  mean  amount,  prDblcms 

respecting  its  flow  may  be  solved  approximately  by  means  of  the 
above  data,  treating  it  as  if  it  were  a  liquid  of  the  density  due  to 
the  leraer  pressure,  as  in  the  approximate  equation  of  Article  C37. 
In  seeking  the  exact  solution  of  the  How  of  a  gaa  with  friction, 
it  is  necessary  to  take  into  account  the  effeot  of  the  friction  in  pro- 
ducing heat,  and  so  raising  the  temperature  of  the  gas  above  whit 
it  would  he  if  there  wore  no  friction,  as  supposed  in  Section  2.  In 
the  flow  of  a  perfect  gas  ^^-ith  friction,  if  the  heat  produced  by  the 
friction  is  not  lo&t\>^  co\!k^uc\A5au,V)ai!:l'ns^iJu:iiOkCWia^^ 
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equal  to  tho  velocity  v,  and  make  with  eacli  other  the  angle  fl; 
then  tho  bmie  of  that  triaQgH  whose  value  is 


2v  sin 


3" 


repreaents  the  change  of  volodty  ondergone  by  each  particle  of 
fluul ;  so  that  the  change  of  momentum  per  second  is 


.(1.) 


and  this  also  is  the  amount  of  the  total  pressure  acting  between  the 
fluid  and  tho  surface,  in  the  direction  of  a  lino  which  is  parallel  to 
the  base  of  the  isosceles  triangle  before  mentioned ;  that  is,  which 
makea  equal  angles  in  opposite  directions  with  the  original  and  new 
directions  of  motion  of  the  jet. 

The  force  represented  by  F  may  be  resolved  into  two  compo- 
nent*, P,  and  F^  respectively  parallel  and  perpendicular  to  the 
original  direction'  of  tne  jet  The  values  of  the  resultant  and  iti 
two  components  evidently  bear  to  each  other  the  proportionfs 


P  :  F,  :F,  ::  2sin-  :  l-ooBi9  :8in^. 


.(2.) 


whence  the  components  have  the  values, 


F, 


(l-co8^);  F,  = 


Qv 


sax0. 


(3) 


i 


If  the  surface  struck  by  tho  jet  is  of  a  symmetrical  figure  about 
the  original  direction  of  the  jet  as  an  axis,  the  quantity  of  fluid 
which  titi-ike.s  tho  surface  in  each  second  spreads  and  glides  oQ* 
various  directions  distributed  symmetrically  round  the  axis,  and 
making  equal  angles  fi  with  it ;  so  that  tho  forces  exerted  pcrpen- 
dicular  to  the  axis  by  the  different  parts  of  the  spread  and  mverted 
jet  balance  each  other,  and  nothing  remains  but  the  sum  of  tha, 
components  parallel  to  the  axis,  whose  value  is  F^  as  ^von  in 
firet  of  the  equations  3. 

By  substituting  A  v  for  Q,  the  forces  may  be  expressed  in 
of  tlie  sectional  area  of  the  jet 

As  a  pai-ticular  case,  let  the  surface  be  a  plane,  as  in  fig.  3 
The  jet,  on  striking  the  surface,  spreads  and  glances  oft'  in  all  di 
tions  at  right  angles  to  its  original  direction,  so  that  $  a  $if^ 
c«)d  4  =■  0,  and 


F. 


eQt> 
9 


eAw' 


(*-) 


FRIBBUKE  BETWEEN  A  JTTt  AM>  A  SURFACE. 
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'ing  eqnal  to  the  ■^vcight  of  a  column  of  fluid  whoae  base  h  the 
;tioaal  area  of  the  jet,  and  ita  height  double  of  the  height  due  to 

le  Telocity.     This  reetilt  is  confirmed  by  experiment. 
As  another  case,  let  the  surface  be  a  hollow  hemiaphere  (iig,  256), 
i>  that  the  jet  in  spreading  is  turned  directly  backwards.     ThcJi 
«  180O,  -cosiS  =    +1,  and 


F,  = 


2;Qv  ^  2fAv' 
9  9 


.(5.) 


% 


g  equal  to  the  weight  of  a  column  of  fluid  whoso  base  is  the 
onal  an-rt  of  tlie  jet,  and  its  height  yl/ur  times  the  height  duo 
to  the  velocity. 

649.    The  Prcwnre  of  n  Jrc  n|aia>t  n  Klariias  HarfaM  IS  found  by 

substituting  in  the  equations  of  the  preceding  Article,  the  niuUou 
of  the  jet  relatively  to  the  sw/ace  for  it»  motion  relatively  to  the 
earth.  In  tliis  case  there  is  energy  transmitted  from  the  jet  to  the 
solid  surface  or  from  the  solid  surface  to  the  jet;  and  tbe  deter- 
mination of  the  amount  of  enei^gy  so  transmitted  per  second  forms 
an  important  part  of  the  problem. 

Case  1.   W7ieH  (he  surface  hcks  a  motion  of  trmislalton  paralld  to 

\fi  ortgijud  direction  o/tftejet^  let  u  be  the  velocity  of  that  motion, 

IKJ.sitive  if  it  is  along  with  the  motion  of  the  jet,  and  negative  if 

against  it ;  let  v,  be  thft  original  velocity  of  the  jet ;  then  r,  —  «  is 

i\(\  velocity  of  the  jet  relatively  to  the  surface.     Consequently,  tho 

m|»oncnt  force  acting  between  the  fluid  and  the  solid  suiface,  in 

le  direction  of  motion  of  the  latter^  is 


F. 


^Q(t^.-w) 


(l-cos/3);. 


(1.) 


iprcsenting  also  the  equal  and  opposite  force  whjcli  must  be  ap* 
'^lied  to  the  solid  to  make  its  motion  imifonn;  and  tho  energy 
ttuusmitted  jter  rccoikI  is 

^  F.u  =  iQii^(l-coa^); (2.) 

^^HBb,  if  u  is  positive,  is  transmitted  from  the  fluid  to  the  solid, 

^^bs3  if  u  is  negative,  from  the  solid  to  tho  fluid. 

The  energy  thus  transmitted  per  second  is  equal  to  the  difference 
of  the  actus}  energies  of  tho  volume  Q  of  fluid  lx*foi-e  and  after 
acting  on  the  solid.  Let  v^  be  the  vehtcity  of  the  fluid  after  the 
collision  ;  this  being  the  resultant  of  u,  and  of  «,  — u  in  the  devi- 
atud  dii'cction,  its  square  is  given  by  the  equation 


given 

=  «^  +  (»,-«)*  +  2  «  (f,  -  «)  •  cos  j8 
=  fj-2tt(tr, -t4)(l  — cosflVi 
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revoh-ing  motion  at  these  two  nirfiaccs;  Q,  the  flow  of  the 
current ;  thon  the  moment  of  the  ooDple  exerted  between  the  Tortex 
and  the  wheel  is 


if 


ViTj), 


.(1.) 


A  vortex-wheel,  or  turbine,  when  worHng  in  the  most  &Toui«b: 
manner,  receives  the  ituid  at  ends  of  ita  vanes  which  hare  a  velocity 
of  revolution  equal  to  that  of  the  particles  of  fluid  in  contact  with 
tiiem ;  so  tlmt  irJatur/y  to  thn  wht^J,  tlie  motion  of  the  liuid  is  at 
lu-st  ratliaL  The  tluid  glances  off  from  the  vanea  at  their  other 
endSf  which  are  of  such  a  figure  and  position  that  thejr  leave  the 
fluid  behind  them  with  only  a  radial  motion  relatively  to  the  earth 
BO  that  the  whole  of  the  energy  duo  to  the  teooluUcn  of  the  fluid 
transmitted  to  the  wheel  That  is  to  say,  let  a  be  the  an^ 
velocity  of  the  wheel;  then  we  must  have 


J 


2f  = 


(f 


Ma 


9 


t3^ 

9 


.(!> 


The  last  quantity,  M  a,  is  the  enci^  transmitted  in  each  bccoi 

from  the  Hutd  to  the  wheel,  which,  in  the  case  supposcti,  is 

whole  energy  due  to  the   motion  of  revolution  and  centi 

]iresaure  of  the  weight  ^  Q  of  fluid  in  a  rotating  forced  vortex, 

already  shown  in  Article  032. 

The  ends  of  the  vanea  which  i-eccivc  the  fluid  should  Iw  rat 

because  the  motion  of  tlie  fluid  ivlutively  to  them  is  mdial. 

ends  of  the  vanea  where  the  fltiid  glances  ofl'  should  lie  iuclixic4] 

backwards  so  as  to  make  with  the  radii  intersecting  them,  an  anglo' 

Q 
8  given  by  the  following  equation  : — Let  u  = be  the  velocity 

of  the  radial  current  at  the  ends  of  the  vanes  now  in  question  j  tlieo 


tan  *  =  —J  =  — y- 
u  Q 


.(3.) 


6  being  the  depth  of  the  wheel  in  a  direction  parallel  to  the  axis. 

Fig.  257  rej>resent3  \mxt  of  Thomson's  vortex  water -whc^ 
designed  on  these  principles.  The  water  is  supplied  to  the  whcd 
from  a  large  external  casing,  in  which  it  forms  a  free  spiral  vortex; 
it  is  directed  by  guide  blades,  C,  against  the  outer  circumference  of 
the  wheel,  where  the  vanes  are  radial,  and  is  diachai^ed  at  X\» 
ceutnil  orifice  oi  \X\o  njVwA^  IVq  \w\er  ends  of  the  TaDe«  l«ring 
directed  bacV-vfAria  «A.  \.\it  %«i^*i  4  v^xriti  ^8mx&»A.    Tte  guide 


I 


650.    1*1 1  —I  II    W«   Wmrvtd.  r* 

-vortex  (Article  630,  631),  becmose  the  relod^  of  «ach  purtade  is 
uivci-soly  as  ita  disUnce  from  the  Axi%  the  mtfftJar  momemiman  of 
evexy  particle  of  ecpul  wei^t  is  the  same;  and  «  psrtiele  in  mov- 
ing nearer  to  or  farther  firom  the  axis  of  the  Toctcx,  pRserring  ita 
(Uignlar  momenttiia,  requires  no  external  force  to  be  ^>tilie(l  to  it 
in  order  to  nuikc  it  assume  the  motion  proper  to  each  part  of  the 
vortex  at  which  it  ftrrirea. 

If ,  in  a  forceil  vortex,  there  is  at  the  mne  time  a  radiaiang 
curroDt  by  which  the  fluid  moves  towards  or  from  the  axis,  then  by 
means  of  solid  snrfaoes,  such  as  those  of  the  vanes  of  a  wheel,  therv 
must  be  applied  to  the  fluid  in  the  vortex  a  couple  snflicient  in  each 
second  to  produce  the  retjuisite  change  of  anggKr  momentum  in  tho 
qiumtity  of  fluid  which  flows  radially  Uirough  the  vortex  in  a 
second,  and  the  fluid  vill  react  i4>on  the  whed  with  an  equal  and 
opposite  couple. 

Symbolically,  let  ro,  r„  be  the  radii  of  the  cylindrical  soriacea  at 
wliich  a  forced  vortex  begins  and  euds-^  v^,  ^u  ^'^  ^^^i^'^^ii'^  ^^^b'* 
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loes  of  h«id  from rariovis  causes  of  friction.  Tbe ratio  of  C  A  to  CIl 
^  r,  ja  regulated  by  tlie  law  that  in  a  free  vortex  tho  velocity  is 
invcrecly  as  the  radius;  that  in  to  say. 


CA  = 


TnV, 


.{%) 


Guide  blades  in  the  free  vortex  arc  here  unnecessary. 

A  blowing  fan  is  a  centrifugal  pump  applied  to  air. 

G52.  The  PrcMvrn  mf  m  Carrenc  upou  a  solid  body  floating  or 
immersed  iu  it  would  be  equal  in  oppofuto  directions,  and  hA\c 
nothing  for  its  resultant^  if  fluids  moved  without  friction.  But 
because  of  the  cucrgy  of  the  diverted  streams  which  glance  from  the 
body  being  to  a  greater  or  Icsa  extent  expended  in  Auid  friction, 
the  pressure  on  the  back  of  tho  solid  body  becomes  less  intense 
than  the  pressure  on  the  front;  and  to  the  resultant  pressure  in  the 
direction  of  the  current  thus  ai-ising,  han  to  he  added  the  ivsultaut 
of  the  direct  friction  of  tho  fluid  agauist  the  surface  of  the  solid  body. 

Our  knowledge  of  tho  laws  (rf  the  force  exerted  by  a  current 
agaiuHt  a  solid  body  is  almost  wholly  empirical. 

It  is  known  that  that  force  can  be  a]»proximateIy  repreoonted  by 
a  formula  of  this  kind  : — 


F  =  JtffA- 


©" 


(1.) 


2y' 

b^l^  the  product  of  the  height  due  to  the  velocity  of  the  cunrot, 
the  area  A  of  the  greatest  crosa-section  of  the  solid  body;  tlie 
weight  {  of  an  unit  of  volume  of  the  fluid,  and  a  co-efficient  k 
dnpending  on  the  figure  of  tlie  body.  Tho  values  of  this  co-efficient 
liuve  been  found  experimentally  for  a  few  figures.  The  following 
acconling  to  Ducbemin,  are  some  of  its  values  for  rectangular  pmms 
and  cyliadcrs,  placed  with  tlieir  axes  along  the  c\irrent : — 
I^et  I J  bft  the  length  of  tho  prism  or  cylinder,  A  its  tiunsverse  area^ 
b  and  d  its  transverse  dimensions,  if  a  rectangular  prism,  or  ibi 
axes,  if  a  cylinder.     Tlien  for 

L-  jTd^     0,         1,         3,         3. 
*=1'8C4,  1477,  1'347.  l-32a 

Tho  value  headed  0  is  applicable  to  very  thin  plates, 

G53.  The  isnijuaace  of  fihuu  to  the  motion  of  bodies  floating 
immersed  in  Oicm  is  subject  to  tho  same  remarks  which  have 
made  respecting  tlie  pressure  of  currents  agaiust  solid  bodies.  It  is 
also  capable  iu  many  cases  of  being  approximately  lepreaeuted  by 
the  formula 


VB^onvd  to 

.^ aCdifiacat 

a  fnkMf,  that  ^i^en  ■hi|a  tn 


to' 
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Fiom  tlw  leHliii  of 
profiel 
▼elocities,  thareiaRaHmto 

liuilt  of  BDck  igans  ihmt  the  

witlioat  focmiag  ange  or  In^e  «dfifli»  &e  ftnapK]  part»  if  not  Om 
only  afprtiaMe  part,  cf  the  i  imiUmi  i  ,  m  doe  to  Uhj  direct  frictinn 
_between  tbe  water  and  tbc  haOam  et  Ae  dup^  The  opinion  that 
utaofis  to  tike  motiofk  ot  tlups  wfaich  are  not  vcny  blutf 
I  alnoit  whttSif  c€  fridioK.  hw  Wen  eoufirmed  by  tabarqueut 
nentA.  Tbe  oo-eAciest  of  tb«  friction  between  watrr  and 
)e  bottom  of  an  iron  ship  is  neatly  tbe  Hune  with  tbat  of  water  in 
iroa  pipes.     The  inction  miea  ftttki^y  u  <bft  lOQttm  ^l  >Xa  -^  OvuttiV^ 


^BHB  ivuiui  tlmr 
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of  rubbing  bctwwn  tha  water  and  tbf  ship's  bottom.  That  Telocity 
in  different  at  different  points  of  the  abip'a  bottom,  and  bears  to  tbe 
Bpeed  of  tho  fthip  a  mtio  at  each  point  depending  on  the  «hip's 
figure  and  on  the  jKwxtion  of  the  point  in  qnestion.  The  average 
velocity  of  rubbing  exceeds  the  sraeed  of  the  ship;  and  the  exces 
ia  the  great«r  the  bluffer  her  Bnapo.  Thus,  though  a  long  and 
ahai'p  vessel  presentA  a  greater  nibbing  sarface  than  a  short  and 
Muff  vessel  of  the  same  size,  the  average  velocity  of  rubbing  is  lets 
in  the  longer  vessel  at  the  same  speed ;  so  that  there  is  a  certain 
degree  of  sharpness  which  gives  the  least  resistance  for  a  given  si» 
and  speed  What  that  degree  of  sharpness  is  cannot  yet  be  fixed 
vith  any  great  precision ;  but  in  general  it  docs  not  greatly  differ  h 
from  thiit  wbich  is  given  by  making  the  snm  of  the  lengths  of  thofl 
bow  and  stem  equal  to  about  seven  times  the  greatest  breadth. 

Tho  following  formula  Iiaa  been  found  to  agree  well  with  experi- 
ments on  tho  resistance  of  ships: — Let  G  be  the  mean  immcned 
girth ;  L,  the  length  on  the  water  line ;  9^,  the  mean  of  the  squares 
nf  the  sines  of  the  angles  of  obliquity  of  the  stream  liiteg^  or  lines 
which  the  particles  of  water  follow  in  gliding  over  tbe  ship's 
1x>ttom ;  let  v  be  the  velocity  of  the  ship  in  feot  per  second,  and^ 
a  co-e6Scient,  whose  value  for  a  clean  jiainted  iron  bottom  is  about 
O-OO'l;  then  the  resistance  is  nearly 


(3.) 


I 


i 


The  factor,  L  O  (I  +  4  »*  4"  **).  is  called  the  "angmented  surface 
See  Cit^  Ewjineer  and  Ard^itecCa  Journal^  October,  ItiSl ;  PhiL 
Trans,,  1862,  18G3;  Trans,  of  tiie  Institution  of  Naval  ArehiieeU, 
1864;   also   ShipbuUdinrj,    Tkeortticol  and  PraeiioQly   by   Watts, 
Kankine,  Napier,  and  Barnes. 

Mr.  Scott  Russell  has  proved  that,  when  the  length  of  n  ship 
bears  less  than  a  certain  proportion  to  that  of  the  wave  wbich 
nuttirally  travels  with  the  same  speed,  there  is  a  ra|)idly  increasing 
additional  resistance.  The  least  proper  Icngtli  in  feet  suitable  for 
a  given  speed  is  about  fifleen*aixteenths  of  the  square  of  the  speed 
in  knots.     (As  to  Waves,  see  page  xv.) 

C!54.  Sfabiiiir  of  FioaUn«  DWics^In  Article  120  it  has  be«n^ 
shown,  that  in  order  that  a  body  Unating  in  a  liquid  may  be  in  fl 
equilibrio,  the  weight  of  liquid  displaced  must  be  equal  to  tbe      , 
weight  of  the  floating  body,  and  tho  centre  of  buoyancy  must  be 
in  the  same  vertical  Uuo  with  the  centre  of  grant^  of  the  floating 
body. 

In  order  that  tho  equilibrium  of  a  floating  body  may  be  stahU^  ^ 
every  angular  displacement  of  tho  body  from  tbe  position  of  equili-  I 
brium  mubt  cauae  a  d«v%aytwiaqf  U\«ocniTtof  Wty^oavcy^T«£aCuWvtoa  ^ 
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tk$JloQti^  bodjf  kmU;  ao  thfti  the  w«tgbl  of  tk*  body 
mgh  its  centre  of  graTity,  and  the  equal  and  oppotile 
of  the  liquid  acting  through  the  centre  of  baoyaiicj,  wmj- 90tmtiMnM» 
u  rutorxng  or  righting  couplf^  teoding  to  bring  tbo  bodr  back  to  IIm 
pomtion  of  eqnilibrium.  Should  th«  relative  dartation  of  the  centre 
of  buoyancy  take  place  in  the  opposite  direction,  a  couple  is  pn>- 
dncf<l  tending  to  npnet  the  body,  which  is  aMordiogly  nnstaUe; 
should  the  centre  of  bnoyancj  continae  to  be  in  the  aune  Tertie^ 
line  with  the  centre  of  gravity,  the  body  oontinoea  to  be  in  eqvfli- 
brio  in  its  new  position,  and  ita  equilibriam  ia  indi^rent. 

Let  lig.  2o0  represent  a  cross-aectioa  of  a  ship,  G  her  centre  oC 
gravity,  A  B  the  water  line, 
and  C  the  centre  of  buoyancy 
in  the  poeitionof  equilibrinm. 
Let  the  ship  heel  through  an 
angle  f  and  let  E  F  be  the 
new  water  line,  and  D  the 
new  centre  of  buoyancy;  and 
let  tho  Bhip  be  kept  in  thia 
position  by  a  couple  whose 
moment  \a  known.  Let  W 
be  the  weight  of  the  ship,  ^^^ 

and  S  the  volume  of  water  * 

displaced  by  her,  so  that  W  =  j  S  (f  being  the  weight  of  a  cubio 
foot  of  water).  Through  D  draw  a  vertical  line  D  M,  cutting  the 
line  C  G,  which  was  originally  vertical,  in  M.  The  force  of  thi? 
righting  couple  is  W,  and  its  arm  is  the  horizontal  distance  from 
G  to  the  line  D  M;  that  ia,  O  M  -Rin  i;  consequently,  the  monumt 
of  the  rigfuing  coupU^  equal  and  opposite  to  the  moment  of  the 
heeling  couple,  is 


W  •  G  M  •  sin  I. 


.(1.) 


Tlie  comparative  stability  of  a  ship  ip  proportional  to  the  arm  of  the 
righting  couple  for  the  same  angle  of  heel;  and  that  arm  is  propur- 
tional  to  G  M,  which  length  thus  becomes  a  measure  of  tlic  stubility 
of  the  ship.  The  point  M,  when  determined  for  an  indetiiiitely 
small  angle  of  heel,  is  called  the  METACEifTRR ;  it  may  be  the  same, 
or  it  may  be  ditiferent  for  finite  angles.  When  the  position  of  M 
ia  variable,  tho  angle  of  heel  to  be  adopted  in  iioding  it  stioiild 
he  the  greatest  which  under  ordinary  circnrostauoes  ia  likely  in 
occur;  for  different  ships  this  varies  from  6*^  to  *20\ 

If  the  metAcentre  is  above  the  centre  of  gravity,  the  eqnjlibrium 
IB  stable;  if  it  coincides  with  the  centre  of  gravity^  tUi&  «n^\U\>\viMv 
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is  indifferent;  if  it  i^  bolow  the  ceutte  of  gravity,  Uie  eqailibrinm 
is  nnBtable. 

Let  U  be  the  line  of  intersection  of  the  pl&nes  of  the  two  water 
lines  A  B,  E  F.  The  deviation  C  D  of  the  centre  of  buoyancy  is 
tho  same  with  the  deviation  of  the  centre  of  gf&vity  of  the  nuK 
of  water  displaced,  which  would  ari»e  from  removing  the  wedga 
A  H  E  into  the  position  F  H  R  Let  s  be  the  volume  of  ttut 
wedge,  e  its  density,  and  let  I  denote  the  distance  between  the 
coiitrea  of  gravity  of  its  two  poRitions,  A  H  E  and  F  H  B.  Drnw 
C  D  parallel  to  the  line  joining  those  two  centres  of  gravity;  aiul, 
ocoonling  to  Article  77,  make 

l^g      Is 


o^=w- 


.(i) 


4 


then  is  D  the  new  centre  of  buoyancy. 

The  angle  which  C  D  makes  with  the  horizon  is  in  graieral  ettfaor 

4  4 

exactly  or  very  nearly  =  ^i  so  that  C  D  =  M  C  •  2  sin  ^,  approxi- 
mately. Also,  the  volume  ff  is  in  gcuernl  oiihcr  exactly  or  nturk 
proportional  to  2  sin  .7;  bo  that  if  c  be  a  constant  volume  depend- 
ing  on  the  figure  of  the  water  line,  <  =  c  '  3  sin  a,  approximately. 

Consequently,  to  €nd  the  fteiglU  M  C  ofthepoini  M  abor»  the  emtn 
of  buoyancy,  and  U9  height  M  G  abate  the  centre  qffpuvUy,  we  havr 
tho  approximate  formulae, — 

2~  8  ' 

Tho  sign  =^  denotes  that  (i  C  is  to  be  subtracted  or  added  according 
as  G  ia  above  or  below  C.  The  product  Ic  is  found  approximately 
in  the  following  manner,  for  those  coaes  in  which  the  water  liov 
A  B  and  E  F  are  ijenaibly  equal  and  similar  figures,  so  that  thd| 
line  H,  where  their  pluuca  intei-sect,  travursea  the  centre  of  g»vi^" 
of  cxich  of  those  figures,  and  the  wedges  A  H  £j  F  H  B,  aio 
similar  as  well  as  equiU. 

Tlie  product  I  s^l  c  *  2  sin  ,,  is  the  double  of  the  static 


MC  =  CT5  -i-  2 


sn>  = 


(3.) 


2 


moment  of  one  of  the  wedges  relatively  to  the  line  H,  sopposof 

tho  density  equal  to  unity,      '    •      ■  ,  ,         . 


Let 


iiatonoes  measured  lengUiwayii 

the  liue  H  be  denoted  by  z;  let   the   perpendicular  distance 

of  any  point  in  &  -waXAsc  Vnxfc  \Win  VW»^vd!^-Uu&  a-u-jjle  A  H  £  iiom 


the  point  irbaae 


Ssbk 


Tbn 


/»  =  4sio3- J|yS-rfjfrfflt;  }  (4.) 

id  therefore 

ie^2J  jyi'dydse; 

being  the  montm/  of  inertia  of  the  water  line  piane  about  tho  m 
H.  To  expresn  this  in  a  coDvcnicnt  fomi,  let  6  he  the  brondth  of 
the  ahip  at  the  water  line,  at  a  given  distance  x,  measured  length- 
ways from  an  assumed  origin.     Then 

2/3/^rfy=~;ttndZc=i/i»-rf«L (5.) 

As  to  the  moments  of  inertia  of  ditierent  plane  ligureo,  tee  Ariidn 
d£.     Thus,  equation  3  becomes 


MU 


1^1 


ITS' 


GC. 


(C.) 


Virhe  thenrT-  of  the  stability  of  ships  was  fint  invMtigitfld  \>f 
H^Oflsnt,  and  was  further  developed  by  Atwood,  Tho  moat  iin|iQr- 
Hrtant  contributions  tn  that  theory,  of  lat«T  dnto,  haw  b«OD,  t^ 
Hmemoir  of  Dupin,  iS'ur  la  StahUiU  dea  Corpa  I'loUana,  n  f>«i«r  hf 
■  Canon    Mosetey  in  the  PkUomjplueal  Traruaeiurmi  tut  'd 

'  Tarions  papers  by  Rawson,  Froudu,  McrrificLd,  liumtm,  iu...  ./.....««; 
655.  o«cnuu«m>  vr  fiomJbc  m^ditm. — Tbi:  tbwry  o(  ikm  mcUW 

tioDB  of  ships  wtis  investigated  in  an  aMivoaiibate  MaooiV  hf 

and  other  matheniaticiana,  and  vaa  fint  hnn^A  IoIa  a 

state  by  Moseley,  in  the  |Mpcr  akmdf  fdafnd  ia.    It* 

are  of  mnch  complexity;  aod  ■■  oatUa*  of 'Its 

and  of  their  result*  in  ibm  MOit  aapk  fM«,  it  all  llii&  aiMidi  ia 

given  in  this  treatiae. 

The  oscillation  of  a  ship  wmy  W  raalmJiBtp  rbOht^  «r  | 

about  a  longitudinal  axi*.  |.*itciftib^  or  CfOlliMI  lliawA  !■ 

axis,  and  vertical  uadlkUun,  f-iniiilinj 

and  sinking  belov  the  ymUmm  aCa^iiiiifcui—i     1WjMi«lii#4M 

Iini]K>rt&nce  in  pimctiee  ia  «fca  <mm  i  nnyiurf  dfr  •  mtfMf  MlUGMMt 
If  that  time  k  too  loi^  tka  Aif  i»  4^mM  imatdtM^;  Him 
short,  her  nMTeokesta  mem  akewfl^  itm4  Pmd  to  iPMMlfllia  Imt, 
If  a  ship  is  cl' nch  a  %w«  <Mf  whw  ifca  mMs  Mv  #  »•« 
iroo  of  eqnaikritm  «itf  ite  afllMa  «C  »  «w«|M, 
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gTAvity  docs  not  alter  its  level,  then  lier  roUiog  gynttions  arc  per. 
farmed  about  a  ])enuuueut  loitgltuduia]  axis  traveling  Lcr  oeutre 
of  gravity,  Aud  ai-o  not  accompanied  by  vertical  o«cillation&,  and  her 
niotnent  of  inertia  is  constant  while  she  rolls.  That  condition  is 
fulfilled  if  all  the  water  line  planes,  such  as  A  H  and  £  F,  are 
tAngentii  to  one  sphere  described  about  G.  In  what  follows  it  will 
lie  supposed  tliut  this  condition  is  fultille*],  and  also  that  the  position 
in  the  tthip  of  the  point  M  iu  seosibly  constant. 

According  to  Article  654,  equation  I,  the  righting  couple  for  a 
given  angle  of  heel  0  ia 

WCTM  'Sin  i; 
but  in  an  approxiToate  solution  we  may  aubstitnte  i  for  ain  g, 
1  be  the  moment  of  inertia  of  the  sliip  ubout  her  axis  of  roUin 
then  equations  2  nnd  3  of  Article  598  give  the  following  value  ( 
the  time  of  a  double  gyration : — 

where  R  is  the  radius  of  gyration  of  the  ship.  This  is  the  sarot 
with  the  time  of  a  double  oscillation  of  a  umple  peudulum  whose 
length  is  R'  -  GTI. 

The  reKearches  of  Mr.  William  Fronde,  first  described  to  the 
British  Association  in  Jnly,  I860,  and  afterwards  laid  more  fully 
before  the  Institute  of  Naval  Architects,  have  shown,  .;£rv^  that 
the  same  forces  which  tend  to  keep  a  ship  upright  in  stiU  waitf 
tend  to  place  her  perpendicular  to  the  surface  of  the  water  amongst 
waves,  and  thus  to  increase  rolling ;  secondly,  that  the  chief  cacae 
of  excessive  rolling  is  too  near  a  cuincidcnce  between  the  periodic 
time  of  the  vessera  rolling  and  that  of  her  being  anted  upon  by 
successive  waves;  and  thirdly^  that  the  most  efficient  method  ol' 
preventing  excessive  rolling  is  to  adjust  the  moment  of  inertia 
and  the  stability  of  a  vessel,  so  that  her  periodic  time  of  roUiiig 
shall  lie  longer  than  the  period  of  any  waves  she  is  likely  to  en- 
counter, taking  care  at  the  same  time  to  leave  sufficient  stability 
t*^  prevent  the  risk  of  upscttiug,  or  of  heeling  too  (ar  over  wit 
a  side  wind. 

See  Trans,  of  the  IristUution  of  Naval  ^4  rcAttocto, -]iasfum ;  alw 
SJiipbuUdingj  by  Watts,  Raukine,  Napier,  and  Barnes,     (As 
Waves,  see  page  xv.) 

0^6.    Tbe  Action  brlwern  ■  Flnld  oh4  m  PfatMi,  consisting  IQ  th) 

transmission   of  energy  from    tbe    one  to  the  other,  has  alread] 
been  considered  in  a  geoei-al  way  in  Article  517.     In  the  preseut" 
Article  it  will  be  treated  more  in  detail. 

la  figa.  260  Mid  "ICA,  Iftt  o^bscissic   raeasured  paraUel 
line  O  8  reprcaeuVi  \Xift  e.^nx.'ytii  «viKK«B6Vi»^^  vKKxi.Y«s5w\r5  ^^la^^i 


to  tlifl^ 


ACTtOV  BETWEEN  FLUID  AXD   PISTOS. 
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cylinder  provided  with  a  piston,  any  such  space  boing  denoted  by 
^tf  j  and  lot  ordinates  uiv&sunxl  parallel  to  the  line  OF,  perpendi- 


c 

V. 

l.» 

^ 

A 

Rg.  260. 


Fig.  261. 


W^ 


cular  to  O  S,  represent  the  intcnsitji-a  of  the  pressure  exerted  by 
tbe  fluid  against  the  piston,  any  m»ch  intensity  being  denoted  by  p. 
Let  a  Riven  weight  of  a  gaaeoua  substance  go  through  a  sucoes- 
oon  of  arbitrary  changes  of  presaure  and  volume,  so  us  to  return 
in  thp  pnd  to  tie  condition  nx>m  wliich  it  aet  out.  Such  a  succes- 
sion of  changes  is  adlcd  a  cycle  of  changes  ;  it  is  represented  by  a 
doted  curvCf  such  as  D  C  E  B  in  fig.  2(>0,  and  the  area  of  that 
curve  represents  the  etiergy  tram/crreU  during  the  cycle  of  cliangcs. 
If  the  changes  take  place  in  the  order  1>  C  K  C.  that  is,  if  greater 
pressares  are  exerted  during  the  expansion  of  the  substance  than 
duj-ing  its  compression,  energy  is  transferred  from  the  gas  to  tlio 
piston ;  if  the  changes  take  place  in  the  order  D  B  E  C,  that  is,  if 
greater  pressures  are  exerted  by  tbe  substance  <luring  its  corapiH>»- 
idon  than  during  its  expansion,  energy  is  transferred  irom  the  pis- 
ton to  the  gas. 

The  amount  of  enei*gy  transferred  may  be  expressed  in  two 
ys.      First,  for  any  given  volume  O  A  =  *,  let  A  C  r=  p,  and 
A  B  =  j»,  be  the  greater  and  tbe  less  intensities  of  the  prcssui-c ; 
then 


^nieco: 


energy  tranaferrwl  =  |  (/;, — pi)d8. 


(1) 


ndly,  for  any  given  pressure  O  F  =  jo,  let  F  E  =  *,  and  F  D 
=  «2  be  the  greater  and  the  leas  of  the  spaoea  occupied ,  then 


W 


energy  transferred  r=   /  (^^ — ^)  dp. 


.(3.) 


which  is  another  expression  for  the  same  quantity. 

Fig.  261  represents  the  case  in  which  a  given  weight  of  an  elastic 
fiubetuucu  occupying  the  space  0  £  =■  «,  at  the  pressure  0  B  i=  p^, 
itrodnced  into  a  cylinder  and  miide  to  i\v\\«  ix  y^s^x^v— ^&^^'c 
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allowed  to  expand,  ita  volume  increasing  to  (JF  ^  ^  and  its 
gui«  falling  to  FD  =  pj,  according  to  a  law  represented  by 
curve  C  B, — and  is  lastly  expelled  from  the  cylinder  at  the  final 
prenorc.     In  this  case  the  energy  tranHferred  from  the  elastic  «ttb- 
stnnoe  to  the  pL^tou  is  repn.-stiut«d  by  | 


area  A  BOD  =  [     tdp  =  W  [ 


'I  dp 


.(3.) 


being,  in  fact,  aa  the  last  expression  shows,  equal  to  the  weight  of 
the  ehistic  substance  employed,  Wj  multiplied  by  its  loss  of  </yna- 
mic  Jiead, 

The  same  equation  gives  the  energy  transferred  from  the  piiiton 
to  the  elastic  substance^  when  the  latter  is  introduced  into  the 
cylinder  at  the  lower  pressure  and  expelled  at  the  higher. 

For  a  perfect  gas  (Article  635)  this  expression  becomes 


/%..=^-£,.,..{i-©-'} 


w 


If  the  Buid  is  dtaeharjE^  from  the  cylinder  under  a  pressure  p^ 
less  than  that  at  which  the  expansion  tAtriniuates,  there  is  to  bo 
added  to  Uie  preceding  formuU  the  term 


«.CPt— Pi). 


(5.) 


If  the  fluid  which  acts  on  the  pibton  is  introduced  in  the  stat 
of  saturated  vapour,  it  is  discharged  as  a  mixture  of  saturat 
vapour  at  a  lower  pressure  with  more  or  leas  of  liquid.     In  tl 
chjsc,  the  foUo^-ing  equations  Wlonging  to  the  science  of  therms 
dyiuimica  arc  to  be  used.     Let  p  be  the  pressure  of  saturation  of  a 
Tftponr,  and  t  the  corresponcUng  boiling  point  of  ite  liquid,  ia, 
de^^Toes  reckone*!  from  the  absobiie  zero,  274°  Centigx^e  or  493"* 
Fahrenheit  below  the  melting  point  of  ice.     Then 


Log^  =  A  — -  — -; 


(<^) 


(See  Sdhu  PkUos.  Jour.,  July,  1849;  Edin.  Trwisac.,  xx;  P^ 
Mag.,  Dec,  1854;  iV'ic/*u/>  Ci/chpadtay  art  "Heat,  Mechanic 
Action  of")    The  following  ai-e  the  values  of  some  of  the  nonstant 
in  the  above  formula*,  selectetl  from  a  table  in  the  Phiiosopkii 
Magadn^  for  Dec,  lt*j4,  p  being  in  Iba.  i>er  square  fooij  and  r 
d^gpreoB  of  FahreiiVicW.-. — 


HEAT   AXU   WOBK   OF   STEXM. 


COT 


.-...(7.) 


"VTater,...  83591     3-43^4^^    559^73    0"oo344i     0-00001184 
^thcr,...7-5733     331492     5-21706    0*006264    0-00003924 

Lefc  L  bo  the  valne,  in  foot  ponnds  of  energy,  of  the  lftt<*nt  heat 

evaporation,  at  the  absolute  tcmpcratorc  t,  of  so  macb  dnid  ms 
lis  a  cubic  foot  more  in  the  st&te  of  vapour  than  it  does  in  the 

hte  of  liquid ;  D  the  weight  of  that  fluid ;  H  the  ralae,  in  foot 
pounds  of  energy,  of  the  latent  heat  of  evaporation  of  one  pound 
of  the  fluid  at  the  ab^Iute  t«mpcniture  t  ;  and  J  the  cquirakot 

foot  pounds  of  a  BritUU  thermal  unit,  or  T7i ;  thea 

(hyp.  log.  10  =  2-3036); 
H=:H,l-J(,>-6)(r— r,) 

(for  water,  c — 6=0-7) ; 
D  =  L^H. 

(for  water  at  the  temperature  of 

melting  ice,  H^^  =  842872.) 

e  denotes  the  value  in  foot  pounds  of  the  specific  heat  of  the 
liquid,  which  for  water  is  772,  and  for  a>ther,  399. 

Let  the  suffixes  l^  2,  and  3,  denote  the  pressures  and  tempen»- 
torcs  respectively,  of  the  introduction  of  tixe  vapour,  the  end  of  its 
expansion,  and  its  flual  discharge,  and  quantities  corresponding  to 
them ;  ti  and  s,  being,  as  before,  the  spaces  filled  by  it  at  the  begin- 
ning and  end  of  its  expansion.      Then 

ratio  of  expansion,  -=^^--4-JcD,  •  hyp  log  -  [• ; (ft) 

energy  traDsferTcdj  TJ  =  j     sclp-{-Sj(pg  -p^ 
'=^<P.'PzH^  {  ^^^^^4- JcD.  (T,-r,(H-hyplog  ^))  | 

!;ri\T-S}^-'i^+'^^^'(---)i m 

These  fonnulie  arc  demonatmtcd  in  a  paper  on  Thermodynamics 
in  the  Phiiomphical  Transactions  for  1854. 

The  complexity  of  the  preco'Ung  formulae  renders  their  use  incon- 
renient,  except  with  the  aid  of  tables  of  the  quantities  77,  L,  and  D, 
for  UiflVrent  boiling  pointa.     In  the  aWuco  ol  swiV  \2i^>V*,  'Owa 


(9.) 
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following  formulae  give  approximate  results  for  eteftin,  vliere 
presaiim  of  its  admission  pi  is  from  one  to  twelve  atmospheres  :^ 


fUtirgy  transferred,  U  =  /     **//)  +  «!  (pi  -  ;>a) 


?i»i 


10 


i-Ql  (+*.0'.-f.)  ['i^' 


^•-{^^G:)^-^-;*} 


The  expenditure  of  heat  in  foot  jwunds  may  be  computed  roogTiIy 
to  ftlHJat  — r,  when  tlie  feed  water  is  supplied  to  the  boiler  at 
100'  Fahrenheit,  by  tlie  formula 


r 


iboub 

1 

mil? 


where  n  is  a  co-efficleat  whose  value  is,  for  eondensing  cu^ucsy  1^ 
for  non-condensing  engines,  15. 

Equations  11  and  12  arc  applicable  to  non-conducting  cyli 
witliotit  steam-jackets.     For  cylindera  with  steam-jn  ' 
8o  as  to  keep  the  steam  dry,  it  iit  ninre  aocurata  to  >i: 
for  9,  17  for  10,  and  !?»  H,  and  iV,  respectively,  for  iV,  V,  »n^  h 
throughout  the  equations  11  and  13. 

For  the  oxact  theory  of  this  case,  see  A  Manual  (^  tMs  Sfmmi 
Ewjine  and  oUier  Prime  Movers;  also,  Philoaopkical  Tra 
1859,  Part  I. 

The  following  are   the   ordinaiy  formule,  which  give  a 
approximation  wlien  the  steam  is  slightly  moist: — 


b-Pi 


V  =  p^3^  hyp.  log.  -^  +  «s(Ps  -p,) 

The  ap]ii-oximatc  formula  (13)  is  applicable  io  all  cas«'5. 


PART  VI. 


THEORY  OF  SIACHINES. 


^V      657.   nm»mn  uid  DlvtaMi  mt  0,*  »«^c«t. — In  the  tJiitut  I^ft 

of  this  work,  macblnes  are  to  b«  considered  not  roerelT  M  awJiiy- 
ing  motion,  Imt  also  as  modifying  force,  and  transmittiiig  €uau 
from  one  body  to  another.  The  theory  of  machines  oonssts  docAj' 
in  the  application  of  the  principles  of  dynamica  to  ttmins  at  me- 
chaninn ;  and  therefore  a  large  portion  of  the  present  pari  of  ihaa 
treatise  will  consist  of  references  back  to  Part  TV.  and  Put  T. 

There  are  tvo  fiindamentally  difiereot  way«  of  ooosdeiiiig  a 
machine,  each  of  which  must  be  employed  in  anmeminn,  in  order 
to  obtain  a  complete  knowledge  of  its  working. 

L  In  the  firet  place  i^  con<ddened  the  action  of  the 
luring  a  certain  |K>nod  of  time^  with  a  view  to  the 
of  its  EFFiciEXCT ;  that  is,  the  ratio  which  the  tuffW  pni  of  ito 
work  bean  to  the  whole  expenditure  of  enogj.  Tfae  nM)Cm  <f 
every  ordinary  machine  is  either  uniform  or  periodical.  Henoe,  as 
has  been  shown  in  Article  553,  the  principle  of  the  equality  oC 
energy  and  work,  as  expn?«sed  in  Article  518,  is  fulfilled  eiAer 
constantly  or  [:ienodically  at  the  end  of  each  period  or  eydtt  td 
changes  in  the  motion  of  the  machine. 

II.  In  the  second  place  is  to  be  considend  ihe  actian  of  tbe 
machine  during  int«r\-als  of  time  leas  than  ha  period  or  cyclic  if 
its  motion  is  periodic,  in  order  to  determine  the  hwof  tbe 
changes  in  the  motions  of  the  pieces  of  whiejk  the 
sista,  and  of  the  periodic  or  reciprocating  fioroes  h^  wludl  maA 
changes  arc  {iroduced  {A  rticle  556^ 

The  first  chapter  of  the  present  Part  rektea  to  the  work  of 
machines  moving  uniformly  or  periodically,  and  the  tttemd 
to  variations  of  motion  and  force  in  machines.  In  a  tkiid 
will  be  stated  briefly  the  general  principlea  of  the  actioD  of  (fce 
more  important  prirm  movers.  With  re^>eet  to  thoee  watkiam,  H 
is  imposaible  to  enter  fully  into  details  wfthin  the  limits  of  w^A  • 
treatise  as  the  present,  especially  as  the  most  importaat  of  tWai  aO* 
the  steam  engine,  depends  on  the  law«  of  the  pheDOiDflM  of  ksHk^ 
which  could  not  be  completely  exi>lained  except  in  ft 
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CHAPTKR  I. 


VOnK   OF  MACHIHB8  WITH  IT^nFORM  OB  PERIODIC  UOTIOX. 


Sectios  1. — General  Prineii^t*. 
668.  VMfni  and  i,«mi  WcHu — The  wbolo  vork  performed 


m 


machine  is  diatiugiushod  Into  iuieful  tpork^  being  that  perfonut 
producing  tho  cil'ect  for  vrhich  die  ninchiiie  is  designed,  aiid 
wi/rlc^  being  that  performefl  in  protlucing  other  efiect& 

G>)9.  V—tml  and  Prtjadicial  Wr^MBifccr  aire  OVCOTOOme  in  pezftniH 
ing  useful  work  uud  l*t  work  respectiyely. 

600.   The  SBciracr  of  a  machme  is  a  frftctiou  ex[ 
ratio  of  tlie  useful  work  to  the  whole  work  ix'Hbnnod, 
equal  to  the  energy  expended.     The  limit  to  the 
machine  is  unity,  denoting  the  efUcieuey  of  a  perfect 
which  no  work  is  lost.     The  object  of  iui|)rovement8  in 
is  to  bring  their  efficiency  a^  near  to  itnity  us  jKiasible. 

6G1.  P*w«r  nad  EMcci}  Hanc  F»wvr. — Tlie  pOU»r  of  ft  maclua^ 
is  the  ener^  exerted,  and  the  effect,  the  useful  wodL  pcrfonncd.  b 
some  intenal  of  time  of  dcilnitc  length. 

The  tuiit  of  |x»wer  called  conventionuUy  a  harae  povocr^  sa  250 
foot  pounds  per  secondf  or  33,000  foot  pounds  per  minute,  « 
l,980f000  foot  pounds  per  hour.  The  eHect  is  equal  to  tbe  pover 
multiplied  by  tht>  efficiency. 

662.  I>rtriaff  Point}  Train;  W^aiklac  Po4wt.  The  driTUlg  pOtDt 
is  that  through  which  the  resultant  efibrt  of  the  prime  monr 
acts.  The  train  is  the  series  of  pieces  which  transmit  motion  a&4 
force  from  the  driving  point  to  the  working  point,  thtougU  lAosk 
acta  the  resultant  of  the  resistance  of  the  useful  wodk. 

663.  Poinu  of  Braiaionce  are  points  in  the  trtdn  of  ini*fTtiMtif 
through  which  the  resultants  of  prejudicial  re^stancciB  act. 

664.  EMcicacica  »f  Pieces  af  a  TnUa* — The  useful  work  of  M 
intermediute  j)ieoe  in  a  train  of  mochauiam  oomosts  in  driving  i 
piece  which  follows  it,  and  is  leas  than  the  enei^  exerted  up 
by  tho  amount  of  the  work  lost  in  overcoming  ita  own 
Hence  the  efficiency  of  such  an  intermediate  piece  is  the 
the  work  performed  by  it  in  dri\-iDg  the  following  piece,  to 
energy  exerted  on  it  by  the  preceding  piece ;  and  it  is  evident  that 
t}\6  ^ctenc^  oj  a  macK\ne\s  CKft  v^wlutL  of  tfta  e^*«iictw  of  the  ■ 
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UEAN   EFT0RT8   AND   REStSTAHCES — GENERAL  EQrATIOy& 

o/moving  p%ece$  tohicJi  trananiU  mergy  from  the  driving  poini  to  tits 
workinff  point.  The  same  principle  applies  to  a  train  of  sitceeasiva 
maohine$,  each  driving  that  which  follows  it 

CG5.  nemm  ECmib  aad  BcalaCascra. — In  Article  515  is  given  the 
expression  jPda  for  the  energy  exerted  by  a  vazying  efibrt  vhoae 
magnitude  at  anj  instant  is  P ;  and  a  corresponding  expression 
I  Rds  denotes  the  work  performed  in  overcoming  a  vaiiable  re- 
sistance. In  a  machine  moving  nniformly,  let  these  expressions 
have  reference  to  any  interval  of  time,  and  in  a  machine  moving 
periodically,  to  one  or  any  whole  miml>or  of  periods  ;  let  «  be  tlio 
space  described  by  the  point  of  application  of  the  c>lfort  or  reaist- 

ce  in  the  interval  in  question ;  then  IVda  -r-  8  or  j'Rde  -=-  « 

is  tlie  fnean  ^oH  or  mean  remManee  as  tiie  case  may  be  The  Jluc- 
InnaUons  of  the  efforts  and  resistances  above  and  below  their  mean 
Tallies  concern  only  the  variations  of  velocity  in  a  machine ;  and 
therefore,  in  the  remainder  of  the  jirebout  chapter,  P  and  H  will  bo 
used  to  denote  such  mean  values  only;  so  that  Miergy  exerted  and 
work  performed,  whether  the  forces  are  constant  or  varying,  will 
be  respectively  denoted  by  P  »  and  R  *.  By  referring  to  Articles 
517  and  593,  it  appears,  that  besides  a  force  and  a  lengthy  as 
above,  the  two  factors  of  a  quantity  of  eaet^  may  be  a 
and  a  cubic  space,  or  a  couple  and  an  angle,  as  shown  in 
the  following  table  : — 

Foi*oe  in  pounds  x  distance  in  feet  ; 

Couple  in  foot  pounds  x  angular  motion  to 

nidiuB  unity;  or 
Pressure  in  pounds  per  square  foot  x  apace 

described  by  a  piston  in  cubic  feet. 

666.  The  Ocaemi  EquatioaB  of  the  uniform  or  periodical  worl 
of  a  machine  are  obtained  by  introducing  the  distinction  betw< 
nseliil  and  lost  work  into  the  equations  of  the  conservation  of 
energy.  Thus,  let  P  denote  the  mean  effort  at  the  driving  point, 
9  the  qjace  described  by  it  in  a  given  interval  of  time,  being  a 
vlude  number  of  periods  or  revolutions,  R,  the  mean  useful  rewst- 
iuioej  *i  the  space  through  which  it  is  overcome  in  the  same  inter- 
■val,  R,  any  one  of  the  prejudicial  resistances,  Sj  the  apoee  through 
which  it  is  overcome  i  then 


f  Ps  =  B,*i  +  X'R,^. 

The  effidcDc/  of  the  xsnchine  is  cxpreuaed  \ij 


.(1.) 


61: 


OP 

MACR1XES. 

B,#, 

».•, 

"P. 

ll.< 

.   +  >■ 

Ri«i 

(a) 


B^wUlwi*  la  Cerm*  vC  C*n|p«nkUve  DIvUmia. — Let  8^ 


667.  B^wUlwi*  la  cerm*  AT  C*nr«nkUve  AEvUmia. — l-iCC  «i  :  «  =  n^ 
•j  :«  =  nc,  Ji:o.,  be  the  ra/to«of  the  spAoes  described  in  a  whole  nam- 
ber  of  periods  bj  the  working  point  mid  the  several  points  of 
reostancc,  to  the  spooo  described,  in  the  same  interval  of  time,  by 
the  driving  point ;  then  equation  1  of  Article  666  tolcea  the  follow- 
ing form,  which  cxpres3<?s  the  "Principle  of  "Vutnal  Velocities'* 
(Article  519}  as  applitKl  to  machines: — 

P  =  n.  E.  +  in.  Kb ...(1.) 

Thua  the  mean  effort  at  tlio  driving  point  is  expressed  iu  terms  of 
tbo  several  meftn  Temfftance.'^  and  of  the  comparative  moHons  ahme, 
which  last  set  of  qoantitlos  arc  deduced  fi^m  the  construction  nf 
the  machine  by  the  principl(«  of  the  theory  of  mechaniffra ;  so  that 
every  fuxiposition  in  Part  lY.,  respecting  the  comparative  motioiu 
of  the  points  of  a  machine,  can  at  onws  be  converted  into  a  proposi- 
tion resjiecting  the  relation  between  the  mean  effort  and  resistances; 
and  the  mean  e»l«»rt  required  to  drive  the  machine  can  be  deter- 
niinod  if  the  resistancea  are  known. 

668.  nftdaciioii  of  F«rcr«  nad  Couple*,  —  In  calculation  it  u 
often  convenient  to  substitute  for  a  force  applied  to  a  given  point, 
or  a  couple  applied  to  a  given  piece,  the  equivalerU  force  or  cou^e 
applied  to  eome  other  point  or  piece ;  that  is  to  say,  the  force  or 
couple,  which,  if  appUed  to  the  otlier  point  or  piece,  would  exert 
equal  energy,  or  employ  equal  work.  The  principles  of  this 
reduction  are,  tlint  tlie  ratio  of  the  given  to  the  equivalent  force  is 
the  reciprocul  of  the  ratio  of  the  velocities  of  their  ftointa  of  af^K- 
cation ;  and  the  ratio  of  the  given  to  the  equivalent  couple  is  the 
reciprocal  of  the  ratio  of  the  angular  velocities  of  the  pieces  to  which 
they  are  applied.  J 

Sbctios  2. — On  the  Friction  o/'J/ocAitw*. 

669.  €a-rAciea<«  «r  FricflMi. — The  natiuv  and  laws  of  the  fric* 
tion  of  solid  suifaoes,  and  the  meanings  of  co-efficients  of  friction] 
and  angles  of  repose,  have  been  explained  in  Articles  183,  ISK^ 
191,  and  192.  The  following  is  a  table  of  the  angle  of  repoas 
0t  tho  co-eiEcicut  of  friction  y=  tun  ^,  and  its  reciprocal  1  ;^] 
for  the  materials  of  mechantiun,  condensed  from  the  tables 
Qeneral  Morln,  and  oUier  sources,  and  arranged  in  a  few  com* 
prehensiTe  claasea.  The  values  of  those  constants  which  ars: 
given  in  the  table  liave  reference  to  the  fnciion  of  moiitnu  Aii 
to  the  difference  bet^i-een  that  and  the  friction  of  rest,  see  Arti«lo[ 
204. 


FBlCriOK — CNGVEKTS. 


G13 


Nft 


1. 

2, 

3. 

-t. 

6. 

6. 

7. 

8. 

9. 
10. 
11. 
IS. 
13. 
14. 
15. 
16. 
17. 
IS. 


Surfaces. 


Wood  on  wood,  dry H°to2GJ° 

..  wipjr, Ui" 

UMftlsoaoak,  dry, 'S6^°to31" 

«  wet, ISi^toHj" 

M  wapy. I      11J<> 

MetnU  on  elm,  dry, '  llj^'to  U 

Hemp  oQ  OAk,  dry, j        t&'* 


Tret,. 


18|' 


Leather  on  oak 15°  to  10|' 

«...       294" 

..« 2i^ 


Leather  on  metals,  dry 
„  „         wet,.,. 

».  n         greasy 

oU>- 


w«t. 


Metals  on  metiJ^    dry 81°  to  111** 

16*'' 
4^lo4i° 

If*"  to  2" 


Smooth  sarboes,  occasionally  greaaed, 

„  „      oDDtinoatly  greaaed, 

„  „       boitmiiltf, 


/ 


I^/ 


■05  10-6 

-3 

•5  to -6 

-24  to  36 

•2 
-2  to  -25 

■fiS 

•38 
•37  to  -SB 

•66 

•8« 

•28 

•15 
•15lo^a 

•a 

•07  to  -08 

•05 
•OS  to  -086 


4lo2 

6 

2  to  1-67 

4-17  to  a  85 

6 

5to4 

1-80 

3 

a-7  to  2-3G 

1'79 

2-78 

435 

6-67 

6-«7  to  6 

333 
14-3  to  13  6 
\        20 
8J-8  to  S7-C 


670.  CTiiBncHiaL — The  last  three  results  in  the  preceding  table,  Nos. 
16,  17,  and  IS,  have  reference  to  smooth  tirm  surfaces  of  any  kind, 
greased  or  lubricated  to  such  an  extent  tliat  tlie  IHction  dependa 
chiefly  ou  the  contiuuiil  stjpply  of  ungtient,  and  not  sentdbly  on  the 
natare  of  the  solid  sm-faces ;  and  this  ought  almost  always  to  be 
the  Oftse  \u  umcliinery.  XJu^ueuts  should  be  thick  for  heavy  prefi- 
BureS|  that  they  may  resist  being  forced  out,  and  thin  for  light  prea- 
sores,  that  their  viscidity  may  not  add  to  the  resistance. 

671-    l<imi  fff  ■•rrMure  l>elw«-r«  Kabbln||  HnriacflM. — The    Uw    of 

the  simple  proi)ortiouidity  of  friction  to  preasnre  (Article  190)  is 
only  true  for  dry  surfaces,  when  the  pressure  is  not  siifficiently 
iut4mae  to  indent  or  grind  the  surfaces ;  and  for  greased  surfaces, 
when  the  pressure  is  not  sufficiently  intense  to  force  out  the  unguent 
&om  between  the  surfaces,  where  it  is  held  by  capillary  attraction. 
If  the  proper  limit  of  intensity  of  pressure  be  exceeded,  the  iriction 
increases  more  rapidly  than  in  the  simple  ratio  of  the  pressure. 
That  limit  diminishes  as  the  velocity  of  rubbing  increases,  acoording 
to  some  law  not  yet  exactly  determined.  The  following  are  boi 
of  its  values  deduced  IJom  experience : — 


Bailway  Carriage  Axles. 
Velocity  of  rubbing  1  foot  per  second, 

ji  it  *^  i»       • 

Timber  ways  i'ur  launching  shipSf  about 


Limit  of  PrMRire, 
lb.  per  sqsoro  inch. 

224 
140 


TBSonr  OF  SACHCKia. 


-^^ 


The  inclination  given  to  these  ^'avs  varies  from  about  1  in  10 
for  the  siDHllest  ve8**lft,  to  abo\it  1  in  20  for  the  larjifcst.  The 
oo-efficient  of  friction,  when  the  ways  are  well  lubhcated  with 
tallow  or  soft  soap,  is  probably  between  '03  and  -04. 

673  Vricti«M  •f  a  Mi4Un«  pi<«e. — In  fig.  2*^2,  let  A  reprewnt  a 
sliding  pie«t,  which  moveg  uniformly  along 
the  slniigl)t  guide  B  B  in  the  direction  indi- 
cated Iiy  the  arrow,  under  two  forces  which 
may  be  direct  or  oblique,  but  whidi  are  re- 
presented as  obliqn^  to  make  the  solotioa 
general.  The  ktrcv  F,  opf>osed  to  the  motion, 
is  the  r^^iltant  of  the  usej'id  reatatanot  or 
force  which  A  exerts  on  the  next  piece  iai 
the  troin,  and  of  the  weight  of  A  itself,  and  will  be  called  the  gilm^\ 
force.  Let  the  angle  which  it  makes  with  the  guide  B  B  be  denoted 
by  if.  The  foroe  F,  is  that  which  di-ivca  the  piece ;  the  angle  s 
which  its  direction  makes  with  the  guide  B  B  is  snppoaed  to  be 
known ;  but  ita  muguitude  remains  to  be  determined,  as  well  afl 
the  friction,  which  it  lias  to  overcome  in  addition  to  the  useful 
resistanuu.  Ijei  Q  denote  the  normal  (>resaui-e  of  A  against  B  B, 
so  that/Q  \»  the  frictioo.  Then  we  hare  the  two  eqaations  of 
equilibrium : — 

Q  =  F,  sin  t,  +  Fj  sin  i, ; 


Fig.  2G3 


cos  »|  =  Ft  00(1 1|  +  /Q 
Fi/sin  »,  +  F,  (oofl»3  +  /sin  i,)  j 


.(1.) 


&om  which  are  easily  deduced  the  following  equations,  solring  tlio 
problem  : — 


F.  =  F. 


COS  H  +/sin  H. 
cos  t,  —  /  sin  «', 


/Q=:F 


cos  i,  —  /"sill  % 


.(i) 


673.  The  n«B«Hi  of  prf«ii«N  of  a  rotating  piece  is  tlie  statical 
moment  of  the  friction  relatively  to  the  axis  of  rotation  of  the  i>iece, 
and  is  the  moment  of  a  couple  conHi&tLug  of  the  irictioa,  and  of  im 
equal  and  opposite  component  of  the  pressure  exerted  by  the 
bearings  of  uie  piece  against  its  axle.  The  moment  of  frictiun, 
being  multiplied  by  the  angukr  motion  in  a  given  timc^  gjvee  tba 
work  lost  in  fricion  in  that  time. 

674.  Friruon  of  ■■  Aiic — Alter  a  cylindrical  axle  has  run  for 
some  time  in  contact  with  its  bearing,  the  bearing  becomes  slightly  i 
larger  than  the  axie^  so  that  the  iK*int  of  most  intense 
which  is  also  the  point  of  resistance,  traversed  by  the  resulCMbtJ 
of  the  friotion,  adapts  its  position  to  the  direction  of  the  Utenl, 
pressure. 


I 

I 


I 

I 
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i^.  263,  lot  A  A  A  be  a  tnmsverse  section  of  the  cylindrical 
of  a  rotating  piecxs  and  C  its  nxia  of  rotation;  let  K  represent 
the  direction  and  magnitude  of  what  will  be 
called  the  ^ven  force,  being  the   resultant  VD 

of  the  useful  resistauce,  and  of  the  weight  / 

of  the  piece  under  consideration.     Let  P  /    \  \ 

repneent  the  cfibrt  required  to  drive  the 
piece,  whose  line  of  action  is  known,  but  its 
uiagnitude  reiuains  to  be  determined.     X^t 
D  be  tlio  point  where  the  directions  of  i'     y      /^•^.^i* 
and  R  intersect,  and  D  Q  the  lino  of  action  /      /JTSt 

of  their  resultant,  which  re&ultmit  is  equal         -a 
and  opposite  to  Q,  the  pressure  exerted  by 
the  bearing  against  the  axle,  and  is  there- 
fore inclined  to  the  radius  C  Q  by  an  angle 
CQD  =  ?,  being  the  angle  of  repose,  in  such  ^S*  ^^^' 

a  manner  as  to  reaist  the  rotation,  whoao  direction  is  indicated  by 
the  am>w. 

Then  to  6nd  the  line  of  presbure  X>  Q,  it  is  obviously  sufficient  to 
flosoiibe  about  the  centre  C  a  circle  B  B  whose  radius  is 

CT=rBiu,  =  -^ 0) 

r  =  C  Q  being  the  radius  of  the  axlo,  and  to  draw  from  the  known 
point  D  a  Ime  D  T  Q  touching  tliat  cii-cle  in  T,  which  point  of 
contact  is  at  that  ade  of  the  circle  which  makes  a  force  acting  from 
Q  towai*ds  T  oppose  the  rotation. 

From  T  draw  T  R  X  K,  and  T  P  J-  P.  Then  the  mngnihide  of 
the  effort  P  is  given  by  the  equation 

P  =  R'TR  -^  TP (2.) 

and  that  of  the  pressure  Q  by  the  equation 

Q*  =  P*  +  R'  +  3PRcos^PD  R (3.) 

(tli«  last  term  of  which  becomes  negative  when  .^  P  D  R  ifl 
obtuse) ;  while  the  friction  is 

*^^'''=Jt!7^^ ^"-^ 

and  ita  moment  

Q  r  sin  ?  =  Q  •  CT (5.) 

When  P  and  R  arc  parallel  to  endi  other,  Q  is  their  difference 
<»r  their  sum,  according  as  they  act  at  the  (u»me  or  iit  opposite  sides 
of  the  axle,  and  Q  T  is  to  be  (Irawn  i^iarallel  to  tUs^to.  WV,  ?o  "OtoaS. 
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It  T,  T  F,  and  C  T,  lie  in  one  stmigbt  line,  vben  equatioos  3,  4, 
and  5  will  still  hold 

In  order  to  dtiiunisli  tlto  lateral  pressure  Q,  and  the  friction 
arising  from  it,  to  the  Icaitt  possible  amount,  the  mechaniBm  should 
be  BO  arranged  as  to  moke  F  and  R  act  porallul  to  cacli  other  at  the 
same  side  of  tlie  axle.  

In  most  actual  cawA,  mn  9  =/ :  J  1  ■*-/*  differe  from  tan  ^  =/ 
in  a  proportioa  too  small  to  be  of  any  practical  importance. 

The  bearings  of  axlefi  sliould  be  made  of  materials  which,  thongti 
hard  enough  to  resist  the  rubbing  without  abnuuou,  ore  not  so  luinl 
OS  the  axil*.  Hence  for  wrought  iron  axles,  bronze  bearing^  an 
commonly  used.  Ikivrings  of  cast  iron,  millboatd,  and  hardwood, 
such  as  elm,  with  tho  grain  set  radially,  have  also  been  used  with 
advantage. 

075.  FHcfioH  «r  a  PiroL — A  pi%'ot  is  the  termination  of  an  axle, 
which  presses  emlicatfs  against  a  bearing  called  a  step,  or  footaiep. 
Fivote  require  great  hardness,  and  are  usually  made  of  steel. 

A  Jl<U  jyky>t  is  a  short  cylinder  of  steel,  having  a  plane  curcuLu* 
end  for  a  rubbing  surioce.  If  the  pressure  Q  be  efpially  distributwl 
over  that  surface  whose  radius  is  r,  the  moment  of  friction  is  easily 
found  by  integration  to  be 

l/rQ (1.) 


^ 


In  flat  pivots,  the  intensity  of  the  pressure,  which,  is  given  by  ths 
equation 

Q 


P^ZIJ* 


.(2.) 


is  nsuftlly  limited  to  2,240  lbs.  per  square  inch. 

In  the  cup  and  ball  pivot,  the  end  of  the  shaft,  and  the  step, 
preeent  two  recesses  facing  each  other,  into  which  are  fitted  two 
shallow  cups  of  steel  or  hard  bronze.  Between  the  concave  spherical 
HurCEtces  of  those  cups  is  placed  a  steel  ball,  being  either  a  complete 
sphere,  or  a  lens  having  convex  surfaces  of  a  somewhat  less  radius 
than  the  concave  surfaces  of  the  cups.  Tho  moment  of  friction  of 
tliia  pivot  is  at  first  almost  inappreciable,  from  the  extreme  small* 
ness  of  the  radius  of  tho  circles  of  contact  of  the  boll  and  cups^ 
but  as  they  wear,  that  mdius  and  tho  moment  of  friction  increas& 

070.  Friciion  of  a  Collar. — When  it  is  impracticable  or  incou- 
vcnicnt  to  sustain  the  jiressure  which  acts  along  a  shaft  by  means 
of  a  pivot  at  its  end,  that  pressure  is  borne  by  means  of  one  or  more 
collars^  or  rings  projecting  from  the  sliaft,  and  pressing  against 
corresponding  ring-shaped  bearings,  for  wliicli,  in  the  case  of  sbaf^ 
of  screw  propellers,  batdwood  «et  with  the  groin  endways  haa 


I 
I 


pBJcnos  or 


fotuid  a  good  motend 
r'  the  internal  ndias  of  a 
Q  is  giren  bjUkm 


Ai 


k 


r 


-CM 


G77.   Frlctl«*  mf  T.»*       Vi 

let  P  be  the  presore  eacertBd 

comes  into  action,  «  tfe  ~ 

elide  o\-pr  each  oOicr, 

462  A,  and  n  tiie 

oentrea  in  a  givvik 

lost  by  the  fnctioik  of  tiw  tnt^  it 

67$.   VHdlM 
belt,  or  strap,  may  be  vied 
upon  a  drum  or  pnUej  n)QB4  vlaA  ift 
tangentiAl  force,  wKrtlifr 
band  and  the  polleT,  »  their 
portional  to  the  nocnud  pcaaa 

In  fig.  264,  let  C  be  the  ssv  cT  a  pdkf  A  B. 
which  thero  ia  wrayped  a  h^td,  T^  A  B  T,;  1b( 
represent  the  directaoa  in  tUc^  tfc»  \amd  ifiiii%  < 
relatively  to  the  pnBeT*  •ad  the  iiBer  anov&e 
the  pulley  slides,  or  tends  to  slide,  ulslinij  to 
the  baud. 

Let  T,  be  the  teutan  of  the  finae  pvi  cf  tfe 
baud  at  that  ade  IcneonfrvfaichittaMBtD^Bw 
tho  pulley,  or  /ron^  whkh  the  poOtf  timit  t» 
draw  it ;  T,  the  teminn  of  the  free 
other  side ;  T  the  teMsoo  d  the  k 
intermediate  poiut  of  its  src  of 
pulley;  i  the  xutio  of  the  length  of 
the  radios  of  the  nulley;  d  #  the 
indefinitely  small  element  o(  that  aic 
mdivw;  U  =  T,  -  T„  the  total  friction 
the  bsjid  and  the  pulley ;  </  B  the 
portion  of  that  friction  due  to  the 
arc  d  i;  /the  co-efficient  of  friction 
band  and  pulley. 

Then  according  to  a  principle  proved  ia  Axticfes  179  and  771,  xft 
is  known  that  the  normal  pressore  at  the  dcBOteiy  ate  di'i* 

Td0 
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T  Mng;  the  mean  tenitioD  of  the  hand  at  that  elementaiy  arc; 

seqaentlr,  the  &iction  on  that  arc  is 

Now  that  frictioD  is  oIao  the  diSeronce  between  the  tensions  of 
band  at  the  two  ends  of  the  elementary  arc;  or 

which   eqtiation  hcing  integrated   thronghont   the  entire  arc  of 
contAct,  gives  the  following  furmuhe : — 


T 

K^  log  Y 


.^L) 


When  a  belt  connecting  a  pair  of  pulleys  has  the  tensions  of  ib 
two  sides  originally  equal,  the  pulleys  being  at  rest;  and  when  the 
pxdlcya  aru  set  in  motion,  so  that  one  of  thom  drives  the  other  by 
means  of  the  belt ;  it  is  found  that  the  advancing  side  of  the  hcll 
is  exactly  as  much  tightened  as  the  returning  side  is  slackened,  » 
that  the  nwan  tensioD  remains  unchanged.  Its  value  is  given  bj 
this  formula : — 

T.-fT,_    s^'-Hl 
2  R    ~  2  («/•  - 1)' ^   ' 

which  is  useful  in  determining  the  origiaal  tension  required  to 
enable  a  Ijelt  to  transmit  a  given  force  between  two  pullej^ 

If  the  arc  of  cont'ict  between  the  band  and  pulley,  expressed  in 
turns  and  fractions  of  a  turu,  be  denoted  by  7», 

0  =  2wn;  r/'^lO*-""/" (3.) 

When  the  band  is  nued  to  resist  the  motion  of  the  pulley,  it 
constitutes  a  kind  of  brake  called  a/riciion  strap.  In  this. case  the 
nibbing  sur&ces  of  the  band  and  pulley  may  either  bo  both  of  iron, 
or  may  be  protected  by  a  covering  made  of  pieces  of  wood,  which  ii 
renewed  from  time  to  time  a-s  it  wears  out. 

C79.  *■  FHcUotmi  Gvnrinc,  described  in  Article  445,  it  ftfy*»»« 
that  when  the*  angle  of  the  grooves  is  40^,  and  when  their  sur&oa 
ore  smooth,  clean,  und  dry,  i£e  tangential  fortse  transmitted  hefewaaa 
the  wheels  is  once  and  a-half  the  force  with  wliich  their  axes  »fo 
pressed  together.  Tliis  proportion  is  much  greator  tlian  that  due  to 
ordinary  friction,  and  must  arise  partly  from  adhcsion. 

C80.  Friciloa  CoarliMffk  are  used  to  communicate  rotation  be- 
tween pieoBs  having  tlie  same  axis,  where  sudden  changes  of  fbros 
or  of  velocity  take  phice;  being  so  adjusted  as  to  limit  the  fores 
trmnsmitted  w\l\nu  ^.Vi^i  Xiovok,^  i>i  «&i«:Vj .    C^vC^T%a&K«A  oC  this  kind 


are  ^vrrm 

tliat  calUA  a  pair  «f 

of  the 


repoaai, 

and  when  faeat  ti 
luutuol  frictaoB  «iC 
of  tiie  rope,  and  ii 
into  which  it  it  be 
Tb«i(«r*teii 
louna  DT  laulbyijv^ 
in  povDcU;  tkaft  « 
leatfiag  advof  tb> 


noocswy  to 
straighten  it 

The  foQoviaf 
'have  he«tt 
I  Coulomb  : — 
LetRbetbe 
d,  thn  itiMTlr 
n  =  48d*far 
r,  the 
T,ihe 


!For  white  lopea,  R  =1=  -(O^OIS  ^ 


I 
I 


I  For  tarred  ropes,  R 

681 
two  snitkeem  OW9  mA 
vhich  ia  dSkd  niffi^ 
resisting  rotation  ;  ite 
preasore  bet»w  t^ 
a^MDdfl  on  tbo  Baton  oCtfcr 
in  an  unit  of  ti 
by  the  anff^Iar  veUaitjf  of  the 
other.    The  foUovti^ 

Oak  npoo  oak. jtrodk  (Onloirib). 

Lignuxn-TitiB  on  oak, ^.•*^'oo4  „ 

Out  iroo  oo  caat  iz«air„.„.. o^ooa  fn«)^aU)i 

jiart,  and  a  part  inerewiDg  vitfc  tHi^  velodtf.     Aeooidin^  to  Ovmh 

ml  Morin,  it  it  ^vcs  apptu^.  ^ly  the  fiotkrwvn^lbraE^.-. — 
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R  =  ^{a  +  6(p  -3-28)]; 


where  Q  is  tho  gross  load,  r  the  radius  of  the  wbeds  in 
V  the  vdocity  in  feet  per  second,  and  a  and  b  tvo  constants, 
values  are  a  b 

For  goo<l  broken  stone  roads, '4  to  55      •024  to  036 

For  lavod  roada, •27  -0684 

For  the  pavement  of  Paris, '39  *03 

On  gruvel  roads  the  rcdstnnoe  is  about  double,  luid  on  auidr 
grawlly  soft  ground,  live  times  tho  reaatauco  on  good  broken 
roads. 

6S4^.  Utmunnutts  of  Raiivnir  TraiM. — In  the  following  &i 
which  are  all  einpiriavl — 

E  denotes  the  weight  of  the  engine; 

tho  grosa  loud  drawn  by  it; 

thtj  velocity,  in  railes  an  hour; 

thu  radius  of  curvature  of  the  Hue,  iu  miles; 

the  resistance  in  pounds; 

a  co-efficient  of  friction ; 

a  00-efficicnt  foi'  resistance  due  to  corvatnrflk 

Then  for  single  carriages  with  cylindrical  wheels,  at  velodt 
to  IS  railes  an  hour,  acoording  to  the  experiments  of  Ia«ut4 
David  Rankiue  and  the  Author, 


M 


T 

11 

V 

n 

r 

)) 

R 

♦» 

/ 

» 

c 

N 

R=/(i  +  -)T; 


where/=  0*002;  and  c  =  0*3.     (See  ExperimftUal  Inquiry 
Use  0/ Cylindrical  Whed*  on  RaxlvDaySt  1842.) 

For  an  engine  and  train,  thu  following  is  an  empirical  fo 
■leduccd  from  the  ex]>erimcQtti  of  various  authors:  — 


R=y(T  +  E)(l  +  i^)(l+3; 


^ 


whei-e/rang^^  from  0027  to  -OO-l,  according  to  tho  btate  of  ttr 
line  and  caniuges,  and  c  from  0*3  to  0*1.  (See  Rankiuc's  MomkA 
o/Civil  Engintxrituj.) 

ti.S'5.  Hcoi  •t  FrfciioH. — The  work  lost  in  friction  prodacea 
in  the  proportion  of  one  British  thermal  unit,  being  so  much 
as  raises  the  temperature   of  a  pound  of  water  one   d 
Falirenheiti  for  every  772  foot  pounds  of  lost  work. 

Kxce*saiNfc\itft.V\'ci^\i  ^Tweuiiid  by  a  constant  and  copious 
of  a  good  VLWgvxfcia,\H 
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€86.   Th«  €«uriragal  Forces  and  Conplcs  exerted  by  the  VtlHotia 

rotating  pieces  of  u  machine  against  the  bearings  of  their  axles  are 
to  be  determined  by  the  principles  of  Articles  540,  692,  and 
603,  and  taken  into  accoaut  in  determining  the  luterul  pressures 
'wkioli  cause  frictiou,  and  the  strength  of  tlie  axles  uud  framework. 
As  those  centrifugal  forces  and  couples  cause  inercaaed  friction 
and  Bfcress,  and  sometimes  also,  by  reason  of  their  continual  cliuuge 
of  direction,  produco  detrimental  or  dangerous  vibi-ation,  it  is  de- 
sirable to  reduce  them  to  the  smallest  posdblo  amount ;  and  for 
that  purpose,  nntees  there  is  some  special  reason  to  the  contrary, 
the  axis  of  rotation  of  every  piece  'which  rotates  rapidly  ought  to 
traverse  its  ceutro  of  gravity,  that  the  re-sultaut  centrifugal  force 
may  be  nothing,  and  ought  to  be  an  axis  of  inertia,  that  the  centri- 
fn{^  conple  may  bo  nothing.   As  to  axe^t  of  inertia,  sec  Article  584. 

687.  Acuni  Knt-rvr  of  n  viackiafl. — To  determine  the  aitire 
actual  energy  of  a  machine  at  a  given  iustuDt,  it  is  necessary  to 
know — 

(\.)  The  weight  of  each  of  its  sliding  pieces ;  let  any  one  of  those 
weights  be  denoted  by  W ; 

(3.)  The  velocity  of  translation  of  each  of  those  pieces  at  tlie 
given  instant :  let  v  denote  any  one  of  these  velocitiea ; 

(3.)  The  moment  of  inertia  of  each  of  ite  rotating  pieces  :  let  any 
one  of  tliesc  momenta  be  denoted  by  I ; 

(4.)  The  angular  velocity  of  each  of  those  pieces  at  the  given 
instant;  let  a  be  any  one  of  these  angular  velocities. 

Tlie&e  quantities  being  given,  the  actual  enei^  of  the  machine  is 


£ 


A<- 


Wv'  +  3'Ia');. 


(1.) 


and  if  the  moment  of  inertia  of  each  rotating  piece  be  expressed  in 
the  form  I  =  W  f",  W  being  its  weight  and  f  its  radius  of  gym- 
ionj  the  above  expression  may  be  put  in  the  form, 


Wv«  +  2Wf»o*) (2.) 

€38.  B<4ac<d  Xiwtiia. — The  figures,  Rvzea,  miA.  <y3^UM5^<SQ.  <:R.  ^* 


=  r,(' 
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««».  of  a  machine  being  known,  tlie  principles  of  the  Theory  i 
[eohAlUBm  (Part  IV.),  unable  the  oomparatire  motions  of  oU  il 
puiuta  to  be  determined,  and  in  particuUr,  the  Bcvenl  iatio«  of 
their  velocities  to  that  of  the  driving  point  at  any  instant  Let  V 
I  be  tho  velocity  of  the  driving  point,  and  for  any  given  piece  of  tlie 
'machine  whose  weight  ia  W,  let  n  denote  the  ratio  v  :V  if  it  is  » 
sliding  piece,  and  the  ratio  f  a  :  V  if  it  ia  a  turning  pioce.  Thon 
thesmn 


WV 


th  ioeight  u/iicA,  ifconcetUfoted  at  the  driving  point, 
^AoM  Me  same  actnkol  tfyerrfy  tojth  tite  entire  macJiijie.     This 
xXnay  be  called  the  irurtia  rfdueed  to  the  driving  point, 
iMoficley,  who  &rst  iutroduced  ita  cotuudcration  into  mcchamc^j 
ift  called  the  "  co-efficient  of  steadiness." 

The  actual  energy  of  the  mafiimft  at  any  instant  may  now 
fixpreesed  by 

-  =  ^f^' (^) 

Another  mode  of  expressing  the  reduced  inertia  is  with  referenoe 
to  the  driving  axis.  Let  A  represent  the  angular  velocity,  at  asj 
instant,  of  the  axis  of  the  piece  which  first  receives  the  motin 
power ;  for  any  shilling  piece  let  t» :  A  =  / ;  and  for  any  rotating 
piece  let  a  :  A  =  n.     "Dien  the  retluced  monienl  of  inertia  ia 

w 


w 


J-W;*  +  aln^i 

and  the  Actual  energy  at  any  instant, 

E  =  ^fi   W?«  +  a   In'] 

GSO.  FinrtMKtioiu  of  8p«ed  in  a  machine  are  caused  by  the  alter- 
nate  excess  of  the  energy  received  above  the  work  performed,  and 
ot  the  work  perfomxed  above  tho  energy  received,  which  prodooe 
an  alternate  increase  and  diminution  of  actual  energy,  according 
the  law  of  the  oouserv-ation  of  energy  explained  in  Article  5o'2. 
To  detemiiiie  the  greatest  fluctuations 
speed  in  a  machine  moving  periodically, 
ABC,  in  fig.  26^,  to  represent  the  motj 
of  the  driving  point  during  one  period;  Ui 
the  effort  P  of  tho  prime  mover  at  each 
instant  be  rftpresented  by  the  ordinate  of  the 
Fig.:i65.  j;y_(^.y    DGEIF;    and  let  the  sum  of  the 

itancesj  reduced  to  the  driWng  point,  as  in  Aj-ticle  6G8,  at  each 
infitaiit,  be  dcaioXeii.>3^^u^'s«:^(ts»tstft£d.Vff^^J;u&  ordinate  of  the 


i 


dooe 
•tio^' 


^-m 


bemg  ^vided  by  twice  tlie  mean  actual  ciwrt^ 

T.  — V,  aE  gAE 


aE 
2E^ 


a  ratio  which  may  be  called  Uie  co-^ieienl  -^/intuntffli  tfvpmi. 
The  ratio  of  tlio  periodical  excess  and  deficiwKT  of  cmrvv  A  2 


to  the  whole  energy  exerted  in  one  period  or  nwvlalM,  l^dtL 

hu  been  determined  by  G«nen2  Vofaa  fiir  iti^M^^w  «M«r 

TuiooB  ciroumstances,  and  fiomd  to  be  bmm  T*  ^  \t  fur  ^^S» 

cylinder  engines.     For  a  pair  of  nyaat  drirW  the  «■■«  4yiL 
with  cranks  at  right  angles  to  mA  otfcc^  Ibe  walaa  igf  ||w 
IB  about  one- fourth  of  its  vaJoe  for  m 
6^0.  AFtr-Whc«iiaawheelwitiia: 
of  inertia  r^uoet  tlie  oo-«ftcMDt  cf  ] 


fixed  amount,  bcong  aboot  —  n 

in  machinery  for  fiy 
1 
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to  bo  provided  foT  by  the  moment  of  inertia  I  of  the  fly-wheel 
let  o^  be  ita  mean  angular  velocity;  then  equation  2  of  Article 
ia  equivalent  to  the  following  :— 

m"   all  ' 


1  = 


second  of  which 


the 


0) 


equations  givea  the  roqiuaite  moment  of 
inertia  of  the  6y-whe(tl. 

G91.  Maniiic  wmd  si«ppLii«— Brakes. — ^Thc  Starting  of  a  machi» 
consists  in  setting  it  in  motion  from  a  state  of  rest,  and  bringiog  it 
up  to  ite  proptT  mean  vulocity.  This  operation  requires  the  ei- 
p<<nditure,  besides  the  energy  required  to  overcome  the  reei^toDMof 
tliti  lUHohine,  of  an  additional  quantity  of  energy  equal  to  the  actotl 
oncivy  of  the  machiue  when  moving  with  its  mean  velocity,  •! 
found  according  to  the  principles  of  Article  C87. 

If,  in  order  to  stop  a  machine,  the  etfort  of  the  prime  mover  is 
simply  ffuspended,  the  machine  will  continue  to  go  until  work  hiu 
bucn  performed  in  overcoming  its  rc«ifitiuice»  equal  to  the  octuid 
energy  du^  to  it«  B]>ced  at  the  time  of  suspf  uding  the  efifort  of  tht 
prime  mover. 

In  order  to  stop  the  machine  in  leBB  time  than  this  operation 
would  require,  the  resistance  may  be  artificially  incrcaised  hy  mceos 
of  a  braJrtf  which  may  be  a  frictioa-strap,  as  described  in  Article 
678,  or  a  block  pressed  against  the  rim  of  a  wheel,  or  a  grooved 
vector  pressed  against  a  wheel  grooved  as  for  frictional  gcarbg 
■  f Articles  445,  679). 

Let  Ki  be  the  ordinary  resistance  of  the  machine,  reduo6d  to  tin 
Tufihinr/  etirface  (Article  G68),  R,  the  friction  prodnced  by  the  Imilte, 
jf  the  velocity  of  the  surfiice  on  which  it  acta  at  the  time  when  it  is 

}t  applied,  s  the  distanoe  through  which  rubbing  must  take  pUoe 
in  order  to  stop  the  machine,  t  the  time  required  for  the  same 
etfect,  jbj  the  actual  energy  of  the  macMno  when  the  brake  heffos 
to  act     Then 

s  =  E-.(R,  +iy; (1.) 

and  because  the  mean  velocity  of  rubbing  during  the  opeiatioD  of 
stopping  is  n  -r  3, 


4 


«  =  -  =aE  ^w(R,  +  R^. 


.(».) 


CHAPTER  m. 


osr  raisK  aoTSBA 


all  tkoe  pBrts  W 


P 

I 


mz 


A 

j»iec««,  which 

Bftturally   develop 

employed,  «nd  to 

it  umy  occur,  twh  as 

funn  of  mechanical  enff^, 

mechanism  of  a  lai—  mamr 

of  which  it  r^oJalcs  its  ov« 

The  luffidwoHtci  a  |KnM  ■ovcrii  tte cBnqgj  vfcidi h 
roits  to  any  marlrw  drmA  br  ik;  and  iti  i^tawfjr  is  tkft 
that  useful  work  to  the  wkila  enciM  igueitcd  ligr  H  frooi  a 
fionrce  of  eaaiergj; 

The  ^c^  or  amilaU*  ^'■■''  ^  *■  fomm  mtiwti  m  Ha  tneful  wort: 
in  Bume  given  unit  of  tiiae.  math  as  a  aeBBod,  a  laiuate^  an  hour,  a 
day. 

693.  ITie  nn.iliiir  of  a  pn— »o^cr k  Mne  piece  rf ^iparatng 
by  which  the  rate  at  whidi  it  iveesTcs  eoogf  from  tlie  aooroe  of 
oiiergy  can  be  yned;  Bodi  as  tte  ahboe  or  Talre  whtds  adjosta  Um* 
size  of  the  orifice  fer  aqpfilyiiig  water  to  a  water-wbed,  the  appara- 
tus for  varying  the  sodftoe  expoeed  to  the  wind  by  winihnill-aails, 
the  throttle-valve  of  a  steam  eagne;  In  prime  movers,  whose 
9[je?d  and  power  have  to  be  varied  at  will,  sach  as  locomotive 
enginefl,  and  winding  eappea  fiir  »p™«t^  the  regulator  is  adjusted 
by  hand  In  other  cases  it  is  a^fostcd  bj  a  sdf-scting  apparatus 
called  a  Cvmw — usually  cmtBsring  of  a  pair  of  rotatmg  pen- 
dulums, whose  angle  of  deviatioik  from  thcdr  axis  depends  upon  the 
speed.    (Article  G06). 

1694.   rriHM  HM^rrrm  maj  bo  ciaiifi  according  to  tlic  foruis  in 
wliicli  tlic  eucrgy  i^  first  obtained.     These  arc — 
L  MoaenUr  Strength. 
n.  The  Motion  of  Fluida. 
III.  Heat, 
IV.  Electridtv  and  MagnetiMOJ 
COj.  tavMHlar  strragtk. — The  daily  effect  exertetl  by  the  iniiRCO 
lar  strergth  of  a  man  or  of  a  beast  is  the  product  of  three  quan- 
tities; the  uacfu]  resiftaiice,  the  velocity  with  wb,viKUvB.t.  \^aA&<tjaA.cn. 
-..        2a 
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i*  overcome,  and  the  number  of  units  of  time  per  day  during 
work,  is  continued.     It  is  known  that  for  etich  individual 
Anima}  thero  is  a  oertoin  set   of  valaee  of  those   three   quanti- 
ties which  makca  their  product  a  maxitnum,  and  is  therefore  tbo 
lH!st  for  economy  of  power ;  and  that  any  departure  firom  that  set  cf 
values  diminishes  th«  daily  effect. 

The  following  table  of  the  effects  of  the  stren^h  of  men  and 
homes  en»ploy«I  in  various  ways,  is  compiled  from  tho  works  of 
Poucelefc  and  General  ISIorin,  and  some  other  sources  : — 


uu. 


10. 

11. 
13. 


IS. 
14. 


Batoing^  hb  om  weight  up  aUir 

or  Uwider, ..«.. 

Do.  do.  do., 

(Tre«d-wbecl,  ««1.) 
Hauling  ap  weight  with  rope, 

LUUng  w«ighto  by  band^ 

CsnyingwtlshUiip  tuln, 

StaovtUlng  up  earth  to  a  bcighi 

or5  feet  S  inchet, 

Wheeling  earth   in   barrow  up 

»lope<rf'  I  in  13,  it  Itoriz,  veloo. 

O-fl  ft.  perna  (return,  cm  ply), 
Poshing  or  puUlng  bomontally 

(capatan  or  oar),....,... 

Turnlnga  crank  or  trincb, 

Working  pump, 

Hanuaeriag, »... 

HOBSK. 

Cantering  and  trotting,  draw- 
ing a  iiglit  railway  carriage 
(tliorougbUvd) 

Hone  drawing  cart  or  boat, 
walking  (draaght  horse) 


B 
Hi 

V 

s;«oo-. 

hr».|kdaT. 

RT 

ft.  Ik 

svr 

itm^air- 

US 

OS 

8 

10 

T2B 

9.088,OM 
2,616.0W 

40 

44 

U3 

0-73 
0-18 

6 
6 
6 

80 
24-8 

28-6 

048,OOA 

cn,:iof 

SOT,80»| 

« 

1-3 

10 

TS 

280,800) 

132 

oo-fi 

10 

0-0 

86«,40B 

S6-5 

f  lB-5 

J  ISO 

I  20-0 

18-3 

16 

3-0 
SO 
S-5 
14-4 
26 
? 

8 
? 
8 
(2  min..) 
10 
8? 

823 
45 
288 

S3 
? 

i»2i*i.ooo' 

1,188.000, 

480,000| 

(min.  SSi) 

Jniean80}V 
(max.  60) 

m 

4 

«7i 

1 

120 

8-C 

8 

432 

12.44  l.COO 

096.  A  Wmtrr  Pre^iar*  EopiMe  consists  essentially  of  a  working 
cylinder,  in  which  water  moves  a  piston  in  tlif  manner  stated  in 
Article  490,  case  2.  Let  A  be  the  virtual/ail,  that  is,  the  excess  of 
the  dynamic  head  of  the  water  entering  ^e  cylinder  above  that  of 
the  water  leaving  the  cylinder;  Q  the  volume  of  water  supplied  p 
second;  f  its  weight  per  unit  of  volume;  1 — k  the  efficiency  of 
engine;  then 


— ^l-^     ill  iiH«<»-fL  ^    ^ 

had  L  »■«■<;  4  tfcfS^^ 

tb0  «ats;mjitf  MrMw^jwl  WlmUfcot^  t»H«i«ftl^ 
iri>eel,ori  fplj  irfuflij;  i%  Iks  ^fvbaljvr  «l»««tar  >Ml  «ft«r4l 
liM  «MBd  to  art  qa  dw  wfcwi^or  <iw*«py<  wi>ri».  TWtttfetaia 
eno^  oTtlie  VBlcr,  M  IB  ArtMfe  62^  b 

cQ(i  +  j^  foot  pooadt  per  seeoaa; 

OMiSj^  oC  Oft  vstv  vbea  4bclM3g«a, 

e  Q  ^  fi>oi  poands  par  Mcond ; 

total  poirer  of  tlie  tIimI, 

eQ(A+^^^^faoipo«id.p«r«eoowl^ 0) 

tike  maximum  Uieorotioal  efficiency, 

k(.+^^.(,+_'^), (.; 
quantity 
A.  =  'l  +  ^ W 

may  lie  called  the  theoretical  faXi  or  hnd,  Tho  avMlabla  afidcDoy 
of  a  water-wheel  falls  short  of  the  maximum  thcoirtioal  cffldanqf 

IprindpaUy  from  the  following  cauacti ; — 1.  Tho  n'autnncfi  of  tm 
cfaannel  and  orificos  hy  which  the  water  ia  Biippliinl,  whioli  ctiuaN 
the  actuid  height  from  which  t!ie  wnt*'r  niuiit  tlttuN'itd  in  onltT  to 
acquire  the  supply- velocity  r  to  Im»  grciitor  tluin  v?  :  2 ,7.  Tlw  effltct 
of  such  rctfistiuice  is  expressed  hy  pultiug  for  the  aetual/aHf 

»H  =  A  +  (H-S./)|!.; (i.) 
2  'y* being  the  co-efficient  of  rcyistauco  of  the  channel  and  oiifloM  of 
Bnpply^  determined  according  to  the  principles  of  Articles  038  to 
G46.     2.  The  escape  of  part  of  the  water  hoforo  it  has  completrd 
its  action  on  the  wheel    3.  The  aj^tatiou  and  mutual  frictioa  of  tlio 
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(nirlic1«9  of  water  acting  on  the  wheel ;  and,  4.  The  friction  of  thu 
wlieel.  The  efr<?!Ct«  of  the  tost  tliroe  cftuseei  are  exprewsed  by  malli- 
plying  the  total  power  and  the  theurotical  efficiencj'  of  the  wheel  bv 
an  empiricallj-  detorminod  fractional  co-efficient  k;  so  thnt  the  efla-t 
<rr  availahle  power  iff  denoted  by 

(l-*),Q/..i 

and  tlie  nvaifeUAe  rjieiena^  by 

H 

698.  CbiMM  •f  ir«ier-wiirrl«. — Wator-wht'i'li  muy  be  classed  iw 
follows; — Overshot-wKeeiA    aiiil    IneaiU-irJief^fi,    uiideri/iot-wheeU  aiut 


(5.) 


I 


I 


999.    OrmhM    aad    Brm*l-\Vhrr1>.  —  Tlie    water    is    supplied    Ut 

tliis  claas  of  whwls  at  or  below  the  summit,  and  acts  whollyi  or 
jMirtly  by  its  weight,  as  it  dfsconds  in  tho  buckets.  (See  Article 
iVM).  Formerly  the  bucket*  ns*>d  to  be  closo<l  at  their  inner 
sides,  bnt  now  thej*  are  made  with  oiwnings  for  the  escape  and 
re-entrance  of  air :  an  invpntion  of  Mr.  Fairbaim.  A  breast- 
wheel  tUtfcra  from  an  overshot- wheel  chiedy  in  having  the  water 
poured  into  the  buckets  fit  a  somewhat  lower  elevation  asoompared 
with  the  summit  of  the  wheel,  und  in  being  provided  with  a  caaiog 
or  trough,  called  a  breast,  of  the  form  of  an  ore  of  a  circle,  extend- 
ing from  the  regulating  sluice  to  the  commencement  of  the  tail- 
race,  and  nearly  fitting  the  periphery  of  the  wheel,  which  revolve* 
within  it.  Ilie  effect  of  the  breast  is  to  prevent  the  overflow  of 
water  from  tlie  lijis  of  the  buckets  \mtil  they  are  over  the  tail-race. 
The  usual  velocity  of  the  peripliery  of  overshot  and  high  breaat- 
wheeb  is  from  three  to  six  feet  \iCT  second ;  and  their  a%'ailable 
efficiency,  when  well  designed  and  constructed,  is  from  07  to  0-8.  ■ 
700.  V'Mdcniksi-wborU  oTf?  dhvi^n  by  the  impulse  of  wat^r,  dis-  I 
char;b(cd  from  an  opening  at  the  tx)ttoni  of  the  resci'Voir  with  the 
velocity  produced  by  tlie  fall,  against  JtoaU  or  boards,  as  to  which 
see  Article  649.  Every  such  wheel  has  a  certain  tdodty  qf 
ffutinmum  efficiency^  whicli  does  not  in  any  case  difier  much  from 
lialf  the  velocity  of  the  water  striking  it.  In  undershot- wheels  of 
the  old  construction,  the  floats  are  flat  boixrda  in  the  direction 
of  radii  of  the  wheel;  and  the  maximum  theoretical  efficiency  ia 
4.  The  available  efficiency  is  about  03.  This  class  of  wheels  was 
much  improved  by  Poncflet,  who  curved  the  float.A  with  a  con- 
cavity backwards,  adjusting  their  position  and  figure  so  that  the 
water  should  be  supplied  to  them  without  shwk,  and  should  tlrop 
from  them  into  the  tail-race  without  any  horixoutal  velocity.  Tho 
available  efficiency  0?  sac\v  •w\\«c\s.\»  i^x«X^-^. 


70L  Jl  TmMbi  in  ft  hQfhxaniBl  wftt«r-wbe«l  -vfidi  & 
raoavii^  and  diadiaqrxng  iB«l«r  ait  all 
that  XB,  doven  hj  ft  votrtox ;  iis  tdSaeaej  twagm  frott  *€  %a  *$ 

Article  SMV 

702.  wii  ■mW    ftR  driven  ly  tlie  ioqiailK  cf  ske  nr 

oblique  snz&oes  aaHed  jnib,  Toutipg  in  «  |i3me 

the  direction  of  tlie  irind. 

The  best  figure  mod  lavpaiiatm  fiu  aiuA^B  a 

c9EpermieDtftI]y  liy  Saanwrtim,  «ve  ffven  >y  ^tf 

whkii  the  lo^p  mnim.  xbt*  loigtfc  cf  a 

tip  of  ft  atil  from  iht  axis : — l^^A  cf  ai^  ^  ^^'T 


Wife 


I 

I 
I 


af  ft  £oed  vnteftll  is  akMi 
'a  ffydramik  TratU) 
IB  die  anl^joct  of  ft 
ftnl  an  outline  only  of 


.     1     ^.  .1 

neftresi  axis,  •=  whip : — at  ayih  ^ 

of  the  sail  with  th^  |i]aoe«f 
IS*:— at  the  tip,  7-.   The 
(See  Smcaton  uu  WindndO^ 

703.  The  EaktMcr 
branch  of  scitnce, 
principles  on  vhicb  it  depends  txa  here  be  giv^n. 

If  the  niiznber  of  British  Fahrenheit  units  of  heat  prxliicrd  hr 
the  combustion  of  one  found  of  a  given  kind  of  furl,  be  niultijdied 
by  JouIe'«  oqnivalents  772  foot  pounds,  the  rv«ult  is  tho  lokU  hmH 
qf  combugtion  of  the  fuel  iii  question,  cxpnsiseil  in  foot  pounds.  For 
diiTerent  kindi  of  ooal,  it  varies  from  6,000,000  to  12,OO*.l,0Of)  fiwt 
|K>uuds.  This  total  heat  is  upended,  in  miy  given  ongiu(.%  in  pro- 
ducing the  following  effect*;,  wliose  sum  is  equal  to  Uiv  hwit  ao 
expended : — 

1.  The  tnurto  fteat  qf  the/umaa,  being  from  0'15  to  0*6  of  (ho 
total  heat,  according  to  the  oonstniction  of  the  furnace,  aod  Ul0 
skill  with  which  the  combustion  is  rcgulatcd- 

2.  The  7if4:ett^irUff  r^'t«d  fteain/the em^w^hclnf^Mi'^  x  Um 

received  by  the  elastic  fluid :  It  being  the  upficr,  and  l«  tK» 
limita  of  o&Wu/tf  temperotore,  which  is  measured  from  thsaltf'x 
zero,  493°'2  Fahrenheit  liclow  the  melting  point  of  ke. 

3.  The  Ami  icntted  htf  tki  otgim,  w)i(>rtbi-r  1:iy  Gundnt^Mk,  «r  ty 
non-fulfilment  of  the  conditiona  of  maximum  rffieicney. 

4.  The  tu^es*  vxrk  of  the  engw^y  employed  in  i 
and  other  pn'jii<lioial  mhtftBcW- 

b    The  ujk/u/  Kork     The  eifieMBCf  of  * 
is  improved  by  dizninLdung  aa  Ihr  m  jn^hja  Avintft^df 
effects,  so  OS  to  increaae  the  fiiih. 


ri2 


The  eSciency  of  ft  hcftC  engine  _  _, 
— <&e  cflfcieoo-  at  the  foraftc*,  ^fina^ 
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traZLBferred  to  the  clastic  fltiid  to  tbo  total  lieat  of  combustion ; — ^th^ 
efficiency  of  the  fluid,  being  the  fraction  of  the  hsat  r«»ct*ived  by  it 
•which  is  tran-sfomiod  into  mechanical  energy ; — and  the  effidenry  of 
the  mechanism,  being  the  fraction  of  that  enei^  which  is  available 
for  driving  machines.  The  maximum  efficiency  of  the  fluid  betvoen 
given  limits  of  absolute  temperature  is  expressed  by 


*.-«i 


ii 


.(1.) 


I 
I 


rAs  to  the  mechanical  action  of  an  elastic  fluid  on  a  piston,  se« 
Article  G5&. 
701.  nivaiBi  EBciii««. — Formuhc  for  the   mechanical   action  of 
steam  on  a  pictton,  both  exact  and  approximate,  have  been  givien  in 
Article  C5G,  equations  6  to  13. 
The  efficienoy  of  the  steam  lies  Wtween  the  limits  02  and  ^  in 
cztx^me  oaaes,  and  -04  and  *1  in  ordinaiy  cases. 
The  details  of  the  construction  and  working  of  steam  engines  can 
be  explained  in  a  special  treatise  only. 
H  The  duiy  of  an  engine  is  the  work  performed  by  a  given  qnantity^ 

^P       of  fuel,  such  as  one  pound.     Tlie  duty  of  a  pound  of  coal  varie*!  in 
~       different  classes  of  (engines  frt^m  about  100,000  to  1,900,000  foot 
pounds.     These  are  extreme  results,  as  respects  wastef^ncss  on  tha 

I  one  hand,  and  economy  on  the  other.  In  good  ordinary  engines, 
the  dtity  varies  fi-om  200,000  to  700,000. 
70.').  jKiMMMimKMio  Bn«iat!«.  though  capable  of  higher  efficiency  ^ 
than  heat  engiu(%,  arc  nut  so  economicsil  commercially,  on  accitunfr^ 
of  the  greater  cost  of  the  nmteriala  consumed  in  them.  Their  theo- 
retical efficiency,  according  to  a  law  demon&ttatod  by  Mr.  Joule,  is 
given  by  the  formula 

'^•- <^> 

where  y,  is  the  strength  which  the  electric  current  would  have  if] 
the  machine  performed  no  mechsiiiciU  work,  uud  Vj  h  the  actual 
strength  of  the  current. 

Tins  law,  and  the  law  of  the  maximum  efficiency  of  heat  engines, 
are  particular  cases  of  a  general  law  which  regulat**,s  nil  tranaforma- 
tions  of  energy,  and  is  the  basis  of  the  Science  of  Energetics.* 
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Table  op  the   RrsisTAsn:  op  IfATERTAiA  to   STRETcniNo  axd 

»   Tearing  by  x  DmEcr  Pull,  in  poattiU  awirduiMjU  per  tquaro 
incL 

1IAT«UA1^  or  It«.«U„oe  tO        „  f^S;  ^ 

8toxe9,  Natural  akd  Artificial: 

tCrmL.  } ='8°  ^  300 

Glaaa, 9i4c>o           8,ooo,oo& 

Blate.  /         9.600         13,000,000 

^ I  to  12,800    to  16,000,000 

Vortar,  ordiiuuy, 50 

I      MggAia: 

^K        Brass,  cost, 18,000          9,170,000 

H                      wire 49.O0O          14,230,000 

^1         Broiuse  or  Gun  Metal  (Copper  8, )  ^ 

H             Tin  i), J            36,000           9,900,000 

^H         Copper,  CAst, 19,000 

^M                      Hbeet, ^ 30,000 

^M                      bolts, 36,000 

^H              „        vire, 60,000         17,000,000 

^H         T t                        1 M  *  f       *  3i400          1 4,000,000 

^H         Iron,  cost,  vonoiifi  quobtiefl, <  .       "'^         .      ^ 

^H         •*     »        J                 i             I    '••  I  to  39,000     to  22,900,000 

^H                „        average, 16,500         17,000,000 

^H         Itod,  wrought,  plates, 51,000 

^1^^           „        joints,  double  rivetto*!,  35i7oo 

^^^^                              single  hvcttctj,  28,600 

^^H         „        bare  and  bolU, -^  ^^  ^°*^^  |      29,000,000 

^^^H                  hoop,  best-best, 64,000 

^^^^K  f      70,000 ) 

^^^V         «        wire, {  ,                  >      35,300,000 

^^^r        "  [to  100,000  j       ""^ 

^V                 „        ^ire-ropes, 90,000         15,000,000 

^1        Lead,  sheet, 3f3oo             730,000 

■        Steel  ba«, I  ,    '°'*''^^    .    39-000,000 

^V  I.  to  130,000    to  43,000,000 

^H         Steel  plates,  average, 80,000 

^H        Tin,  cast,. 4,600 

^H        2inc, .»..  7,000  Ui  B,oo(2 


ti3i  ArrEVDOL 

TenuitT, 

UiTXBUU.  or  RuuUncv  to 

Tearing. 

'iMTiER  AXD  OTHER  OnoAiTic  FinnE; 

Acaoiu,  falso.  Sec  **  Locust" 

Ash  (^Fraxintts  eaoceitior) 17,000 

Bamboo  (Rambuta  arundijmeea),  61300 

Beech  (Fa^ug  sylvalica), 11,500 

Birch  (Beiultt  (Uba)^ 15,000 

Box  (Bijucus  ecmpervirena), 20,000 

Cwlar  of  Lebanon (C«/n«Z.i/«j«i),  1 1,400 

Chestnut  (CaataTMW  Vaca), L^  T  oto  } 

Kim  ( Ulmus  campestris), } 

Fir :  Red  Kne  (Kiuw  sylve^ria),  |  ^  j  ^'^ 

„    Spmco  (-«i«  ftweU*), ^^^^^  | 

»     I^n^bC^arix^un^a), {^  ^^[oco 

Ho^en  Yam about  35,000 

Hazel  {CoTf/lus  AveUana), 18,000 

Hempen  Kopee, from  I3,oooto  16,000 

Hide,  Ox,  undressed 6,300 

Hornbeam  (Carpinua  Jietulug}^..,  20,000 

Lancewood  {Guaileria  virgaUC^.^»  23,400 

Leather,  Ox, , 4f300 

Lignum-Vitaa  (GuaUicum  offici-  )  .. 

««&), /  "'**°° 

Locofit  {Robinia  PisuHo-Acacia),  1 6,000 

Mahogany (*S'«7tetenui  Afahoffoni),  i  ^  j^'goo  } 

Maple  {Acer  campeslria), 10,600 

Oak,  European  (Quercua  te»9ili-  j       10,000 

Jlora&ndQtiercfigpedwuMlata)f  (to  19,800 
,,      American    Red     (Qtiercug  \ 

ruhra) ., |  '°'=5° 

Silk  Fibru,. .,»  52,000 

Sycamore(il  cerPseudo'Plaianual,  1 3,000 

Teak,  Indian  {Teciona  grandia),  15,000 

„      African,  (t) 21,000 

"Whalebone, 7,700 

Yew  I^Toxua  boccoUC^, %{ac^ 


orBesBURto 


1,600,000 

X. 350.000 1 

1 1645.000' 

486,000 

1,140,000] 

700,000 

to  1,340,000 
1 ,460,009 

to  1,900,000 
1,400,000 

to  1,800,000 
900,000 

to  1,360,000 


1 
•4,300^1 

15,000    1 


»»355.ooo 


1,300,000 
to  1,750,000 

2,150,000 

1,300,000 
1,040,000 
3,400,000 
2,300,000 


IAPrEVDIX.  C33 

II. 
Xable  of  the  RESisTAycB  OF   Mateuials  TO  Shkarixo  axu 
Distortion^  in  pounda  avoirdajms  per  aqimrn  incA. 
_    .  ^  TratwrerM 

^t""*  ElMtkitV, 

Matibuls.  U^  ^^  n«ut«D«  to 

MctalS  :  Sheanng.  DUtortion. 

t         Brass,  wire-drawn, 5»330j*'o° 

Copper,  6,200,000 

Iron,  cast, =7»7oo        2,850,000 

.X  f      8,500,000 

„     wrouffht, , 50,000-^.    ,  '*:    ',^,^ 

"              °    '  **            (to  1 0,000,000 

TlStBER:  f  , 

Fir:  Red  Pino, Sooto     800     J.      ^l'°°° 

*  ^  jto  116,000 

„     Spruoe, 600  

„     lirch, 970to  1,700  

Oak, 2,300  82,000 

Ash  and  Elm, 1,400  76.CC0 

IIL 

Table  of  the   Resistance  of  Materials  to  Crushikg  by   a 
.  Direct  Thrust,  in  pounds  avoirdupois  per  square  iitcfi. 

I  ResistMioa 

Matcbials.  to 

Crtisliing. 

BroKES,  Natural  a>'i>  Artificial: 

Brick,  weak  red, 550  to       800 

L  „       Btrong  red, » 1,100 

L                »      fira» - ^7«> 

■  Chalk, 330 

^^  Granite, '^i^oo  to  xi,ooo 

^m  Limestone,  marble, -  SrSf'o 

^M  „          granular, 4,000  to  4,500 

^B  Sandstone,  strong, 5>5oo 

V  „          ordinary, 3,3^0  to  4,400 

^^  weak, 2,200 

^F  Itnbble  masonry,  about  four-tentha  of  cut  stone. 

Metals: 

^m        Brass,  cast^ 10,300 

^H         Iron,  castj  various  qualities, 83,000  to  145,000 

^M  „       „      average, \ti<aK«* 

^B  „     vrrovghtf a>a«ra.\.^^VOQ^  V>    V^^ 


I 


634  jLprE$n>tx. 

TwBiai,*  Dry,  crushed  along  the  grain : 

Ash, 

Beech,-,.,-,,*.... 

Birch, ,....,.,.......-. 

Blue-Qum  {Eucaltfptua  Gtolulus)^... 

Box,. 

Bullet-tree  (^eiro*  Siderox^lon)f .... 

Cailiuc&llJ, *,*....,,.*,. 

Ced&F  of  Lebanon, , 

Ebony,  West  Indiim  (Bri/a  Elflnna), 

Elm,. 

Fir:  Ked  Pifle, 

„      American  YeIlowPine(Ptiii«  va 

„      Larch, 

Eomhftinj,  ,,.,,* .-...,. .... 

Xagnum-Titaj, 

Mahogaoy, ,.,....... 

Mom  (Jfiwa  excdsa)^ 

Oukf  Britlsli, 

„     Dantzic, 

„     Atnericaa  Red, ♦..,,*„*.. 

Teak,  Indian^. 

"Water-Gum  (Trislama  nenjblia)^  .*. 


IT. 
Table  op  the  EtstSTAifCE  of  Materia 


KUimiALL 


Stokes; 

Sajidfttoiie,< 
Skte,  


•  The  reflUtantea  staEed  B»  for  dry  timber.  Gtki 
■pmetimEs  odIt  ialf  the  Btnpu^h  of  dry  dm^agMDit 

t  The  modpluj  of  rupture  h  eighteen  tlmn  tha  laud 
Of  DUB  inch  ei^Qjire,  ropv^tod  at  ttre  yointM  mv  tJNi 
vetwefu  the  pt^ULtb  ul  Ea^t^rott. 


<» 


»     ^■'A 

^    UiA, „ 

lADoesDod, „„ .»..-. 

liigEnnft-Viti^ »..«,*•.»• 

LMOty  ..-..- -.— „ 


Spanish,  ■,.4*^^,.^...  ^. 

Mo™, „ -.—_ 

Oak,  Brituh  and  Rmaiwi, 

„    DaaUic, -. ,„  --^ 

„     American  Reri,,,., 

Poon, — 

Saul, 

Sycainow, ...„■»,» 

Teak,  Indian,. ..,„„..«^ 

„     African,. 


\      Tonka  [ZHpiaryx  odortt*),  .. 
"Water-Gum, 


WUlow  {Salix, 


C3S  APPENDIX. 

Wctglrt  of  ft  caJbie 

fuot  in 

lb.  AtinnlupoU. 

BOLID  MctxRAL  StTBOTAKOEa — omtinued. 

GLuB,  crown,  average,.  156 

I.      flint,         „         187 

„      green,       „         169 

,.      r^ate,        „         169 

GrunitCj „ 164  to  173 

Gypsum, 143-6 

Limestone  (including  marble),.,  169  to  175 

„          magneaianf 178 

Hkrl, xoo  to  119 

Hosonrj, 116  to  144 

Hortar, 109 

Hud, I03 

Qoartr, 165 

Simd  (damp), ti8 

,.     (dry), 88-6 

Sandstone,  average, 144 

„          various  kinds, 130  to  157 

Shale, 162 

Slate:, 175  to  x8i 

Trap, 170 

Mctals,  solid : 

Bmss,  cast, 487  to  524*4 

»      "^^y 633 

"BromDe, 524. 

Copper,  caat, 537 

II        «heet, 549 

„        hammered, 556 

Gold, ii86to  1324 

Iron,  cast,  varioua, 434  to  456 

„         average, 444 

Iron,  wrought,  various, 474  to  487 

„                 average, 480 

.  licad, 712 

Platinum, 1311  to  1373 

Silver, 65s 

SLut'l, 487  to  493 

Tin, 456  to  468 

2iQC, 424  to  449 


Specifie 
paro  watffc  « 


2  63  to  376 

n 

27  to  2-8 

rB6 

i'6  to  1*9 

1-85  to  23 

'75 

1-^3 

^■65 

1] 

'A 

n 

2*08  to  2-52 

3-6 

2-8  to  2*9 

27s 

9-8  to  84 

8-54 

84 

86 

8-8 

8-9 

19  to  19*6 

695  to  7-3 

71T 

J-6  to  7*8 

7-69 

11-4 

21  to  23 

10-5 

7-8  to  7  9 

7*3  to  7-3 

6-8  to  7*2 

▲I'l'iSXDUL 


GZO 


Ash, 

Bamboo, 

Beech, 

Birch, 

lue-Gum, 

X, 

uUet-treo, 

Cabucalli, 

Cedar  of  Lebanon, 

Gheatnut, ' 

Cowrie, 

Ebony,  West  Indian, 

Elm, 

Pir:  Red  Pine, 

„      Spruce, 

„      American  Yellow  Pine,... 

„      Larch, 

Greenheort, 

Hawthorn, 

Haael,....'. 

Holly, 

Hornbeam, 

LAbumum, 

PLaacewood, 
Laivh.     See  «  Fir." 
Lignum-Vite), 

Locust, 

Mahogany,  Honduraa, 

„  Spaniah, 

Maple, M 

Slora, .....a* 

Oak,  European...... 

„     American  Red, 

Poon, 

8uul, , 

Sycamore, 

Teak,  Indian, 

„      Afiican, 

Tonka, 

Water-Gum, 

■Willow, 

Yew, 

*  Tba  Timber  ia  e\  ery  cue  W 


\Vci(>ht  of  a,  cabie 

foot  id 
lb,  aTOudapoii. 

47 

23 

43 
444 
52-5 

60 

*55'3 
56a 

30*4 

33'4 
36-3 

74*5 

34 

30  to  44 

30  to  44 

29 

31  to  35 

62-3 
57 
54 
47 
47 
57 
43  to  63       c 


.|t  to  83 
44 
35 
53 
49 
57 

43  to  62 

54 
3<S 

60 

37 
4»  to 53 

61 

62  to  66 

625 

25 

50 


Sp«dBe 

grftrity, 

|iure  wmtcr  ^  1. 

0753 

0-4 

0*69 

o"jii 

0*843 
0*96 
I  046 
0-9 
0*486 
0-S35 
0579 
I  1 93 

0544 

0*48  to  07 

0-48  to  07 

0-46 

0*5  to  056 

i-ooi 

0*91 

0-36 

o  76 

076 

0*92 

)'675  to  i-oi 

065  io  1-33 
071 
056 

0-85 
079 
0-93 

o6g  to  0*99 

0-87 

0-58 

0-96 

059 
0-66  to  0-88 

0*98 

0*99  to  I  "06 

I -001 


CiO 


APPtSTBIX. 


VII. 
BniENSlON'S  AKD  STABtLmf   OP  THE  OtJTER  ShELL  OP  T^ 

Great  Cuimney  op  St.  Rollox. 

Gr«tt«A| 

Thicknea«i-         »««'*"5 

Foot,  [nchet. 
I  3 

T         6 

1  lO^ 

2  3 


DivtetoM  of 

Hetghtu  above 
GiooDd. 

Dtametan. 

FetL 

FMt.  Inch* 

V. 

4354 

13       6 

IV. 

3So4 

i6      9 

in. 

2«ol 

94      o 

11 

Il4i 

30      6 

I. 

344 

35      0 

o 

40      0 

FouiuUlion. 

Depth  below 

Kxternnt 

Secitfitf. 

Ikptri 


77 

P5* 


Tbickncsaas. 


L 

II. 

111. 


o 
8 

14 
20 


Feet. 

50 


CoDCTcte. 
PeeL  InefattL 


5 

4 


63 
7» 

Bride 

TteL 

3 
3 

12 
o 


Total  height  from  liaao  of  fouudation  to  top  of  chimney,  455^  foet 
*  Joint  of  least  staUlilr. 


^P^Li 

^H 

^^^^^^^^^^^^H 

^^B 

1 

AflimccfTa,  iUbnilyo^  326. 

Areai.  netsonment  of,  88.                   ^ 

ufareha,  261. 

oonteTTatlon  of  (set  ComerratlonX 

open  Bnd  hollow,  363  (bc«  tin  82). 

Atmofpberic  preasure,  6S. 

atmit^  of,  368. 

Axes  of  inertia.  534.                               ■ 

Acoelerallng  elTect  of  grBvilv,  486. 

of  elaaticity.  378.                              ■ 

Impulse,  483. 

ofatreH,9'S,  98.                                   ■ 

force,  490. 

Axis  of  routioa,  890.                           M 

AocelenLiuo,  386. 

fiaed,  545.                                         ^ 

Air,  apparent  neiRht  oTbodiet  in,  Uti. 

instantanoiius,  S97. 

axpftnaion  of,  123. 

of  angular  momeninin,  605,  529. 

TQlocitj  of  wtiKMl  ill,  663. 

Axle,  strength  of,  653. 

weight  of,  U3. 

friction  of,  614. 

(M.  Gaa). 

noiliance  of,  057. 

Anf^  ftf  repon,  310. 

toralon  of,  356. 

of  roUtkit,  891. 

with  crank,  strength  of,  858. 

of  rupture,  2IM,  2fi9, 

of  torsion,  .156. 

Batjh!(CB,  15. 

^  Angular  impobe,  506. 

of  any  system  of  forow,  41. 

■      momentum,  605.  fi29. 

of  couples,  21. 

V      voloctty.  391. 

orHoadngbodio,  130. 

'      Areh,  atratnicatB  of.  2G1. 

ofaulds,ll6. 

■tiKte,  joints  and  itointofniptare  of,359. 

of  farces  in  ooe  line;,  19. 

drcolar  linear,  183,  201. 

of  inclined  foraes,  85. 

dtutared.  263. 

orparalIdfbite«,SI,3S. 

diatortwl,  202, 

of  BtrcM  and  wetRht,  113. 

distorted  elliptic  llnaar,  186. 

ofstractorcs,  129. 

elUptic  linear,  184. 

Balanced  forces,  motion  onder,  478. 

geoeuiio  apiiroxiniate,  209. 

Hallisiic  peodulum.  M8.                         J 

geoetalic  (lo  eiutata  eartb).  196. 

Band)  in  mechanism,  454.                    V 

^     groinad  <aee  VatiltB). 

friction  ot  617.                                      ■ 

H     bjdnautio  approxhnatc,  207. 

Baro,  eirenf^th  of  iron  aod  stcet,  877 

^B      kjdriMtatic  (to  atutain  tioid  presnm), 

Beam,  133.                     "                           _ 

190.  353. 

allowance  for  weigbt  of,  346.             ■ 

iron-ribbed,  373. 

cast  iron,  818.                                      ^ 

lino  of  praunrM  in.  257. 

deSectioo  under  any  load,  328. 

Uoear,  for  oornial  pn-iflare,  169. 

direct  vertical  streas  in,  343. 

linear,  orequilibrakd  rib,  163,  U.'j,1S2. 

oxpaiiflion  and  conirnction  of,  348.      j 

of  raaaonrr  or  biick-work,  stability  of. 

fixed  at  both  ead^  832.                        1 

236,  266. 

limitiog  leogtb  of;  847.                      1 

piers  of,  363. 

lines  of  principal  strcM  in,  84Z.           fl 

pointed,  203. 

of  uniTorm  strtogth,  830.                   I 

ikaw,  361. 

originally  curved,  S48.                        1 

■ttniMUUc  (with  rigid  load),  198. 
^      ctmigth  oC;  268. 

partEslIv  loaded,  844.                           ■ 

proof  deflection  of,  333.                      " 

■      total  throit  of,  208,  360. 

propoitioa  of  depth  to  span  of,  827. 

^L 

U 

H  CIS                                     n^DBx.                                            H 

^     Ikam.  realliaice  of,  330. 

Compofiiilonof  couplcKifoTtKa,  nuiUaaa.Ac.  ^H 

,               •betriog  ftreM  in.  S38.  343. 

(sec  Kesult^nt).                                    ^M 

^         kloping,  348. 

Compreuibilitv  of  liqnidt,  'J  71.                ^M 

^1         itnnph  oC  307.  316,  63-1. 

Compresuoci,  mL«tu»x>  tn,  ItUi.                   ^H 

^         (iM  mIm  Glrdir). 

Conea,  speed,  467.                                    H 

BolU,  atmigth  ot  28B  (see  alio  Bands). 

Connected  bodice,  moUou  of,  420,  421.     ■ 

I            Bending,  reuiunca  to,  307. 

CoDnooting  rD(l^  atrvngth  nf.  Sfi3.               ^ 

^K         moment  of,  807. 

Cofuerratkni  of  energy,  478,  601.             ^" 

^P         (>«e  alto  Beam). 

of  angular  roomeDtuoi,  or  of  aroai,  50A. 

~       Bevel-wbwk  428. 448. 

of  momeotnm.  dOfi.                                     ^J 

Ulockft.  atabUity  of  a  avki  ot,  XSO. 

CoDUoiiIty,  eqoatioa*  o^  In  liqnMi,  411,  ■ 

and  tackJt),  40X. 

■ 

Rndioa,  13. 

eqaation*  of,  in  cups,  417.                    ^H 

BoUfTN    streogtb    of,    S8«,    29G,   399. 

Coatracted  win,  672.                                ^1 

806. 

Contraction,  co-«fficJenc  of,  672.               ^H 

BoUins  point.  GOO. 

Cord,  eqoitibriam  of,  162.                         ^H 

Bracing  of  frame*,  142. 

motion  of.  408.                             ^^M 

Brake,  624. 

Otwtcrforta,  266.                            ^^^H 

^^       Breaking  acna,  nsisUnoe  to.  307  (we 

Coaplo,  dev-iating.  536.                   ^^^H 

^K              also  Beam). 

ocQtrifagfll.  537.                           ^^^1 

^H      Brickwork  (mc  Sltaonry). 

energy  and  work  of,  637.              ^^^^^ 

H      Bridge  (M6  Arefa.  Beam.  Gbtler). 

polygon  of,  26.                              ^^^H 

^H           ttuprnsion  (im  SiuptDdon  Bridge). 

ttaiical,  tbeory  of,  21.                     ^^^| 

^H       BuovBDcy,  121. 

viitb  iuclinol  axe«.  :4.                    ^^^1 

H       BaitTeam.  2.!8,  23S. 

witb  parallel  axes.  31.                         ^H 

^^^ 

Coupling.  OMbam's,  460.                         V 

^H      Cui.u,  itrength  of,  288. 

friction,  618.                                              ^ 

^m      Cam.  449. 

Hooke\  461.                                            1 

^M      Citcnary.  177. 

of  paniUcl  a&Ica,  469.                                   1 

^1       Celli,  fttrengtl)  of,  804. 

Crank  and  ■.\]e.  strength  of^  S68.                 1 

^H      Centre  of  buoyancv,  IJL 

motion  of,  4  J  8.                                            ' 

^1           uf  gravltv,'4U,  180 

Cnns- breaking,  nsutJinre  in  (s**  Bfsm). 

^l           of  mam,  *4S2. 

Cnubing,  dinxt  nafatanoe  to,  802,  ut>l«, 

^H         of  oacilUiioD  or  percanlonf  630,  544. 

638.                                                       ^ 

^^B           of  parallel  forces,  St. 

br  bending  reavtaDoe  to,  900,             ^H 
CumAt.  412.                                            ■ 

^H           ofpressare,  71.  78,  ISi^. 

^H          of  re^utanoe,  131. 

pFesaiire  of,  on  a  folid  body,  096.        ^H 

H       CeutrifuFial  force,  4^1,  aiQ  (iiee  abo  Pe- 

radiiiting,  412,  574.                        ^^^^| 

^M                TidLiog  Force). 

Cvcloid,                                            ^^^H 

^M           couple,  537. 

CvlliHleis,  strength  of,  283,  294.     ^^^1 

^1             puiiiji,  ft97. 

^^^^M 

^1       Cbains,  equlJlMam  of,  162  (ret  a1.«o  Sn%- 

Dau,  atabtlltr  of;  £48.                    ^^H 

^H               peiuiiiu  Bridge). 

Day.  sidereal,  380.  881.                   ^^^1 

^B       Channel,  tl.iw  in,  4  1 1. 

mean  soUr,  3ii.                          ^^^M 

■      Cbimaeris  atabUity  of,  S28,  240,  G40. 

DeflectloD  («e«  Beam).                     "^^^H 

^H       Cinemalica.  15. 

Deviating  force,  491,  492,  546.                 ^1 

^B           priocipleH  of;  379. 

couple,  635.                                          ^M 

^       Click,  462. 

Deviation  (of  motion),  unifunn,  387.        ^| 

Collapting,  resistanoe  to,  806. 

momuit  of,  628.                                        ^| 

Collar,  fritiiinm  O,  616. 

varying.  388.                                         H 

Collbion,  608. 

Dlrectioo,  fixed  and  nearly  fixed,  879.     ^M 

1            Colomna.  itiwicth  of  Cm*  Plllant). 

Difltribnted  fbrtea.  48.                               ^M 

^K      Comparatire  mntioo,  384,  389. 

Dome,  stability  of,  266.                            ■ 

^^CoiapoTMfntA,  \3,  a%\. 

^nhx&v  ui  BMcfaoniam,  464.                ^^^^| 

1 

sa 

■^ 

^^^^^                                                       IXDEX. 

643 

D/tiAinicR,  15. 

Flnatine  bodiw,  120,  600. 

general  equation*  or,  43-1. 

Flow  of  liquid.  410. 

priodplos  of^  476. 

of(,'a%  417. 

DjnamonMter,  478. 

(we  Liquid.  Gob). 

Flues,  rtrength  oC  UOC. 

Earth,  friclioo  of.  211. 

Fluid,  100. 

fba^(Iation^  H'J. 

elasticity  of,  28fi. 

pnnan}  of,   319  (m  aUo  ReUlaing 

equUibriuTn  of,  117. 

WalU). 

ImpalM  of,  on  a  solid  aurfaee,  fi9l. 

itahititvof,  21*2. 

rootioa  of,  41  o. 

UbU  oi  flxumplBS,  221. 

pnosure  of.  DO. 

Ecceotric,  niotton  nf,  460. 

(iw  Liquid,  Ga»). 

Eddy  (»M  Vorux). 

nr-wfaecL  6SS. 

Effect  of  ft  tukchino.  610. 

Foot-ponnd,  477. 

~    Effort,  4 76. 

Force,  15,  17. 

Rffiricncr.  609,  (10. 

absoloceunltof.  486. 

£l«»lie  cupro.  849. 

G<Dtrifugal  (toe  Deviating  Force). 

ElMticity,  tbeonr  of.  }70,  375. 

deviaUog  (ma  DevlaUng  Foct«). 

a>^flicl«iU  of,  277. 

difltrtbatcd,  48. 

moduliu  of,  279.  CSl. 

ndprocatio;;,  503. 

potential  tnerfrv  of,  'i77. 

repce*enutIon  of.  Ift. 

rkctro»dyn«mie  Mgbn^affldanejor.  680. 

imbaUnoed,  meararM  of^  609. 

Knerp',  477. 

Forcen,  attion  of;  on  a  >rat«in  of  bodieei, 

ncltial.  499.  607. 

610.                                            ^^ 

actual,  uf  11  tuliiltng  bod^,  bS'i. 

parallelopmm  of,  S.^,                      ^^H 

rriinpiinLiiU  uf,  480,  499. 

panllflnptpcd  of,  37.                          ^^H 

coowrvaUoD  of,  Id  varied  motion,  601, 

polv(;un  of,  36.                                    ^^H 

608. 

resi'dual,  498,  51].                           ^^1 

conium-Btuia  ot^  molioa  being  unifonn. 

rtKtation  of,  37.                                 ^^H 

478. 

Foondalion^.  earth,  319,  S55.            ^H 

initial,  50.1. 

F.-aeture,  27?.                                       ^^B 

nf  i-ui]|ile»,  />d7. 

Frainre.  bmcing  of,  142.                               | 

potential.  477, 

equilibrium  and  alabllitv  oU  131      ^J 

total,  .'iOS. 

ftftwobara,  196.                                ^H 

translannaltoa  of,  4U0. 

polygonal,  139.                                ^^M 

KptcvcloId.4(il. 

nsistance  of.  at  a  MCtion,  ISO          ^^ 

EpicVeloidfll  l«th  (see  Teeth). 

triangular,  137.                                         1 

Kpiimchoid.  401. 

FHctbn,  209.                                    ^^M 

E*i.iilibrat*d  Anih  (see  Areh). 

couplbig.  618.                                ^^^1 

Kquilihriuui  (see  Bataiioe>  • 

boat  of;  620.                                  ^H 

stable  and  unstable,  128. 

Internal,  377.                                   ^^H 

Expwuiouofalr.  123,  606. 

moment  of.  614.                             ^^H 

of  metali,  ftlooes,  brick,  gtaia,  liinbor, 

of  ehs,  690.                                    ^^H 

849. 

of  Kqntd.  584.                                   ^^1 

of  steam,  606. 

offflBcbinea.612.                           ^H 

of  water,  12j. 

of  solid  bodiM.  Uw  of,  209.            ^H 

Kxtra.los,  173, 

Mrap.                                             ^^M 

UblesoC  211.  613.                        ^^1 

Faluno  Mor  (aee  i;ravUr> 

Frictionol  stability,  209.                    ^^1 

Kan.  596. 

gearing,  618.                                 ^H 

Fixed  direction.  979 

^M 

point,  14,  881. 

6u.  IS.                                  ^H 

Flsxore,  moment  of;  811. 

action  of,  on  a  piston,  604.             ^^H 

ntlatann  of,  812. 

dvnamtc  bead  in,  679.                    ^^H 

^r^ 

■■i 

^V^el?                                                         UTDEX.                                                    ^^^1 

^H         Gu,  eqiutlon  of  contimiilT  In.  SSI. 

Indicator.                                         ^^H 

^^fc^^       fluw  of,  from  nn  oriflce,  581, 

Inertia,  or  mass,  483.                     ^^^1 

^^^^      flow  of,  with  fricUoD,  690. 

ellipwid  of,  526,  532.                  ^^H 

^^^P     motion         1 

ntomrnt  of  (urn  Mumenl).                 ^| 

^^^^      motioa  of.  wltboot  fHcUoa,  679. 

nduoad,  621.                                    V 

^^M        Oinler.  bowMnng.  3G0. 

InsMe  futuiag,  441.                               ^H 

^^M             c«lluUr,  OtiT. 

Integrals,  approxtniat«  eompntaltoa  o^^H 

^^1              compound,  36G. 

Inteniltf  of  dUtributed  forw,  48.         jH 

^H             Imlr-Uttics.  IfiS.  369. 

of  pressure,  69.                                     ^| 

^^^    lut1o^  1^0*  ^^B. 

of  stress,  68. 

^^H      pUto,  3S6. 

Internal  equilibrium  of  ttrMi  aad  wddiL 

^^^^^      Miftrfilng,  for  nupension  bridges,  870. 

lis.                         JZZL 

^m            tubular.  366.  567. 

lateraal  Btress  (see  Stroi}.          ^^^H 

^H             Wamm-i,  l&a,  969. 

Iniradoa,  173.                                 ^^^H 

^^1         6ov«m>r  (an  Pwdulam.  iwolving). 

^M             dn  «96. 

^H          Gravity,  ucelerating  effect  oi;  48&. 

liochroaoiu  vibration,  £53.          ^^^H 

Jet,  impalse  oC  691.                  ^^| 

^H               centre  of,  4'>,  IHO. 

Jdntt  of  a  itnKtu^^  1S9,  ISI.          ^M 

^^^^       motion  UDder,  4S&,  48C. 

oTinaMMUT,  211.                     ^^M 

^^^H      KptdOc,  41). 

^H 

^^^H      tpceiSe,  Ublo  of,  637. 

Kirro,  friction  of.  220.                 ^^H 

^^HOn«M,618. 

^^^^H 

^^^H  Groined  vaults,  SG2. 

Latbral  rotkTR,  476.                 ^^^^| 

^^^^   Gyrattcin.  5>I2. 

Lcalhir,  stmgth  of,  S8S.            ^^^H 

^H^             radiuA  of.  SIS. 

I^^  rawMin  of,  13,  14.        ^^H 

^H              UbUsufndtiof,  518. 

Lever,  26.                                       ^^H 

^^H 

Line,  18.                                      ^^H 

^H          IlBiD,  dyDAraic,  of  liquid,  fiCd, 

Link  motion,  468                         ^^H 

^^H                dyiuinio,  of  f^,  fi71l. 

Unkwork  m  mechanism,  458.      ^^^H 

^H              vqttol,  surfAces  of,  678. 

UqaM,  13.                                       ^^M 

^H           Heat  of  friciioQ,  620. 

dTTumio  bnd  of.  568.                ^^H 

^H               eoginu,  dHcincy  of,  629. 

e^ailibrhim  of;  118.                         H 

^H               of  steam,  607. 

^H              apeciftc,  of  gases  at  cunstaot  preeatuv^ 

flow  of,  in  a  pipe  (tee  Pipe) 

^m                    680, 

flow  of,  in  a  stream  (see  Su«am). 

^H         Udgbt  doe  to  Volctcity.  467. 

fM  lurface  of.  £70.                           ^ 

^^B            Horse-jymer,  cfil-ctivc,  61U. 

nioUonuf,  410.                                 ■ 

^H           Horn,  work  of,  6'^6. 

Diodoo  of.  in  plane  Injen,  570.         H 

^1          Hydraulic  boUt,  465. 

moUoQ  of.  vritti  frictiou.  f>84.             ■ 

^H              mean  depth,  687. 

anrface  of  ef)aal  procure  in.  &7(>.     ^H 

^m             pre«^  461. 

without  Mction,  notloa  of;  fr67«     ^1 

^H         Bydraullcs  (m«  HTdrodjnamki). 

■ 

^H           IlydrodynMUiicA,  666. 

Macmikes,  15.                                    ^H 

^H           Hyilrmtntic  arch,  190,  S53. 

actual  enerK'r  oC  621.                     *^l 

^H          UydruUuicB,  principles  of;  100, 112, 117. 

piecMof.  422.                             ^^H 

^^m 

reduced  inL-nia  of,  621.            ^^^H 

^H          Imxbrmbi)  noDT,  122. 

tlieor^  Dt  609.                          ^^^H 

^M              plane,  125. 

vartcil  mutiifU  of.  621. 

^H          Impact  Cm«  ColllaIoD> 

work  of.  Willi  uiiifurm  or  periodic  mo- 

^H              aad  pn-uure,  564. 

LJon,  CIU. 

^H         Impulse,  483. 

Man,  work  of,  625. 

^^^^      and  roomentum,  law  of,  484. 

Uasonry  and  brickwork,  bond  of,  32^^ 

^^^H      angular,  £06. 

fticlioQ  of,  211,  S22.                   ^1 

^^^F     b«c«eeDV)Udftuda\wk,6QU 

subilitj  or,  S30.                                ■ 

■ 

^M 

^^H                                                                                                   G4J     ■ 

Mass.  482.  484.  485. 

Uotlon,  Qniform,  dtnaftioical  prtndploi  of,       I 

centrt  of,  482. 

476.                                                       ■ 

Mjitur,  13. 

varied,  dyoamical  prlodpleaoi^  482.          fl 

ftlcosurM.  comparative  ubl«  of  BritUh 

MoKolar  strtngth,  work  o^  636,            ^^M 

^            ADd  French,  636. 

■  oflciiKtb,  18,  14. 

■  of  «t«sw,  69. 

^^^^M 

XoTCB,  flow  thifmgb,  673,                   ^^^| 

of  time,  881. 

^^H 

of  velrtciiv,  382. 

CHfire,  tlow  (broogh,  571.                   ^^^| 

ofwdtclit^  18. 

OsdllaLioo,  416.                                      ^^H 

Hachanios  13. 

angular  (we  Gyratian),                      I^^^H 

applied.  13. 

ceniro  of  (*tx  Centre).                       ^^^H 

UechftDiflm,  llicorr  of,  431. 

elliptical,  493.                                      ^^^| 

Mggn^Hie  comhinntiniu  in.  425.  466. 

MraJgbt,  494.                                        ^^^| 

«lem«ttar>' combinationB  in. -123,  42G. 

^H 

priactplfl  of  cnoDfciioo  in,  -124. 

Pa&abola,  formuljii  rclatiog  (o.  16.!f.    ^^H 

^L  MioTurv,  weight  of.  69. 
■  3todaliu  of  etasticity.  279,  631. 
of  rupture,  816,  684. 

Parallel  Foma,  26.                                   ^^M 

motion,  469.                                       ^^H 

projection  (nee  Projertloo,  Parallel)*   ^^^| 

Moment,  baidin{f,  307. 

Pendulum,  balli^ilc,  M8                                  H 

^-       of  a  couple,  22. 

ootnpoand  oKlllating,  5-1 G.                 ^^^| 

K      of  deviation. /^'i8. 

compound  rv^-olving,  547.                 ^^^H 

■      offl«xnre,  Sll. 

cycloidal,  497.                                  ^^^| 

^      or  friction,  614. 

rotating,                                               ^^^H 

or  Inertia,  514. 

iimplc  oticillating,  490.                     ^^^H 

of  inertia  of  a  surface,  77. 

linple  nv-olviog,  4!)2.                       ^^^H 

of  inertia,  table  uf,  &ia. 

Pttreuaaiun,  CKiitre  uf  (we  Centn-V                  ^M 

^       or«abllitv.283. 

PeriodiCBl  motion  of  mochioea,  6  It).       ^^H 

■     -of«b«as,7d. 

Piaoaaofa  fliructure,  129.                      ^^^M 

■      of  toniaa,  8&.1. 

Piem,  ftUbiliiy  of,  228.                            ^^^| 

H      Btstical  (see  Slofflcnt  of  a  Couple),  abo 

ofarchei,  21)3.                                     ^^^| 

■          27,  S9. 

open  aud  lh>Uow,  263.                        ^^^H 

Momtmtiim.  482. 

Pile                                                           ^^^H 

and  impulse,  law  of,  484. 

Pillar*,  atrciimh  of  abort,  803.                ^^^H 

jugular  (see  Angular  Muraentutn). 

BtrtfUKtli  of  long,  360.                          ^^^H 

oonwrvation  of;  &Ofi. 

Pinion  (m  Wbe«l).                                  ^^H 

of  a  rotathig  body,  6S9. 

Pinnacle  on  a  battreu,  239.                   ^^H 

Motion.  14. 

Pipee,  friction  in,  688.                                  H 

companUive,  884,  380. 

tlow  in.  411,  588.                                      ■ 

componeot  and  reaulraut,  361,  389. 

raistanca  cansed  by  niddu  eohrgo-     H 

deriatad  (ace  Deviation). 

neot  in,  688.                                      ■ 

flret  law  of.  476. 

nustance  of  onma  and  kneea  In,  589.       ■ 

H      of-a  lystem  of  booties,  505. 

rwiiUnce  of  moutbplecw  of,  589.               ■ 

■   '  of  fluids,  dynamics  of  (hco  Hydrody- 

•trencth  of.  289.                                            M 

H         namica. 

PUton.  413,  419.                                      ^^fl 

■     of  guM  (m  Ga>). 

action  of  a  fluid  upon.  604.                 ^^^H 

^1     of  liottida   (sea  ^lydrodynamics    ami 

PiMon  roii'i,  stTviigtb  oi;  363.                  ^^^H 

■          Liquid). 

I'ivot.  friction  of;  616.                             ^^H 

^     ofpointa,  879. 

^^^H 

of  pointi,  varied,  885. 

Plate-iron  girden  (see  Beam,  Girder).    ^^^| 

oTpliabla  bodiea  and  fluids,  408. 

Plates,  strength  of  iroo  and  aloet,  877.    ^^H 

ur  pliable  bodies,  dvnamlcs  ot;  ^52. 

Pliability,  278.                                          ^^M 

or  rigid  bodies,  S9d. 

co-effideou  of,  277.                           ^^H 

^m      Mcood  law  of;  484. 

Point,  13.                                               ^^M 

^^!^^^^^^^^™ 

^^^^^^^^^^^^B 

H       Point.  dx-tA,  U,  ^n. 

RwDlUmt  of  partOlel  fanu,  SM«^fl^l 

^^M            mntion*  oE^  tH79. 

of  atre*,  70.                                              J 

^1             phjiiiciil.  13. 

c>r«eiKht.  49.                                         ^M 

^H        Po'ttft,  limber,  ctmiath  of,  36^ 

Rrtnining  walls  ?37.                                ^1 

^^        Found,  nUiidanl^  18. 

KevOtement*  (»ee  Uetaloiiig  Wall*).       ^M 

1                Power.  610. 

Rib  (Aee  Arch,  Lftiear>                             ^1 

^^         I'rww.  UvdrAulic  401. 

Kigid  bodv.  moUon  of;   390,  3»i,  &1^H 

^H            HlrenKtU  of.  390. 

(•ca  Rotation).                                ^1 

^H        rm»ure,  SO,  69. 

■ctiiMi  of  a  nngle  fonw  on,  M3-  ^^^H 

^H            it)  ft  iluplD^  solii]  mftM,  I'Jti. 

Ilipidiiy  or  9t!frn«as,  271.                 ^^^H 

^H           int«ru«l  (tec  SireM). 

a  tnL<8,  144.                             ^^^| 

^H            or  cartli  («ee  Eftilh). 

fiippOMtiiin  of  perfect,  IH.              ^^^^B 

^B           or  flui<U  (see  FlnU). 

Kivets,  atrencth  of,  3'J9.                           ^M 

^H         Primo  tnovcrff,  635. 

Itlvetted  joiaif,  itrenRili  of,  289,  399.    H 

^m         PnjVciion,  pariilleL  4d.  61,  127. 

Roads,  raittance  of,  61».                        ■ 

^1         I'roorstrcngTb,  273,  ili. 

RolUngofcvlirderon  plane,  393.         ■ 

^M        Pull  (M«  Tcfltiun). 

oonti,  405,  635.                                  ^M 

^H         PullrvA  Aiul  bt-It«,  451. 

contact  in  mocbanism,  426.               ^H 

^H            and  cords,  iO'J. 

of  cylinder  on  cylinder,  400.        ^^^H 

^H             »p«ul.  467. 

of  plane  on  cyliiuler,  308.            ^^^H 

^H         Pump,  centrifoinl.  597. 

rcsiHiaiio*.                                    ^^^H 

^H        PuDip  rodi,  Mrangth  of,  S97. 

Roof  (mo  Frame,  alao  TniM>          ^^H 

^^P 

Ropes,  itraigth  oi;  288.                            ^1 

^H         rUcK,  moiinu  of.  427. 

»tiirne5ao{.G19.                                     H 

^H         KaUwii.  1,  rc^Uunce  on,  620. 

Rotating  bodr,  cooiporativ*   moUon  ^H 

^H          IfecliirucAliii;;  [(jfci^  6U3. 

)K>inU  in,'  398.                                     ^^1 

^H         i:ttlm«tj  ineni^  621. 

^^M         lliiOuciu/it  of  furccA  and  conptos  in  ina- 

SOX.                                                   H 

^^P                  cbifiG.!  tc)  till!  driWtif;  putnt,  61  _'. 

Rotalirm,  Jt90.                                                ^M 

^H        Regulator  of  a  prime  mover,  625. 

actual  eiiei^-  of,  fi33.                        ^H 

^H        Bafwee,  angla  of  (ara  Angle). 

alternate  (mc  GjiTatioo).               ^^^^H 

^H        Rowrruir  WBU^  slabiliCy  of,  2\l}. 

and  force,  analog)-  of,  4i'j.          ^^^H 

H        IMIImco.  273. 

angular  relodlT  of,  391.              ^^^H 

^H            ofaxK8d7. 

axis  of,  391).                                          ^H 

^H             uf  beam,  390. 

combined  with  tramlatioa,  994.          ^| 

^B            of  Clft-bar,  267. 

comparative  motioDS in oompouod,  406^ 

^1         ItcsBtanoe.  476. 

compound.  91i9. 

^B           centre  of.  131. 

dynamical  principles  ot,  £1S.              ^ 

^H            Hneof.  13L 

fne,  633.                                             ■ 

^H            of  carriftgo<i  ou  roatia,  619. 

inpununeoai  uxia  of,  3B7.  543.  ^^M 

^H           of  tiuidj.  bVH 

aniform,  532.                               ^^^H 

^H           of  macblDtt.  610  (see  FrialoaV 

Taried,  406,  53H.                            V^| 

^H            of  tnateriab  (tee  Strength). 

variod,  combined  wiih  trannlaiiiin,  *w^H 

^H           of  railwav  iraliu  aaJ  eiij^oe*,  620. 

Rapture,  modoloa  of,  316,  631.             ^H 

^m            of  rolllnj;,  618. 

m 

^M        Kesnlutioo  of  foroM,  87. 

^H            of  internal  atnis,  62. 

Screw-like  motion,  394.                   ^^H 

H       K«t.  u. 

Scmws.  rricliun  (if.  226.                      ^^H 

^B        ataultant,  18. 

compound,                                       ^^^H 

^^m            tnomcQtum,  482. 

in  mecliaui«m.  419.                        ^^^^| 

^H           of  any  synlem  of  fariMa,  1 1 . 

Sections.  auAluvi  ot,   applied   to  ftlJ^^H 

^V           efcoupli-s,  23,  24. 

work,  UO,                                ---^— 

^H            of  inclioed  forcea,  3S. 

Set,  273.                                                 H 

^^^^  of  m»liotU|  a&\. 

Stv«Jt,«t«ngthof(»eAxIe).       ^^M 

^^^^^^^^^H—     -^ 

m 

^W 

^B                                                                     INDEX.                                                                                 ■ 

p^Rlicar,  G9.  87. 

Slreiiglli  i>r  teeili.  3:^9.                                    H 

bli«ring,  naUtBDce  to,  298;  Iflble.  633. 

of  Ue-Ur.  286.                                           ^1 

force  in  b«aiDi,  307. 

of  tubes  and  flues,  30G.                         ^^M 

rtress  in  buma,  838. 

proof,  278.                                              ^^H 

i       .«;hifliii«  or  trausUtioa,  800. 

Ubl«s  of,           63 )                                ^^^M 

^L  filliluig  coulKct  in  mocliuiiaui,  436. 

transverse,  315.                                    ^^^^M 

■  Solii].  13. 

ultimate,  273.                                       ^^^H 

W   Sp«ific  gravity  (see  Gravity,  Specific). 

Strew,  68.                                                  ^^M 

W      SpcHl'Ct>ne%  457. 

and  strain,  relalkms  betwemi,  280.               H 

^_8r'C«<l<  DuctualinnK  nf.  6.>2. 

internni,  82.                                                     ^M 

^HRptKreft,  iirenglh  of,  HW. 

StMtcbing,  resUiance  to,  286.                            ^M 

^rSriral.  30ft. 

Stroke,  lengtb  vt,  iu  nuMrliaiiisiD.  460*             ^H 

*        Nubility,  128. 

Structures,  lo.                                                    ^B 

frldionjil  (ma  Friclional). 

tbeoty  of;  129.                                     ^^H 

1             of  structures.  ISO,  181. 

transfortnatiua  of,  139.                          ^^^^H 

Sundord  meuure  of  lenf^li,  11. 

8tniLs  133.                                                ^^^H 

^^     nteasuro  of  weight,  1 H. 

stitmgth  of  (see  Pillan).                      ^^^H 

^Hurting  madilnw,  024. 

wrought-iron,  strength  of,  861.                  ^H 

^^latics,  Id. 

■Superposltioo  of  small  motions,  ^^3.         ^^^m 

■           principles  of.  17. 

Hurdkoe,  13.                                                 ^^H 

SUvN  133.  130. 

Suspension  bri'lge,  149,  163.                   ^^^H 

i       fiteadj  niotiMi  of  a  lii)uid,  4 1 2,  41-1. 

Ktiffeiin],  870.                                          ^^^1 

1          oftgaa.  419. 

fttrengib  of,  286,  288.  8U1.                 ^^H 

^  Blaam,  actiim  uf,  (iOO. 

wilb  sloping  rods,  171.                          ^^^H 

B      engine,  efficiency  of,  629,  630. 

witb  rertioil  rods,  168.                         ^^^H 

V  BlidueM,  ISO,  270',  273. 

System  of  tiodiei,  motion  of,  SOS.            ^^^H 

uf  beums  (iwe  Oi-ain.  Jdlectiuo  of). 

^^^^B 

Stopping  machines,  624. 

TbarivOi  reslitance  to,  286.                           H 

Slrain,  272. 

tables  of  reaiatuncu  to,  288,  289.  .177,        ^M 

■Dd  Mnas,  relatious  betn coi,  280. 

■ 

dUpM  of,  280. 

Teeth  of  wheels,  dimensions  of,  447.          ^^M 

resolution  and  composition  of,  276. 

epicycloidal,  444.                                   ^^H 

Stream  of  liquid,  4U,  &d6. 

friction                                                ^^^H 

friction  cf,  6«6. 

form  of,  436.                                       ^^^H 

ofgM,  417. 

Involute,  441.                                      ^^^^| 

hydrnulic  mean  depth  of,  587.    ■ 

of  bevel  wtimls,  448.                             ^^^1 

vari'irg,  687. 

of  wheel  tinrl  trundle,  447.                    ^^^^| 

Strength,  130,  270. 

pitch  and  number  uf,  432.                   ^^^^| 

,            of  abotiiicnta  and  vaults,  268. 

strength  of,  869.                                             ^M 

,           of  axle^  858.  3o8. 

Tooaclty,  286  (see  Tearing,  Resbtaatt  to).  ^^H 

^^    of  beimfl,  307.  315  (see  Dcam). 

TonsioQ,  69  (sm  Stretching).                    ^^^M 

^^m    of  boilers,   pipes,  and  cylinders,  28fi, 

Testing  strength  (m»  Vroat).                    ^^^H 

^^        299,  306. 

llieory  and  pnclice  la  niechaidcs,  bur^^^^H 

of  bolts,  pioi,  keys,  and  rivets,  299. 

mony  o^  1.                                                   ^M 

of  inm  *nd  iteel.'  377. 

Thrust,  69.                                                           ■ 

of  iron,  effects  of  miciiird  mritlng  on. 

Tie,  182.                                                         ■ 

'                876. 

flexibK  J69.                                               J 

oflMthem  bilt?,  2d8.                             1 

strength  of,  286.                                ^^^H 

1            of  lung  pilUrs  and  slruLi,  860. 

Time,  nnuBra  of.  881.                           ^^^H 

of  niasonr>'  and  tricliwork,  268,  303. 

Torsion  (see  Wmcfaing).                       ^^^^H 

1           of  pamp-rods,  297. 

Toughne&a,  27B.                                         ^^^^^| 

1           of  nipes  and  cables,  288. 

Towers,  sUbility  of,  240.                          ^^^H 

^K    ofsbortpinaTi.a04. 

Trains  of  mechanism,  4  65.                     ^^^Hi 

^H   of  spberae,  280,  2SG. 

e^icvcVir,                                               ^^^^^H 

^M        nid                                 i^DKx.                                H 

^m              TrainB  of  WbeeU.  484. 

Vurtex,  412.  674.                             " 

^H               I'rantfonnatioa  (Me  Pn^oeUaii). 

action  of;  on  wheel,  596,  629, 

^H                    ofconiv  ind  chaini^  IC)0. 

c>m)bioed,  570.                                  ;,, 

^H             offruirtt.  ica. 

fnnvd,  b~6.                                            l 
free  drcular,  674. 
free  spiral,  676. 

^H                      of  slrttia,  V2. 

^H                    uf  ntnii'turu  fn  muoarf,  835,  268. 

^1                TrAn»laik>D  or  ibimog,  B90. 

^1                     varied.  483. 

Wai.ui,  »t*bilit.T  ot  22«. 

^H               Tniiisverse  fttrength,  816 ;  table,  G3-L 

retaining  (we  Retaining  WaUc). 

■               Troclwid.  398. 

Water,  apparent  wvightof  bodia  imnfll 

■               TrandU,  447. 

In,  125. 

H               TruM,  144. 

expansion  of.  135.                             , 

^H                   compound,  148. 

preHore  engine  626. 

^H               Tnufting,  Mcondiry,  14&, 

■wOocity  of  sound  ui,  5GX 

^m              Turbine,  69&,  6^9. 

weight  of;  125. 

^H              Taming  (ice  Itoution). 

(iee  Liqiiid,  Stream). 

^m              TwUUng  (■«  WraittfaiQgX 

Water-wbecl,  678,627. 

•ctir-n  of  vortex  on,  696,  629. 

^H               UsBAUitntD  roftcft,  meworei  oi;  $01. 

efficiency  of.  627. 

^m                Unguenta,  4113. 

impnlM  of  wat£T  on  floata  oC  69S. 

^H                 Unirunn  motion,  863. 

Wave,  motion  in.  416. 

^H                   deriatton.  387. 

of  vibration,  562. 

^H                   effort  or  reilsunce,  ttkct  of,  AM. 

Wedgui,  fKaioo  of,  226. 

^H                   nititioR  unrirr  tiaUnead  fiwceai  47fl. 

Weight,  49. 

^H                   veUH:iiy,  3d'.'. 

■ppareQt,of  bodfimii: 

^^H                  Univcnal  jiiintf  461. 

measures  of,  1&. 

^M                    duuble,  402. 

table  ot,  687. 

^H                Ctuteady  mottim  of  fln'ul,  413,41 6. 

WbeeU,  motion  of,  426, 

berel,  428,  448. 

^H                Va9E8,  tmpalw  of  liquid  on,  698. 

grooved,  431. 

^H                Yaulta.  5ta)>ittly  of,  226  (mo  Afcb> 

Don-cIrcuIar,  428,  449. 

^^M                      i;romed,  '.'02. 

skew-bevel,  430,  449. 

^H                VclocitiM,  viitualf  479. 

teeth  of  (flee  I'eelh). 

^H               Velocity,  31^;;. 

train  of.  434. 

^H                   angxilar,  391. 

^H                   ofaoond,  563. 

240.                            ; 

^H                   unfromi,  882. 

Windlass,  differaitinl,  466. 

^H                   unlfonnlv-varied,  886. 

WindmUl.  629.                                      J 
Wi(«r  or  Girn,  449.                               1 

^M                    varied,  !i85. 

^H                   varied  rite  uf  variation  o^  387. 

Work.  477. 

H               Vjbntioo,  bbS. 

of  ffiKchinea,  610. 

^H                   uocbronooa,  fi&3. 

uwlul  aijd  lost,  610. 

^H                    not  i«octiroDoaa»  SS7. 

Working  stivsa,  working  toad,  274* 

^1                   ofelaitlcbodr,  &57. 

WrencbiDg,  roistaooa  U^  863. 

^H                Tiriu>]  Telncities,  47B. 

^M                ViA-viva,  4UX 

YARtk  ftandanl,  li.                           i 

^^^^        Volume,  U. 

^^^^^^^^                                      «u  V  4VU  «k\a,  T 
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Aitkcn's    (William,  M.D.,  Prof,  of  Pathology'  in 

the  Arniy  Medical  Scbool,  &c.,  &c.,  &c.)  The  .Science  and 
Practice  of  Medicine,  in  two  vols.,  8vo.,  bonnH  in  eloth,  with  a 
8(ccl  Plule,  Mup,  unU  nearly  200  Woodcuts.  The  Sixth  Kdition. 
Price  38s. 

<*  The  Sfmvt  and  Praditt  «/  M^dicktt  matt  bow  be  looked  npCn  u  the  nondud 
tkiok  !n  tfii*  Enjtlull  lani(iiaCKi  —  JM0"M  JIfJicat  Jtmmat. 

'•  Tlic  pnsKot  work  oootidtu  InHonuMUiu  tiuu  wiU  not  be  faoad  In  «0f  otbcr  nui' 
of  nMslitine  " — AtAt%ttmm. 

"  The  book  b  the  moit  oMnprehes^Te  of  an;  thst  hant  In  late  joan  ben  publlihed  on 
tbe  lYsctkx  «C  MedlGioe."— AnUU*  MtdienI  Journat. 

**  A  Btoro  exoeUtnC  work  «•  retUy  do  not  kaow."—lvu«t. 

*•  Wa  luiMt  vtroiiidr  mnonnnanil  Dr.  AlUon'*  work  to  OTerj*  Uoilsat  and  ptaoUilOMr  oC 
medicine." — ifediami  Ttwm  amd  Ctaairita. 

A  Manual  of  Instruction  for  Attendants  on  Sicl 

au'l  Wotmdcd  iu  War.  B^  SlaiT  A&iistail't-SurKeoii  A.  MoKFiTTrf 
Published  under  tiic  sanction  of  the  Xntional  Society  for  Aid  t<' 
the  Sick  and  Wounded  in  War.  With  Quniuroutf  illublralior 
post  870.,  cloth,  OS. 

**  A  wiirk  by  n  pmctJaU  iumI  axpcrlanoed  luitbar.     AAor  ao  cxpltd^  <4inpl>rr  rtn  It 
.*  "  :.f  the  Uaoutn  Bodjr.  diioctlou  asB  glTiD  ooTKumlrii;  1n*r  * 

U,  ice,  ■««ifUone  to  woonded  ok  OeM  v(  aLlicn.  rtM 
.  Lmiffport.  kc  All  Dr.  MoMU**  batrauUuu  lun  u.^i^L.  .  .1 

luu-LLiLMJui." — tubtie  Opmiem. 

"  X  wed  written  Taltttae.  Teeholc*]  langwigo  bM  b««B  ftToUnl  m  BlOd&  ■«  pOHtM*. 
nd  ample  expljuudaiu  arm  efforrlM  oa  «U  ffteucsen  kba  tuei  end  joaiugaotab  tit  Uu> 
Held  bo^pttal  (yioiinnait  ot  the  Briiiih  Arm/."— AxMi/cri^ 

Altar  of  the  Household  (The);  A  Series  of  Prayers, 

and  Selections  from  the  Scriptures,  for  Di>Mio»tio  Wonthip,  foi 
ercry  Moruiug  and  Evening  in  the  Year.  l'2dit(>d  hy  tlu;  Ucv, 
Dr.  Ha&sib,  with  an  Introduction  by  tlio  Itev.  W.  LixWAi 
Ai.KX.\xt)EB,  D.D.  Koyal  4to.,  cloth,  gilt  edges,  Sin.;  calf,  giU 
edges,  4*i3.;  I^vantmoroccc^antiqne,  gilt  edges,  .OOa. 

*  *  Mao,  lUtianlod  with  nBetitnot  OntrclftMliieTbvVu^  <vEk9U^VVkV»euEtt\'^%t&' 
ottbe  BUM  inijwxuiu  Jireuu  la  ibe  CM  muX  ^vwTvMAiK&v.ifi.  U.«aXvit. 
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Ansted's    (Professor)    Natural     II  istory    of 

Inanimate  l"!reation,  recorded  in  the  Stnicture  of  the  Earth»  i\ 
Plants  of  the  Field,  and  the  Atmospheric  PticDomeaa.  Wit 
numerous  Illustrntions.     Large  I'ost  8vo^  8a.  6d.,  cloth. 

Applied  Mechanics,  by  Professor  W.  J.  Macquoi 

Kuiikine.    Sixth  Kdition.     Cloth,  12s.  Gd. 

Beethoven.      A   Memoir,      By    Elliott   Graem< 

With  an  Kssny  (Quasi  Fiiutnsin)  "on  the  Hundredth  Annivei 
of  his  Birth,"  and  remarks  on  t)ie  Pianoforte  Sonatas,  with  hiiil 
to  Students.  By  Dr.  Krrdi.\anp  Hi(.LRa,of  Cologne.  BeautifuUj 
printed,  and  handsomely  bound  in  cloth,  gilt,  3s.  6d. 

*'  ThU  e1e«>at.  Kod  Uit«ra«lngUrn»>lr....The  novMl,  pnttktt.  and  mortwdftbteatotaJl 
ol  Ui»  liiimortal  MMtar  of  Umc'*—MiutMt  SUmtartL 

**  A  friK-Luiu  ■nrl  nlnwint  Mooiorlal  oi  tiio  OaotatftiT." — ^ptdMlvr. 

"  Thu  dcUgbtfnl  little  book— cxmolM,  qrmpktbviic,  jndlekias."  —MantMsittr  SxamUur. 

"  We  can,  wUboafc  xtmtmtiaa,  raooniMnd  U  w  Um  moA  Lnutmvtby  bwI  Uic 
plooaantML  Komtrir  of  Boatbarcn  pnbllflbR]  lit  Kag\AnA."-~^}tmrrtr. 

**  A  moat  Tondatile  volame,  wlilcli  aoght  to  Ornl  a  plaee  la  Um  UtxtiJ  ot  tewmj  ■dmlRr  gl 
tbo  ireftt  Toue-Poet." — HJinbur^S  A/j/j*  litriae. 

Biblical   C}'clopajdia;  or,    Dictionary   of  Eastern 

Autiquitieti.  Geography,  Natural  History,  Sacred  Annals  and 
Biography, Theology,  and  Iliblical  Literature,  illustratiro  of  t 
Old  ana  New  Testament.  By  Rev.  Johw  EAitrE,  D.D.,  LL 
With  Maps,  preftarod  expresply  by  W.  and  A.  K.  Johnston,  n 
numerous  Pictonat  lUuntratioc's.  Just  pubhshed,  the  ThiriL-cn 
Kdition,  embracing  aJl  the  latest  Discoveries  and  Exploratio: 
'  Large  post  8vo.,  700  pages,  handsome  doth,  price  7b.  bd. 

"It  glre*  within  ■  Diod>miUToniiiu»apir>at  unitantot  lnft>rmfttiaD.aoennl«ut4  wvQ 
put  tdipittwr.  ThekrllcIeoD'CrMClon,*  with  It*  iarrqr  of  tito  quertlun  ac  U  ttmada 
bfltwseDMjInujeand  theMoMloCwiaiogAoj.miir  be  cJudM  a  ■pwctoien  of  Um  auuiaar 
andllber&tlty  with  whlcb  the  !-;iit,ir  lui%  ,lf,ne  lila  wark.'*Spftiatar. 

"  Weniitftragiiri  tbJf  Bibl'-  <     Dr.  BftUc'*  u  da^MMly  the  mtmk  adspw4 

for  po)nil«r  uH,  and  hAra  in  it  4  nllabUi  tatbcnty.    To  iLo  clnsy   Qui 

pcMMiHdoIlugflUbnriai,  au'i ..     ..  .:.  .lit^priooof  bookkiitmiwitaiit.  wceusooni 
noDiaineiMl  th»tnmmirvi\aDe.'—iJi0niroiJvmrmU. 

"  Ve  hmm  no  aaritltfin  in  ncManu-niluig  Ous  work  before  oi  u  the  cboopat  soul 
Bible  Dlcttrtauy  to  a  Hnall  form  nwimTeyptaani.**— TKr  Aor^ 

"  Tlw  Inforrontlon  irlveo  UeondMuvd.  yet  clear,  full,  and  aMnrntOtechlblttnctilirrnii: 
of  profound  and  exteiuure  reKiaroti,  tbouctadUpenalue  with  the  technical  formiofl 
aaJ  urlttctiuii." — ii.-i>uman. 

"  Alto^vtluer,  lu  mrrkageateat,  onmney,  jBdUdone  ariectkm,  Ottd  eoapM 
as  ditupnna,  wb  euuRliler  Dr.  Rorllc'i  work  oue  of  tins  higbeatnccUiBttlO  VB< 
of  Utem-ture." — GloMfott  Ucrald, 

Bookkeeping,   a   Complete    System   of    Practi 

exemphHod  in  Fivo  Seta  of  Books,  arranged   by  Singlo  Knti 
Double  Entry  in  present  praotioe,  and  a  now  method  of  Umil 
Entry  by  Single.    And  an  Appendix,  containing   a   variety 
IJlnstralious  and  Exercises,  w:Iu  a  Series  of  Kngraved  Forms 
Accounts.     By  C,  Mokkison,  Accountant.      Kinih  Edition,  wii 
valuable  additions  and  improTements.    8vo.,  balf-boond,  8a. 

Brougham,  The  Life  of  Lord.     His  Career  as 

SldleBWau,  0.  Lawyer,  and  a   Philanthropist,  from   Antheol 
Sources,    ^-y  ^ohia  ^^*A^V\v^J&TOSIt-    "^wiajLw^  ft^o..,  with  a  fi] 
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Gazetteer  and  Johnston's  Atlas.  Com- 
prising an  Account  of  every  Conntry  and  important  Town  and 
Locality  in  the  World,  from  Recent  Authorities.  Ily  James 
Bryce,  LL.D.,  F.G.S.  With  numeroug  Kngravinp*,  and  an  Atlas 
of  Twenty  Tcry  beautiful  Maps,  uiiffraved  and  printed  in  coIoutk 
by  Messrs.  Jounstom,  of  Eduiburgn.     Ruiburgbo  biudiu|;,  iBa. 

Wp  twTe  rxaminid  Ifaii  trurk  with  much  con.  aad  hare  dorivcd   both  jtlisumni  aw] 

viLft  animi/it  of  willrl, 

^Ublvityl*,     Wo 

.  mil  wvcAii  Mvar* 

:    111*    ITMiyiSphll^ 

•A  at  ex)>OMlU(ni, 

'  111/, 
■il-iprt  mi  wlileh 
mil  can  ctmmHen' 
Utrrury. 
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Jiradt  from  ICl  psnu&L     ViV  Ujitp.   witlUn  a  muanutil 
[HOCOniM lnfom»UoB  on  GeoffrKphlrxl  Mnbjm*,  wiiri 
|>BTO«fcr;eoQlUeDe«InncnmtneD<l(BK  It  to  ttw  no 

tbun  UwC  tb»jr  will  Bad  in  ttiU  portuble  toIdh;' 
nromutltm,  cifmUned  wlUi  rcni«rkabU>  mrcwncf  <jt  u< 
Xhtux  in  toMXiy  Gotutleen  oueting/M  tUna  the  (rrtw."— /;<i 
Tlilt  Tolnriir  iirnUiti*  a  vs^  lUiMiuDt  »r  ovhit  ii.f.r 
lit  tnato.    V*'  '     -y  \.\»  'v>rrrctn«M  on  MTer  i 

lOBdjr  nooi' .  ' '  '>r><-^''  cIm^p,  pnrUbk,  ftti' : 

"AftcTAi-i  ).->»r>ti'4  caKnilnstlon,  veni     - 

to  cuni].<rOM  thu  uliok  worM  wttfain  tiia nmow  llntiu  ct  •»  •imw^  v.'lumr,  Ur.  BryoD  luii 
performed  tltc  Uak.    Aj  ■  work  of  rcfaratc*  LhU  bouk  U  no  voluablu."— ^VjMobitor. 
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unyan's   Pilgrim's   Procfresa,      "With    Life   and 

Notes,  Experimental  and  Practical,  by  William  Madc.n.  Printed 
in  large  type,  and  illustrated  with  lull  pngp  woodcuta,  crown  8?o. 
'        handsomely  botind  in  gilt  cloth,  gilt  edges,  price  3ft.  tjd, 

Bunyan's  Pilgrim's  Progress.     With  Expository 

X^ctarcs,  by  the  Her.  RoDKirr  Magihrk,  Tnoiimbont  of  Clerkes- 
well.  With  Steel  EagraTings,  second  editiun,  imperiaJ  8vo.» 
clotli,  11)8.  6d. 

Bums  and  Scott.     The  Complete  Poetical  Works 

of  Robert  Uurns  and  Sir  Walter  Scott.  Lady  of  tho  Lake, 
Uarniion,  Lay  of  the  Last  Minstrel,  &'c.>  unabridged.  Illuiitrtt- 
ted  with  fine  Steel  Portrait*,  and  two  fac-similen  of  an  Original 
Letter  and  an  Cnpubliibed  Poem  of  Burns'  in  hie  hocd-writingi 
cloth,  handsome,  de. 

Burns'  Songs  and  Ballads.     With  an  Introdtiction 

on  tiie  Character  and  (i«uiun  of  Uumet,  by  TufiMX-i  Caulylk. 
C.-u-efully  printed  in  antique  type,  and  UloM/ated  with  Iwautiful 
Ln<;raviDgson  Steel.  Foolsou>  Src,  olegoiilly  bound  ui  cloth 
and  gold,  Si.  Gd. ;  malachite,  lO*.  Cd. 

Campbell's  Pleasures  of  Hope,  and  other  Poem*: 

Indnding  aome  Venei  otver  before  publiihod.  Witli  an  original 
Ueinoir  by  the  BeY.  Cuaiujm  U'joejti,  LL.D.  Dcuiitifully  cm- 
betliabed  with  fine  Portrait  tod  MT«ru  Steel  KnnmvJnge. '  Joat 
pobliobed.  Cloth  and  gold,3fl.  Cd.;  inoroGco»  Al;  naUchite,  \0%,  6(L 
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Byron's  Ctiilde  Harold*s  Pilgrimage.     Illustrated 

with  Engravings  oti  Stctl  by  Grkatbalu,  MaLER,  Lir.nTroor, 
Ac,  from  PainliiigsbyCatlermolc,  SirT.  Lawrt-nce,  H.  nowflnl, 
aud  Stothard.  Deaiitilnlly  printed  on  Toned  Paper.  Foolic«i» 
8vo.,  cloth  elegant,  3s.  6d. ;  malarhito,  lOi,  6d. 

Celestial  Scenery;  or,  The  Wonders  of  the  Planet- 
ary System  Displayed,  including  all  new  Dittcoveries.  Tlii^ 
Wort  is  intended  for  general  readeni,  pre&cnting  to  their  vicw^ 
in  an  attractive  niauiier,  eiiblinic  objects  of  contemplation.  Ih' 
TintMAfl  Dick,  LL.D.  Now  Edition.  Printed  on  Toned  paper, 
handsomely  bound,  with  gilt  edges,  price  53. 

Chiirncteristics    of  Great   Men,    by  John    Timlis, 

bound  in  nont  clotli,  price  Is.  (one  of  the  Series,  entitled 
■^Griftin'ii  Shilling  Munuala/'  edited   by  J  dun  Timus). 

Chat.terton's  Poetical  Work^.     With  an   Original 

Memoir,  Dcoutifully  Illustrated,  und  elegantly  printed.  FouUcap 
8vo.,  tluth  and  gold,  3g.  Gd. ;  malachite,  lOa.  6d. 

Chi'istian  Philosctpher,  The  ;   or,   The  Connection 

of  Science  and  Philosophy  with  Holigion.  Hy  TuomabDick,  LL  D. 
Twunty-fievonth  Edition,  rcfiped  and  enlarged.  Illnstraled  witli 
150  Engravings  on  Wood.  Crown  Hto.,  cloth,  printed  on  Toned 
paper,  handiiomoly  bound,  with  gilt  edges,  Os. 

Circle  of  the  Sciences,    by  Owen,  Ansted,  Latham, 

etc.,  etc.    Each  Vol.  5&. 

Vol.        I.— Organic  Nature,  Vol.  1 — Physiology. 

Vol.       II. — Orgnuic  Nnluro,  Vol.  2— Botany,  &c. 

Vol.     III. — Orgftoic  Nature,  Vol,  3— Zoology. 

Vol.      IV. — Inorganic  Nature. — Geology,  &c. 

Vol.       v.— Navigation^  Astronomy,  Ac. 

Vol.      VI. — Elementary  Chemiatry,  Light,  Heat,  &c. 

Vol,    V  U. — Pritclical  Chemiatry. 

Vol.  VIH.— The  Matht-niatical  Sciences. 

Vol.      IX. — Mccbanicul  Philosopliy. 

The  TreatUes  Sfpurateiy, 


Anstcd's  Gcolo;^ 

Urecn's  Practical  .Astronomy    ... 

Uronner  and  Scolfcni's  Food  and  Diet    ... 

Hushiuau's  Pliysiology 

Gore's  Elcctro-DL'position         ... 

Imray'g  Praclicnl  Mcchanica     ...  .^, 

.lanJine'fi  Practical  Geometry  ... 

Jjathain's  Human  Ppccioa 

itlartin's  Phoiograpliic  Art 

Mitchell  undTennant's  Mineralogy 

MilcUelVa  VrQ^fttV\c&  o^  ^;x\.\a^ 
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Ctlde  of  the  Sciences — continued. 

Primary  Atlas  of  Geography    ... 
Irimorr  Atlas  of  Geograpliy,  coloured 
Scoffcm'a  Light,  Heat,  &c.     ... 

Scoffcrn's  Inorganic  liodies 

ScofTeni^s  Artificial  Li^lit         ... 

Scofforii  and  Lowe's  Meteorology 

Smith's  Botany 

Twisdcn's  Trigonomolry 

Tvrisdcn  on  Lu^'uritiimji  ...  ... 

Young'*  Elements  of  Algebra... 

Youn^''s  Solutions  of  Questions  in  Algebra 

Young's  Navigation  ond  Nautical  Astronomy 

Young's  Plane  Geometry 

Young's  Kitn|ile  Aritluuetic 

Young's  Elementary  Dynarairs 

Civil  Engineering,  by  Professor  W,  J,  Macquorn 

Rnnkine.     Eighth  fidition.     Cloth,  16b. 

'A  Work  c>Hiipri'ing  ninoh  nriiiiiiiil  n»e«rch.  lu  wi'U  n*  comprch«ii*lvi'  flAiljr.  11* 
I  contain  w  Inrcv  ninount  of  In^tnicttre  miit:cr.  very  ciMrly  utrunp^l  iitnl  iril  inUt  u 
f<hap«  mviily  ftnuiaUe  botli  lo  kIciiuAc  and  proaical  BtuduDte.''— Oui/  llHgiMtruitd 
ArtJiilerl't  JvtirMul. 

"  Vt.  K.-uiliiii«!  luu  nnquHtitniAhlf  ratrlrd  ont  a  frwi  dmlirn  In  k  mo^t  mooffnl 
mvinflr.  H  U  qnlb>  InipoMUilc  tri  riv-  ai  vtIiItil-  hi  ((■■' hlirtf"- 'f  a  tV<t«lleil  nudccar  tlio 
rnrit'Til*  of  lliU  iiwt  ftn<l  t"?*!  of  I        '  .ill  wctU.   bat  wb  ue 

tlMiiMuffljly  connncpil  that  it  far  .virk  uf  liie  kind.    A* 

*  •ilaniifti*  (whuii  it  iivvKt^ily  ip.i  ■■         !         .  ;  L'lvil  Enifowr.  It  U 

FulHctttijt,  aii'l  It  is,  an  wotuiTe  &iL.>l,  uiirUuJltHl,  tu>,J   uvt-u   mIiui   wa  ukf  V\i*\n    fiUl 
kbnrt  of  thjit    high  npptnclutiuD  of   Dr.  Ronlcltie'ii  lAbotin  n-tilch  \rv  i^uukl  Uk«  U> 

"^^lo  *  Srwiiinl  of  rirll  KHdlnwrinjC*  mlglit  without  any  Impmpricty  be  temiol  ou 
Fncfttop,riSis  nf  i.tn*  nrlrnre,  f.ir  it  toncha.  und  thnt  with  a  inMtrt-  hnnd,  evarj  linmcli 
of  It.  Wo  »JiotiM  Ininyln^  that  the  '  Miumid  of  Kntrlnoeriiiir'  i»  liMtlned  w  bscomr  ncit 
only  A  nioniliir  uml  gnidc  to  yonntf  vDtfinoen,  bot  a.  fricnO  ninl  pimimiilon  tu  t'n»B 
who,  hMviiiif  Mlvnticft  iM'Toml  thrir  ntmluiL  liiTs,  nr«  liaiMiUhT  f*<r  tlioiifirlres  naniep 
iind  fniD'w  which  nhall  lie  imiwiiihublc  u  the  gnuiitu  iijiou  whiuh  tlR-;-  wutk."— 
JtKhaHtr^  i/oi/Qiime. 

"  A  rainpRM  ooDiftnHlon  of  the  kIoim  of  ^fsiMaiag.''—Maiiilir. 

Cla.ssified  Bihie,  The 


an   Analysis   of  the 

Scriptures.     ISy  the  Kev.  JofiN  EAUiK,  \KV.,  LL.D.,Ac., 


Holy 

Illus- 


trated with  Maps.     Tiiird  Edition. 
antique,  88.  Gd. ;  morocm,  }()*: 

It  Is  an  uuctttpc  NO  to  clu.-  -  ' 
ThemtlerMriU  n:i<l,  <:  . 


Post  8ro.,  hmidsoDio,  clotli 


.     i.-f. 


I 
I 


■umm  uiowpamtc  nii<ji«t- ill  T< : 

**  Wth»Teooly  toivlilour  muju  il  li.-l  cM!iiiimi  luti^ai  ot  .;  ivi-ri.  -.1    nal   •.xf^n 
evnrBtUical  •todcot."— £.'A/U/i.in  Tium, 

"Thii  mu»i%-u  Biul  \^uaLilu  vuliiui:.-  tv-]uln»  no  Dotlm  at  our  buiiK"— fU^iAwr^ft 
J/rrmry. 

"  I'rofcMor  EivWa,  vn-  have  rriwoii  to  think,  Ii  no  Ws*>t;  and  In  ttrrptiritig  OiU  work 
he  OonlAlcM  felt  Ihnt  th(>  intormtn  of  rvlicioa.  fonndiyl  otwn  a  cwrmt.  kmiit-lMlgo  of  tlio 
.S4-riiiturai.  wm  Ucarcr  to  Um  th.An  tlicwe  of  any  •ect  wlMrtevor.  Thii  work  wo  n.-conjmenfl 
to  i.ha  e>Tiecial  notice  of  ciLTfruitfu.  uiianJi^iiiirioB,  aaul  SuO'lay-tchMil  tt-AcliiTt," — TV  Star. 

Cobbett's  (William)  Advice  to  Young   Mi;n,  and 

(incidentally)    to  Young  Women,  iu  U\ti  ^vi^'Wtt  <kvv^  W\^« 
Itanka  of  Life.     In  a  Series  o{  LeVUra  a^i^^T^l^^^  ^o  ;\  Hft^i?^"^:.  < 
Bachelor,    a   Lover,   a   Husband,  a  "Cat-Wv,  a.  '^^^^'*-^^^'*^%^. 
Subject     New  Edition,     Koolaca^  ftNo.^  t\o\.\i,  **»•  *«^' "   ^ 
elegant,  3s. 


J 


Cobbett's  (William)  Cottage  Economy ;  contdninj 

Information  relative  to  the  Browing  of  Deer, 'Making  of  Bre 
Keepiujj  of  Cowr,  Piijs,  Bees,   Poiiltrf,   &c.  ;    and   relative 
^'-    other  matterfl  deemed  useful  in  the  condnotiDg  the  o^Airs  of 
JJJ    Poor  Man 'a  Family.    Kew  Edition,  revised  by  tbe  Author's 
Foolscap  8vo.,  cloth,  28.  6d. 

Cobbett's  (William)  English  Grammar,     With  an 

additional    Chapter    on    Pronuuciatiou.     By    J.    P.    ConaEtT. 
Cloth,  l9.  tid. 


8 


Cobbett's 

oxtaut. 


•"('.iljbrtt'<    1m  . 
tfTKiiitiuuv  miiol  r 

H  USM'ljcr.      ThO  ^^  ■   ' 

eucfal  onl  wto  n>r> 


William)  French  Grammar.     No  bette 


oth,  39.   6d.    Thirteenth  Edition. 

.     :iinr'   LviiDint  oiiL  witti  pnvnnlAl  ftethri' 
wild  ixrvi  lanrnlna,  ur  ile^roiu  at  leom 
■itly  «^mnk^«l,  mil  <n  the  |»raent  aJu 
on!!  ot  a\<t  (Ml,"— iS(Ao0/  AoorU  Chrtmietet  Feb.  18, 


Cobbett's  (William)  Legacy  to  Parsons;   or.  Ha' 

the  Clergy  of  the  Establisltea  Church  an  Eqnil^iMe  Might  to 
Tithes  and  Church    Property?    With  a  Kew   Pretale  by  the 
Author's  Son.    Now  ready,  a  New  Edition.    Cloth,  Is.  6d. 

**  Ttic  inoft  i>Qwi.'rrDi  wnrk  of  Uv.  i/jtMXM  mmttr  oT  palliloil  L'OutwfBtay  thti  eotaxry 
luu  vicr  prwlucnj." — i\tU  J/*iit  Oatttk, 

Cobbett's  (William)  Rural  Rides  in  Twenty-cighi 

English  Counties :  witli  Economir.il  and  Political  Obscrvntioi 
With  Notoa  by  J.  P.  COBBirr.     l*2mo.,  cloth,  3a.  Cd. 

Cobbett's    (William)     Poor     Man's     Friend  : 
Defence  of  the  Rights  of  those  who  do  the  Work  aiid  Fight 
Butllca.    Foolscap  8vo.,  limp,  Is. 


Cook's  Voyages.     A'oyagcs  Round  the  Worlds  bi 

Captain  Cook.     Illu£tratei{  wiUt  M.ipBoiid  numerous  Eng^avii 
2  vols.,  super-royal  8ro.,  cloth,  30a. 

Creation's  Testimony  to  its  God :  the  Accordance 

of  Science,  Philosophy,  and  Kevelation.  A  Manual  of  thi 
Eridcuccii  of  Natural  and  Bcveuled  Iteligion,  with  especial 
reference  to  the  Prof(ress  of  Science  and  Advance  of  Knowledge. 
Br  the  Kev.  Tbouas  Kauo.  Eleventlt  Edition^  revised  and 
euWged.    luVui^wTu&viUith^  bevelled  boorUs,  6s. 


to  wlMMn  jurtioc  \»\wAn»«o»«^* 


■  bfUutt  &iM'«il(u^. 


Cruden's    Concordance    to    the    Holy    Scriptures. 

I  By  the  Rev.  .Toi?^  F.adik,  D.D.,  LL.D.  Witu  an  Introduction 
by  tho  Unv.  Dr.  KrMo.  This  haa  long  and  deservedly  borne  the 
reputation  of  bein^  the  couipletest  and  best  edition  extant,  and 
the  present  rctiuction  in  pricu  will  hIbo  cause  it  to  hv  by  far  the 
cbeapeBt  published.  Thirty -uecond  Edition.  Cloth,  3a.  6d.;  bevelled 
bonrds.  autique,  red  ed^s»  43. ;  whole  calf,  8s. ;  whole  oiurocco, 
10b.  6d. 

Curiosities   of  Animal   and  Vegetable  Life.     By 

Jonif  Tiii»9.  Noat  clotli,  Is.  (being  one  of  a  Series  entitled 
"Griniu's  Sbilliug  Manuals/'  edited  by  John  Timbs.) 

Cyclopaedia  of  the  Physical  Sciences ;  comprising 

Acoustics,   Astronomy^    Uyn&mics,    Electricity,   Ueat,   Hydro- 
dynamics. Magnetism,  Philosophy  of  Mathematiot,  Meteorology,. 
Optics,    Pneumatics,   Statics,    tic,    &c.     By    Professor   J.    P. 
NiCHOL,  LL.D.    Third   Edition,   rerised   and  enlarged.     With 
Maps  and  Illustrations,  8vo.,  bound  in  noxburgho  style,  21s. 

**  t(  take*  it«  place  u  onc«,  nri'l  or  Donrnr  Rtnanp  stWftarVI  wnrki.    ....    The 
load  alt  DKT  opinimi  U  ctie  rxccU«nce  of  tti«  niatUT,  titi  ttt.-*haau  ot  clx  Article-*,   and         ' 
oltootlan  V(liicliha*lieeu  polJ  to  brlnglnjt  lit  Uia  mwt  recent  tIawa  mail  diM.-or«fies." 

'  Well  ftrintrkl  anil  illiutmtcd,  mid  most  Kbiy  Hitcd."— £rff«iitn-. 

\k  uuMt  tuefui  book  at  rtdanoctt  dMenriiw  high  oouuaotidAtioiL."— ^nfmbuter 

Dalgaims*  Cooker}^ :    The   Practice    of    Cookery, 

adapted  to  the  Business  of  Evory-day  Life.  Uy  Mrs.  DAmAiRNS. 
The  best  book  for  Scotcli  dii^hc.^.  About  50  new  recipes  IiaT& 
been  added  to  the  present  edition,  but  only  such  an  tlie  Author 
has  hod  adequate  means  of  ascertaining  to  bo  valuable. 
Foobcap  dvo.,  cloth,  3s.  6d. 

"Tbii  fa  by  tu  tlie  mnA  oomphfto  ami  tml/  imicticiJ  work  whkh  luw  >c^  njipcnred 
on  the  anhject.  It  will  tM  foand  nn  Infalikhlc-  (Nnnk*  Compotilikn,"  and  a  tiu^AUn  of 
grv-at  price  totbemlitreMof  ft  tiunily." — ajt^hnr^h  l.turar^  J"tr.t,i. 

•■  We  ootuldfT  w«  have  nasoa  itroo^ly  to  racouioieud  Mn.  Dal^nu*  u  nn  nxmnmfenl. 
nspful,  and  pnoUoal  tjnrtem  of  ooakJury,  adatrtnl  to  Uw  wiuita  of  all  foiuUiLa,  fruiu  the 
(nilcsxiBa  to  the  comitrj  gitntlfflniin  " — HftutttsT 

Dalla.s'8  (W.  S.)  Popular  History  of  the   Animal 

Creation:  being  a  syateraatic  and  popular  Description  of  the 
Habits,  Structure,  and  C'lusuitication  of  Animals.  New  Edition, 
with  many  hundred  II lustrations.    Crown  8vo.,  cloth,  8s.  6d. 

1,000  Domestic  Hints.   By  Jous  Timbs.  Cloth,  Is. 

(being  one  of  a  Series  entitled  "  Griffin  s  Shilling  Manuals," 
edited  by  John  Timds). 

"DomeiUe  ainU"  cannot  faU  to  b«  kwncAakM  Xt;  0»  Vpoflwu^SUfe^'W*'*  '**• 
t^kbigm  Uot.    We  f»»\ilully  cDmnund  tlwM  U«Aua\k  w^lMMMatiknGLtft.  wwu^nwiv. 


I 


8 


Domestic  Medicine   (Dr,  Spencer  Thomson's): 

Dictiotiary  of  Domestic  Medicine  and  Household  Sur^f^ry  j  wii 
an  odditioDal  Chapter  un  tbo  Managtiuient  of  the  Sick-rc^ot 
Invaluable  to  Motlicra.     Ninth  Edition,  thoroughly  revised.  Illus- 
trated.    Large  8vo.,  750  pages,  cloth,  Hs.  Gd, 

Rev.  Professor  Eadie's  Commentary  on  the  Gre* 

Text  of  the  Epistle  of  Paul  to  the  Epliesians.    Second  Editioi 
reviftcd  ttirouirhout  and  enlarged,  8vo.,  cloth,  lis. 

"Thi'book  le-oi f  i,..,h,M..ii.  :f-.i.n,i(,L'  ,11,1  i,r-..u>  •..    'n...  oathfir  •*cm»  to  hitrv 

AU«  in  evury  liti<  '        t(<'-,  Jt  U  nUo  b  wurk, 

tndcpniJcmi.  cHt ;.  i  ^^a^rs.     A!Ujp;llii-r  It ' 

twok  Itself  iofflrii,  :-■-  .      :.  .  i,   .  .       ^.  .     _  .  _     uls   *«  litrfttrf  l,'»^tif. 

Eadie's    (Dr.)    Dictionary  of   the   Holy   Bible 

desi^ied  chicUj  for  tlie  Use  of  Young  Persons.     With  nniweroi 
iiluatratioiis.     KlevcDth  PMition.    Small  8vo.,  cloth  antique, 
edges,  29.  6d. ;  jcilt  back  and  ed[;e«,  Ss. ;  morocco,  Ts.  Gd. 
**A  rArvfiiity  itoi  np  u-ork;  viuu  prore  of  gtvM  use  to  (he  dM  Sot  wtiom  Is  l» 

(Ut«DiM.  '— .4(M-n/>yn  ilrrttU. 

**  TbU  la  u  most  otwCuL  vatnpcQiUtua  ol  BtUlc  lore  U  U  fiurtjUklo,  jet  ootii|inib«DsK«.** 
^J6*«/«i»  Banmtr. 

"  PiuvDtA  and  touin  iftill  unaaimoiutj  tb&nfc  ttao  iiMtlior  for  this  ivsttli  of  «  labour  of 
lore,"— tVi/if. 

■'  A  Tcry  good  and  uwiful  compilatinc  for  yonth-"— Z.«*n»r]f  tftutff^. 

Rev.  Professor  Eadie's  Ecclesiastical  Cyclopaedia 

a  Dictionary  of  Christiau  Antiquitica,  Sects,  DonominationSf  nn^ 
Heresies ;  History  of  DogmaSj  Rites,  Sacraiucnt&,  Ccremoni) 
etc.,  LitTUgios,  Creeds,  Confessions,  Monastic  and  Religioi 
Orders,  Modem  Judaism,  etc,  fttc-  By  Xht  Uev.  Jonx  Kami 
D.D.,  LL.D.,  assiGted  by  numerous  ContributorB.  Third  Editioi 
post  8vo.,  cloth,  ^&.  6d. :  morocco,  lbs. 

*'  Tail  QrclOfiKdia  will  pi-ovu  ooccixUblt!  both  va  Oic  elorn;  nnd  liUty  of  Great  BrftAin. 

AgmtbooyoC  cnrK'Uttiinil  uwful  iiLfonnuloD  nlU  tMfi'Uuuiu  It;  tit«  ■!■)  um  b«rfi  u> 

OOttlbllw  popnUricy  v.Mh  vXttcUii<u."— J(A«t«iu#i. 

"  We  TLTy  uumtly  ruiuausi'l  »  book  pcvpHtid  irtUi  m  matzh  falLiit^- 
tonscim  t  iotiM  ci\rr:  uid  wo  e!«po(djiLI;  iirem  it  od  the  iLttmtion  of  < 

pCTfonslri  •'■■-  ■■  ■    -■'   '-■'■• ""'^*.  fif  Pnndfty  School  toichoff,  ftii'i  ■"  • 

poawsKd  «r  ''>>rnuf. 

"Darn-  •!  tbat  UiU  U  ft 'oompntMOiiTB*  work;  and 

ma)'  add  i\,:\  i. .  .  , ;-  .^,1111!  tueful  ouJconTeulcnt  toa  Imrgv  nnraber  at ' 

clvriO'  "i"*!  \aHy.'—iin'jlt*K  Chi'rfltatan. 

Earth  Delineated  with  Pen  and  Pencil,  The  :  a 

Illustrated  record  of  Vojagea^  Travels,  and  Adventures  all  rou 
the  World.  Illusiratud  with  more  than  21"*))  Kngrarings  in  lh< 
first  Ktylo  of  Alt,  by  tlio  most  eminent  Artists,  includint;  scvcra 
from  the  master  pencil  of  (iLsTAVE  Duek.  Demy  4to.,760  pages 
profusely  Illustrated,  very  liandsomely  bound,  price  £1  Is 

English    Literature,  A  Compendious  Ilistory  ofj 

and  of  the  KnglibU  Luiiguaj^e,  from  tho  Normnu  Cou(jue«t.    Wi 
numoroufi  Specimens.    Jiy  GioiwE  L.  Craik,  LL.D.    Now  read 
a  New  Editiou,  in  two  large  8ro.  vois.,  liandsomely  bound 
cloth,  £1  5ft.-,  m  U(ifc  wxVl,  £t  '7-  '^l 

"  PTDfeHOT  CnwiVa  \rv)^  ft»)U\ft.»»  VW-  ^i^mA*  VVrtorr  of  the  Unp 


English  Literature,  A  Manual  of,  for  the  Use 

L^lltfges,  Scliools,  ami  Civil  Service  Examinations.  Selected  from 
tli'j  !ar;rer  work.  By  Profeaaor  CiUiK.  Fourth  Editiou.  Crown 
8vo.,  7s.  6t].,  cloth. 

"  A  matiititl  at  KnirllBli  lltcnutnni  iMtd  mcdi  an  igrpBriefiond  and  wrll  rmd  a  Kholnr  M 
PratBmor  Craik  uMriji  no  other  noDOinHOiSation  Ihui  the  DUMtton  of  tt*  orbtmce." — 

English  Woman's  Library  ;  a  Series  of  Moral  and 

T)e8criptiv(S  Tales,  hy  Sire.  Eixis.  Cloth,  each  2s.  6d. ;  with  gilt 
backs  aDd  edges,  .^s. 

1. — ^Tbe  Womrn  ov  England  :    their  Social  Duties    aad 

Domcfiiic  Habits.     39th  tbou-sand. 
2. — TflE  Daughters  of  Esmland  :  their  Position  in  Society, 

Clinracler.  and  Kc^poiidibilitics.     20lh  tliousand. 
3. — ^The   Wives    ok   EsatANH:    their     Itelntive    Duties, 

Domestic   InHuence,  and  SociaI    Ohltg/icions.     18th 

tlmusand. 
4. — The  Motueus  or  England 

fiibility.    *20tb  thousand. 
5.— Family  Skcuets  ;   or.  Hints 

3  vols.    23rd  thousand. 
6. — Slimmeu  ani>  Winter  in  tite  pyRKNEEs.    10th  thousand. 
7. — ^TiEMPKR  AND  Temi-kkamknt  ;  or.  Varieties  of  Character. 

2  vole.    IQth  thousand. 
8. — PBEV'ENTfON  Bettki'.  THAN  CoBB ;  Of,  Tlic  Moral  Wants 

of  the  World  wc  Live  in.     12th  thousand. 
9. — IIkatits  ani>  Homes  ;  or,  tSocial  Distinction.     3  vols. 

KKh  thousand, 

Iventful  Life  of  a  Soldier  in  the  Penin.-^nla.  By 
Josuru  Donaldson,  Sergeant  in  (he  Ninety-fourth  Scots  Kc^mcnU 
Foohfcap  8vo.,  cloth,  3b.  Gd.;  with  gill  aides  and  edges,  4s. 

FINDEN'S   FINE  ART   WORKS. 


I 


their  Tntluencc  and  Uespoa- 
to  make  Iloine  Happy. 


■Gallery  of  Modern  Art;    a  Series  of  31    highly- 

iinislicd  Steel  Engravings,  with  Descriptive  Tales  by  Mn.  R.  C. 
Hall,  jSIary  Uowrrr,  and  others.    Folio,  cloth  extra,  gilt  edges, 

2l8. 


Beauties  of  Moore  :  beinoj  a  Series  of  Portraits  of 

his  principal  Female  Characters,  from  Paintini^s  by  eminent 
Ariihtg,  oniiraved  in  tho  highest  stylo  of  Art,  by  Air.  EotVASD 
Fi.NDLN,wi:h  a  Memoir  of  the  Poet,  and  Descriptive  Lettor-press. 
Folio,  cloth  extra,  gilt  edges,  42s.   . 

Drawing-room  Tabic  Book:  a  Serve?.  o^?>W\5^^- 

finiahed  Steel   Knaravings,  wlU  DcaeVxvX^vst  tsi^fev'^l"^^*-^-^* 
Bau,  Maux  HowiTT,  and  ol\iera.  ¥oVvv>,<:\.  e^\x*^^^  ^«^^«a^  ^-^ 
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GRIFFIN'S     EMERALD     GEMS. 

Jost  poblisbedf  a  new  Tolatno  of  thia  exqusito  scries.  BeautifuUr 
printed  on  toned  paper,  vriUi  Portrait  and  other  lUtutralions.  Clotli 
ctegautf  Gs.  ;  in  malachite,  12s.  Cd. 

The  Songs  of  the  Baroness  Naime,  authoress   of 

"The  Land  o'  the  Leal,"     With  Memoir,  from  family  papera  and 
other  original  sources.  Edited  by  the  Uov.  Charles  Hogkrs,  LL.D, 

*.*  Hrr  Majntf  tbe  Qnn-n  ha*  rxprrMrd  bn  admiration  of  tboo  beunllnl  6otv* 
the  autbonbip  ct  whkih  U  now  tor  the  flnt  Unie  nudo  pobUa. 

AUo,  fiH\form  with  the  above, 

Gray*s  Poetical  Works,     With  Life  by  the  Rev. 

PJoHN  MiTFORP,  and  Eaaay  by  the  Earl  of  Caklisi.k.  With 
Portrait  and  nuineroufi  Kngravinga  on  Stcol  and  Wood.  New 
EditioD.  KlcgaDtty  printed  on  toned  paper,  foobcap  8vo.,  richly 
bound  in  cloth  and  gold,  As. ;  malachite,  12s.  tid. 

Goldsmith's  Poetical  Works.      With  Memoir  by 

•  WiLi.iAM  Stalkino,  A.m.  Exquisitely  Illustrated  with  Steel 
Engravings.  Now  Edition.  Printed  on  superior  toned  paper. 
FooUcap  8vo  ,  cloth  and  gold,  38.  Od.;  malachite,  10s.  6d. 

Burns*  Songs  and  Ballads.     With  an  Introduction 

on  the  Character  and  Gcnias  of  Bums,  by  TtiOiLvs  Cvbltlk. 
Carefully  printed  in  antique  type,  and  Illustrated  with  beantiAil 
Ennarings  on  Steol.  FooUcap  8va,  elegantly  bound  in  cloth 
and  gold,  33.  6d. ;  malachite,  10s,  6d. 

Poe's  Poetical  Works,  Complete.      Edited  by  J. 

•  Hakkay.  Illustrations  after  Wkhnebt,  Wrir,  &c.  Toned  Paper. 
Foolscap  8ro.,  cloth  elegant,  3b.  6d.  j  malachite,  10b.  tid. 

Byron's  Cliilde  Harold's  Pilgrimag'e.       Illustrated 

with  Engravings  ou  SteoL  by  Qreai  baou,  Uillrb,  Liqhtfoot,  &c., 
from  PaiutiugH  by  CAiTKiiuoLE,  Sik  T.  Lawki^nck,  H.  Uowabd, 

1^^      and  SiuTUAUD.    Beautifully  printed  on  toned  paper.    Foolscap 

^B      8vo.,  cloth  elegant,  3s.  6d.  ;  malachite^  lOs.  Gd. 

^fhatterton's   Poetical  Works.     With  an  Original 

Memoir.  Beautifully  Illustrated,  and  elegantly  printed.  Foolscap 
8vo.,  cloth  and  gold,  d&.  6d. ;  malachite,  10s.  6d. 

Herberts    Poetical   Works.       With    Memoir   by 

J.  Nicuol,  B.A.,  Oxon.  Edited  by  Charles  Cowijen  Clabke- 
Foolscap  8vo.,  cloth  and  gold,  3s.  Gd. ;  malachite,  10s.  6d. 

.Campbeirs  Pleasures  of  Hope.    With  Introductory 

MerooiT.  l\\\iBtra.V^Vv\iv*vW4\4  Steel  Engravings.  Price  3e.Ga. 
Uniform  wt\i"Goujm\i\i"  «^^v;  -'^q-*.;'  «*^a. 

Other  Volwmei  wVU  lio  oAA*a  f tww.  \S**  \.o  Vtm«, 
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Goldsmitys  ('Oliver)   Poetical   Works.      Witt 

Memoir  by  William  8PALi<iNa,  A.M.,  andnuineroUB  lUuBtratioDS 
on  Steel  and  WooU.   FoolRcap  4to.,  inoet  elaborately  gilt,  cloth,  5s. 

GRIFFIN'S    SHILLING    MANUALS. 
Edited  by  John  Timbs.     Bound  in  neat  cloth. 

I.  Topalar  Science. 
II.  One  Thousand  Domeatic  nintci. 

III.  Oddities  of  History. 

IV.  Thoughts  for  Tiroes  and  Seanons. 
V.  Cb&racteri8ticB  of  Great^Men. 

VI.  Curiosities  of  Animal  and  Vegetable  Life. 

**  ThoK  adJltion«  Ui  ttie  Ubnkr;,  produonl  by  Xr.  Timtm'  Industr;  aatl  Ability,  nrcoi** 
fill,  lui'i  to  hu  pofirm  many  a  hint  and  mggcaUon,  mnil  miuijr  ■  liu:l  ui  iuipurtoilM,  i* 
nar»l  uii,  tluit  woaltl  otlirrwlHi  tuTc  been  lo«t  to  the  puMlo."—  Bhildfr. 

"  Capital  UK.lv  b»vlu  of  Mtitml  ■  bundnd  pR|H  Muh.  wharotD  Ums  liidcfftU«i»U«  AuUmt 
U  wco  at  lilB  bdKL."— JVmJUmu'  Magatima. 

Ucnry*3    (llatthcw^   Commentary   on   the   Holy 

Bible.  New  Edition,  3  vok,,  super-royal  8vo,t  strongly  bound 
in  clotli,  OOs..  calf,  marbled  edgvs,  67s.  Gd.,  levaul  morocco^ 
outiquej  gilt  edges,  84a. 

Herbert's   Poetical    Works.       With    Memoir   by 

J.  NioHOL,  B.A.,  Oxon.  Edited  by  CHARLfS  Cuwdkn  Clabkjl 
Foolscap  dvo.,  cloth  and  gold,  3s.  Cd. ;  malachite,  lOu.  Od. 

Hogarth — The  Works  of  William  Hogarth,  in  a 

iieries  of  150  Steel  Engravings  by  the  First  Artists,  witli  Uescxip- 
tions  by  Her.  John  Tuublkb,  and  Introductory  Kssay  on  the 
(Tftnius  of  Hogarth,  by  Jaius  ILvknay.  Small  £olio,  cloth,  gilt 
edges,  iJ2s.  Gd. 

Horatii  Opera.      With  copious  English  Notea  by 

Joseph  Cubrie,  Master  of  Sunderland  Academy.  Many  illustru* 
tions.    Fcap.  8ro.,  cloth,  5s. 

Port  1.     Carmina.     With  English  Notes,  cloth,  3s. 

Part  2.    Satires.    With  Eugliuh  Notes,  cloth,  3s. 

'  The  notes  an!  exCvUont  um)  uluutftive,"— <^>rf«r/y  J<i»r.  Editc,  Jaly,  ISTO. 

Kitto^s  (Dr.)  Holy  Land.    The  Mountains,  Valleys, 

and  Rivers  of  the  Uoly  Land  ;  being  the  Ph)'sical  Geography  of 
Palestine.  By  John  Kmto,  D.D,^  F,S.A.  Just  ready,  new- 
edition,  fcap.  8 vo., handsomely  bound,  23.  6d.  ;  in  bevelled  boards, 
red  edges,  3s. 

Leared    (Dr.)  On    Impexiect   T)\o(£^\a.ow-     "^^ 

edition,  post  8vo.,  cloth,  4s.  6d. 
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Lamb's  (Charles  ami  Mary)  Tales  from  SI' 

Now  Edition.     To  which  aru  now  ad'ieii  Sneucs  ill 


>«eU 


Kdttcd  by  Cuaiiles  Ksionx. 
2s.  6d.  i  with  gilt  odgOB,  3a. 


Tale.      With  numerous  Woodcuts  from  Designs   by    liAavBT, 

Small  8vo.  cloth,  levelled  boardfiyj 
morocco  antique,  76. 

Language  of  Flowers,  The ;   or,  The  Pilwrima^e, 

ot  Love.     By  TuoMAi*  MiLU'.K.     WitK  eight  beuutifully  rolourrd] 
Pioles.     Just  publiaLod,  a  New  Edition.     Small  8vo.,  clotU,  gilt 
odgee,  3s.  Cd.  ;  handsomely  bound  in  silk  and  in  morocco,  Ss- 

^lackey's  Frcemasom^*:  a  Lexicou  of  Free- 
masonry ;  cont.iiniaganefinition  of  nUit-iC«Hnmiini«ibIc  Twins, 
Notices  of  it«  History,  Tradition,  and  Antii^nities,  and  an  Aewnnt 
of  all  the  Rites  and  Mysteries  of  the  Ancient  World.  By  ALuexr] 
G.  Macket.M.D.,  Secretary-General  of  the  Supreme  Council 
the  U.S.,&c.     Handsomely  bound  iuclotli.pricoSa. 

Mangnall — Historical  and  Miscellaneous  Questions, 

for  the  use  of  Younrr  People.  By  IlirHM,\L  Maxgnall.  NewIIlus-] 
trated  Edition,  greatly  en ittrged  and  corrected,  and  continued  t( 
the  prenent  time,  by  Ix^bau    Cobbin,  M.A.,  I2mo.,  bound. 
Forty-eighth  thousand. 

Thoughts  of  Many  Minds ;  being  a  Treastu 

of  Uefcrcnce,  connietrng  of  Selections  from  the  Writings  of  thftj 

most  celebrated  Authors.    Compiled  and  analytically  arranged  by] 

Uenrv  SoiiTHOATE.    Twentieth  Thousand,    &iuarc  Svo.,  printcdj 

on  toned  paper,  elegant  binding,  12ij.  Gd. ;  morocco,  £  1  Is. 

"  The  nrodnoe  of  yaon  of  naow^'*— £ntaiiii«r. 

"  tlettina]  to  Uks  ft  bigb  pUoc  ftmong  Uxdo  nf  tliis  chkat."—Sata  anJ  Qfvtitr, 

^A  tmuniRi  to  orcry  muln'  who  may  Itc  fi>rtn)uiu  ennogfa  topnwewt  iu^—ErngfUh 

'*  Tlu)  ■ecnranlitUan  of  trenmim  trolr  uroRdeifnL."— Jfornfni/  Herald. 

"  Thl«  U  »  wondrooi  book." -7J«i'>  A>«i, 

**  Worth  Ito  migtat  in  guld  to  UU-nu-y  turn."— B«iVJ«r. 

Jlany  Thoughts  of  Many  Minds.     Second  Series,' 

By  Hk.vrv  Soothoatk.    Square  8vo.,  printed  on  Toned  popcr, 

and  elegantly  bound  in  cloth  and  gc3td,  VTa,  Gd. 

The  same,  Handsome  morocco  antique,  £1  Is. 


Many 


"Few  OtirUtaniu  Boohs  are  likely  to  bo  mnrDtmninnontly  mlaKblti."- 

"  t^iliy  MUtainH  the  dcMnnred  rcpuUtiuD  iu-h>«vol  Ity  t^t  Plrvt  S«i1o«."— Ji>Aii  ML 

Morison's  (Dr.  J.)  Family  Worsliip.     Prayers  for 

every  Moniing  and  Evening  throughout  the  Year.  4to,clothy 
gilt  edges,  12s* 

NichoFs   (Professor)  Cyclopn?dia  of  the   Physical 

Sciences;  comnrising  Acoustics,  Astronomy,  Dynamics',  Elec- 
U'lcay,  \\tiaX»\AaLigcve,\AW(\,>\te\«M\i>\wK^&Q.,&c.  Third  Editioui 
on\art;e4.    "N^^V*  *^^  \V\\va^iw!Cvi\».    V«'ei  Vin^i,    "^wiX-V^MUui, 


Pictorial  Galler}'  of  the  Useful   and   Fine  Arts^ 

Tlluntrated  by  numerona  beautiful  Steel  Kngravin^rg^  and  nearly 
Four  Thousand  Woodcuts.  Kdited  by  CnARLES  Kkiout.  2  toU. 
folio,  cloth  gilt,  34s. 

Pictorial    Museum    of   Animated    Nature.       By 

Cbarles  Knkiht.  Illustrated  with  Four  Thoosatid  WoodcaUt. 
Folio,  2  vola.  cloLti,  gilt,  34a. 

Pictorial    Sunday  Book. 
Krrro.    Cloth,  gilt,  2iis. 


Edited  by   Dr.  Jomi 


Poe's    Poetical    Works,    Complete,      Edited    by 

J.  Hannav.  Illustrations  after  Wt-hnert,  Weir,  &c.  Toued 
Paper.  Foolscap  8vo.,  cloth,  elegant,  3s.  Cd.;  malachite, 
108.  6d. 

Poetry  of  the  Year;  or  Pastorals  from  our  Poets 

iUcBtrative  of  tbc  Seasons.  Enibollishci  with  a  Series  of  Admira- 
ble Imitations  of  Water-Colour  Paintings  from  the  Drawings  of 
Birket Foster,  Harrisou  Weir,  Darker, Lejeune,  E.  V.  B  ,  Duncan, 
Lee,  Cox,  T.  CrtHwick,  U.A.,  beautifully  executed  in  Chromo- 
Lithography,  and  luomttcd.  4to ,  Uandnomoly  bound  In  cloth  and 
gold,  168, ;  morocco.  £1  os. 

"Ouu  nf  tha  most  lulmlri  '  a:  mcist  "^[^tn-l  HMf»7|^jffHmT  tv  thf  I'f?tlHT* 

**  Altufvtber,  the  book  U  n  tiro  one." — Tbici. 


PROFESSOR     RAMSAY'S     WORKS. 


lamsay's  (  Professor)  ilanual  of  lloman  Antiquities. 

With    Map,  numcrousi   Kngravingg,    and    very   copiouti    Index. 
Eighth  Edition,  rcvisud  and  enlarged.     Crown  8TO.,c!oth,-83.  Gd. 


"*A  MWiii.!     ' 

will  Htld  tllU  A     :   . 

lUu-iLretuinfi,  will. 


■      .*  'ly  AVtlliftm  ItaroMf.  il ^ 
',   tti'l arnUiif i-meot.     Sta'i 
I   .u.itter.     Tberv  u  a  pent' 
iiij\ii  AgrtcultnrD." — .Schottf  Ituuru  i. 


itemtaru 
I  ■  iiinrzotw 


Ramsay's  (  Professor)  Elementary  Manual  of  Roman 

Anti>tuitiL'K.     Adapted  for  Junior  Clu^^eii.      Numerous  Illustra- 
tioiu.    Filth  Edition.    Crown  Uvo.,  cloth,  43. 

Ramsay's   (Professor)  llanual  of  Latin  Prosody. 

Fourth    Edition,  revised  and    greatly  enlarged.     Crown  Svo., 
cloth,  &8. 

Ramsay's  (Professor)  Elementary  ilaaaol  oC  \^^-^a. 

Prosody.    Adapted  for  Juuiui  C^aasts.    CxoNm'(SN(j.,siKiOtt*''i». 
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P 


h. 


PROFESSOR   RANKINE'S    WORKS. 
nline'a   Machintiry  and  Millwork :    comprising 

Geometry  of  Machines,  MotioDR  of  Machines,  Work  of  Machines, 
Strebgth  of   JJachines,    Construction   of  Mticlunes,   Objects   of 
Alacfaines,  &c.^  &c.     Illustrated    vilb    Dearly   300  WoodccU. 
Crown  8vo.,  cloth,  128.  6d. 
.,.,.,,...  .  ,.-..  «,  .  .  , ...  ,    -^.tftiM  ibo 


iiiiviimt'  i;ie  ihiiiriiwo.-  k'\  •UK't-riA  itawm  r>i,itu<t  »ti]  m-iUwl,  by  oOT 
ii>(l  wUh  to  im  incb  Ittioka  M ' I'lDftwor  Buikiuii** Maaual  *  iti  Ibv  ftndy 
>  r.  Aji*.  And  to  *re  it  well  thmnbi'il,  too,  aa  boukv  dovly  roul  MHloftm 
m  be.    The  book  cwidoc  fall  to  be  &  lantern  to  the  fort  n(  every  cnguuvr.** — 


Enffincerin^:. 


Eicbth   Edition. 


Mechanics.      Sixth    Edition. 


bi  - 

rrtorrt-u  H' 

Ranlsine's    Civil 

Cloth,  16s. 

Eankine's    Applied 

Cloth,  128.  Gd. 

Tlankine's    The   Steam-Kngine  and   other    Prime 

ilovcM.     Fifth  Edition.     Cloth,  12s.  6d. 

Rankine's     Useful    Rules     and    Tables,      Third 

Kditiou.yuK^  ready.     Cloth,  9s. 

*'  CncInnVitMlly  tha  inwt  mcftil  ntUocUoa  of  m^lnuerinK  data  bltbnio  pradnoed."— 

Religious  and  Moral  Anecdotes.  With  an  Intro- 
ductory Kssay  by  the  Ilev.  Gkoehk  -Cheb\'KB,  D.D.  TcdUi 
Thousand.    Crown  8vo.,  cloth,  3?.  Gd. 

**  Inraluabla  to  thoauenfagod  In  the  initrwitliin  of  the  ymini.** 

Reli^ous  of  tlie  Workl  (The).     Being  Confessions 

ot  Faith,  contributed  by  cioincDt  members  of  each  DenominotioD 
of  Chriiitiaus,  also  of  Moliometuaism^  the  Piirsee  Religion,  the 
Hindoo  Ucligion,  MonooBiarn,  etc.,  etc.  Clotli,  8vo.,  bevelled 
boards,  3s.  Od. 

Senior's  (Professor)  Treatise  on  Political  Economy : 

the  Science  which  treats  of  the  Nature,  the  Productinu,  and 
Distribution  of  Wealth.    Fourth  edition.     Crown  8vo.,  cloth,  48- 

Shakspeare's  Dramatic  and  Poetical  Works.  Re- 
vised from  tlie  Original  Editions,  with  a  Memoir,  and  Essay  on 
Ki8  Geuinrt,  by  Bahry  Cornwall;  also,  Annotations  and  Intro- 
ductory liemarks  on  hiB  Plays,  by  U.  H.  Hornk,  willi  numeroos 
En(;ravm);«^i7¥i.%Tiik^^«a&Qniv  %NoU..^au\;er-roviJ  Svo.,  cloth. 


Id 

School  Board  Readers  (The.)     A  New  Series  of 

StAudArd  Rea^iing  Books  for  KlemcnUry  Schools.     Edited  by  a 
Form«r  Her  Majesty's  Inspector  of  Sohoola.     The  Prices  will  b 
u  follows  : — 


EUMEMTABY  Rbadwq  Book,  Part  I.,  contaimng  lessons 

all  the  short  vowel  uouads.    Dcniv  ISmo.,  16  pages,  i 

stiff  wrapper,  price  Id. 
Elementary  Rkadino  Book,  Part  II.,  contajuing  the  long 

vowel  sounds,  and  other  raonotjyUablct).     Demy  18uio 

48  pajjes,  in  stiff  wrapper,  price  2d. 
Standard  I^  containing  Reading,  Dictation,  and  Arithmeti 

Demy  18mo.y  96  pages,  neat  cloth,  price  4d. 


i^ 


STAVTDAJiD  II.  Ditto 

cloth,  price  6d. 

Stavdard  III.        Ditto 
cloth,  price  9d. 

Standabu  IV.        Ditto 
cloth,  price  Is. 

Stavdard  V.         tMtto 
cloth,  price  Is.  tid. 

Standibd  YI.        Ditto 


demy  18mo^  128  pages,  iiea£ 
fcap.  Sto.,  160  pages,  neat 
fcap.  8to.,  192  pages,  neat 
crown  870.,  256   pages,   neat 


I 


and  Lessons  on  Soiontifio  Su 


jocta.    Crown  8to.,  320  pages,  neat  cloth,  price  28. 


Shakspoare'a  Works.    Edited  by  T,  0.  Halliwell, 

with  a  Scries  of  Steel  Portraits.     3  Tolumes,  royal  8to.,  clotli 
gilt,  £2  IOh. 


1 


Sidereal  Heavens,   The,    and  other  Subjects  con 

necieil   with   Astronomy,  as  illiwtrative  of  the  Character  of  the 
Deity,  and  of  an  Infinity  of  other  Worlds.     By  Thomas  Die 
LL.D.,  anthor  of  the  *»  Christian  Philosopher."  &c.  New  Edition 
Printed  on  toned  paper,  handsomely  bound,  with  gilt  edges. 
price  5s. 


1- 

be 

'S>9 


Songs  of  the  Baroness  Naime,  authoress  of  "  The 

£and  o'  the  Leal."  With  Memoir,  from  family  papers  and 
other  original  sources.  Edited  by  the  Rev.  Charlks  Roqcrs, 
LL.D.  With  Portrait  and  other  Illustrations.  Cloth  elegant,  Ca., 
malachite,  12s.  6d. 

,*  Hu*  Majesty  Tin  Qn  i  n  inm  iinmiiiiil  Iht mtnv^"*^"^  'fl  lYwani '\ni>n>"'A  ^^"^'ir-  '**^ 
«f  wUcbU  DOW  Air  UttfltBl  Lima  nndapu^tUo, 
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Spelling  by  Dictation  :   Progressive  Exercises 

Knglish  *)rthogrApliy  for  ScbooU  wid  Ciri!  Service  ExumiualinnJi 
Bv  iJif  iJyv.  A.  J.  D.  D'OusEY,  of  King's  College.  NuwKditiuB. 
ISmo.,  civlh,  Is.    TliirtiuutbTtiuusnud. 

Student's  Natural  Ilistorj'  :  being  a  Dictionary  of 

the  Naturnl  Sciences.  Witli  a  Zoological  Chart,  showing  lb« 
Distribution  and  Rnii^e  of  Animal  LiTe.  By  W.  Baiiuj,  iLD^ 
F.L.S.,  British  Moituum.  Nuiueroua  Illustruliuns.  Dtmy  Hva, 
cloth,  gitt»  red  vdguii,  108.  6d. 

"Tlw^irTtrk   U  a  Tpry  nmrfnl  roe,  lUiii  ".%  ' '  ,  by  tta  ch<- .r  ■iiir»:.iAi- 

"  We  WDUlii  well  mrmumiinil  lUia  vuluti..  .-.  i,^  ..  ..^  of  iiiittiJkl  li.  .   .j.        a^-mk!. 

"  Frvr  men  coul<]  be  better  qoikllflvd  lur  «ucli  n  biak  than  Dr.  &<Ut4.     .     .      .    W«l 

nKuiumenil  it  a>  a  uJeffU  work  of   nfcnuuxi  on    the  lubjcct  cf   nAtnnI  hlKoiy^ 

'  Mitnl  with  Uw  utnwA  ear«^  utd  tlMemti  to  rank  uoong  iUndABl  worts  of  nf^ 

**A.  moct  rHlaaUeWorL.''— Olsj^inp  BtraU. 

"M'uU  vortby  lo  bo  ooniiled  mtii  Xkbut'*  Pkgiieat  Scwiteei.'*— JE»iMiJMr. 

Thomson's  (Spencer,  M.D.,  L.R.C.S.,  Edinburgh) 

Diciiouary  of  Dumcstic  Mijdiciiic  and  Housebuld  Sjirgorj*.  Nialh 
Edition.  Thoroughly  revised,  and  brought  down  to  thu  nrescM 
stale  of  Medical  Scicnpe.  With  the  addition  of  an  Appendix  nod 
a  Chapter  on  the  JJanagcment  of  the  Siok  Room.  Tllu'-iriiio^ 
with  loO  Engravings  on  wood.     Poet  8vo.,  cloth,  Sa.  6d, 
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Liber  1 — 6.    3.  The  j£oeid,  7 — 1*2 ;  or,  ooioplcte  la  oue  voluuM^ 

Gt;. 

"Acrv<llt  t<f  fo^it-lanhlp  North  ot  the  Twccil.  Tlig  lUdatmttniia  txv tbij  wtAl  gxwmt 
— StkfAl  i!v*r4  Chrmielx. 


^  andenngs  in  ever}'  Cliinc  ;  or  Voyages,  Travel 

and  AdvL-niuies   All    Round  the   World.      EiHlea   by   W 
AL\8WunTii,  r.R.G.S..  F.S.A.,  &c..    and  cmbeirishca  with   vm. 


wurdy  of  Two  ilundivd  Illustrations  by  the  tir^-t  Artists,  iucludi 
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